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Abstract. In this paper, a new physical notion, intensity, is introduced. The notion of
intensity occurs in a special statistics, known as Gentile statistics, which is asymptotically
close to ordinary thermodynamics. The introduction of the new notion of intensity in the
theory of nuclear matter essentially changes the thermodynamical picture. Moreover, we can
say that the thermodynamics of nuclear matter is the antipode of standard thermodynamics.
On the basis of the “intensity–compressibility factor” diagram and mean square fluctuations
of energy and time, a new table of properties of stable chemical elements is obtained and
presented in this paper.

DOI 10.1134/S1061920819030105

THE UNCERTAINTY RELATION IN GENERAL FORM

The uncertainty relation for the coordinate p and the momentum x in the form δxδp ∼ �, where
δp, δx are the mean square deviations of the momentum operator p̂ and the coordinate operator x̂,
while � is the Planck constant, was obtained by Heisenberg in [1] in 1927.

At the present time, the Heisenberg uncertainty relation is generally written in the form of the
following inequality for the operators p and q

δqδp � �/2. (1)

This inequality was obtained in 1927 by Kennard [2].

Three years later, Schrödinger [3] and Robertson [4] generalized inequality (1) to the case of an
arbitrary pair of quantum observables X and Y :

δXδY � 1

2

√(
XY − Y X

)2
+

(
XY + Y X

)2
. (2)

The right-hand side of the last inequality contains the commutator, as well as the anticom-
mutator, of the operators X and Y . Here the operators are assumed self-adjoint. These formulas
reflect the Heisenberg uncertainty principle for the quantities appearing in the left-hand side and
determine their fluctuations.

As a rule, the Schrödinger equation is written in one of two forms: as an equation containing
the time t and the self-adjoint operator Ĥ

i�
∂

∂t
Ψ = ĤΨ, (3)

or in the form of a stationary equation (not involving time) which sets the spectrum problem for

the operator Ĥ
ΛΨ = ĤΨ. (4)
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TABLE OF STABLE CHEMICAL ELEMENTS 353

It is natural to relate the operator Ĥ with the eigenvalue Λ, or, as physicists say, indicate the
time and the phase.

Since the Cauchy problem is considered for the Schrödinger equation, i.e., the initial-value prob-
lem with t = 0, if follows that time changes from 0 to plus infinity and the operator i� ∂

∂t cannot
be self-adjoint.

In quantum physics, since the time of von Neumann and Pauli, the notion of observable quantity
has been considered and put in correspondence with a self-adjoint operator in Hilbert space. Von
Neumann and Stone considered only self-adjoint operators and observable quantities.

One of the difficulties in the standard formulation of quantum mechanics is in the impossibility
of assigning to such quantities as time (Pauli), phase (Dirac), angle, and so on, an appropriate
operator in the Hilbert space of the system. However, such difficulties can be avoided by taking
for observable quantities nonorthogonal partitions of unity subjected to covariance constraints that
generalize the Weyl commutation relations in the Stone–von Neumann theorem.

A. S. Holevo in [5] and other papers was the first to propose a mathematical approach which
allowed to assign observable quantities to non-self-adjoint operators. The general outline of his
approach is to consider partitions of unity forming a convex set satisfying the covariance condi-
tions and to distinguish the extreme points of this set that minimize the uncertainty functional in
a certain state. In this way, one can obtain generalized observables, canonically corresponding to
achievement time. In spectral theory, nonorthogonal partitions of unity arise, in particular, as gen-
eralized spectral measures for non-self-adjoint operators. In this context, for example, the operator
corresponding to observable time turns out to be maximal Hermitian (but not self-adjoint). Using
this approach, one can also show that relativistic massless particles turn out to be “approximately
localized” if, in the definition of localization, arbitrary partitions of unity are allowed [6, 7].

From the contemporary point of view, the standard notion of observable corresponds to “sharp”
observables, while the nonorthogonal partition of unity describes “unsharp” observables. In this
situation, one can assign a probability distribution to sharp as well as unsharp observables in any
state, which allows to calculate all the statistical characteristics – mean values, dispersion, correla-
tion, and to establish the uncertainty relation for nonstandard canonically conjugate pairs [7, 8].

The time operator and the corresponding uncertainty relation has been studied by other authors,
but the approach from the point of view of covariant observables appears to be most natural.

In the work of Olkhovsky (see [9] and other papers) based on Holevo’s work, an approach
convenient for physicists was developed. It allows to obtain the uncertainty relation for the time
and energy operators in the form

δEδt � �/2. (5)

In particular, Olkhovsky considered the Yukawa potential and the BBGKY hierarchy (Bogo-
lyubov–Born–Green–Kirkwood–Yvon hierarchy). In the paper [10], an explicit analytic formula for
the S-matrix in the case of an arbitrary central interaction inside a sphere of finite radius with the
“tail” of the Yukawa potential at large distances was obtained. This method uses the completeness
of the space of wave functions outside a finite sphere, as well as the unitarity and symmetry of
S-matrices.

In the present paper, we shall consider the uncertainty relation for time and energy. The problem
of introducing the time operator in quantum mechanics goes back to its very origins. The time
operator t̂, defined as

t̂ = t, time-like t -representation,
t̂ = −i� ∂

∂E , energy-like E-representation,
(6)

is not self-adjoint [11], but is Hermitian. It is precisely for this reason that V. Pauli, one of the
founders of quantum mechanics, refused to use the time operator given by (6).

PASSAGE FROM BOSE TO FERMI

Consider the case in which at every energy level Ep, there can be no more than K particles
(so called Gentile statistics, or parastatistics). For an ideal gas of dimension D = 3, the following
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relations for the number of particles N and the energy E hold:

N =
V

λ3
(Li3/2(I)−

1

(K + 1)1/2
Li3/2(I

K+1)), (7)

E =
3

2

V

λ3
T (Li5/2(I)−

1

(K + 1)3/2
Li5/2(I

K+1)), (8)

where V is the volume, T is the temperature, Li(·)(·) is the polylogarithmic function, I is a new
quantity that we will call intensity and λ is the de Broglie wavelength:

λ =

√
2π�2

mT
; (9)

here m is the mass.
Gentile statistics, which coincides with the notion of polylogarithm and based on the formula

Lis(z) =

∞∑
k=1

zk

ks
,

is related to the Bose–Einstein and Fermi–Dirac distributions in the following way. The integral of
the Bose–Einstein distribution is expressed in terms of the polylogarithm as:

Lis+1(z) =
1

Γ(s+ 1)

∫ ∞

0

ts

et/z − 1
dt.

The integral of the Fermi-Dirac distribution is also expressed in terms of the polylogarithm:

Lis+1(−z) =
1

Γ(s+ 1)

∫ ∞

0

ts

et/z + 1
dt.

Therefore, the passage from the Bose–Einstein distribution to the Fermi-Dirac distribution corre-
sponds to the passage, in the Hougen–Watson P −F diagram (P is the pressure, F = PV/(NT ) is
the compressibility factor), from the quadrant II (P < 0, F > 0) to the quadrant IV (P > 0, F < 0).

The values of s in relations for the polylogarithm can be arbitrary. However, in the case when
only fixed values (e.g. s = 2, s = 3, etc) are given, one can consider all other values of s as holes.
Holes are the values that we leave out.

The polylogarithm function sometimes appears in thermodynamics. However, the polylogarithm,
as well as Gentile statistics, have no direct relationship to classical thermodynamics, which includes
temperature, chemical potential, energy, lifetime, entropy, and other parameters used in classical
and quantum thermodynamics. From the purely mathematical viewpoint, as well as asymptotically,
the relations of Gentile statistics and of thermodynamics are very similar. But it should be stressed
that Gentile statistics and the notion of polylogarithm have no relationship to thermodynamics.

Nevertheless, we introduce, as a new physical thermodynamical quantity, a certain constant
related to Gentile statistics and to the polylogarithm. We have called this constant the intensity
and denote it by I. It is close to the notion of activity a = eμ/T in standard thermodynamics,
but certainly does not coincide with it. Basically, the new parameter I is related to the notion of
“lacunary indeterminacy” [12], in situations when not all quantities are exactly defined. In [12],
the meaning of lacunary indeterminacy was explained as follows: in a certain region we cannot
distinguish and number particles, however, we can determine the total number of particles. This
region is a lacuna of sorts in the general deterministic picture.

In order to relate the Bose–Einstein and Fermi–Dirac distributions with the principle of lacunary
indeterminacy, it is necessary to construct an analog of Mendeleev’s periodic table of elements for
stable gases on the basis of experimental data. In the present paper, we present such a table
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Fig. 1. Dependence of the compressibility factor F = PV/(NT ) on the pressure P expressed

in MeV/fm3 for helium-4, litium-6, litium-7, berillium-9 (from top to bottom along the F
(vertical) axis). The continuous lines represent the Fermi branch. The hashed lines are isotherms
of the Bose branch, constructed according to formulas (7) - (8).

for stable chemical elements; this table is related to lacunary indeterminacy and, except for the
parameter I, has nothing to do with Gentile statistics.

The table presented by the author is indeed related to lacunary indeterminacy, but does not
pretend to explain any law of nature, just as Mendeleev’s table, which initially was purely empirical
and gave no explanation of all the physical phenomena that lead to it (see, for example, [13]).

The passage of particles from the domain where the Bose–Einstein statistics is obeyed to that
where the Fermi–Dirac statistics rules, goes through a domain known as a fur coat or a region of
lacunary indeterminacy [12]. The minimal value of the intensity I for which the number of Bose
particles N tends to 0 will be denoted by I0. The quantity I0 shows for what minimal intensity the
decomposition of a boson into fermions begins.

In our previous papers [12,14–15], we have obtained an expression for I0, i.e., for those values
of I for which K = N = 0:

1

2
Li3/2(I0)− log(I0) Li1/2(I0)−B−1 = 0, (10)

where B = V
λ3 > 0.

In thermodynamics, it is customary to use the Hougen–Watson P-F diagram (P is the pressure,
F = PV/(NT ) is the compressibility factor), which illustrates the Van der Waals law of correspond-
ing states. On the P-F diagram, the Fermi–Dirac distribution corresponds to the domain of positive
values. Figure 1 represents the P-F diagram for helium-4, litium-6, litium-7, and berillium-9.

At this point, the author’s approach consists in using an analogous diagram, the I-F diagram (I
is the intensity, F , the compressibility factor), for very high temperature isotherms. This diagram
is in a certain sense the antipode of the P-F diagram. Figure 2 shows the Bose branch on the I-F
diagram for the same chemical elements.
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Fig. 2. Dependence of the compressibility factor F on the intensity I, for berillium-9, litium-7,
litium-6, helium-4 (from left to right). The curves are the isotherms of the Bose branch and are
plotted according to formulas (0.7)–(0.8). The temperature is equal to the binding energy Eb
of the nucleus (see Table 1).

In the paper [15], it was established that in the passage from the Bose branch to the Fermi
branch a jump in the specific energy Esp occurs, and the value of this jump is given by the formula

ΔEsp = T (γ + 1)(F |I=I0
− 1), (11)

where γ = D/2− 1.
According to the formula

δtmin = �/(2ΔEsp) � δt, (12)

we can compute the minimal interval of time δtmin required to discover the energy jump ΔEsp. If
we introduce the time operator, we can consider its mean square fluctuation δt. Then δtmin is the
minimal time fluctuation corresponding to the energy jump ΔEsp.

Let us use the approach due to Kvasnikov [16] and show how one can find the mean square
fluctuation for the number of particles N in the case when N is infinitely small.

PASSING TO INFINITELY SMALL QUANTITIES

From now on, we shall denote the mean square value of the number of particles by N , omitting

the bar. Let us find the value of
(

∂N
∂μ

)
TV

, which is needed to compute N . We shall assume that

K = N . Let us introduce the notation

φ(μ,N) =

(
2πmT

(2π�)2

)γ+1

V (Li1+γ(I)−
1

(N + 1)γ
Li1+γ(I

N+1))−N. (13)

As was shown in [12], there is a one-to-one correspondence between the chemical potential μ and
the number of particles N . Let us expand the function φ(μ(N), N) into a Maclaurin series in the
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variable N

φ(μ0, 0) +N [φμ(μ0, 0)μN + φN (μ0, 0)]

+N2[φμμ(μ0, 0)μ
2
N + φμ(μ0, 0)μNN + 2φμN (μ0, 0)μN + φNN (μ0, 0)] +O(N3), (14)

where the derivative of μN is computed at the point μ = μ0.
Since φ(μ, 0) ≡ 0, the quantities φ(μ0, 0), φμ(μ0, 0) and φμμ(μ0, 0) are all equal to zero. Dividing

by N , we obtain the equality

φN (μ0, 0) +N [2φμN (μ0, 0)μN + φNN(μ0, 0)] +O(N2) = 0. (15)

Let us compute φN (μ0, 0):

φN (μ0, 0) =

(
2πmT

(2π�)2

)γ+1

V [γLiγ+1(exp[μ0/T ])− log(exp[μ0/T ])Liγ(exp[μ0/T ])] − 1 (16)

The value of μ0 is chosen so as to have φN (μ0, 0) = 0 (see formula (10) for the calculation of
I0). If we now pass to the limit as N → 0 in the expression (15), then the derivative

μN = −φN(μ0, 0)

φμ(μ0, 0)
. (17)

will have an uncertainty of type
〈〈0/0〉〉

and, therefore, cannot be calculated according to this formula.
Dividing by N once again, we obtain

2φμN (μ0, 0)μN + φNN(μ0, 0) +O(N) = 0. (18)

The passage to the limit as N → 0 in (18) gives the value of the derivative μN at the point μ = μ0

μN = − φNN (μ0, 0)

2φμN (μ0, 0)
. (19)

The expressions for the partial derivatives φNN(μ0, 0), φμN (μ0, 0) are of the form

φNN(μ0, 0) = −
(
2πmT

(2π�)2

)γ+1

V [log2(I0)Liγ−1(I0) + γ((γ + 1)Liγ+1(I0)− 2 log(I0)Liγ(I0))],
(20)

φμN (μ0, 0) = − 1

T

(
2πmT

(2π�)2

)γ+1

V [(1− γ)Liγ(I0) + log(I0)Liγ−1(I0)]. (21)

Substituting the last two expressions into formula (19), leads to a formula for the derivative at
the point I = I0(

∂μ

∂N

)

TV

= −T

2

log2(I0)Liγ−1(I0) + γ((γ + 1)Liγ+1(I0)− 2 log(I0)Liγ(I0))

(1− γ)Liγ(I0) + log(I0)Liγ−1(I0)
(22)

and to an expression for the dispersion of the number of particles of the system

(ΔN)2 = −2
(1− γ)Liγ(I0) + log(I0)Liγ−1(I0)

log2(I0)Liγ−1(I0) + γ((γ + 1)Liγ+1(I0)− 2 log(I0)Liγ(I0))
. (23)

Recall that for an arbitrary quantity x, its mean square fluctuation is defined as δx =

√
(Δx)2.

Using the well known uncertainty relation δNδμ � T for grand canonical ensembles (see [17]), we
can find the value of the minimal admissible mean square fluctuation

δμmin = T/δN � δμ. (24)

The values of δμmin (in MeV units) and δN are given in Table 1 below.
The quantity δμmin determines the width of the region of lacunary indeterminacy and also

changes monotonically with all the columns of the table, except the columns Z, ΔEsp, δtmin.
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TABLE OF STABLE NUCLEI

We obtained Table 1 of stable nuclei of chemical elements using the data base IsotopeData,
included in the software Wolfram Mathematica and containing 255 stable elements.

In Table 1, the values for the fluctuation of energy and time were obtained by means of for-
mulas (11) and (12), respectively. The time t and the intensity I are related by the uncertainty
equation.

Thus, the intensity I plays the main role in this table. If the value of I0 is sufficiently small, the
corresponding temperature (and the energy) will be huge. If the quantity I0 is of the order of 1,
then the temperature (and the excitation energy) will be small.

Remark 1. In the table, we have not taken in consideration the tunnel effect, which can sub-
stantially affect the stability of nuclei.

In Table 1, the following parameters of stable isotopes of different nuclei are presented:

(1) No – the number of the nucleus in our list
(2) isotope – the name of the corresponding chemical element, with its mass number A (i.e.,

the number of nucleons in the nucleus) after the hyphen
(3) Z – the charge number (i.e., the number of protons in the nucleus)
(4) I0 – the minimal value of the intensity I for Bose particles, calculated according to formula

(10)
(5) Eb – the binding energy, which is equal to the temperature T of the nucleus
(6) ΔEsp – the jump in the specific energy in the passage from the Bose branch to the Fermi

branch (formula (11))
(7) δtmin = �/(2ΔEsp) – time fluctuation (in seconds)

(8) δN – mean square fluctuation of the number of particles equal to

√
(ΔN)2 and computed

at the point I0 according to formula (23)
(9) δμmin – minimal mean square fluctuation of the chemical potential at the point I0, equal

to T/δN
(10) μ0 – chemical potential μ0 = T log I0
(11) F (I0) – value of the compressibility factor at the point I = I0
The value of I0 in the case of the disintegration of the nucleus is found from formula (10) taking

into account the expression for the de Broglie wavelength λ, calculated from the known volume
V of the nucleus, the temperatureT of the nucleus and the mass m. The volume of the nucleus is
taken to be equal to the volume of a ball of radius r0 = A1/31.2 × 10−15m. The temperature T of
the nucleus expressed in energy units, is taken to be equal to the binding energy Eb of the nucleus
(taken from the database IsotopeData). In the table, all the quantities having the dimension of
energy are given in MeV units. The mass m is taken to be the mass of the whole nucleus. In all the
calculations, the three-dimensional case was considered, i.e.,γ = D/2− 1 = 1/2.

In conclusion, let us note that the notion of intensity I0 introduced by the author is a new quantity
related to Gentile statistics, to the notion of infinitely small quantity, and to the polylogarithm
function. This quantity bears no relationship to thermodynamics and statistical physics, just as
the I0 − F diagram has no relationship to ordinary thermodynamics. We have obtained this new
thermodynamics by transforming ordinary thermodynamics into its “antipode”. An example of
the antipode of a physical quantity can be the same quantity taken with a minus sign. Thus, the
antipode of a particle is an antiparticle.

The notion of antiparticle was introduced speculatively. There was nothing in reality correspond-
ing to it until physicists gave it the meaning of a hole, i.e., the absence of a particle. Similarly, before
the author’s recent papers, the notion of “infinitely small number of particles” did not exist. This
important notion is part of the antipode of standard thermodynamics. It allows to develop nuclear
physics in connection with nuclear matter.
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Table 1. Parameters of stable isotopes of different nuclei.
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