ISSN 1061-9208, Russian Journal of Mathematical Physics, Vol. 22, No. 1, 2015, pp. 6-8. @ Pleiades Publishing, Ltd., 2015.

On the Compatibility Equations in Terms of
Stresses in Many-Dimensional Elastic Medium
D. V. Georgievskii and B. E. Pobedrya

Department of Mechanics and Mathematics, Moscow State University,
119899 Moscow, Russia, E-mail: georgiev@mech.math.msu.su

Received December 20, 2014

Abstract. By equating to zero all components of the Kroner incompatibility tensor of rank

2n — 4 or of the Riemann tensor dual to the Kroner tensor, 712(712 —1)/12 independent con-
sistency equations for the stresses in an n-dimensional isotropic elastic medium are derived.
The problem concerning the equivalence of the system of these equations to systems follow-
ing from equating to zero either all n(n 4 1)/2 components of the Ricci tensor or only one
curvature invariant is investigated. It is shown that the answer to this question depends on
the dimension of the space. Three cases are singled out: n = 2 (plane problem of elasticity
theory), n = 3 (spatial problem of elasticity theory), and n > 4.
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Consider the quasi-static deformation of an isotropic elastic medium belonging to Euclidean
space R™ with a Cartesian coordinate system chosen in the space. Small deformations ¢;;(x) are
related in such a medium to stresses o;;(x) by the inverse Hooke law

gij = (—v08; + (1 +v)oi;), © =0k, (1)

L

where E stands for Young’s modulus and v for Poisson’s ratio. In (1) and below, the subscripts
take the values 1,2,...,n; the summation from 1 to n is assumed over the Latin indices repeated
twice in any monomial.

A necessary condition for a medium to be contained in Euclidean space is the condition [1-3]
that all components of the Kroner incompatibility tensor ni2n—4} (¢) = Inke of rank 2n — 4 vanish,

M1 -pr—2a1dn—2(E) = €py. o _oli €q1...qn—2jk Eij, ik = 0, (2)

where €,, . 5, _,1; stands for the n-index Levi-Civita symbol in R™. A comma in the subscript stands
for the partial differentiation with respect to the corresponding coordinate. The Kroner tensor is
antisymmetric with respect to any pair of its n — 2 first subscripts and of the n —2 other subscripts.
Moreover, it is symmetric under permutations of families of n—2 first subscripts and n—2 subscripts
among the last ones.

Let us multiply equation (2) by €mrp,...pn_» €stqs...qn_» and then perform the summation over the
2n — 4 subscripts p1,...,Pn—2,q1s- s qn—2,

€mrps...pn—2 €p1..pn—2li = Emrpy..pn_s Elipy..pn_n = (= 2)!(Om10ri — Omidr1)

65tQ1~~~¢1n—2 qu---qn—2jk = 65t¢11--~¢In—2 Ejkql'--qn—2 = (n - 2)!((55.](5tk - 55k(5t])'

We obtain
2erst(§,) = Ers,mt + Emt,rs — Ems,rt — Ert,ms — 07 (3)

where R{*}(g) stands for the linearized Riemann tensor constructed on € regarded as the metric
tensor of the space; the linearized Riemann tensor is more convenient for manipulations because
its rank is equal to four for any n. The numbers of independent (or, in the terminology of [4],

essential) components of the tensors R} and n{?"=4} are equal because these tensors are dual to
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each other, i.e.; are obtained from each other using only contractions with the Levi-Civita symbols.
Taking into account the C} Ricci identities

Ryt (AE,) + Rystm (AE,) + Rrtms (AE,) =0, (4)

which become nontrivial for n > 4, we see that these numbers are equal to n?(n? —1)/12 = A,,.
First-order differential relations known in differential geometry as Bianchi identities do not make
the number of independent components of R4} (and hence, the number of independent strain
compatibility equations, or Saint-Venant n-dimensional identities (3)) less than A,, [5].

Substituting relations (1) into (3), we obtain the desired stress consistency equations in the
multidimensional elastic medium

2R, st (AE,(Q)) =0rs;mt + Omt,rs — Oms,rt — Ort,ms
v (5)
+ 1 (@,rtéms + G,msért - @,mtdrs - e,rs(smt) = 07
+v
among which there are also A,, independent equations.

Let us further form the traces of the tensor R{*}, namely, the symmetric Ricci tensor R with
n(n+1)/2 = a,, independent components and the curvature invariant R,

Rms = ersra R= Rmm = ermr' (6)

Equating to zero all components R, (g—;(g)) leads to a,, consequences of the general compatibility
equations (5),

1+ B —n)v v

A ms —
Tms + 1+v S

A© 5ms — Omr,rs — Osr,rm = 0 (7)

and equating to zero the invariant R leads to a relationship for scalars,

1+v
= Omr.mr-
1+ (2—np ™™

A©

Taking (8) into account, we can represent equations (7) as follows:

1+ (3 —n)v v

A O ms —
Tms 1+v 1+ (2-n)y

Ort,tr 5ms — Omr,rs — Osr,rm = 0. (9)

Traditionally (although this is not necessary), in consistency equations reflecting the differential-
geometric structure of the dependence of g on the coordinates, one takes into account the fact that
g is a physical object that satisfies the postulates of continuum mechanics and, in particular, the
n equations of equilibrium with given volume forces X(x),

Tijj = —Xi- (10)
Their presence enables us to simplify the form of (9),

1+B—n)v

A
Oms + 14+ v

O ms + div X 0pps + Xon,s + Xom = 0. (11)
1%

1+(2—-n)

For n = 3, equations (11) obviously coincide with the classical Beltrami—-Michell equations of
elasticity theory.

Let us study the following problem: Is the system of a,, equations (9) (or (7)) equivalent to the
system of A,, equations (5) and for what n are these systems equivalent?
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Case n = 2. We have Ay = 1 and as = 3. In the planar problem, there is only one independent
compatibility equation, which can be taken in the form (8),

AO = (14 v)omrmr (12)

It can readily be seen that (12) implies the triples of equations (7) and (9), into which one must
substitute n = 2, i.e., each of the systems (5), (7), and (9) is equivalent to a single equation,
namely, (12).

Case n = 3. The relation A3 = a3 = 6 enables one to replace the six equations (5) by a system
consisting of six arbitrary independent linear combinations of these equations, i.e., for example, by
systems (9) or (7) obtained by contractions (5). Each of these systems is equivalent to (5), and the
compatibility equations in stresses in R? can be represented in the form (9) or (7), after substituting
n =3 in (9) and (7), respectively.!

Case n > 4. Beginning with n = 4, we have the inequality A,, > a,, and therefore, no system
of a,, linear combinations A,, of equations (5), including systems (7) and (9), cannot be equivalent
to system (5) itself. System (7) is weaker than (5).

As a visible counterexample, we take the field of stresses

Oms(X) = cx324(01m 025 + 01502m), ¢ = const, (13)
Oms,rt = 0(53r54t + 53t54r)(51m52s + 51552771)7 (14)

and substitute this into systems (7) and (5). All summands in (7) are contractions of expressions
(14) with respect to some pair of indices, and thus vanish, whereas the nontrivial condition ¢ = 0
occurs in (5) for m =1, s =2, r = 3, and t = 4. For ¢ # 0, the stress field (13) is incompatible.

Thus, with respect to the a,, components of the symmetric tensor g(x), the statement of the
second boundary value problem of the isotropic elasticity theory in stresses [6, 7] in an n-dimensional
domain V' (with boundary 0V which has a unique outward pointing unit normal n at every point of
0V) is in the solution of A,, equations (5) and n equations (10) in V' satisfying n boundary conditions
oijn; = P?(x) on 0V, where P°(x) stands for the vector of surface loads given on V. The
replacement of A,, equations (5) by a,, generalized Beltrami-Michell equations (11) is nonequivalent
for n > 4 and weakens the system in V.
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N —

LCertainly, after this, one can take into account also the equilibrium relations (10), which leads to the Beltrami-
Michell equations (11).
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