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Abstract. We introduce a special nonlinear differential operator and, using its properties,
reduce higher-order Frobenius—Euler Apostol-type polynomials to a finite series of first-order
Apostol-type Frobenius—Euler polynomials and Stirling numbers. Interesting identities are
established.
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1. INTRODUCTION

For any complex numbers A, u, where u differs from A and 1, the Apostol type Frobenius—Euler
polynomials H,,(z; A | u), in the variable x, are defined by the equation

tn
nl’

l—u -
F(t,mMu)= " e P=> " Hu(z M | w) (1.1)
n=0

The nth Apostol-type Frobenius—Euler number is given by
H, (A u):=H,(0;\| w).

Note that
1 for A =1,
Ho(A | u) = (1.2)
}\:Z for A #1.

The ordinary Frobenius—Euler polynomials H,,(x | u) correspond to the special case A = 1, so that
H,(z |u) = H,(x;1 | u). Considering the following three relations,

1—uw > tm > ghik l—uw l—uw -
)\et—ue :<ZHm()\|u)m!> (Z k! >’ )\)\et—ue _u)\et—ue = (1= u)e”,
n=0 k=0
l—u (z4y)t _ - H A\ t - yktk
)\et—ue a Z% m(®; ‘u)m' Z k)7
n= k=0

(1.3)
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by equations (1.1) and (1.3), we obtain the following interesting identities satisfied by the polyno-
mials H,(x; A | u) and numbers H, (A | u):

Hy(z;\ | u) = Z <7>Hl(>\ | w)a™ 1, (1.4)
1=0
1—u for n=0,
MHN | w)+1)" —uH,(\ | u) = (1.5)
0 for n >0,
Hofa+ i) | u) = ( Hi(as A | u)Hooi(yi | o), (1.6
(1 —u)x™ for n =0,
)\(H()\|u)+a:) —uH,(x;\ |u) = (1.7)
for n >0,

with the usual convention about replacing H (X | u)" by H,(\ | u).

The Apostol-Bernoulli polynomials B,, (z; )\) and Apostol Euler polynomials F,,(z; \) are given
by the series

n

al (It] < log(N)| if A#1,and |t| <27 if A=1), (1.8)

n

for A # —1, and |t| < |log(—\)]. (1.9)

"= 2 Bl
)\et—i-l Z::

Throughout the paper, for the complex logarithm, we consider the principal branch.

In the special case A = 1, B, (z;1) = B,(x) is the well-known nth Bernoulli polynomial and
E,(x;1) = E,(zx) is the nth Euler polynomial.

On the other hand, the interpretation of the Apostol-Bernoulli and Apostol-Euler polynomials
in terms of Apostol type Frobenius—Euler polynomials is given as follows.

Lemma 1.1. For any positive integer n,
E,(x;\) = Hy(z; M| — 1) for A # —1, (1.10)

and there are three equivalent ways to obtain the Apostol-Bernoulli polynomials B, (x; \)

! (e
B, (z;\) = lim H (3 Alu) for any A, (1.11)
u—1 — U
where H) (z; Au) = £ Hy(2; Au), or
Hy (5
B, (z;\) = n lim 15 Alu) for any A, (1.12)
u—1 1—u
or )
Boi1(z:\) = —”‘; Ho(z;-A —1) for A# 1. (1.13)

The polynomials By, (x; \) and E,(x;\) are related by the formula

n+1
2
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Bhii(z;A) = — E,(x;—=X) for A # 1. (1.14)
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The Bernoulli polynomials and Euler polynomials play fundamental roles in various branches
of mathematics including combinatorics, number theory, special functions, and analysis, see for
example [5, 8, 11]. One of the most important formulas satisfied by the Bernoulli polynomials

is Carlitz’s relation for the product of two Bernoulli polynomials [1, 3],

B (2)Bn(z) = 2) ((g;)n + (;r > m) BQ;QBIZ”_Z:”;) + (=1)m*! (mmi":l)!BmM, (1.15)

where m +n > 2. In [9], Nielson established similar formulas for E,, (z)E,,(z) and E,,(x)B,(x).
Moreover, in view of (1.15), Carlitz considered the following identities for the Frobenius-Euler
polynomials:

Hp(z | u)Hy(z | v) =Hpyn(x | uv)(l —u)(l—w)

1—wv
u(l —v) " /m
1—uv ,;) </€>Hk(u)Hm+”—k($ | uv)
v(l —v) < (1
t H (U)Hm n— (x ‘ ’U/U),
1—wv k0<k> k +n—k

where u,v € C with u # 1, v # 1, and uv # 1 (see [2]). In particular, if u # 1 and uv = 1, then

1y i m Bm n— 1(1‘)
(| ) Hy (| u) = —<1—u>;<k>Hk<“>m++nf2+1

)Y <n> Hy () Db (9 (1.16)

= k m+n—k+1
min!
+ (=1)"Ht (mtn i) (1 — w)Hpgng1(u).

From Lemma 1.1 and equation (1.16), we obtain Carlitz identity for Euler polynomials

— (m Britn—kt1(z) — (n Brtn—kt1(z)
En(x)E,(z)=—2 E -2 E
(2) En () Z(k) e 2 () m
m!n!

(m—l—n—l—l)‘ m+n+1-

In this paper, we are interested in studying the sum of products of Apostol type Frobenius—
Euler polynomials and in expressing them as linear combination of Apostol type Frobenius—Euler
polynomials with simple coefficients. Our study is motivated by the following famous Euler formula.
Namely, Euler proved the following identity on Bernoulli numbers.

"\ByBo_r = —nBp1—(n—1)B, (n>1), (1.17)

and its polynomial version
5 () Bl Buoss) = 0L = 2)Bucs(a4) — (0= DBua ) (021 (L18)

k=0
this was found by many authors, see [6].
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For N € N, the nth Apostol type Frobenius—Euler polynomials of order N are defined by the
generating function

FN(t,z;Nu) = F(t,z; Mu) x F(t,z; Mu) x - x F(t,z; \|u)
~ -
Nf\t’imes

B \(Alet__uu) X ()\it_—uu) . <>\tt_—u“),emt (1.19)

~~
r— times

n

ZH(N)33>\|’LL)n for weC with wuw# A\ L

In the special case, when x = 0, the polynomials HT(LN)()\ | u) == HéN)(O; A | u) are called the nth
Apostol type Frobenius—FEuler numbers of order N. Besides, the Apostol-Bernoulli BgN)(a:; A) and
Apostol-Euler polynomials g™ (z; \) of higher order N are defined as follows:

t A\ > ¢
<)\€t—1> e nz::o n (:L‘v )n'7 (120)

for A=1, Jt|{<2m, andif A#1, |t] <]log(N),

and

2 \V ., & tn
(pisr) =L@, <llog(-Nl, AZ-L a2
n=0 ’

The purpose of this paper is to study Euler type formulas for Apostol type Frobenius—Euler
numbers and polynomials. Our results can be wieved as a reformulation of Euler’s identities in
the framework of Apostol type of Frobenius—Euler numbers and polynomials. Naturally, from our
results, we deduce easily the Euler’s formulae (1.17) and (1.18). This gives a new way of proving it.
To state and prove the main result of this paper, we introduce and investigate some special non-
linear differential operators. In particular, we express them as a finite series of ordinary differential
operators and Stirling numbers. From this study, we derive nonlinear differential equations. Then,
we obtain some new and interesting identities for Apostol type Frobenius—Euler polynomials of
higher order.

2. MAIN RESULTS AND THEIR PROOFS

We consider the function )
— U

ft) = ftu) =

et —u’

Theorem 2.1. Let n, N be any positive integers. The function f is a solution to the following
differential equation of order N

u

u—1\" 1 &
2= (ML) S Lk 1) [
k=0

where fF)(t) =
kind.

8’“ f(t,u) and | s(N + 1,k + 1) | are the unsigned Stirling numbers of the second

Proof. We prove this theorem by induction on N. For N = 1, we have the relation

of u
R (21)
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thus, .
=, (2:2)

and it is well-known that |s(2,1)| = |s(2,1)| = 1, see [4]. Thus theorem holds for N = 1. Let N > 1
we recall that the unsigned Stirling numbers |s(IV, k)| of second kind are given by

T)N = Z |s(N,k)|z*,  where (z)y =x(z+1)---(z+ N —1). (2.3)

By the identity (2.3) and the relation (1 4+ x)y = (z)n+1, the differential operator 9/0t satisfies
the following equation

B al o
1 = N +1 1 . 2.4
( +8t>N > bV + 1k Dl g (2.4

Moreover, it is well known that the Stirling numbers |s(n, k)| satisfy the following nice recursion
formula

Is(N+1,k+1) = |s(N. k)| + N|s(N,k+1)] if N>k>0, (2.5)
[s(N,N)| =1, [s(N,0)[ =[s(0,k)[ =0 except [s(0,0)] =1. (2.6)

One can consult [4] for the properties of Stirling numbers. Now equations (2.1), (2.3), (2.4), (2.5),
and (2.6) imply that the Theorem 2.1 holds.

Let us define ok
YRt z) = y(t)ke!®, y(k)(t,x) = ook (y(t)et“’) .

Then, by Leibnitz formula, we obtain

y ¥ (t,x) = f:( ) Rmy () (e

m=0
Moreover, we can inverse this identity as follows

k
YD) = 5 (gl ) )

again, we use the Leibnitz formula, obtaining

y B (1 zk: ( > Yrmmy (M) (¢, 1), (2.7)

m=0

Hence, from equation (2.7), we can write

PV (L) =y e

;1>N ]\17! i |s(N + 1,k +1) | y® (t)et
;1> N,Z|8N+1k+1|z<> )Fmym) (¢ )
- (“;1> ]\17! i (i <Z>(—x)k_m\s(N+1,k+1)|> Y™ ().

= k=m

:<“
:<“

Thus, we obtain the following theorem.

RUSSIAN JOURNAL OF MATHEMATICAL PHYSICS Vol. 23 No. 2 2016



IDENTITIES FOR APOSTOL-TYPE FROBENIUS-EULER POLYNOMIALS 169

—Uu

e®t satisfies the
et —u fi

Theorem 2.2. Let n, N be any positive integers. The function y(t,x) =

differential equation
u—1\V 1 & Nk
M= (M) NlZ(Z( )(—x)’f—M|s<N+1,k+1>\> Y1)

From (1.1) and (1.19), we see that

1-u = tn
F0= =S HaO) (23)
n=0
and
1—u 1—u 1—u > t"
Ny _ N
Fr) = <)\et—u) % <)\et—u) XX ()\et —u> a Z%HT(‘ )(Mu)n!’ (2.9)
~ ~ - n=
N — times

where HéN)(Mu) are called the nth Apostol-type Frobenius-Euler numbers of order N.
From (2.8), we have

91 zﬂm

Therefore, by Theorem 2.1, (2.8), and (2), we obtain the following theorem.

Theorem 2.3. For any positive integers n and N and any complex number A, the following
identity holds

S A
H7(1N+1)()\‘u):<uu > N'Z‘S(N+1,k+1)‘Hn+k()\|u).
" k=0

For Apostol-Euler numbers, we have a reduction formula.

Corollary 2.4. Let n,N be a positive integers and A a complex number, X # —1. Then, the
following identity holds

N N

2

Using Lemma 1.1, for any nonnegative integer IV, we obtain

n! N

Now Theorem 2.3 and Corollary 2.4 yield
Corollary 2.5. Let n and N be positive integers. Then

(N+1) n+ N By kt1(0;A)
By v (050) = (1) (n+N+1)< N >kzo\ S(N+1,k+1)] RS (2.11)
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From (2.8), we can derive the following equation:

[ee]

1—u 1—u
(N) - ..
nz;)H )\|u (Aet_U) (Aet—u) % % ()\et_u)/
N_\tfimes
:<ZHll )\|ul'> ' <ZHZN >\|u )
y N (2.12)
= Z ( Z (l I ;> Hy, (Au) - - HlN(A|u)> e
n=0 \l1+---+Iny=0 Tyeoe s UN! |

Therefore, by (2.12), we obtain the following corollary.
Corollary 2.6. For N € N andn € Z,,

Z <11 n ZN!>H11()‘|U)H12(>\|u)...HlN()\|u)

li++In=n

u—\Vt 1
:( ) ) o S sk ) | Ho (3 )
(N =Dl

By Corollary 2.2, we obtain the next result.

Theorem 2.7. Let n be a positive integer. Then

HgN“)(a:;Mu):( . > N,Z Z ’H|s(N+1k+1)\<§> H, o i(z; X | u).

Therefore, from the above theorem, we obtain a recurrence formula for the Apostol-Fuler poly-
nomials of higher order.

Corollary 2.8. Let n be a positive integer. Then

N+1 k—j .
EWNHD (2:)) = N,Z Z<]> )" | S(N+ 1,k +1) | | Enyy(asN).

Jj=0 \k=j

From relation (2.10) and Corollary 2.8, we have also similar recurrence formula for the Apostol-
Bernoulli polynomials of higher order.

Corollary 2.9.
N+1
sz-s—;rv-al(z A) =
N

al . xT:
Y N ("R ) S [ L v gy ) P,
j=0 \k=j

(2.13)

From Theorem 2.8, we deduce the following corollaries. For A = 1 and =z = 0, we have the
following.
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Corollary 2.10. Let n be a positive integer. Then

u—1\V 1 &
H7(1N+1)(U) — < > A E ‘ s(N +1,k+ 1) ‘ Hn+k(u)
m !

k=0

For A =1, we obtain a polynomial version.

Corollary 2.11. Let n be a positive integer. Then

N

e = (7)) 4 (S () v 1k 1) B )

u
=0 \I=5

From the above corollaries, we also obtain the following nonlinear recurrence formulas for the
Euler numbers and polynomials:

Corollary 2.12. Let n be a positive integer. Then

u—1\V 1 &
" k=0

E7(1N+1)(:L,) _ . Z <]>(_x)kj ‘ 5(N—|— 1,k+ 1) | En+k(l’)
T j=0 \k=j

We also deduce the following nonlinear recurrence formulas for the Bernoulli numbers and poly-
nomials.

Corollary 2.13. Let n be a positive integer. Then

( ) n+ N il B,k
pWHD ()N N+1 N+1,k+1) ket

The polynomial version of this corollary is given by

Corollary 2.14. Let n be a positive integer. Then

BNV @ = )N+ N+ 1) (” A N) S (S ey 4 1k 4 1y B @),
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