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Abstract. A linear problem for propagation of gravity waves in the basin having the bottom
of a form of a smooth background with added rapid oscillations is considered. The formulas
derived below are asymptotic ones; they are quite formal, and we do not discuss the problem
concerning their uniformness with respect to these parameters.
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1. INTRODUCTION

In this paper, we consider a linear problem for propagation of gravity waves in a basin having
the bottom of a form of a smooth background with added rapid oscillations. Namely, we assume
that the function D describing the depth in the basin with characteristic size L in the physical

variables is
o =d(0o(7) + 5 u(5. %10)

Here z is a 2D vector column with components (x1,x3), d is the characteristic basin depth, d; is
the characteristic height of short oscillations, and [y is the characteristic horizontal size of short
oscillations. The scalar positive functions Dy(x) and D;(x,y) and the vector column function ©
with components ©;(x), ©2(z) are assumed to be smooth, and D;(x,y) is 2m-periodic with zero
average with respect to each variable y;, yo of vector y. We assume also that VO; and VO, are not
parallel at each point . In the simplest case ©;(z) = x; (in which Dy = Dy(7, ")), a nonlinear
dependence ©,(x) of x means that the bottom oscillation could be different at different places of
the bottom. Assume that, for |z| large enough, the function D becomes a constant, although our
future consideration are more or less formal, and we do not use this assumption.

In terms of physical variables, the linearized system for the gravity waves is written for the
potential @ (see, e.g., [4, 5]) as follows:
AP+P,, =0, -D<z<0, ¢,+(VD,V®)=0 for z=-D, Py;+gP,=0 for z=0.
The function 71 describing the free surface elevation can be easily found from the formula n =
—(1/9)®; for z = 0, where g is the gravity acceleration. In the nonstationary case, we consider
the Cauchy-Poisson problem at ¢ = 0 for this system, ®|;—g = ¢(z/l), 0P/0t|;—g = ¢'(x/l) =
—gn°(x/1), where ®°(y) and n(y) are smooth functions decaying at infinity more rapidly than
1/|y|**#; B > 0 and [ characterize the size of the initial perturbation.

In addition to the characteristic values L,d,dy,(;, introduce the characteristic time T during
which the wave passes the distance L, and let a be the characteristic amplitude of the wave. Now
we introduce the parameters
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Fig. 1. The initial perturbation (on the left-hand side over the water surface) and the part
of the ocean bottom in the form of slow varying underwater bank with a domain of rapid

oscillations.
d l dy d h oh  dy l
L ) € L 9 d 9 ll € ) € ll ) ILL L’ ( )
and pass to the new dimensionless variables z = dz/, x = Lo/, t = L ', D' = !D(z), @' = ®

\/gd a\/gd !
1" = n/a. Rewrite the above system in the new variables, omitting the superscript (the prime) to
simplify the notation,

h2A® + ., =0, -D < 2<0, (1.2)
®, +h*(VD,V®) =0, for z=-D, (1.3)
h2®, + @, =0, for z=0, (1.4)
0

D =Dy + 8D, (:L- (;)> , (1.5)

x 0P x
2=0,t=0 ¢ <,u> Ot |2=0,t=0 Mo g <,u> (16)
For the free elevation, we have n = —h®;|,—¢. Let us make some assumptions about the param-

eters. Assume that h, €, and § and, as a rule, y are small. It does not mean that we study waves on
a shallow water only. The smallness of h means that the background Dy of the depth function D
is a quite smooth (slow varying) function. On the contrary, the smallness of ¢ means that there are
fast oscillations on the bottom, and we assume that the space-frequency of these oscillations is not
bigger than the wavelength of the wave under consideration, A < 1. The smallness of © means that
we consider waves which are short with respect to the size of the basin. Considering of long waves
means that waves are long with respect to the depth, 1 > u > h. The parameter § characterizes
the amplitude of the depth oscillation. The formulas which we derive below are asymptotic ones,
they are quite formal and we do not discuss the question about their uniformness with respect
to these parameters. Below we shall use the assumption p = O(h%), and we shall analyze it at
an appropriate place. We want to say that, in real situation, the parameters listed above are just
numbers, and assumptions of our type are more or less artificial.

Our main aim is to study solutions to Egs. (1.2)—(1.6). It is impossible to obtain exact formu-
las for these solutions in the general situation suitable for real applications; one can speak only
about some asymptotics with respect to (small) parameters h, ¢, §, and p. Needless to say, these
asymptotics could depend on the relationship between these parameters. Our strategy is as follows.
Like in [8], we split our consideration into two steps: (1) using the operator version of adiabatic
approximation [8, 9, 11], we derive the reduced (homogenized) pseudodifferential equation, elimi-
nating the vertical variable z and fast oscillations in the coefficients; (2) we show that, choosing the
small parameters in an appropriate form, we can simplify this equation, presenting it in the form
of a generalized Boussinesq equation with variable velocity and dispersion and reduce the original
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problem to this one, which was studied in [10]. The step (1) is technically complicated, and the most
part of this paper is devoted to it. We split it into two steps: (1a) we eliminate the vertical variable
z and (1b) we eliminate the fast oscillations. In spite of complicated calculations, the final formulas
and physical conclusions are quite simple and understandable. Thus, we present and discuss these
final formulas before the long calculations. To make our considerations clear, along with condition
(1.6), we consider the initial condition of WKB-type functions with the small parameter p,

i @0 8<I> i Q0
® 2=0.4=0 A?(az)eus . 8t 2=0,t=0 Ml T _Ag(m)eus . (L1.7)

where SY, A, A% are smooth functions, V.S® # 0, and A', A% are compactly supported.

The paper is organized as follows. First, in Section 2, we present the reduced equation in general
form, briefly describe its properties, and present the main qualitative result concerning the long
wave, the Boussinesq type equation, discuss the influence of dispersion of various type, and estimate
its influence in the case of tsunami wave. In Section 3, we describe general ideas of constructing a
pseudodifferential equation on the surface. In Section 4, we discuss the expansion of the symbols of
operators with respect to the small parameters. We use the theory of functions of noncommuting
operators to eliminate the vertical variable in Section 5 and to eliminate the fast phase in Section 6.

2. REDUCED HOMOGENIZED AND LINEARIZED
BOUSSINESQ TYPE EQUATIONS AND THEIR SOLUTIONS

As was mentioned above, one of our main objectives is the construction of an asymptotic solution
o (1.2)-(1.4) with initial conditions in the form of (1.6) and (1.7). From the point of view of
applications, the most interesting object here is the function n(x,t) describing the free elevation.

Assume for a moment that the bottom function D is constant. Denote by 7(p,t) the Fourier

transform of the function #7: )
— 1 (p.y) Hdu.
- /R L€ n(y, t)dy

Here p = (p1, p2) are the momenta conjugate to (x1,x3). As is well known (and easy to show), the
function 7 satisfies the following equation:

n=

~ h . - h d
pie = ol tand (1D, dlmo =), pideo=u'(), =7, (@1)

where the initial functions u°(p), u'(p) are reconstructed from the functions 7°(y) and ¢(y). Assume
that these functions decay as |p| — oco. The solution of the ODE (2.1) is

w(p w(p u? iut
= e AL () e A0 ), w(p)z\/’,j|p|tanh(/’j|p|D>, Ay p)= PP,

Using the inverse Fourier transform, one can construct exact solutions in an integral form and %elg
study their asymptotics for u < 1, which is actually the asymptotics for large x with respect to the
dimensional variables. It is good to take into account the ratio Z = Cll for the parameters h and pu.

If Z is small, then we can use the Taylor expansion for w? and write

h* D h*
w2 =p’D — 2p4D4+O< > w_ Iplv \ 3D3/% + O( > (2.3)
3 pt p % pd
where v = ", . If t is bounded and h? < const u?, then

:I:it“’(p) 0 _ 4iP’P A ht A _ A0 Tit Y |p|° D3/?
et Al(p) =" n i(p,)+ ‘o i) +(p,t) = AL (p)e™e - (2.4)

Of course, if h? = o(u®) (or v = o(1)), then one can write Ax(p,t) = AY(p) + O(Z;) Under

the assumption that A% (p) are rapidly decaying functions as |p| — oo, one can use (2.2) and this
elementary consideration to obtain various asymptotic formulas for the solutions of the original
Cauchy—Poisson problem. Needless to say that these formulas are not uniform with respect to
parameters (i, h, and are trivial like the expansions (2.3) and (2.4).

Let us discuss (2.1)—(2.4) from the point of view of differential equations. First, we come back
to the variable (x1,x2); then equation (2.1) takes a form of the pseudodifferential equatzon
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. h
e + H' (—ipV, p,h)np =0,  H' = le\ tanh (M\pID)- (2.5)

The function H' is the symbol of this u-pseudodifferential operator. Using the Taylor expansion of
2
H' and replacing it by Dp? — Ky Dip*, v = Zg, means the approximation of the pseudodifferential

equation by the differential (linearized Boussinesq) equation
D*h? 2 212 s D*

g Mwesz =0 (@) = phe = WD e =Y g Naeer =0 (b). (2.6)
We want to stress the following important facts. First, there are two parameters in the problem: h
and pu, and the asymptotic formulas crucially depend on their relationship. Second, operations with
operators could be replaced by the operations with their symbols. The parameter y comes from the
initial data, and the parameter h comes from the equation. Both of them play an important role.
Of course, equations (a) and (b) in (2.6) are equivalent; however, from the asymptotic point of view,
the form (b) is more informative than (a). For instance, if ¥ = o(1), then we can omit the term with
the fourth derivatives and replace the Boussinesq equation by the wave equation 17y — D?n,, = 0.

4
The term with the fourth derivatives yu® % Neazre 1S known as the weak dispersion. We want to
note that one may view equations (2.5) and (2.6) as h-pseudodifferential equations
R + H(—ihV)n =0 (2.7)

Mt — DQT]mm -

with the symbols H = |p|tan(D|p|) and H = Dp? — %3 p*; a passage from the h-pseudodifferential
equation with the symbol H to p-pseudodifferential equations (2.5), (2.6) (b), with the symbols H’
is

H'(p,h,p) = ZH(ZP) (2.8)

Note that this “play” with the parameters and the passage from h-pseudodifferential equations to
u-pseudodifferential make sense just in the construction of asymptotic solutions.

Consider now the case in which the bottom is slowly varying and can be described by a smooth
function D = Dy(x). Using the technique of pseudodifferential operators, one can derive the pseu-
dodifferential equation for the free elevation similar to (2.7),

W = H' (2, —ipV, p, h)n; (2.9)
however, now with the symbol H'(z,p,u,h) determined by some asymptotic expansion. It is
more reasonable to construct at first the symbol of hA-pseudodifferential operator, because the
h-pseudodifferential equation occurs in the original system (without the initial data and param-
eter u), and then pass to the p-pseudodifferential equation by a formula similar to (2.8). The
operators —iu 821 and x; do not commute, and it is necessary to agree about their ordering. There

exist many reasons to suppose that the differential operators —ih 82. act first, and the operators x;
J

1
act after them. Using the Feynman—Maslov notation [16, 18], we can now write H (C%, —iuV, p, h).
We shall use this ordering as a rule below. From the point of view of further asymptotic construc-
tion with respect to parameters p and h, it is sufficient to find an explicit expression for the leading
term first, and probably, a part of the second correction. As was shown in [18-20],

H(z, p, h) = H(x, p) + hH"(z, p) + O(h?), H° = |p|tanh(Dy(x)|pl), (2.10)

Hl - _ Ztr82H0 _ ZDO|p| tanh(D0|p|) -1 <VDO, p>

2 Qx0p cosh?(Dy|p|)
Replacing H (p,x,h) by H'(p,z, h, ) and reexpanding H'(p, z, h, ) with respect to the parameter
1, we obtain a linearized Boussinesqg-type equation with variable coefficients.

Now let us consider the case in which some parts of the bottom include fast oscillations and
the function D is of the form (1.5), and introduce new parameters § and ¢ characterizing the
size and the height of these oscillations. We want to derive pseudodifferential (or differential)
equations describing the leading term of the free elevation with coefficients smoothly depending
on z. Generally speaking, the asymptotic solution should be presented like a series of different
modes (similar, e.g., to interior modes in a stratified liquid).
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Important remark. Moreover, these modes can intersect, and one faces the effect of the so-
called mode conversion, or intersection of characteristics (see, e.g., [7]). Fortunately, these effects are
not crucial for “long waves” under some physically reasonable assumptions about the relationship
between the parameters u, h,d, €, etc. (or about the relationship between the dimensional values
l,L,ll,d, dl)

In this case, one can use the Boussinesqg-type equation with variable coefficients and take into
account two types of weak dispersion: the standard dispersion coming from the water wave theory
and another one implying the rapidly oscillating parts of the bottom.

We want to present below final simple formulas; however, we are to mention some points in
advance. The problem with fast oscillations is a problem of homogenization. In the case in question,
we cannot use standard methods of homogenization (see, e.g., [1-3]) because the actual wave is
small. For this reason, classical methods are not applicable here, and we consider the averaging in
the frame of adiabatic approximation combined with operator methods and use the Maslov theory
of functions of noncommuting operators [8, 9, 15].

An analogous computation gives us a pseudodifferential equation of the type (2.9); however, the
fact that we have a series of parameters in our problem and consider long waves (as compared with
the depth) enables us to make an expansion and obtain a linearized Boussinesq-type equation with
variable coefficients and fourth derivatives showing the effects of fast oscillations. Note that the
influence of fast bottom oscillations is similar to that obtained from changing of the full system by
the Boussinesq-type equation ny (z, t) = (g(V, D(x)V) + (g/3)D?(x)A%)n(z, t). From the physical
point of view, this means that the propagating long wave induces all kinds of waves, but only the
long wave approximation affects the main part of the asymptotic solution.

Now let us introduce the main formulas.

Theorem 1. Denote by Dyp(x) the Fourier coefficients of the function Dy(x,y) on the torus
2 = {y, €0, 27], yo € [0, 27]}. Thus,
Di(z,y)= Y Dugla)e™™. (2.11)
kEZ2 k#0

Then the symbol of the reduced equation (2.9) for the free surface elevation has the following
form:

D 2
H'(e, p) ~Dolpf? ~ 2Dy Y. L0,k p)?
519:k|
|k]|#0
h? €252 | Dul? (O,F, p)2\? (2.12)
— . D3lpl* 2V —ip{V Dy, p).
3 DO ]%OD(%I@mkP(p |@m/@|2) (¥ Do, p)

In the physical variables, the Cauchy problem for this linearized Boussinesg-type equation is

o _ |Dig|? 2 93 2
2 n(z, t) = [_QDO( JA +igDo(x ]%0 D2(2)|0,k|2 (Ozk, V)~ — 3D0($)A

Dyl (©.k, V)2\* ¢ (2.13)
— gdI3L? ' | L A—2 ’ - D
I o Dywlekp Oz )~ LVPe VD)

=0 = 770(95/5)7 Nt le=0 = 0.

Remark. If we eliminate the terms including the forth degree with respect to p; in (2.12)
(and the corresponding derivatives in (2.13)), which is possible for a sufficiently long wave, then we
obtain a wave equation [9].

As was shown in [10], the asymptotlc solution for problem (2.13) is given by the formula

l‘ t \/|X¢) Qp |\/DO DO w |: —mm(lli,t)/QaF< (t, 2177 ¢)7 b, q(¢, t)>:| ' (2'14)

The function (v, t) describes the dlspersmn effects and can be presented as a combination of
two functions q(v, t) = q1 (1, t) + g2(1, t). The first function is connected with the standard water
dispersion and is defined by the formula
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Fig. 2. Trajectories for variable depth.

3/2 t
ww =" " va [ Do, mar (215

The other function describes the influence of fast oscillations of the bottom on the wave profile.
This function is given by the following expression:

B g ! (PO, (X)k)? 2 | Dug()|?
(), t) = o \/Do(O) ;%0/0 (P2 —2<91(X)k,@m(X)k>) DZ(X)(0,(X)k,0,(X)k) dr.

(2.16)
If we choose the initial function 1°(z/l) in the special case of “the simple piston model” given

by the formula
a

9 9\ 3/27
(1+ )"+ ()7)
then the function F'(y, v, q) can be represented in the simple form via a combination of Airy
function and its derivatives,

F(y, v, q) =

no(z/l) = (2.17)

_7Tb1b2 d
V6q dz

where B(v) = \/ b? cos2 1) + b3 sin? ¢. Otherwise, the form of the function F' can be much more

complicated. Here S(t, x, ¢) is the action function which can be evaluated by the formula

B D (0) 1/4
st = (i) 9o

where y(z) is the distance to the wave front. If the point x lies outside the wave front area, then
we take positive sign for y(x), and otherwise, the negative sign.
Here X (v, t) and P(1), t) are the solutions of the Hamilton system
X = HP(Xﬂ P)? pP= _Hx(Xa P)? 7‘[(1’, p) = |p‘\/D0(IL’), X‘tz(] =0, P|t:0 = (0051/1, Sin”l/}).
The trajectories X (¢, t) and wave fronts for different instants of time are shown on the Fig. 2.
The function m(z), t) is the Morse index of the trajectory X (¢, t), and it counts the focal points
on this trajectory till the time moment ¢.
We express the coefficients 3@2 o, Zj‘; in (2.12) in terms of the original variables of the problem.
Using formulas (1.1), we find
R* 1 /d\? e26?  h**  dil§
3u2_3<z>’ [T ETED VA A P
We want to discuss the influence of “dispersion” terms (the coefficients of the fourth degrees of p;).

(Az'Q(z) + z’Az’(z)Bz’(z)) (2.18)

_y+iB(¥)”’

= (120173

(2.19)

These terms began to play role during a dimensionless time ¢ ~ 1 (the real time is T = \/L d) if
g

they are proportional to u = é During the time 7T, the initial perturbation passes the distance
. . 2 2 2 .

~ L. Thus, consider the equations p ~ 3’i , = é(‘lj) and p = i’f/\‘sj = 3; ;;. It is easy to see that

they are equivalent to
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Fig. 3. Graphs of ¢1(7m/3, t) (thick line), and the function ga2(7/3, t) (dashed line).
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Fig. 4. Graphs of the wave profiles for the angle ¥ = /3 and the times 2.5 hr (left) and 5.5 hr
(right). The short dashed line corresponds to the water oscillation, and the long dashed line to
the bottom oscillations. The solid line corresponds to a combination of these dispersion effects.
wat 313 0SC ~_ d2l3
LY =~ 2 L% = 220" (2.20)
Let us point out the scales when the standard water dispersion and the dispersion implied by rapid
oscillations of the bottom are comparable. Write LWt ~ [°¢ = d ~ (6)1/4\/l1d1 ~ 1.56v/11d;.
If one takes d; = 0.1km, {; = 50 km, then d ~ 1.56/5 = 3.5 km.
As an example, we consider a basin with constant depth of Dy = 4km and the area L = 4000.
The initial source is symmetric (by = by = 1) with [ = 50km, and is located at the point with
coordinates (—1000km, —1000km). The fast oscillations are described by the following formulas:

O(x)\ x1 x2 __—4lz)?
D, <x, . > = A(x) (cos . + cos . > ,A(x) =e . (2.21)
The dispersion is described by the formulas
1D% /g 212 g [t
Q1(1/17 t) = 0 3\/ ta q2(1/}7 t) = 131 \/ (P12(¢7 T) - P22(1/}7 T))QdT' (222)
3 1 > /Dy Jo

In Fig. 3, we have presented two graphs of dispersion coefficients for given ¢ = /3 and with
dependance of time.

The wave profiles given by (2.14), (2.18) at the time moments of 2.5 and 5.5 hours are shown
on Fig. 4

3. THE PSEUDODIFFERENTIAL EQUATION ON THE FREE SURFACE

First, we regularize the problem and remove the dependence on the small parameter € in the
coefficients. Following [12-14, 8|, we seek the potential ® in the form
= V(z,0(x)/e, 2,1), (3.1)
where U(z,y, z,t) is a 2w-periodic function, of the variables y1,y2, depending on parameters ¢, 4,
etc., which are omitted to simplify the notation. The substitution of this function into (1.2)—(1.4)
gives the equations
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(hV + AV U + 0., =0, -D<2<0, (3.2)

U, + (WD + 6AVI Dy, (WY + AVI)T =0,  for z=—(Dy+6Dy), (3.3)
RPU, +¥, =0 n=-hV, for z=0, (3.4)

D = Dy + 0D;(z,y). (3.5)

Here VZ = 0,V,, O, is the 2 x 2 matrix consisting of the vector columns VO, and VO,. Recall
that A = ’; Write also p = —ihaam. To begin with, assume that A ~ 1.
The main aim of this section is to express the solution ¥ (x,y, z,t) using a certain function v(x,t)
which does not depend on the variables z and y and satisfies a simpler equation.
Introduce the function
¢($,y,t) = ‘I/(l‘,y, Z7t)|ZZO' (36)
Assume that one had constructed a solution ¥(z,y, z,t) to problem (3.2)—(3.4). Then the derivative
%\f (z,y,2,t)|.—0 defines a linear operator L,
g‘f (:1:7 Y, 2, ZL/)|z=(] = i‘(ba
known as Dirichlet-to-Neumann mapping. As soon as the operator L is constructed, one can reduce
the original system (3.2)-(3.4) to a 2D equation on the plane z = 0 for the function ¢(x,1),
h2¢y + Lo = 0. (3.7)

Lemma 1. The operator L acting on the space Lo[R2 x ’]I‘Z], where T? is the 2D torus {y; €
[0,27],y2 € [0,27]}, is at least symmetric.

Proof. Let us fix two functions ¢4 (z,y) and ¢2(z,y) and, solving system (3.2), (3.3), (3.6), con-
struct two functions ¥y (x,y, z) and ¥s(z,y, z). Multiply the Laplace equation (3.3) for ¥y (z,y, 2)
by Ua(z,y, 2), the Laplace equation (3.3) for Wy (z,y, 2) by ¥4 (z,y, z), subtract the second product
from the first one, and integrate the result over z,y, 2 in the space x € R2 y € ']I‘f/, z € [-D(z,vy),0].
Using the Green formula, we obtain

/R% /T§< 92 (z,y,0)¥s(z,y,0) — 9s (a:,y,O)‘Ill(a:,y,O))d:rdy

— /RZ /T2 (L1 (2, y)da(x,y) — Lo (2, y) o1 (x,y))dx dy = 0.

We want to show that L is a pseudodifferential operator, and it could be presented in the form

L:L(l‘vﬁvyv _ivyvévh)' (38)
Here p = —ih 8‘1 = —ihV, and we use the Feynman-Maslov notation (see [15, 9]) for ordering
operators. The symbol L(z,p,y,&,d,h) (as well as other symbols) also depends on &; however,

to simplify the notation, we do not mention this dependence. Following [18, 19, 12], we seek a
1

. 1
solution V¥ in a form of a pseudodifferential operator R = R(a%,ﬁ, z, gi, —z'aay,é, h), with the symbol
R(x,p,z,9,§,0,h), acting on the function ¢(zx,y,t):

U(z,z,y,t) = fiqb(x,y,t). (3.9)
Then . .
ov OR . OR OR
az (':L‘v Y, 2(:)|Z:0 - 82 . Qb(l', Y, t) and L= 82 2=0 &L= az z:O‘ (310)

If one finds a solution ¢ to Eq. (3.7), then one can construct a solution ® to original system
(1.2)—(1.5) by formulas (3.9) and (3.1).

Equation (3.7) is still not absolutely standard for the semiclassical analysis, because the operator
V has the factor h (e.g., we have p = —ihV) and the operator V, has not. This type of equations is
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known as equations with operator-valued symbol, which are considered using the adiabatic approx-
imation, which we use in an operator form again (see [9, 8, 11]). Namely, we seek some asymptotic
solutions to (3.7) in the form

. . 2 1
¢ =xv(z,t), X =x(Zp,y,6,h), (3.11)
and assume that the function v(x,t) satisfies the reduced equation (the so-called Peierls substitu-
tion)
2

0°v - . 9 1
h2 at2 + HU(IE,t) = 07 H = H(‘T7p7 57 h’) (312)

Here the symbols x(x,p,y,d,h) and H(z,p,d,h) are smooth functions depending regularly on the
parameters h and 0 (see below). It is reasonable to think that the operator H is at least symmetric.

If one finds a solution v to (3.12), then
1
2 1

2 .0 2 L
\II:R z,p,z,Y, 1 yaéah’ X(‘T7p7y757h) v (313)

0 y=0/¢

is a solution to system (1.2)-(1.5). Of course, one can try to construct the operator Ry (or its
symbol) directly, but it seems to be more convenient technically and pragmatic to use the above
type of factorization. We must also say that, actually, there are infinitely many operators x and
corresponding equations (3.12) (which correspond to the so-called modes or terms). Thus, generally
speaking, the solution to the Cauchy—Poisson problem is a sum over all modes; however, a nice fact
is that the principal part of the solution with initial data (1.6), (1.7) uses only the single “main”
mode. We shall discuss this question below and first focus on providing formulas for symbols
R,L,x,H.

4. PERTURBATION THEORY FOR THE OPERATORS H AND L

One cannot obtain effective formulas for the symbols of the operators R, L, x, and H, and it
is possible to speak about finding coefficients of the expansion of these operators with respect to
small parameters h, ¢, and J. There is a regular procedure (an algorithm) of such calculations
using perturbation theory (needless to say, it is a nontrivial technical problem even to find explicit
formulas for the first coefficients). Thus, it is better to analyze at first equation (3.12) to understand
how many terms of the expansion of R, L, x, H one should find to obtain a reasonable asymptotic
result.

Let us first discuss the question about a reasonable number of terms in expansions x(z, p,y, 0, h)

and H(z,p, 8, h). Assume that H is at least a symmetric operator in L2(R2) and that H has the
following expansions:

H = Ho(x,p, 5) + hHl(IB,p, 5) + hQHQ(‘T?p?(S) +eey (41)
H'(,p,0) = H(p, x,8) + Heorr(p, ,8) + O(p°), (4.3)

here 7:[(p, x,0) = (p, Q(x)p) is a homogeneous polynomial of second degree with smooth coefficients
which are entries of 2 x 2 symmetric real matrix function ||Qp, ()|, and Heorr = O(|p|*).

Here we present some arguments close to [8, 9, 21]. Suppose that we want to construct an

. S(x,t)
asymptotic solution of WKB wave packets type A(z,t)e’ » . This type of asymptotic solutions
occurs if one considers the Cauchy problem with WKB-type initial data

0 §5°@) 1 5@

V=g = A% (z)e" » Vtli=g = A (z)e" » (4.4)
where S°(z), A%, A' are smooth real functions and u is a nmew small parameter. The family of
several (small) parameters in the original problem makes it not “standard” from the mathematical
point of view, but these parameters exist in real physical problems and, fortunately, their presence
gives opportunity to find some constructive asymptotic formulas; without them, all formulas are
just “mathematical hocks,” useless for applications. We do not want to discuss the question about
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uniform expansions of asymptotic solutions of original equation with respect to all parameters
h,d, 4 and assume that there are connections among them and that pu and § are connected with
h by equations p = h*, 6 = h?, 0 < a < 1, f > 0. The main difference between the parameters
p and ¢ is that p is singular and § is regular. Note also that all these parameters h, u,d in real
applications are just numbers.

Substituting the WKB asymptotic solution

. S(x,t)

v=A(x,t,h)e" = (4.5)
into (3.12) and following the WKB-method (or the ray method), one obtains [16]

= (2% i) (4 pel W) =W - bs—in?) A (Vs A, 1)
p= o12 ; = 1 t ot M y &Ly 0y )
0?8

h t14(82H(h 0

—ih<(<VpH(ZVS,a:,5,h),V>A+2M op L

VS, 6, h) ))A + h?éA} .
Here G = G(ZVS ,x,t,V,0,h) is a pseudodifferential operator such that its action on a smooth
function A gives a smooth bounded function if h/p < const, and G(p, z,t,<, it)|p=o = 0. Using the
relation p = O(h®), we separate out the main terms with respect to parameters p and p/h on the
right-hand side of (4.6). We distinguish three cases.

(1) “Short waves.” In this case, u ~ h; to simplify the notation, we put u = h. To derive the
equations for the phase S and amplitude A, according to WKB, method we preserve terms up to
h® =1 and h and then put them separately to zero. These two terms are

—(S7 — H°(VS,z,0)) A,
A

z’h<28t o <VpHO<ZVS,m,5),V>A - ;tr(OZHO (vs,x,a)aQS))A —iHl(VS,:r,d))A.

Op? Ox?

The first term gives the Hamilton—Jacobi equation for the phase S (more precisely, two equations,
because of the square of S;), and the other one gives the transport equation for the amplitude A.
However, there is a small parameter § and, assuming a relationship 6 = O(h?), one can split
H°(VS,z,6) into two parts: the “main part” H(VS,z,d) and the correction HY (VS,x,); sup-
pose that HY (VS,z,6) = O(h). The main part defines the Hamilton—Jacobi equations

S, + \/FIO(VS, z,0) =0. (4.7)

corr

in (4.2), and put § = 0 in H'. The transport equation becomes

<2St88t — <Vpﬁ0<ZVS,x,5>,V> - ;tr (ﬁ;go (VS,xz,t,0) g:j)

Include the correction HY. (V.S,x,8)/h into the transport equation, replace H°(V S, z,d) by ﬁO(VS, x,0)

(4.8)
- ;HBOH(VS, z,8) — iHY(VS,z, O))A ~0.

If S and A satisfy to (4.7) and (4.8), then p = (h? 88:2 + fI)(A(m,t)e"S(i’t)) = O(hmin(4, hd)). This
enables one to prove the asymptotic formula v = A(z, t)e"S(i’t) + O(min(d, hd)) for the solution v
to (3.12),(4.4).

The important conclusion for this case is: to construct the leading term of the WKB-solution,
one needs H°(z,p,d) and H'(z,p,0).

(2) “Middle waves.” If h/p is a small parameter, we can take off the factor (h/u)? in (4.6) and,
using (4.3), write
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[— (Zst —z’haa)zAJrH(ZVS,a:,é,h)A

h1 (82H0

_ih<<VpH(hVS,x,5, h),V)A+ 2u2 i

(ZVS,a:,é,h)))AJth@A]

_ hz[_ <5t_m§) A+H(VS, z,85A+ "

h 1
. Heon (MVS, 7,8) A+ u{V,H'(0,2,6), VS) A

h

~in (VS 2,6), VYA + | L (8 1 s, ,5)gi§>>A+O<umax(,u, ZZZ’))]

82

Now we recall the smallness of the parameter §; then we can continue the equation

h? - _ 9 O*H 928
[ — (S —HA(VS,2,0)) A+ ip (25t e (V52,0 )

~ 1
o~ (VoH(VS,2,0),V) - 2tr(

i h . h . h3
_hQ”HCorr<MVS,:E,t,5> — 2<VpH1(0,:E,t,0),VS>)A + O(,umax(,u, Iu,d, M4>>}
Note that at least }QQHCOH(ZVS, x,0) = O(Zi, ). Thus, if we assume that this term is O(1), then we
can write the Hamilton—Jacobi and the transport equations in the form

S, + \/ H(VS, x,6) =0, (4.9)
0 ~rh 1. (9*H 0%S
(280 5, - <V,{H<MVS,$,5),V> - ur( opz (V5:20) )
i h . 1 B
’ ’HCOH(NVS,a:,é) iV, H(0,2,0),VS)) A = 0. (4.10)
If the phase S and the amphtude A are the solutions to these equations, then it is possible to prove

. S(x,t
that v = A(z,t)e’ »  + O(max(p, , hos 1)) for the solution to (3.12), (4.4). We see that, as in
the short-wave case, to construct the leadmg term of an asymptotic solution, we need H and H}
again; moreover, in this case, we can expand these terms with respect to momentum p and replace
H° and H} by their Taylor polynomials. We shall return to this problem below, when we shall
present explicit formulas for H°(x,p,d) and Hg(z, p).

(3) “Long waves.” In this case, u = 1. We have the standard homogenization theory, and there

are no fast oscillations in the solution v. Thus, since H|,—¢ = 0, we can represent (3.12) in the form
1

2 (2 9 _ 1 —
h (vtt—i—’}-l(a:, zax,5>v (Vo H (m,O,é),V>v+O(h)v> =0. (4.11)

Now we can divide this equation by h?, and assuming that the limit vy = limj_,o v exists, obtain
the equation for vy,

- 1
Vot + 7—[(32: —iV, (5)1)0 — iV, Hl(m,O,é),V>v0 =0, (4.12)
or
Vott — Z Qilx.0) a Z bi( a =0, b=iV,H(2,0,5). (4.13)
7,k=1 x] )
We see that, in this case, one needs to found Vle(m, 0,d) with the same accuracy as H(z,p,d). It is
nontrivial to find this term by a direct calculation, but this can be avoided using the symmetricity

(or even self-adjointness) in L?(R2) of the operator in (4.13). Obviously, there exists only one
possibility with the prescribed term with second derivatives, namely, this equation is

2
d 0 .
Vott — Z 9. (Q] k(x,0) avi) =0 <= v —div(Q(z,d)gradvy) = 0. (4.14)
k=19

The conclusion of this section is as follows: to construct the leading term of the asymptotic
solution of reduced equation, one should found H°(z,p,d) and H'(z,p,0). Taking into account
this fact and analyzing the construction of the symbols L, R,x, one can easy formulate the same
conclusion for the symbols L, R, x.

RUSSIAN JOURNAL OF MATHEMATICAL PHYSICS Vol. 23 No. 4 2016



466 DOBROKHOTOV et al.

5. ELIMINATING THE VERTICAL VARIABLES AND
A PSEUDODIFFERENTIAL EQUATION FOR THE SURFACE WAVES

Substituting the function (3.9) into (3.2)—(3.4) and passing from the operators to their symbols,
we obtain the following system for the function R(x,p,z,y,&,0,h):

. . d9’R
—(P —ihV —iAV))’R + g2 =0 —D<z<0, (5.1)
881;3 +i{q, P — ihV — iAVZ}R =0 for z=—(Dy+dD1), (5.2)
R=1 for z=0. (5.3)

Here P =P(p,2,6) = p+ M, (2)¢, q=hVD+AVOD=hVD +6AVOD,

are just vector functions. Write A2 = A2 + ha — h?A = (P — ihV — i)\VZ)Q, where

A = (P —iV9)?, (5.4)
a= 2P —i\O,V,, V) — M(AO,V,) — i\(AO,£), AO = (ﬁg;) . (5.5)
We need also the commutator C = [a, A2]. We have
C =aAj — Aja = —2i(P, V)(P —i\V})? = —4i((P — iAV}), (P, V)(P — iAV})). (5.6)
One can also give another formula for C introducing the function g = (P, z) + A\(©, { —iV,). Then
C = —2i(Vg, V|Vg[?). (5.7)
Now we can formally present the solution of (5.1), (5.3) in the form
inh(zA
R =cosh(zA)1 + X: )L, (5.8)
which contains a still unknown symbol L(z,p,y, &) of the operator L in the form
L=0R/0z| |, (5.9)

z=0
where cosh(zA)1 and Smhjng)L mean that the operator cosh(zA) acts on the function f = 1 and
Sinh}:A) acts on the function L(x, p,y, £). Recall that, if one finds the function (symbol)
L, then it is possible to recover the operator R and, in turn, the function ¥(z,y, z,t) using the
function ¢(z,y,t) = V(x,y, 2,t)|.—0, which should satisfy (3.7) on the free surface z = 0.

As was said above, it is impossible to find effective formulas for L, and one can speak only on
an asymptotic expansion L with respect to small parameters h and §. The aim of this section is to
find the first coefficients of this expansion.

Substituting the anzatz (5.8) into the boundary condition (5.2) gives
(Asin(zA) +i{q, P — ihV —iAV{)) cosh(zA))|.—_p1

the operator

inh(zA
+ (cosh(zA) +1i(q, P —ihV — MVS)SIH (2 )) L=0
A z=—D
We replace here z by D after acting by the operator A. Write
2
1 21 - -~ ~ 31
U = (—Asinh(DA) +i(g, P — ihV —iAV})) cosh(DA))1, (5.10)
A A

V= (cosh(DA) —i(g, P—ihV —iAvVO) T (1 )> (5.11)

A

Using this notation, we can present the equation for the symbol L in a more compact form
U+ VL =0 and write X

L=—-(V)"'U. (5.12)
This is a formal formula, and it is not useful in specific problems; thus, we use the perturbation
theory taking into account the presence of parameters h and 4.
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Lemma 2. Assume that the operator V and the function U have the following expansions:
V = Vo + Vi 4 0°Va + hV + 0(8°%) + O(6h) + O(h?),

2 1 3 2 (5.13)
U=Uy+ 00Uy +6Us+ hUy + O(6°) + O(0h) + O(h*);
then the following expansion holds:
L(z, p,y, &) = Lo+ 0Ly + 0°Ly + hLj+ -+ (5.14)
where
Lo=-Vy Uy, Li=-V;'(Ur+ViLy), Lo=—Vy'(Us+ViLy+ VaLy),
(5.15)
Ly =~V '(Us + Vi Lo). (5.16)

Proof. This is standard. Sl{bstittlting tl}e epransions for U, V, and L into the equation for L
gives Uy +0U; +62Us +hUg + (Vo +0Vi +62Va +hV3 ) (Lo + 8Ly + 0% Lo +hL{) +O(83 +h? + hd) = 0.
Equating the coefficients at 1,4, 2, and h to 0, we obtain (5.15) and (5.16).

Let us find the coefficients Uy, Vg, etc.

Lemma 3. The following equations hold:

VO :COSh(D(]A(]), (517)
. inh(DgA
Vi =Dy Agsinh(DoAg) — i(AVODy, P—iavO) ™" (Ao ). (5.18)
0
- D?AZ . o) .\ O
Vo = 5 cosh(DoAg) —iAD1(V, Dy, P —iAV,) cosh(DyAy), (5.19)
Vol :DO sinh(Dvo)a+ D(Q]AO COSh(Dvo) ; Dg Sinh(DOAO)C
inh(DgA
_i(VD,, P —iav®ySi(DoAo) (5.20)
y A,
Uy = — |P|sinh(Dy|P|), (5.21)
U, :(wvgpl, P) - Dl\P\Q) cosh(Do|P)), (5.22)
\TO - DiPP
Us =i(AV, D1, P)D;|P|sinh(Dg|P|) — sinh(Dy| P), (5.23)
inh(Dg|P Dy|P| cosh(Dg|P
Us =i(V Dy, P) cosh(Do|P) + in(a®, & "M 0l +2|;3|| o)
_Dy|P| cosh(Dq|P|) — A? sinh(Dg|P|) + D§|P|? sinh(Do| P
+ i DolPlcosh(Do|P[) — A% sinh( ;l ) + Dg|P|* sinh(Do| D((P, V)(0,6)%);
4|P| (5.24)
here the operator C is defined in (5.6).
Proof. (1) Consider the family of operators
con_ (9 . o . wo.\ Sinh(zA)
V() = <8z +i(hVD +6AVO Dy, P — ihV — iAVE >) N (5.25)

Here and below, the operators act from the right to left in the last expression. It is easy to see that
V= V(z)‘ b and U = (%\Z’ (z)l)‘ o It is sufficient to find an expansion of V(z) and then

z=—

use the last formulas.
We have

V(z2) :<§Z +i0A(VY Dy, P —iAVY)
sinh(zA) (5:26)
N
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Recall that A% = A2+ha—h%A and V(z) depend only on A2. Here the operators A2 and ha—h?A
act simultaneously, and we are to reorder them, namely, A2 acts first, and then ha — h?A acts.
This can be done with the following general formula (see [15, 17]) for noncommuting operators A
and B and arbitrary smooth function f(z):
1 12 1 2 13

f(A+B)=f(A+B)+ 2[A, B|f"(A+ B) + R(4, B). (5.27)
Here [A, B] is the commutator of the operators A, B, and R(A, B) is the correction which can be
evaluated via the commutators [A, [4, B]] of second order. In our problem, we choose A = ha—h2A
and B = A2. The operator A is proportional to h, and we use the standard Taylor expansion for

12 2
the smooth functions f(A + B) at the point B. Thus, the last formula gives
1 1
f(A+B) = f(A}) +h(f(ADa+  "(AD)[a, AF]) +O(H?). (5.28)
Using this formula, we obtain
sinh(zA)  sinh(zAy) h <zAg cosh(zA() — sinh(zAy)

A Ao 2A3 a

(5.29)

N (3+22A2) Sinh(zlgz)f)— 32Aq cosh(zAy) C) L oY),
0

We want to construct the coefficients at h? and h of the expansion of the last operator with respect
to h; thus, in (5.26), we can omit the last term and replace the operator A by Ay, according
to (5.28). Therefore, we can write

V(2) :<§Z +i0AVODy, P—iAV®) + z'h[WD, P +iAVO) +A\(VODy, V>D

sinh(zA) zAq cosh(zAg) — sinh(zAy)
X < a0 2A3 a (5.30)

N (3+ 22A2) sinh(z:g)S— 3zA cosh(zAy) C)) o),
0

and, using this formula, we find the coefficients Vg, Vl, Up, Uy, etc.
(2) To find the coefficients Uy, Uy, Us, Vo, Vi, Vo, we study V\hzg and U|p=o. We have

2 1
sinh(DAy)
1 )

Ag

~ 2 1 1
V]n=o = cosh(DAg) — i6A(V Dy, P —iAVY))

1 2 1 1 2 1
Ulp—o = ( — Agsinh(DAg) + i0A(V D1, P —iAVy) cosh(DAo)) 1
= —|P|sinh(D|P|) + i6A(V Dy, P) cosh(D|P]).

The operators Ay and V(ya act before D, and thus, we can put D = Dy + §D; and use the Taylor
expansion with respect to ¢. This gives (5.17)—(5.19) and (5.21)—(5.23). In the last formula, we also
use the equations V(yal =0and Agl = |P|.

(3) To find the coefficients Vi and U}, we study V|s;—¢ and Uls—o. By (5.30), we have
2 3 1

A 2 1 - -~ ~sinh(DgA

V]s—o =cosh(DyAg) — ih(VDy, P —iAvVE) " (1 0Ao)

Ao (5.31)

3 2 3 2 3 3 2
1 (Dg)?Agcosh(DgAg) — Do sinh(DoAg)
2 a+ 2
2A0 8(Ao)?
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2

1 2 1 - -~ ~ 3 1
Uls=o = | —Agsinh(DyAg) +ih(V Dy, P —iAV}) cosh(DoAg) | 1

3 2 3 2 3 2 3 2
_ h(DO COSh(Dvo) + Sth(Dvo) A ((D0A0)2 — 1)smh(D0A0) + DOAO COSh(Dvo) é) 1
2
2A0 8(Ao)?
+ O(h?).
(5.32)

The operators Ay and Dy (a function) commute. Thus, we can omit the indices over operators
in the last formulas and get (5.20). Taking into account the equations V,1 = 0 and Aol = |P|, we
obtain (5.20) and (5.24).

Using formulas (5.17)—(5.24), we can find the coefficients Lg, Ly, Lo, L}, which are given in the
following theorem.

Theorem 2. The following formulas hold for the coefficients Lo, L1, La, L} of (5.14):

Lo =|P|tanh(Dy|P|), (5.33)
1 1
= Dy|P|?> —iAV®D,, P 34
cosh(DoAg)( P =iV, D, >)cosh(Dg|P|)’ (5:34)
1 . . tanh(DoAg)
Ly=— D;A2 — 9p,, P—i\vV®
2 COSh(DOAo) ( 1-%0 Z<)\Vy b ZAvy >) AO
1
Dy|P|? —iAVODy, P 5.35
X( 1‘ ‘ Z( y 1y >)C0Sh(D0|P|)7 ( )
Dy|P|tanh(Dg| P inh(Dg|P h(Dgy|P Dy|P
Ll =i ol P| tanh(Do|P|) — LoDy, Py — in(ae, &) (Dol PY) cos g olP[) + Do|P|
cosh?(Dy|P)) 2|P| cosh”(Dy|P|)
Dy|P h(Dy|P hDP—2D2P2t h(Dgy|P
—7;<P, VP2> 0‘ ‘ Sln( 0‘ DCOS( 0‘ D ‘ ‘ an( 0‘ D (536)

2| P|3 cosh?(Dy| P|)
Here, recall that A% = (p + M, (§ —iVy))? and P? = (p + M,.€)%.

Proof. Formulas (5.33), (5.34) easily follow from (5.17), (5.18), (5.21), and (5.22). To get for-
mula (5.35), it is useful to note that Us + VQLO = 0 in our case, and hence, Ly = —VO Wi L.

Substituting Vp, Vi, and L; into this equality gives (5.35). To prove (5.36), we note that U} does
not depend on Dq, and hence, does not depend on y. This means that one should replace the

operator Ag in the definitions of Vy and V' by the function |P| = |p + 6,£|. Hence, here we have
just a product of ordinary functions, and manipulations give (5.36).

Let us note finally in this section that the symbol R of the operator R is equal to 1 for z = 0,
and this means that R|,—o = 1 is the identical operator, and

2 1
\P|Z:0 = X($7p7y757 h) v. (537)
y=0/¢e

6. ELIMINATING FAST VARIABLES Y AND THE CALCULATION
OF EFFECTIVE HAMILTONIANS H. PROOF OF THEOREM 1

The above calculations (approximately) reduce our problem given in a 3D strip to problem (3.7)
given on a 2D plane (the unperturbed 2D free surface) with

~

L9 1 9 1 0,2 L2 1 1,2 Lo 1 9
L= L(i‘, D, Y, _Zvyy 57 h) =L (1‘, b, Y, _va 5) + hL (1‘, b, Y, _va 5) + O(h ) (61)
As was mentioned above, the fast variables y (corresponding to fast oscillating coefficients in the

original problem) still present in this equation, and the derivatives 8896 and aay are included into
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(3.7) in different way, namely, aaa: enters with a small parameter h, and aay without any small

parameter. So, to find some solution, one can make the “second” reduction, using a variant of the
adiabatic approximation in operator form [8, 9, 12]. We follow the scheme presented in these papers.
We seek a solution of this equation in the form (3.11) with a new unknown function v satisfying

the “second” reduced equation (3.12). Assume that x and H are pseudodifferential operators with
symbols x(z, p, y, h, 6) and H(x, p, h, ) having asymptotic expansions

X($7 b, Y, h> 5) = XO(':Ev b, Yy, 5) + hxl(l‘v b, Yy, 5) + (62)
H(:Ea b, h7 5) :HO($7 b, 5)+hH1(33¢ b, 5)+ (63)

Our aim now is to find some coefficients of expansions of x(z, p, y, h, 6) and H(z, p, h, §) which

give a proof of Theorem 1. In some sense, x and H are similar to an eigenfunction and eigenvalue,
and thus, there exist infinitely many functions x and H suitable for the “second” reduction; so we
fix one of them by the conditions

Xlpso =1+ O(|h] + [0]), H‘p%ﬂ = O(|h] + [0]). (6.4)

According to [9, 8], we are to find first the eigenvalues H and eigenfunctions x° of the (family) of

1 1
self-adjoint operators L° (%, D, 5, —iV,, &) defined on the L?(T)-space on the 2D torus T? = [0, 27]?
with the standard inner product

() 90 = 1 [ TWa0)a

Of course, we can speak only on (asymptotic) expansions of H and x" with respect to the param-
eter d. To find the first terms of this expansions, we use the following lemma from a more general
assertion in [11] (see Lemma 1 in this paper).

Lemma 4. Let a self-adjoint operator B have an expansion B = A + §B, + 6By + 5333(5),

where § is a small parameter, and let A, By, B, 33(5) be self-adjoint operators. Consider the
spectral problem

(A+6B; + 62By 4+ 6°Bs(0))p = \p, llell = 1.
Assume that \g is a simple eigenvalue of the operator A. Then X = \g + 0\ + 062 Xg +--- and ¢ =
o+0p14+0%pa+- -+, where Apg = Moo, [|voll = 1, At = (g0, Bi¢o), 1 = —(A—Xo) ! (B1—A1) @0,

A2 = (0, Bago)— ((A=Xo)"H(B1—A1)go, (Bi—X1)¢o), and (g0, o1)+ (01, 90) = 0. In particular,
if Ay =0, then

o1 =—(A—=Xo) 'Bigo, A2= (0, Bawo) — ((A— o) ' Bigo, Bigo). (6.5)

Equations (6.5) hold for every isolated eigenvalue. However, if we assume that functions pf form

a normalized base for the operator A, (¢f, i) = Ok,ms Ok,m 15 the Kronecker symbol, then the last
formulas could be expressed using pf. Namely, introduce the coefficients gf’m = (g, ngolg). Then

N = ok g™ 2

m#k
In our problem,

1 ~ ~
A= LO(£> b, _ivy7 5) = |P|tanh(D0P|

)|15:p—i/\9ac an :
Lemma 5. The eigenfunctions X(()m)(a:,p, y) and eigenvalues H?m)(a:,p) of this operator are
H(Om) = |p+ \O,m| tagh(Do($)|p + A@sz,X((]m) (z,p,y) = ™Y m = (my,my) € Z>.  (6.7)
Obviously, the functions €™V form a base in L*(T?). Choose a compact set K in R? and assume
that |p| < (A/2)mingeg [|©5]|71. Then the eigenvalue H?o) = |p|tanh(Dy(x)|p|) is simple for
x € K, and
H?m) - H?o) = |p + A©,m|tanh(Dy(z)|p + AO.,k|) — |p| tanh(Dy(z)|p|) > C > 0. (6.8)
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Proof. We are going to prove (6.8). For any chosen z, (6.8) equals to zero on the straight line
|p+A©,m| = |p| in the plane (p1,p2) which is orthogonal to the interval (0, —A©,m) and intersects
it at the middle of this interval. All these straight lines for m # 0 divide the plane into separate
domains having the form of convex polygons. The domain B,., which includes the origin, is known as
the Brillouin zone, and we use formula (6.8) only inside the domain B, . If one needs to use (6.8) for
each x from some compact set K, then one has to take the intersection of all B, for x in K, which
we denote by B. Moreover, to have a uniform expansion of (6.8), one needs to take p in some closed
set B in the interior of B. One can always take B as a disk whose center coincides with the origin.
Obviously, the strip between the straight lines [p + A0, m| = |p| and |p — AO,m| = |p| includes the
disk of radius A\|©,m|/2 centered at the origin (A > 0), the Brillouin zone B, is the intersection

of all such strips, and B, includes the disk of radius r, = ;‘minm;ﬂ] |©,m|. Since 1 < |m| =
10, 10,m| < [|©;1]|©,m], we have min,, 4o [©,m| > [|©; 1], and hence, 7, > SOz~ Taking
the minimum over all z in K, we see that one can choose the set B, where one can use the expansion
(6.8), in the form of any disk centered at the origin and of radius less than 3 min e [0, 1)1

Taking into account condition (6.4), we restrict ourselves to the case of m = 0 and, to simplify the
notation, omit the subscript (m) in the symbols H?m) (z,p) and X((]m) (z,p,y). Thus, we have the
following correspondence with the symbols A; and the operators A, By, Bs, etc., of the lemma:

L2 L2 L2
A = LU('I7 D, _Zvya y)7 Bl = Ll(xa D _Zvy7 y)7 B2 = LQ('I7 D, _Zvya y)7 Yo = Xo(x7p7y) = 17
Ao = H? = |p|tanh(Dq(z)|p|). It is easy to see that

L2 1
B =L —1 1=
1%0 1($7 b, Zvyv y) COSh(Dvo)
1 1 2 _ e

= —iXp, V;))D;.
cosh(Dyg|pl) cosh(DOAO)(m iXp, V) D1

Here A% = (p —iN0,V,))?, and it acts on the function D;. Recall the Fourier series (2.11) for D;

we have 1 )

ik-y
cosh(Dy|p|) (e " cosh(DoAg) "

1

D 2 @D
(Dilpl® =AYy D1 ) Dol

(1, Bio) = [pl? — iA(p, VE)D1)

_ 1 2 _ . © 1 ik-y
= cost(Dolpl) (P =20 V9D o gy P1) (6.9)
(IpI* + MO:k, p))Dve
1k-

- cosh(Dy|p|) cosh(Dg|p + N\O,k|)
We have also

<L 2
BQQOO = LQ('I7 D, _Zvy7 y)l = LQ(.T, D 07 y)

. . tanh(Dvo) 1
=— DA% —i(AVE Dy, p—iAV? :
cosh(Dvo)( 1A —IAVy Dy, p —iAV,) Ay cosh(Dy|p|)

Here the operator Ay = |p — i)\VZ\ and the operator z')\VZ act only on the function D; again.

Note also that the operator (D1A§ — i(AVY Dy, p —iAVY)) is symmetric on L*(T). Using these
properties, we get

1 .
(D1|p|* — i(AVy D1, p))

(¢o0, Bayo)
1 : . 1 tanh(DyAq) _
=— D1 A2—i(A\V® Dy, p—iAV® Dy lpl2—iAVO D
cosh(DO\p|)(( 1A= 1AV Dy, p—i vy>)cosh(D0A0) C A, (D1lpl"=i(AV,, 1,p>))
1 tanh(Dvo)

= = ot Dy (PP =IOV E D1 1),

Using the equation

A, (Db =i(OVE Dy, ).

tanh(DpAy) Giky _ ik tanh(Dg|p + A©k|)
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after the integration with respect to the variables y, we obtain
2
+ MOk, tanh(Dg|p + A\O .k
(SOOaBQSOO Z |D |2 ‘p| 2( p>) ( 0‘];\@ . D
por cosh”(Dy|p|) Ip + AO k|

Proof of formula (2.12) for the symbol H. For the symbol H(p, x, d, h) of the operator, we
have the following expansion:
H(z, p, 6, h) = H{(z, p) + 6> HY (z, p) + hH{ (z, p) + O(6*) + O(h?) + O(h§).

The formulas for H° and H'! were presented above in (2.10).

(6.10)

To find H', we use the general formula given in [9] (see (3.16)),

= (0 ) () (a3 [ - 2O,

dt = Op;  Opj
d  ~0H 9 ZaH 9
dt £ Oz Ips Ops Oz

Due to the equation x° = 1 + O(J), the two last terms in this formula are equal to O(6), and
H' = (1,&31) +0(5). (6.11)

Now we replace ¢ in formula (5.36) by —i gy and act by the operator thus obtained on 1. A simple

analysis of (5.36) shows that the second and third terms in (5.36) include the factor &; thus, after

replacing & by —1¢ 88y and acting on 1, these terms disappear; we also have P = p, and finally obtain

H.
1

To prove that H|,—o = 0, we return to (5.10)—(5.12). Consider the operator L(z, p, y, —iVy)|p=0
and show that

2 1
L(:Evpa Y, _Zvy)1|p:0 = 0.

Indeed, as soon as V, acts before any other operators, we can put £ = 0 as well as p = 0, in
formulas (5.10)7(5.12) Thus, we can put P =0 and A% = (ihV —iAV)? in (5.10), and so

2
~

1 21 -~ ~ 31
Ulp=0,e=0 = (—Asinh(DA) +i(q, —ihV — iAV})) cosh(DA))1 =

Hence,
1

_ 2 .
(V lU)(gj’p, Y, _Zvy)|p:01 =0.

1
This means that xy = 1 is an eigenfunction of the operator L(z, p, 5, —1Vy)|p=0 with the eigenvalue
H|,—0 = 0. As was shown above, the eigenvalue and eigenfunction satisfying condition (6.4) are
unique. Thus, H|,—o = 0 for any sufficiently small h and .

Now we need an appropriate representation for HS. It is given by Ao in (6.5). Consider the Taylor
expansion near the point p = 0,

1 g (ox)
= \O,k, p)D?

Dolp + A0, k| tanh(Dolp + 16,k)) ~ 9% T MOk pIDT
D s 29" (oK)  g'(ok) 2 D ¢ (o) 3
N0, k, — O(p°),
+ A p>(0z Jz)+p2 Uk+(p)

where 1

g(ak) = N O = )\D0|@wk‘ (6.12)

oL tanh(ak)
Write 8 = D2(p, ©,.k), and o? = DZp?; then
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Dolp+ AO,k| = /D3p? + 2D3(p, 0. K) + (DoAOK)? = \[a? + 28 + o?

and
9(Dolp+ A0, H)) = g(y/a2 + 25 + o)

ol + 7 74 (7)< T )24 T a4 0ol 15

These equations, together with formulas (6.9) and (6.10), after equating the terms at p2, |p|?,
p?(0.k, p)?, and (©,k, p)?*, give the following representation for Ho:
Do) 4 "o "o
HY = Z G =— Z \le\zD()()\Q(@wk, p)2g(o) + (DoA) (0,k, p>4(g (o) — al ))

2 2
k|0 k[0 7 (6.13)

+tglo) + 20k 0 (7 4 L L )] o0

Remark. (1) Both the functions Hy and Hs are even with respect to p. To prove this, one

should make the change p —+ —p, k — —k and take into account the equations D = Dq _p,
because Dq(x,y) is a real valued function.

(2) The zero denominators disappear in this expansion due to (weak) resonance effects con-
nected with the so-called intersection of terms or changing of multiplicity of characteristics (as was
mentioned above) which take place for big momenta p.

Let us study the behavior of Gy, for small and big A (and proceed similarly for o). For o > 2, one

can put g(0) ~ 1/0 and omit the terms 1 —tanho < 0.0359724 and _, siihza < 0.0190055 if o > 2.
Then

) 1

D Dj
Gr=—IDul* (X2 (O.k,p)? =V X4 (O, k. p) s g

1 D
405 I Uop4—p2)\2<9a:k,p>2D8 (_

))+00°).
For small A\ (this means that o is small), with the equation
otanho = o + O(c?),

we get

D () ek 2 1 Ok \2 2 . .
Ge=="p, <\®wk|’p> T2, k? <2<\®wk\’p> 7)) +00)+06). (614

Dropping the small corrections, we can write the desired formula (2.12) for symbol of operator for
small A. This ends the proof of Theorem 1.

CONCLUSION

In this paper, we have developed a scheme of research of fast changing solutions in the linear
theory of water waves in a basin with rapidly oscillating depth. In particular, we have derived
Boussinesq type equations for the long waves occurring for this type of the bottom oscillations
and show that they imply effects similar to dispersion ones and depending on the depth, height,
and width. We compared the influence of two different type of (weak) dispersions on the wave
profile: the standard water dispersion and dispersion implied by fast oscillations of the bottom.

We show also that the effects of mode conversion (or intersection of characteristics) arise in this
problem, which, however, do not play any role in the case of long waves. Nevertheless, the study of
such “resonance” effects for short waves seems to be very interesting and remains open.

Finally we say that the class of possible depth function mentioned in the very beginning of the
paper is natural to generalize for more wide class similar to one introduced in [23].
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