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Abstract. Compatibility equations are derived for the components of generalized strains
of rank m associated with generalized displacements of rank m — 1 by analogs of Cauchy
kinematic relations in n-dimensional space (multi-dimensional continuous medium) (m > 1,
n > 2). These relations can be written in the form of equating to zero all components of the
incompatibility tensor of rank m(n — 2) or its dual generalized Riemann—Christoffel tensor
of rank 2m. The number of independent components of these tensors is found; this number
coincides with that of compatibility equations in terms of generalized strains or stresses. The
inequivalence of the full system of compatibility equations to any of its weakened subsystems
is discussed, together with diverse formulations of boundary value problems in generalized
stresses in which the number of equations in a domain can exceed the number of unknowns.
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One cannot definitely claim that the theory of compatibility equations, in conformity with appli-
cations to mathematical physics and continuum mechanics, would be nowadays a specific direction
of the general theory of PDEs. In every specific problem, the derivation of compatibility equations
for the components of a tensor field of rank m in n-dimensional space is quite special (see, e.g.,
[1, 2]). The knowledge of these equations is necessary first of all to create a mathematically per-
fect statements of boundary value problems in mechanics and to prove the equivalence of these
statements in terms of some quantities. A class of statements of boundary value problems, which
is well-known and widely discussed in the last decades, is the formulation of problem is stresses in
solid mechanics [3-7].

1. COMPATIBILITY EQUATIONS FOR A VECTOR FIELD

As is well known in vector analysis, if a scalar function, u(x), x € R, n > 2, and a vector
{1}

function, et} (x) = ¢;(x)e} ", satisfy a;.,, = n differential relations

ou
== {1y —
g =U; = , € = grad u, 1.1
then the Cartesian coordinates ¢; are connected by by,, = n(n — 1)/2 compatibility equations
€j.i —€ij =0, (1.2)

which mean that all by, components of the rotor (the curl) (Rote{*){»=2} are zero. Recall [8]
that, in n-dimensional space, the rotor of a vector is the tensor of rank n — 2, antisymmetric with
respect to every pair of indices, with the components

(Rot €™ ), oo = €hy.n_0ij€hiis (1.3)
where €, ., is an n-dimensional Levi-Civita symbol'. The object dual to (Rot 5{1}){“*2}, which
is obtained from (Rote{™){"=2} by the complete contraction with respect to n — 2 indices with

IThe following notation and agreements are used in formulas (1.1)—(1.3) and below: (a) the superscripts in upper
curly braces used in an index-free notation for a tensor mean their rank; they are omitted for the components of
a tensor, because the rank is always equal to the number of subscripts; (b) the commas in the subscripts mean
partial differentiation with respect to coordinates; (c) the summation from 1 to n with respect to repeating twice
(in a monomial) Latin subscripts; here the symbol of sum is omitted for brevity; (d) there is no summation with
respect to Greek subscripts, independently of the number of their repetition; (e) the Latin subscripts are mutually
independent, while different Greek subscripts always take different values; (f) the notation (M) means that

475



476 GEORGIEVSKII

the Levi-Civita symbol, is an antisymmetric tensor of rank two for every n. Up to factor, the
components of this tensor coincide with the left-hand side of (1.2). The number of independent
computations of these two tensors is the same (because they are dual to each other) and is equal
to C=2 = C2 = by, =n(n—1)/2.

Along with the vector field e{1}(x), we consider another field o{'}(x) related to e!'} by a
nondegenerate algebraic vector-operator G},

JRE (G(U{l})){l}, o1} — ((;—1(6{1})){1}' (1.4)

Let us single out important special cases of defining an operator G{1} which is homogeneous
(i.e., without explicit coordinates x), local (i.e., obtaining no derivatives with respect to x;), and
scleronomic (i.e., containing no derivatives with respect to time).

(1) If Gt} is isotropic, then the most general form of the constraint (1.4) is as follows:
ety — G(|0{1}|)U{1}7 ol = F(|E{1}|)€{1}, (1.5)

where G(|o{1}]) and F(|e!*}|) are two arbitrary functions, satisfying the condition GF = 1, of
independent invariants of the vectors ot} and {1}, namely, their lengths. In this case, the fields
et} and o'} are collinear.

(2) If the operator G{1} is physically linear (i.e., sustains the superposition principle), then

el = A2 g1 {1 = (A1) (2 1) (1.6)

where A2} is a positive-definite tensor independent of x and defining some type of anisotropy.
(3) The intersection of the above two cases corresponds to the spherical tensor A{2} = AT{?}
A = const, T2} = e;-{l} ® e;-{l}, and to the constraints

e} — Aol {1} = ie{l}' (1.7)

We refer to the tensors ut™—1}(x), e{m}(x) and o™} (x), m > 1, as the generalized displace-
ments of rank m — 1, the generalized strains of rank m, and generalized stresses of rank m, respec-
tively, and call the constraints (1.4) generalized constitutive relations, which can contain material

functions and constants G, A{?}, and A.
Let a vector field o{'} in a bounded domain V € R? with smooth boundary 9V each of whose

points is equipped with a unit outward pointing normal n(x) satisfy some physical law or a postulate
of continuum mechanics,

divel' + X =0, xeV, (1.8)
where X (x) is a given scalar function (external volume force). A static boundary condition holds
on 9V,

ot .n=pP xeoV, (1.9)

where P(x) is a given external surface force.

Traditionally, in mechanics, two equivalent statements of a boundary value problem are distin-
guished, namely, in terms of displacements and stresses. It follows from (1.1) and (1.4) that problem
(1.8), (1.9) in generalized displacements consists of solving a single equation

div (G~ (grad u)){l} +X=0, x€V, (1.10)

with a single boundary condition
(G_l(gradu)){l} n=P, xedV. (1.11)
the relation in question is to be amplified to all even permutations of the subscripts aq,...,an; (g) in quantities

am;n and bpm;n, the first subscript coincides with the rank of the object et™} and the other with the dimension n of
the space n.
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GENERALIZED COMPATIBILITY EQUATIONS FOR TENSORS OF HIGH RANKS 477

In an isotropic physically linear case (1.7), problem (1.10), (1.11) becomes the Neumann problem
for the Poisson equation,

M _\p xeov (1.12)

Au+AX =0, xeV;
on

In terms of generalized stresses, in the domain V', one should solve a single equation (1.8) and
b1, equations (1.2), where one must substitute the constitutive relations (1.4),
(g1} —(G(ag{1} —
(G(o ))N. (G(o ))m 0. (1.13)
Moreover, the static boundary condition (1.9) must hold. In the simplest case (1.7), the compati-
bility equations are represented similarly to (1.2),

Oji— 045 = 0, xeV. (114)

Thus, the n components of o} (x) should satisfy by, +1 = (n? — n + 2)/2 equations (1.8),
(1.14) in the domain V' and one boundary condition (1.9). The number of equations in V' coincides
with the number of unknowns only if n = 2, and, for n > 3, the number of equations exceeds
that of unknowns. Certainly, the discrepancy between these two numbers poses the question: Are
there dependent equations among the by,, compatibility equations? At the “vector level” (Section 1
of the present paper is devoted to the “vector level” to answer this very question), the answer is
obviously negative.

Indeed, the general solution of (1.14) admits a representation
o; =Au,;, A = const, (1.15)

i.e., for every solution ot} (x) of system (1.14), there is a scalar field u(x) such that relations
(1.15) hold. Let us now weaken the system (1.14) by removing from it, for example, the equation
01,2 — 02,1 = 0. Then the weakened system obtains a particular solution

01 = 91(232), 02 = 92(331), o3=0, ..., 0,=0, (1'16)

where g1 and gs are arbitrary functions of their arguments. If we choose these functions in such a way
that dgy /dxy # dgs/dxy then, obviously, there is no scalar field u(x) such that the representation
(1.15) holds. Hence, system (1.14) is not equivalent to any weakened subsystem of the system, and
all by.,, equations (1.14) must enter the statement of the problem in generalized stresses [9].

However, there is a statement equivalent to (1.8), (1.14), (1.9) in which the number of equations
on V coincides with the number of unknowns o;. This system is to solve n unbound Poisson
equations on the domain V,

AO‘i = —Xi, X € V, (].].7)

assuming that the condition (1.9) and

dive{t + X =0, Oji— 044 = 0, xe€dV, (118)

are satisfied on the boundary.

Let us establish the equivalence of the statements (1.8), (1.14), (1.9) and (1.17), (1.18), (1.9).
If we adopt the first of them, then, differentiating (1.14) with respect to z;, summing over j, and
taking (1.8) into account, we obtain (1.17). Moreover, the equations (1.8) and (1.14), which are
given on V, hold also on the boundary 9V due to the assumed continuity of the quantities entering
these equations, which implies (1.18).

Suppose now that the setting (1.17), (1.18), (1.9) is chosen. Let us differentiate (1.17) with
respect to x;, sum over i, and see that the function divei'' + X is harmonic on V. Since it
vanishes on 0V (see (1.18)), we arrive at the desired equation (1.8). Further, let us differentiate
(1.17) with respect to x;, make the alternation operation with respect to the indices ¢ and j, and
arrive at the fact that all by, functions o;; — 0;; are harmonic on V. Since they vanish on OV
(see (1.18)), equations (1.14) follow again.
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478 GEORGIEVSKII

2. COMPATIBILITY EQUATIONS FOR TENSORS OF RANK
TWO IN n-DIMENSIONAL CONTINUUM MECHANICS

In this section, we omit the adjective “generalized” for the displacements u{'}(x), strains {2} (x),

and stresses o2} (x), because, for m = 2, their physical meaning corresponds completely to the key
concepts of continuum mechanics, namely, to the vector of displacements, to the symmetric tensor
of small strains, and to the symmetric Cauchy stress tensor.
Instead of (1.1), we now have as,, = n(n + 1)/2 differential relations
1
Eij = 2(’LLi7j + Ujﬂ'), 6{2} = Defu{l} = Sym (Grad u{l}){Q} (2.1)

which are called Cauchy relations in the geometrically linear theory.
In the n-dimensional continuum mechanics, the Kroner incompatibility tensor ni2(=2)}(g{2}) =
Ink et?} of rank 2(n — 2) with the Cartesian components

el2h

77p1~~.pn—zq1...qn—z( = €p1...pn—2li €q1...qn_23k €ij,lk (2.2)

is well known [9-12]. It is clear from the definition in (2.2) that, for n > 4, it is antisymmetric with
respect to every pair of both the first n — 2 indices and the n — 2 last ones and, for n > 3, it is
symmetric with respect to the permutation of families of n — 2 first indices and n — 2 last ones.

As is known from differential geometry, the number of independent components n{2(*=2)}(g{2}) is
equal to ba.,, = n?(n? —1)/12.
For n = 2, the Kroner tensor is the scalar
n(e®) = ey €k €li,jk = 2€12,12 — €11,22 — €22,11 (2.3)

and, for n = 3, it is a tensor of rank two with six independent components

npq(e{z}) = €pli €qjk Eiglk = (€ij,ji — €ii,jj)0pg T+ Epg,ii T Eii,pg — Episig — Eqiyips (2.4)
—
Waa(‘f{z}) = 2€8y,48 — €6y — Evv.B8, (@ B57), (2.5)

—
a, 8,7

). (2.6)

If an n-dimensional continuous medium belongs to an Euclidean space, then all components of
the Kroner tensor vanish, i.e., the following compatibility equations for deformations hold:

{20-2)} (12} — 0. (2.7)

The fact that the strain tensor satisfies bs.,, equations (2.7) is a sufficient condition for the inte-
grability of system (2.1) with respect to n unknown functions w; on an n-dimensional domain in
which every closed contour contained in the domain can be contracted to a point by a continuous
deformation.

Mathematically, systems (2.1) and (2.7) are quite related. Along with the above considerations
concerning compatibility, expressions (2.1) are a parametrization of a general solution of system
(2.7). Here one can regard u;(x) as arbitrary three times differentiable functions of coordinates,
without equipping them with the meaning of displacements in advance.

A wide class of continuous media is described by the constitutive relations
e = (G(e2)? oD = (G ()P (2.8)

with nondegenerate tensor-operator G{2}, As in Section 1, we concentrate our attention at impor-
tant special cases of defining a homogenecous local scleronomic operator G2},
(1) Isotropy. The most general form of isotropic constraint (2.8) is as follows:

2
77a6(5{ }) = €afyy T Eyv.aB — EayyB — Efvyar  (

(2.9)
where the families of material functions Gy, ...,G,_1 and Fy,..., F,_1 depend on the families of n
independent invariants I, and I.;, k = 1,...,n, of the corresponding tensors. For these invariants,

one can take, for example, the traces of the first n powers of the tensors o{2} and {2}:
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GENERALIZED COMPATIBILITY EQUATIONS FOR TENSORS OF HIGH RANKS 479

I, = (/tr (a(2)*, I, = ’\“/tr (e2h)". (2.10)

(2) Physical linearity. We have the Hooke law for an anisotropic n-dimensional elastic solid,
el2h = gl . o2 o12h = (g=1H)l4) . {2 (2.11)

with the material tensor of elastic pliability J1*} defining the type of anisotropy.
(3) The intersection of the previous two cases leads to the Hooke law for an isotropic n-

dimensional elastic solid (Gy = (—v/E)l,1, Gi=(1+v)/E, Go=---=G,_1 =0):
el = Vo TV ey
) FE
. . (2.12)
o2 = v LT 4 {2}
1-—(n-1v)(1+v) © 1+v ’

where F is the Young modulus and v is the Poisson coefficient, which have, for every n, the same
mechanical meaning as in the three-dimensional space.

Let, on a bounded domain V' € R" satisfying the same assumptions as in Section 1, there be
n equations of equilibrium which are differential consequences of the integral postulate on the
conservation of momentum,

Divel? + X1 =0, xeV, (2.13)

where X{1}(x) are known volume forces. On the boundary 6V, n static boundary conditions hold:
ol n=P xeov, (2.14)

with known distribution of surface loadings P11} (x).

Without dwelling, in this section, on the statement of a boundary value problem in terms of
displacements, we pass immediately to a more nontrivial statement in stresses. On a domain V,
there are n equations (2.13) and by, = n?*(n® — 1)/12 equations (2.7) into which one should
substitute the constitutive relations (2.8):

n{2m=2)} (((;(U{z})){z}) _o (2.15)

Moreover, n static boundary conditions (2.14) must also hold.
For the case in which tensors €12} and {2} are connected by the linear isotropic law (2.12), the
compatibility equations in stresses are represented as follows [13]:

14
(Ial,rt(sms + Ial,msdrt - Io‘l,mt(srs - Ial,rsémt) = 0. (216)

Urs,mt + Umt,rs - Jms,rt - Urt,ms + 1 +u

Thus, ag,, = n(n+1)/2 components of the symmetric tensor {2} on the domain V must satisfy
ba., + n equations (2.7) and (2.13) and, on the domain 0V, only n boundary conditions (2.14).
As above in Section 1, the numbers ag., and ba.,, + n coincide only for n = 2 and, for n > 3, the
inequality as,, < b2, + n holds, and the discrepancy increases as n increases significantly more
rapidly than in the “vector case” m = 1.

3. POBEDRYA SETTING OF THE PROBLEM IN STRESSES

The independence problem for some equations in the statement of the problem in stresses for a
three-dimensional solid (ag,;3 = 6, ba;3 +3 = 9) has a long history (see a survey of this problem,
for example, in [14-16]). The seeming discrepancy among the number of unknowns, the equations
on a domain, and the boundary conditions is eliminated by the setting, which is equivalent to the
classical one, of the problem in stresses in mechanics of deformable solid which was suggested by
Pobedrya [5, 14] at the end of the 1970s. It is in solving, on the domain of the solid, six generalized
compatibility equations assuming the validity of six equations on the boundary, namely, three
equilibrium equations (2.13) and three boundary conditions (2.14). In the isotropic elasticity theory
(2.12), these compatibility equations are given by the Beltrami—Michell equations

1 divX
Aops + Ial,ms + v Oms + Xm7s +Xgm =0. (31)
14+v 1—v ’
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480 GEORGIEVSKII

Pobedrya’s statement is better suited for the application of numerical methods. It is difficult
to use the classical Castigliano variational principle to construct difference schemes of some level,
because, in this principle, one speaks of a conditional extremum of the Castiglianian. Therefore,
a new variational principle was formulated. During four decades, this statement obtained a wide
international fame [17-19]. Using this statement, two- and three-dimensional quasi-static boundary
value problems of elasticity theory, plasticity theory, viscoelasticity theory, contact problems, heat
problems, and problems of computer mechanics of composites were studied numerically-analytically.

Is it possible to present, using Beltrami—Michell equations generalized for an n-dimensional
isotropic elastic solid, an analog of the statement in R® in which the number of equations on
V € R™, n > 4, would coincide with the number of unknowns? In [13], these generalized equations
were obtained using diverse convolutions of the original bs.,, equations (2.16):

1+B—n)v vdivX

Ams gl,ms
Tms T 1+v b +1—|—(2—n)1/

Oms + Xm,s + Xom = 0. (3.2)
There are as,, equations of this kind, which coincides with the number of components of the
symmetric tensor o{2}; for n = 3, the left-hand sides of (3.2) and (3.1) coincide.

The equation bs,3 = ag,3 enables us to replace six equations (2.16) by an arbitrary system of their
six independent linear combinations; in particular, by the system of six equations (3.2). Beginning
with n = 4, the inequality bs.,, > as., holds, and therefore, no system of as., linear combinations
of be, equations, including the system of generalized Beltrami-Michell equations (3.2), can be
equivalent to (2.16). A counterexample of their inequivalence, for n = 4, is presented in [13].

4. GENERALIZATION OF CAUCHY RELATIONS TO TENSORS OF HIGH RANKS

The following relations for u{™=1}(x) and e{™}(x) are a natural generalization for m > 3 of
relations (1.1) and (2.1) written out for m = 1 and m = 2, respectively:

U(iqoim—1,im) = Wit im—1,im + WUis.. im,i1 et WUipyi1eim—2yim—1 — TG0 i) (41)

they were called in [12] generalized Cauchy kinematic relations. Let us consider extensives u;, _;
symmetric with respect to the transposition of every two indices. Taking into account this symme-
try condition, among the total number of n™ ! components u{™=1} there are Cn"f;,iﬁ = (m+
n—2)!/[(m —1)!(n — 1)!] independent ones.

By the constraints (4.1), including the operation of multidimensional cyclic symmetrization,
one can readily conclude that the generalized deformations e{™} of rank m, as well as ul™=1},
form an absolutely symmetric tensor which is the symmetric part of the gradient ut™~1}, Let us
pose the problem concerning the integrability conditions for the system C)',,,_; of equations (4.1),
or the compatibility equations imposed on C;,, ; independent components ¢;, . ;,  for unique

determining the Cn"f;é_Q independent components u;, .

tm—1"

Introduce the generalized tensor of rotations wi{m} with the components w;, i, ,
uil---inz—lyinz = Eil---inz + wil---inz ‘ (42)

Naturally, for m = 1, one should set w; = 0. It follows from (4.1) that w{™} is antisymmetric with
respect to the cyclic permutations of the indices,

w(il...im) =0. (43)

It follows immediately from (4.1) and (4.2) that w;,.
gradient of the tensor ut™—1},

is connected with the components of the

m

1

w; = Uircimoryim o Yirim—1,im)- (4.4)

1ovim
To derive differential relations between the components of the tensors wi™ and e{™} we take

partial derivatives of order m — 1 of the equation (4.4):

1

W = Uis it dme1 o Wi 1) 1 1 (4.5)

7/1---7:m7j1"'jm71
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GENERALIZED COMPATIBILITY EQUATIONS FOR TENSORS OF HIGH RANKS 481

Let us represent the right-hand side of (4.5) as a linear combination of C"', summands of the form
Areky. kg lyod 1, L =1,... ,C;}n:ll. The summation is ranges over all Cgfﬂ_fl permutations of the

2m — 1 subscripts of e{™} (taking into account the absolute symmetry with respect to the first m

and the last m — 1 indices). After this, we substitute the expressions for e{™} (using u{™=1}) given
by (4.1) and equate the sum to the right-hand side of (4.5). The solution of the system of linear
algebraic equations with respect to C’;;‘n_fl coefficients A; gives the desired differential relations
between the components of w;, ; —and ;. 4, .

Due to combinatorial complications, it is rather difficult to present the algorithm described above
formally in a closed form for every m. For an illustration, we dwell on the special cases m = 2 and
m = 3 in more detail.

(1) m =2, n > 1,4, = p, ip = q, j1 = s. For the Cauchy classical relations (2.1) u, 4 =
Upq + Ugp = 26pq, We have wpg = (Upq — Ugp)/2 from (4.4). By the algorithm described above,

write

1
Wpq,s = 9 (Up,gs — Uq,ps) = A1€pg,s + A2egs,p + A3Espg- (4.6)

Substituting the expressions €,, using the gradients of displacements into (4.6), we arrive at the
system of three (C5" ! = C1 = 3) equations with respect to A;, As, and As:

Al +A3=1, A +Ay=-1, A+ A3=0.
The solution A; = 0, Ay = —1, A3 = 1 of this system leads to differential constraints, known in

kinematics of continuous medium, for components of the tensor of revolutions and the tensor of
small deformations,

Wpq,s = Esp,q — Eqs,p- (4.7)

(2) m =2, n > 1. Relations (4.1), (4.3), and (4.4) are represented in the following form:

U(pg,s) = Upg,s + Ugs,p + Usp,q = 3Epgs; (4.8)

2 1
Wpgs + Wgsp + Wspg = 0, Wpgs = 3 Upg,s — 3 (uqs,p - uan)'

On the other hand, the second derivatives wys ¢ are representable by a sum of ten (Cy' 1 =
C2 = 10) summands,
Wpgs,rt :Algpqs,rt + A2qur,st + ASqut,rs + A4€srt7pq + A5Ep'rs,qt

+ A6€rqs,pt + A7€pst,qr + ASEqst,pr + A9€prt,qs + Alogqrt,ps-

Substituting expressions (4.8) into the right-hand side of the last equation and solving the system
of ten equations thus obtained for A1, ..., Ajg, we find

1
A =0, Ay=A3=A,=1, A5:"'=A10=—2-

Note that, in both the above equations,
an—l

2m—1

Z A; =0.
I=1

Thus, in the case of every m, the differential relations between the symmetric and antisymmetric

parts of the gradient u™~1} include partial derivatives with respect to coordinates of order m — 1.
They can be represented as follows (using a conditional character to some extent):

C’m'71

2m—1

Wiyt droodms = D ALk o o1 (4.9)
I=1

where [ is the index of the combination {ly ...l,_1}.
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The compatibility equations in terms of ¢;, ; follow immediately from (4.9) and from the
requirements that the mixed derivatives of order m are equal,
W

P11 Jm—2dm—1]m (E{m}) = Wiy dm i1 Im—2dmim—1 (E{m})- (4.10)
For example, for m = 2 and m = 3, using (4.7) and (4.9), we have

Wpq,st = Wpq,ts <  Eps,qt — Eqs,pt = Ept,gs — Eqt,ps; (4.11)

Wpgs,rtu = Wpgs,rut < Epgt,sru T Esrt,pqu

- 92 (Epst,un + Eqst,pru + Eprt,qsu + Eqrt,psu)

= quu,srt + Esru,pqt - 2 (Epsu,q'r‘t + Eqsu,p'r‘t + Epru,qst + Eq'r‘u,pst)-
(4.12)

5. THE RANK AND THE NUMBER OF INDEPENDENT
COMPONENTS OF THE INCOMPATIBILITY TENSOR

The tensor pim®=2)}(e{m}) of rank m(n — 2) with the components

Mit1.itin—2 .« imiedmin—2 — €i11.iin *  * Cim1imnCitniom_193n.--fmi, 11;n—112n93;n—1--bmk ) (51)

= n if m odd ) n if meven
" In-—1imeven’ " In—-1imodd’

is a generalization of the Kroner incompatibility tensor n{2(®=2)}(g{2}) of rank 2(n — 2) with
Cartesian components (2.2) to every value of m. Thus, the array of indices of this tensor is two-
dimensional.

Comparing the definition (5.1) with (1.3), we see that, in the case of m = 1, i.e., in vector analysis,
we have n{n=2}(e{1}) = (Rote{1}){2=2} The number of independent components of nim®=2)}
coincides with the number of independent components of the tensor R{?™} dual to n{m®@=2)} je
constructed from ni™®=2)} by contractions with m Levi-Civita symbols,

RPIQl---PmLIm = €p1qgrit1-itn_2 * ** EPpmmimi-cdmmn—2Tli11. i 1m—2 .« Gl imin—2" (52)

Let us use the property of summation with respect to n — 2 indices,

€pi1qritn..itn—2€i11. i1y — (n - 2)!(51)17:1;71,715(]17;171 - 51717:171,5‘117;1;7171) (53)
and, after the substitution of (5.1) into (5.2), obtain
RP1Q1~~~pmqm = [(n - 2)!]m(5p1i1;n—15mi1n - 5P1i1n51hi1;n—1) ' (5 4)

'(5pmim;n71 5[1m7fmn - 5pm7fmn 5Qmim;n71 )EilniZ;nfliQSn---ivnla 7:l;nf17:2’n.7;3;’nfl"'iwblc

In the case of m = 2 the tensor R12™} up to constant factor, coincides with the Riemann—
Christoffel tensor R{4} whose rank is equal to four in the space of any dimension. The assumption
that all components of this tensor vanish, which means that the space R™ (in which the deformed
medium is contained) is Euclidean, leads to the by, = n*(n? — 1)/12 independent compatibility
equations (2.7) mentioned above.

It is natural to interpret the object with the components (5.4) of rank 2m as a generalization
of the Riemann—Christoffel tensor to an arbitrary m. By definition, this tensor is antisymmetric
with respect to the transpositions of indices inside every pair {p;,¢;}, ¢ = 1,...,m, and, moreover,
is symmetric with respect to the transpositions of the pairs themselves, {p;,¢;} and {p;,q;}. Since

the number of different nonzero contributions in each of these pairs is equal to by, = n(n—1)/2, it

follows that the symmetry indicated above keeps C}' ;. ~ components of the tensor R{?™} and

hence, also of the tensor n{™(®™=2)} However, the family of these components cannot be independent
due to the Ricci identities, which, for example, for m = 2, are represented in the way well known
in differential geometry,

Rp1<11p2<12 + RPIPQQZQl + Rp1q2q1p2 =0. (5-5)
RUSSIAN JOURNAL OF MATHEMATICAL PHYSICS Vol. 23 No. 4 2016



GENERALIZED COMPATIBILITY EQUATIONS FOR TENSORS OF HIGH RANKS 483

The analogs of the Ricci identities (5.5) for the generalized Riemann-Christoffel tensor R{2m}
reduce the number if the independent components of the tensor by C2™. Certainly, this reduction
is nontrivial only if the dimension n of the space is not less than 2m.

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

Taking into account what was said above, we finally write
bmin = Cp_14py,, — C2"y m =22, n>2. (5.6)
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