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1. INTRODUCTION

Let us consider a general rheonomic Lagrangian system with nonintegrable constraints characterized by
a Lagrange function L(g, ¢,t) and ideal independent constraints that are linear at velocities,

fk(q,(j,t):O, k=1,....m.

Here ¢ = (q1,...,qn) are the independent Lagrangian coordinates, ¢ is time, and ¢; = dg;/dt are the
generalized velocities. The well-known equations of motion

d (OL\ 0L <~ Ofi B B
dt(aq)_aqi_;)”“ai’ and  fr,=0, k=1,....m, (1.1)

are equivalent to a variational equation expressing the form of the Lagrange-d’Alembert principle or the
Hamilton principle in the Holder form; for details, see [3, 22, 29].

The greatest advantage of Lagrangian formulation is that it brings out the connection between conservation
laws and important symmetry properties of dynamical systems. The knowledge of conservation laws is of
great importance for the analysis of dynamical systems since they enable one to find exact solutions of
dynamical systems. Explicit solutions enable us to test analytical and numerical schemes applied to the
given mathematical model and to choose a reasonable approximation to solutions of the model.

If time ¢ does not explicitly enter equations (1.1), then these systems are the so-called scleronomic systems.
In other cases, for example, when involving a dependence on time of the constraints fx, time ¢ does explicitly
enter, and such systems are called rheonomic Lagrangian systems. Rheonomic nonholonomic systems are
divided into two families

1. systems with time-independent Lagrangian

OL(q,q,t) _ o:
ot ’
2. systems with time-dependent original Lagrangian
9L(q,4,1)
0.
ot 7

In the first case, the infinitesimal work of the constraint forces vanishes for any admissible infinitesimal
virtual displacement according to Chetaev’s rule [12]. As a result, the Jacobi integral

. OL
H=Y ¢ . —-L

remains the first integral of equations (1.1) which can be used for the explicit solution of equations of motion

(1.1).
In the other case, we have
dH oL

dt ot’
399



400 TSIGANOV

and, instead of the Jacobi integral, we can use the Ermakov—Lewis type invariants to solve the equations of
motion (1.1). For instance, consider a Lagrangian describing the time-dependent harmonic oscillator

Lig.at) =, (e« (0e?).

2m(t)

Introduce a new dynamical variable ) and a new time 7 using the transformation

Q=af(t),  dt=m(t)f*(t)dr,
where the function f(t) satisfies the Ermakov equation [16]

2
£

depending on a real constant €2. A simple calculation shows that the Lagrangian becomes

d mf 4+ mw?f =

QeR
dt €r,

1 2 d (f
L7/’T:(/+922)+ 2
@@=, (" +2°Q) + 1 (,,Q
where the prime denotes the derivative with respect to 7, and € is a new constant frequency. Since the total
time derivative in the Lagrangian does not affect the equations of motion, we can drop the second term and
obtain a standard equation for the oscillator,

Q" +*Q=0.

For this scleronomic conservative system, the energy is constant,

o= (Q7+02Q%) = | (m*(if —af) + 2°¢°1?)
This is precisely the Ermakov—Lewis invariant extensively discussed in the literature [13, 24, 25, 26].

In the present note, we consider the time-dependent nonholonomic oscillator which is chosen as a sample
toy-model following [1, 9, 20, 28, 27, 30, 19]. Our calculations are quite elementary and do not involve
sophisticated algebro-geometric technique of [3, 17, 22, 23].

The paper is structured as follows: in Sec. 2, we discuss the first integrals for scleronomic nonholonomic
systems including the oscillator. In Sec. 3, we study the specific case of rheonomic nonholonomic systems
describing a rigid body sliding along the stationary blade on a plane. After this, we obtain the equations
of motion for the rheonomic nonholonomic oscillator which can be reduced to the well-studied equations
of motion for the time-dependent harmonic oscillator. The corresponding first integrals and solutions of
equations of motion are discussed.

2. SCLERONOMIC NONHOLONOMIC OSCILLATOR

Consider a scleronomic mechanical system in the configuration manifold @ = R® defined by the La-
grangian

. 1/. ) )
L(q1,q2,q3, 1,42, d3) = 2(fﬁ + 43 +q§) , (2:2)

and subjected to the ideal nonholonomic constraint

f=43—q2q1=0. (2.3)
The equations of motion (1.1) are
i = A =2 1%
g2=0 G2=10
.. = .. G , 2.4
i =) i = i 24
43 —q2q1 = 0 43 — q2g1 = 0
where the value of the Lagrange multiplier o
_ N4
1+4q3
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is computed with the help of the following equation for the constraint:

d, Of ~~(0f . Of.
dtf_ ot +;<5qi ql+8qi @)
The equations of motion (2.4) with the initial condition

q1(t=0)=qio0, q@2(t=0)=q0, q3(t =0) =q3,0

and
Q1(t:0>:U17 Q2(t=0)=1)2750, Q3(t:O):U3

have an explicit solution given by

v ) .
alt) = vl \/q%O +1 (arcsmh(vg t + ¢2,0) — arcsinh(ga o) ) +q1,0,
2
@(t) = vet+aqep,
v
g3(t) = Ul \/q%o +1(V(vat+g20)2 + 1= /a20+1) + 330
2

Let us add a potential V(¢1, ¢2,¢3) to the kinetic energy (2.2); the Lagrangian now reads as

.. 1/, ) )
L (q1,42, 43, d1, 42, 43) = (qf+qg+qg)—‘/(q1,qz,%)- (2.5)

2

In this case, the equations of motion (1.1) are equal to

oV (q1,92,4q3)

G1=— oa — Aq2
i = V(@02 05)
o 9q2 (2.6)
g = — (LIg 42, q3) Y
] ) q3
s —qq1 =0
where

. ov

= q192 dgs q2 o
1+¢ '

Substituting ¢s = g2¢1 (2.3) into this Lagrangian, one obtains the reduced Lagrangian

1 o
L=, ((1 +$)d; + q%) — Vg, q2,q3)

and the Jacobi integral

2
H= ZQiaLT L= i’ +p3 ) + V(g a2.43) (2.7)
=" 9q; 2 \1+¢3

which is a first integral of the equations of motion (2.6)

. P1 . . g2;
@ = 1+¢2” a2 =p2, Q3—1+q§7
(2.8)
. @pip2 OVi(g,a2,93) OV, q2,43) . OV(q1,q2,03)
m 1+43 O Tooag P g

on the five-dimensional reduced phase space with the coordinates (g1, g2, g3, p1, p2). Here p1 2 are the momenta
obtained via the Legendre transformation of the reduced Lagrangian

_8LT_(1+ )i _aLT
P1 96 q2)q1 , b2 B3
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The last Jacobi multiplier for these equations is equal to
1
'LL =
Vita
see [20, 27] for details. The corresponding vector field
X = (q.laq.27q.3aplap2)

is an almost Hamiltonian vector field

X = PdH
with respect to the bivector
0 0 0 1 0
0 0 0 0 1
P 0 0 0 Q2 0
= q2p1
-1 0 - 0
0o -1 0 — Q2P12
1+¢q5

We can divide this bivector into two parts and present the vector field X as a linear combination of two
Hamiltonian vector fields
X(q,p) = pP1dH + pPrdH (2.9)

where P o are two incompatible Poisson bivectors,

0 0 0 1 0
0 0 0 0 1 88 8 8 8
P=put 000 0 y P=u '] 00 o0 0
1= M -1 0 0 q2p1 5 2 = U q2

1+¢3 00 —qg 0 0
0 -1 0 - =m 00 0 0 0

2

1443

The Schouten brackets for these Poisson bivectors are equal to
[[Pl,Pl]]:[[Pg,Pg]]ZO, and [[Pl,Pg]]#O

Equation (2.9) guarantees that H is the first integral of the vector field X [4]. Unfortunately, changing the
form of equations from (2.6) to (2.8-2.9) does not bring us closer to the explicit solution of these equations.

2.1. Polynomial Integrals of Motion

There is a fundamental theorem due to Noether which shows that, indeed, for every spatial continuous
symmetry of a system which can be described by a Lagrangian, some physical quantity is conserved, and
the theorem also enables us to find that quantity. The situation is different in the nonholonomic context,
but there have been several recent extensions of the Noether theorem to the nonholonomic setting [10, 21].

Nevertheless, for low dimensional systems, the brute force method remains the most productive way of
finding the constant of motion by using modern computer technologies [18, 19]. Indeed, substituting the
standard polynomial anzats

n N-—k
Z=Y">" filar, e, 03)0ipy "~ (2.10)

k=0 j=0

into the equation
3 2
dz 07 0Z

= li ; =0 2.11
dt Zaqiq—’_;@p-p (2.11)

one obtains a system of equations for the functions f;; and the potential V', which are the coeflicients of the
polynomial (2.11) for p; and pe [2, 14]. From the form of (2.8) we see that the even and odd terms in Z are
independent. The terms of the order N + 1 in the momenta in (2.11) form the so-called Killing equation,
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which is independent of the potential V', and therefore it can be solved without any knowledge concerning
the potential [15].
Below we set N = 2 in (2.10) and consider the following second-order polynomials in the momenta:

Z = Ku1(q1,92,q3)pT + 2K12(q1, 42, g3)p1p2 + Ko 2(q1, 42, 43)p5 + U(q1, 42, 3) ,

where K;; are the entries of the symmetric Killing tensor of valency two. In this case, the Killing equation is
02 K22 =0, 2((1+q§)82+q2)K12+(q283+81)K22 =0,

(01 +03)K11 =0, O2(1+ @3) K11 +2(q205 + 01) K12 =0,

where 9; = 9/0q;. Since our metric in (2.7) is independent of g3, the generic solution K of these equations
with the entries

K11 = Fii(q2,93 — q1q2), Koo = Faa(q1,q3)
and
_ Fia(qugz) 1 (arcsinhq2

Ko — _
T 1+ 2\ i+¢

is labelled by the functions Fii, Fi2, and Fbs in such a way that

o — 53) Fa(q1,q3),

D(1+ ¢3) K11 +2(q203 + 1) K12 = 0.

The remaining equations for the potentials have the following form:

¢1= (01 + ¢203)U(q1, q2q3) — 2(1 + qg)(Kll(al + ¢203) + K1232)V(q17 q2q3) =0

and
¢2 = 02U (q1,9243) — 2(K12(31 +q203) + K2232)V(Q17 q2q3) = 0.
If U is independent of the variable g3, then we can readily obtain an equation for the potential V,

0201 — 0191 = dK(dV) =0,

which is similar to that for the standard Bertrand—-Darboux theory for Hamiltonian systems [2, 14, 18, 19].
In order to obtain integrals of motion, we must solve this system of equations with respect to V' and U for
a given tensor K.

2.2. First Partial Solution

If the potential V(q1, ¢2,¢q3) does not depend on g3, then the equation

Gz = q2p1
T 14 ¢
decouples from the rest of system (2.8),
=" G=p2, pr= T2 ov P2 = o (2.12)
1+4q3° ’ l+q5 Oqi’ 9g2’

which determines a conformally Hamiltonian system with two degrees of freedom on the plane.
For the conformally Hamiltonian system (2.12), the first integral F' is also independent of g3, and the
general solution of the corresponding Killing equation

c1 arcsinh? q2 + co arcsinh qo + c3 (2¢1 1 + c4) arcsinh go + co 1 — 2¢6
2 - 2
K= L+ a4 2V/1+d3 (2.13)
(2¢1 ¢1 + c4) arcsinh gz + co 1 — 2¢6 5
- ) cgy +eaqi+cs
2\/ 1+4+¢5
depends on six constants of integration ¢y, . . ., ¢g, similarly to other holonomic [18] and nonholonomic systems

[19]. Substituting this general solution into (2.11), one obtains a Bertrand—Darboux type equation dK (dV') =
0 or
(Aan + By + CO12 + adh + bﬁz)v(ih, g2) =0, (2.14)
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where 0; = 0/0q;, Oi, = 0% /0q;0q), and
A =2cg — (2c1q1 — cq) arcsinhga — caq1, B=—(1+¢3)A,

C= —2\/1 +¢3(c1 arcsinh? go — c1q? + cparcsinh gz — c4q1 + 3 — ¢)

a = —3(2¢; arcsinhgo + ¢2), b= —@A+32c0q + 04)\/1 +4q3 .

Solving (2.14) for V (g1, g2) amounts to finding admissible potentials of the conformally Hamiltonian system

(2.12) whose integrability is provided for the existence of the two first integrals and the invariant measure.
If ¢; = ¢a = ¢4 = 0, then the general solution of (2.14) is equal to

2cg arcsinh g

Vig, @) = Fi(Cr) + F2(¢-),  G=at s 4o -

\/03 — 2c¢3c5 + ¢ +4cg — c3 +cs

If ¢g = 0 as well, then the general solution of (2.14) has the following form:
Vg, a2) = Fi(q) + Fa(g2) -

This solution can be associated with a Cartesian characteristic coordinate system. For other characteristic
coordinates, we have only an integral representation in contrast to the standard polar (¢; # 0), parabolic
(c2 #0), and elliptic coordinates on the plane (¢; # 0, ¢4 # 0), which can be expressed in terms of elementary
functions of the original variables ¢; 2.

2.8. Second Partial Solution
According to [30], if

V(qh q2, (]3) = F((]2) + G(CIL(]B)a
then the two equations

. . dF (q2)
q2 = P2, , b2 = — d
a2
decouple from the rest of system (2.8):
: p1 . @ppz_ 0G(qi,q3) . @n;
_ gy = _ = , 2.15
n 1+¢3 P 1+¢3 Iq ST 14 (2.15)

Subsequently, the Jacobi integral
1 » 2
H = v =F
5 <1+q§ + 13 | + Va1, 42, 03)
is the sum of two integrals of motion
p
2(1+¢3)

which are second-order polynomials in momenta. Using the first integral, we obtain a standard Abel’s quadra-
ture for the variable ¢o:

3

9 + F(q2) = E1,

+G(Q17Q3):E27 E1+E2:Ea

q2 dzx

V2(E1 - F(x))
If we substitute the corresponding solutions g2 = ¢(t) and pa = ¥(t) into (2.15), we obtain a three-
dimensional rheonomic flow which explicitly depends on time

= B pr = P()v(t) oL — 9G(q1,93) G = o(t) »
IR Rl O R S R /T E S B O R
with the first integral
2
- P
EQ - 2(1 +¢2t) +G(Q17Q3) .

This dynamical system belongs to a first family of rheonomic nonholonomic Lagrangian systems with a
time-independent Lagrangian and an ideal rheonomic constraint

f=d3— o).
Similar rheonomic constraints have been considered in [7].
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2.4. Nonholonomic Oscillator

If we take
V(qlaq27Q3) = aq% +bq§+CQ§7 a,b,ce Rv (216)

then the general solutions of the equations
G2 =p2,, P2 = —2bgy

are

@(t) = - \/1% (01 cos(V/2bt) — ¢3 sin(\/2bt))

pa(t) = c1sin(v/2bt) + ¢ cos(v/20t) c12 €R.
where ¢ 2 are constants of integration depending on the initial conditions.
For brevity, we set b=1/2, ¢; =0, and ¢2 = 1, then E; = 1/2 and
g2(t) = sint, pa(t) = cost.

Substituting this partial solution into the remaining three equations of (2.8), we obtain a rheonomic system
of equations

sintcost P1 . sint

= — 20, — 2C Sint, = 5 - )
P 1+ sin’t P n e « 1+ sin®t e 1+ sin’t P

associated with the time-dependent constraint
fZQ3—Sintql =0.

However, since the original Lagrangian is independent of time, and the nonholonomic constraint is ideal, it
follows that there is an integral of motion

2
P 2 2
Ey = + aq] + cq3,
27 91 4sin?g) | T

which can be used to reducte this system of equations to one equation. If ¢ # 0, then we have

2
4cBysin®t = (1 4 sin?t)? a + 2((1 + sin? t) cos(t) da + 2aq1) “an
dt? dt dt?

dq

2
d
gt ) + 4a costsintq c;]tl + 4a(csin®t + a)g? .

+(2csin® t 4 cos? t 4 2¢) sin® ¢ <

If ¢ =0, then we have

. 2
(1+sin*t) [d’*q
E, =
2 2 dt2 +aqi,

or

da =dr where dr = di

V2(Ez — ag?) V14 sin?t

If a = 1/2 and E> = 1, then the general solution of this equation is a linear combination
q1(t) = c1sin(7) + co cos(7),

where

T = —JZF(cost,l/\/Z)

and F is an incomplete elliptic integral of the first kind.

RUSSIAN JOURNAL OF MATHEMATICAL PHYSICS Vol. 27 No. 3 2020



406 TSIGANOV

3. RHEONOMIC NONHOLONOMIC OSCILLATOR
Following [30], consider a rigid body sliding along a stationary blade on a plane. Since the velocity of the
body is to be directed along the blade, we have a nonholonomic constraint similar to (2.3),
43 = @21
where g» and g3 are the coordinates of the rigid body center of mass, and ¢ is the angle of rotation of the
body in a suitable coordinate system. The kinetic energy of the rigid body is

1y .
T = (0d ++d3) -

Assume that the body has the unit mass m = 1, p is a central moment of inertia, and there is some potential
force acting on the body, i.e., the Lagrangian is

L ogo, o, .
L=, (P@ +d+d) ~ V(e e )

If we also suppose that the central moment of inertia is a function of time p = p(t), then the equations of
motion (1.1) are

Cdp(t)? OV
- “©w T g — Ag2
L= —
p(t)?
.oV
2= s (3.17)
oV
L A
q3 g +
43 —q2q1 =0
where ( )2 oV v
o9y plt 9 B
q1G2p°(t) — @2¢1 dt +p(t) a5 g2 o0
A= 5 5 .
p(t)? + g3

Substituting ¢s = g24¢1 (2.3) into this Lagrangian, we determine the reduced Lagrangian

1 o
L=, ((,02(0 +$)d; + qg) ~ Vg1, q2,93)

and the variables

oL, 9 o . oL, .
Pz g (P*(t) + ¢3) @ P2= e =
Equations of motion in these variables have the following form
g i g2 = p gz = q2p1
1 P 2 — P2, 3 — ’
p2(t) + a3 p2(t) + a3
(3.18)

b = 2 oV (q1,q2,43) o Va1, q2,93) . ~OV(a1,92,93)

P2(t) + a5 oq dq3 ’ 992

The corresponding time-dependent vector field is a linear combination of time-dependent Hamiltonian vector
fields similar to (2.9)
X (g, p,t) = p(t)PL(t)dH (t) + p(t) PadH (),

where
0 0 O 1 0
0 0 O 0 1
» 0 0 0 0 0
Pl (t) =H (t) 1 0 0 0 q2p1 s
p2(t) + a5
q2p1
0 -10 —, )
P*(t) + ¢35
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and
0 0 0 0 0
0 0 0 0 0 1
Po=p~'(t) 00 0 g 0|, p(t) = :
00 —g 0 0 VP2 (t) + a3
0 0 0 0 0

In this case, the Poisson bivectors P; 2(t) depend on time similarly to the Jacobi integral

2
. OL, 1 pi
H = E q; aq _L’r: < ! +p§>+V(Q1aQ2a(I3)7
i=1

i 2 \p2(t) + 43
and thus J 5(t)
pPLL)p 2
H=— pI -
dt (p2(t) +43)2

As above, changing the form of equations from (3.17) to (3.18) does not bring us closer to an explicit solution
of these equations.

The first integrals for this rheonomic system can be obtained by using the extended Noether’s theorem,
see [11, 31] and the references therein. The same invariants can be also obtained by using the polynomial

anzats
n N-—k
Nk
2) =33 frlar, 205 t)pipy
k=0 j=0
with the coefficients fji(q1,¢2,¢3,t) depending on time, and thus
iz 07 oz Y4
= + Ii + 5, =0
dt ot ; 0q; € Jz:; Opj bi

instead of (2.11). Solutions of there time-dependent equations were discussed in [13].
In this note, we prefer to reduce the equations of motion (3.17) to well-studied equations of motion for
the time-dependent oscillator in order to discuss the form of their solutions.

3.1. Nonholonomic Time-Dependent Oscillator

Write
V(Q1aQ27QB):a(I%+bQ§+CQ§7 CL,b,CER,

and substitute the partial solutions
QQ(t) = Sintv pZ(t) = COStv
of equations (3.17) for b = 1/2 into the Lagrangian

p2(t) +sin®t

Lr: 9 qr —

2 2
aqy — ¢qs -

and the constraint .
sint
p2(t) +sin®t b
If ¢ = 0, then the Lagrangian L, coincides with the Lagrangian of the time-dependent oscillator

%}(t) (¢ - ()}

g3 =

L(q17 qla t) =
with
1
p2(t) +sin?t
This enables us to apply all the known machinery of [13, 24, 25, 26] to the solution of this system. For
instance, we can say that the general solution has the following “explicit” form

m(t) = and  w?(t) = 2amf(t).

a(t) = fL(t) (cl SinQ7 + eacosQ7),  dt = m(t) f2(t) dr,
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where the function f(t) satisfies the Ermakov—Milne-Pinney-type equation
2
13

depending on a real constant (2. The meaning of such a solution is discussed in detail in the theory of the
time-dependent holonomic oscillator.

d mf 4+ mw?f =

QeR
dt €r,

4. CONCLUSION

In this note, we compare explicit solutions of equations of motion for holonomic, nonholonomic, and time-
dependent nonholonomic oscillators. In the holonomic case, the general solution is a well-known combination
of trigonometric functions

q(t) = c18in Qt + co cos Qt .

For nonholonomic scleronomic oscillator, the solutions have the similar form,
q(t) = c1 8in Q7 + co cos Q7

where 7 is an elliptic function of the original time variable t.
For nonholonomic rheonomic oscillator, the solutions are

q(t) = c1(t) sin Q7 + ¢o(t) cos Q7|

where the functions ¢;(t) and 7(¢) and the constant ) are related via Ermakov’s equation.

There are some open problems which have popped up in this note. Firstly, it would be useful to study the
rheonomic or time-dependent nonholonomic systems with nonideal constraints similar to [8]. Secondly, we
have considered the rheonomic nonholonomic system with the Lewis—Ermakov invariant, and hence it would
be great to compare such nonholonomic systems with nonholonomic systems under time-dependent control
[5, 6].
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