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Abstract—The study is devoted to mathematical and functional/physical interpretation of image analysis and
processing operations used as sets of operations (ring elements) in descriptive image algebras (DIA) with one
ring. The main result is the determination and characterization of interpretation domains of DIA operations:
image algebras that make it possible to operate with both the main image models and main models of trans-
formation procedures that ensure effective synthesis and realization of the basic procedures involved in the
formal description, processing, analysis, and recognition of images. The applicability of DIAs in practice is
determined by the realizability—the possibility of interpretation—of its operations. Since DIAs represent an
algebraic language for the mathematical description of image processing, analysis, and understanding proce-
dures using image transformation operations and their representations and models, the authors consider an
algebraic interpretation. These procedures are formulated and implemented in the form of descriptive algo-
rithmic schemes (DAS), which are correct expressions of the DIA language. The latter are constructed from
the processing and transformation of images and other mathematical operations included in the correspond-
ing DIA ring. The mathematical and functional properties of DIA operations are of considerable interest for
optimizing procedures of processing and analyzing images and constructing specialized DAS libraries. Since
not all mathematical operations have a direct physical equivalent, the construction of an efficient DAS for
image analysis involves the problem of interpreting operations for DAS content. Research into this problem
leads to the selection and study of interpretation domains of DIA operations. The proposed method for study-
ing the interpretability of DIA operations is based on the establishment of correspondence between the con-
tent description of the operation function and its mathematical realization. The main types of interpretability
are defined and examples given of the interpretability/uninterpretability of operations of a standard image
algebra, which is a restriction of the DIA with one ring.
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INTRODUCTION

The article is devoted to mathematical and func-
tional/physical interpretation of image analysis and
processing operations used as sets of operations (ring
elements) of descriptive image algebras (DIAs) with
one ring (DIA1R) [4, 5, 7].

In mathematics, interpretation refers to the assign-
ing of values (meaning) of mathematical expressions
(symbols, formulas, etc.). These values are mathemat-
ical objects (sets, operations, expressions, etc.). The
values themselves are also called interpretations of the
corresponding expressions.

DIAs are studied in the framework of developing a
mathematical apparatus for analyzing and evaluating
information in the form of images. For a structured
description of possible algorithms for solving these
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problems, a formal tool is needed to describe and val-
idate the chosen solution path. For the formalization,
an algebraic apparatus was chosen [6, 9] that should
ensure the uniformity of procedures for describing
image objects and transformations over these image
objects.

In the late 1980s and 1990s, 1.B. Gurevich [6] spe-
cialized a general algebraic approach to solving recog-
nition, classification, and prediction problems [10]
(Yu.l. Zhuravlev) in the case of initial data in the form
of images (Descriptive Approach to Image Analysis
and Understanding—DA).

I.B. Gurevich introduced DIAs in the framework
of the DA and continues to develop them in collabora-
tion with his pupils and disciples [4, 5, 7]. In order to
construct a DIA, it is necessary to select the opera-
tions and operands of the algebra. Some transforma-
tions in image processing, analysis, and recognition
can formally be used for mathematical description of
the algorithm using DIAs; however, they have no
physical meaning specific to image processing and
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analysis. At the same time, the practical applicability
of DIAs is determined by the practical applicability
and realizability of operations by which DIAs are con-
structed.

In our case, we are talking mainly about algebraic
interpretation, since DIAs represent an algebraic lan-
guage for the mathematical description of procedures
of processing, analyzing, recognizing, and under-
standing images using digital image transformation
operations and their representations and models.

These procedures are formed and implemented as
descriptive algorithmic schemes (DASs) [6], which are
correct (valid) expressions of the DIA language. The
latter are constructed from image processing and
transformation operations and other mathematical
operations included in the corresponding DIA ring.

The mathematical and functional (content/seman-
tic) properties of DIA operations are of considerable
interest for optimizing the selection and implementa-
tion of image processing and analysis procedures and
for constructing specialized DAS libraries.

The choice and optimization of operations
included in the DAS are essentially related to the spe-
cifics of images as a means of representation, carriers,
and sources of information.

The functional interpretation of image transforma-
tion operations should ensure the establishment of a
relationship between the image analysis task and the
DAS specialized for its solution. In essence, this kind
of interpretation is reduced to establishing a corre-
spondence between the content division of the deci-
sion process into stages and the mathematical opera-
tions of the DAS ensuring the realization of these
stages.

The functional interpretation is based on the spe-
cific information properties of the image discussed
below.

The image is by its nature an object with a complex
information structure that reproduces information
about an original scene using brightness values of dis-
crete image elements—pixels, configurations of image
fragments, sets of pixels, and spatial and logical rela-
tions between configurations, sets of pixels, and indi-
vidual pixels. An image differs from other means of
data representation by the highly informative, clear,
structured, and natural way in which a person per-
ceives its content.

An image is a mixture of initial (raw, “real”) data,
their realizations, and certain deformations. Realiza-
tions (as well as the corresponding descriptions)
reflect the informational and physical nature of
objects, events, and processes reproduced by the
image, and deformations are generated by the techni-
cal characteristics of the tools with which the image is
captured, recorded, formed, and transformed in the
construction of its digital representations and the hier-
archy of their descriptions.
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In image recognition, mathematical problems arise
in relation to the formal description of an image as an
object of analysis. Therefore, the internal structure,
overall structure, and content of an image are essen-
tially used as a result of operations by which an image
can be constructed from primitive elements and
objects detected in the image at various stages of work-
ing with it.

Image processing and recognition, including the
construction of an image model, can be viewed as the
realization of an image transformation system.

This means that the efficiency of model synthesis
and recognition processes can be achieved by the
choice of “content” (function) of image transforma-
tion operations, based on what image representation
needs to be obtained with the next transformation.
Such a choice, in turn, should be based both on the
analysis of the mathematical characteristics of the
operation and on the analysis of its functional pur-
pose, in other words, the semantic aspects of the oper-
ation, i.e., its content, identification of a “physical
equivalent,” and its underlying functional heuristics.

Since not all mathematical operations have a direct
physical equivalent with respect to the construction of
effective DASs for image analysis, there is the problem
of interpreting operations for filling the DAS.
Research into this problem leads to the selection and
study of interpretation domains of DIA operations.

Thus, interpretation is considered as a transition
from a meaningful description of the operation to its
mathematical or algorithmic realization. As a result,
the practical applicability of operations is revealed in
the context of the more general concept of interpret-
ability.

The following sections of the article present results
related to the interpretability of DIA1R operations and
examples of domains of interpretability for certain
types of operations.

The article consists of the Introduction, four sec-
tions, the Conclusion, and References.

In Section 1, “Descriptive Images Algebras with
One Ring,” the main specifics of DIAs and DIAIR are
determined, from which the interpretability of opera-
tions is formalized and specified.

Section 2, “Types of Interpretability of Operations
of Descriptive Image Algebras,” describes the method
and tools for formalizing the types of interpretability of
image analysis and processing operations. To charac-
terize the interpretability of DIA operations, the fol-
lowing concepts are introduced: (1) physical meaning
of the operation, (2) physical interpretability in the
context of image analysis and processing, (3) visual
interpretability in the context of image analysis and
processing, (4) weak physical interpretability, and
(5) strong physical interpretation.

Section 3, “Examples of Interpretability/Uninter-
pretability of Descriptive Image Algebra Operations”,
No. 3
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provides 18 examples of operands with operations, for
which the interpretability is studied.

Section 4 “Interpretation of an Algorithmic
Scheme for Solving the Problem of Morphological
Analysis of Cell Nuclei in the Lymphatic System”
gives an example of constructing a DAS in the DIAIR
language to solve an applied problem, demonstrating
an algorithmic interpretation in comparison to those
described in Section 3.

1. DESCRIPTIVE IMAGE ALGEBRAS
WITH ONE RING

In this section, let us briefly recall the basic prop-
erties of DIAs.

The algebraization of pattern recognition and
image analysis was devoted to creating a universal lan-
guage for the uniform description of images and trans-
formations over them. In [4, 7], the algebraization
stages of pattern recognition and image analysis are
described in detail and the basic concepts for defining
DIAs and DIAI1R are introduced.

The most significant results of the initial stage of
pattern recognition algebraization were Yu.l. Zhurav-
lev’s algebras of algorithms [10] and U. Grenander’s
image theory [2]; in image analysis, S. Sternberg’s image
algebra [8] and G. Ritter’s standard image algebra.

The classical algebra was developed to generalize
operations on numbers; however, direct application of
an algebra to information in the form of images is not
possible for all problems, and a simple interpretation
of the results is not always admissible. There are many
natural image transformations that are easily inter-
preted from the user’s viewpoint (e.g., rotation, com-
pression, stretching, color inversion), which are diffi-
cult to imagine using standard algebraic operations. It
becomes necessary to combine the algebraic apparatus
and the set of image analysis and processing transfor-
mations.

To solve this problem, DIAs were proposed [4, 7].

The basic definitions and properties of DIAs are as
follows:

The purpose of introducing DIAs [7]: DIAs are
designed for the combination, standardization, and
unification of algorithmic procedures for processing
representations and models of images and transforma-
tions over them.

DIA Tools [7]:

(a) DIA operands are representations and models of
images [6] (including source images) and transforma-
tions of images and their representations and models;

(b) DIA operations are transformations of analysis
and image processing, standard algebraic operations,
algebraic closures, linear combinations, and superpo-
sitions of these operations.

DIAs allow the use of image transformation proce-
dures not only as DIA operations, but also as operands
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for constructing combinations of basic models of
transformation procedures.

Definition 1 [4, 7]. An algebra is called a descriptive
image algebra if its operands are either representations
and models of images (as well, both the image itself and
the set of values and characteristics associated with the
image can be selected as a model), or operations on
images, or simultaneously both.

Application of DIAs [7]: DIAs are used to describe
the tasks, objects, and transformations considered
when information is extracted from images. When
constructing DAS descriptions for formal description,
processing, analysis, and recognition of images using
DIAs, each element of the scheme and any transfor-
mation used in the scheme is defined by the structures
constructed via the application of DIA operations to
the set of DIA operands.

Representation of tasks, objects, and transforma-
tions considered when extracting information from
images, structures constructed by applying DIA oper-
ations to a set of nonderivative tasks, nonderived
image elements, and basic transformations provides
flexibility and standardization in creating and using
DAS to extract information from images. With this
approach, it is possible to vary the methods for solving
subtasks using image analysis operations as DIA ele-
ments while preserving the entire scheme of the tech-
nology for extracting information from images.

Restrictions on DIA operations [7]: in order to
ensure compliance of the DIA with the requirements
that must be met by the mathematical object “alge-
bra,” it is necessary to introduce restrictions on the
basic DIA operations.

The main research into DIAs was aimed at study-
ing DIA1R (see Definition 2), which is by definition a
classical algebra with nonclassical operands. When
defining a DIA with several rings, the concept of a
graded algebra is assumed, and in the case of two rings,
the concept of a superalgebra is used.

The subsequent specifics of DIAs are determined
by the properties of the algebras.

Definition 2 [4, 7]. The ring, which is a finite-dimen-
sional vector space over some field, is a DIAIR if its oper-
ands are either representations and models of images, or
operations on images and their representations and models.

The ultimate goal in studying DIAIR is to obtain
sets of complete systems of operands and DIA opera-
tions to describe image analysis tasks. The use of the
algebra concept in defining DIAIR in a strictly classi-
cal sense is governed by the fact that in this case, it
becomes possible to distinguish the basic DIA opera-
tions for various types of operands.
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2. TYPES OF INTERPRETABILITY
OF DESCRIPTIVE IMAGE ALGEBRAS
OPERATIONS

A problem arises in constructing a DAS for solving
applied image analysis and recognition problems: the
applicability of some classes of DIA to describe the
corresponding problem [5]. Evaluating the applicabil-
ity of the DIA leads to the problem of interpretability
of DIA operations. The formulation of the problem
and initial results are presented in [4].

Recall [6] that, according to the DA, the source
image in recognition tasks is called an ordered set of
recorded initial spatial and contextual data, reflecting
the form (form and state) of objects, events, and pro-
cesses of the depicted scene and allowing application
of transformations that produce an image convenient
for recognition.

Definition 3 [4]. Physical meaning of the operation
means a content description of the process of transforming
the source image(s) into the final image(s), or the
description of putting a certain set of characteristics into
correspondence with the source image.

In order to preserve the logic of consideration
below, let us recall some notions of the DA associated
with description of the image processing and analysis
process and leading to the definitions of model/image
representation [6].

In image processing and analysis, a certain system of
transformations is applied to the source image, ensuring
asuccessive change of “phase states” of the transformed
image corresponding to the degree of its current “for-
malization.” The set of valid image representations is
defined as the set of phase states of the image.

The system of transformations is given by the DAS
image representation (DASIR), written according to DA
concepts using DIAs. DASIRs reflect methods of
sequential and/or parallel application of transformations
from a set of transformations to the initial information
from the initial data space. The set of admissible DASIRs
is defined as the set of phase states of the DASIR.

To ensure the possibility of applying recognition
algorithms to the constructed formal image descrip-
tions, it is necessary to use the constructed DASIRs
(to establish specific transformations from fixed DIAs
and the parameters included in the transformation
schemes) and to apply the implemented schemes to
the initial data, i.e., construct image representations
and models. In the DA, an image model is a formal
(symbolic) description of an image that allows recog-
nition algorithms to be applied to it. An image repre-
sentation is any element of the set of states of the image
in the image formalization space, with the exception of
the objects “image model” and “image realization.”

A more detailed description of the image formal-
ization space, including both the image phase states
and the DASIR phase states, is given in [5].
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Definition 4 [4]. An operation on an image(s) or frag-
ments thereof, or on a model(s) of an image(s), or the
representation(s) of an image(s) is called a physically
interpretable operation in the context of image analysis
and recognition if

(1) the result of its use is an image or fragments thereof.

(2) the result of its application is an image representa-
tion or image model that can be used to reconstruct
semantically significant geometric objects, brightness
characteristics, and configurations formed due to regular
repetitions of geometric objects and brightness character-
istics of the source image;

(3) the result of its application is a characteristic(s) of the
image(s), which can be unambiguously compared to the
properties of geometric objects, brightness characteristics, or
configurations formed due to regular repetitions of geometric
objects and brightness characteristics of the source image.

Definition 5 [4]. The operation on some objects is
called visually interpretable in the context of image anal-
ysis and recognition if as a result of the operation, an
image(s) is obtained with which it is possible to recon-
struct a one-to-one correspondence between semantically
significant geometric objects, brightness characteristics,
and configurations formed due to regular repetitions of
geometric objects and brightness characteristics in the
resultant image(s) and in source objects.

Statement1 [4]. A visually interpretable operation is
always a physically interpretable operation.

Corollary [4]. If the operation is not a physically
interpretable operation, then this operation is also not
visually interpretable.

Physical interpretability can be distinguished in a
strong and weak sense.

Definition 6 [4]. An operation is called strongly phys-
ically interpretable if it is also visually interpretable.

Definition 7 [4]. An operation is called weakly physi-
cally interpretable if it is physically interpretable, but not
visually interpretable.

Visually interpretable operations include, e.g.,
image rotation, image shift, image contrast enhance-
ment, image brightness enhancement, image noise
reduction, image smoothing, image contour selection,
and other image processing operations. An example of
visually interpretable operations can also be image-con-
structing operations according to a certain specified
rule from a set of original objects, e.g., image recon-
struction from equations that define the image type.

Physically interpretable operations include certain
operations of constructing image representations and
models and such operations with images as calculation
ofthe image histogram or the values of the image’s sta-
tistical characteristics.

Statement 2 [4]. An operation is physically uninterpre-
table in the context of image analysis and recognition if

(1) its operands are not images, image models, image
representations, or image fragments;
Vol. 29
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(2) as a result of application of an operation to the
image(s), an image model(s) is constructed, with which it
is not possible to reconstruct semantically significant geo-
metric objects, brightness characteristics, or configura-
tions arising due to regular repetition of geometric objects
and brightness characteristics of the source image;

(3) as a result of application of an image operation,
characteristics are calculated that cannot be unambigu-
ously compared with the properties of geometric objects,
brightness characteristics, or configurations arising due
to regular repetition of geometric objects and brightness
characteristics of the source image;

(4) an operation is not applicable to images, image
models, image representations, or image fragments.

3. EXAMPLES OF
INTERPRETABILITY/UNINTERPRETABILITY
OF DESCRIPTIVE IMAGE ALGEBRAS
OPERATIONS

3.1. Images as Operands of Descriptive Image Algebras
with One Ring

3.1.1. Description of Operands

The DA assumes [6] that an image is described by a
set of initial information. Let us define the content of
this set.

Lemma 1 [6]: The set of initial information {1,} con-
sists of two sets {I'} and {B,}:

(1) the set of realizations 1' € {I '} of image I, repre-
senting the specified object or scene such that I" =
{(X, f(X))}sep, » is a set of points x belonging to the defi-
nition domain of the realization of image Dy, and the set
of values f(x) at each point in the definition domain Dy,

(2) semantic and contextual information about the
image {B,}.
The definition domain of realization of an image is

a subset of an n-dimensional discrete space Z”. In the
case of flat (two-dimensional) images, n = 2.

To construct the DIA1R over images, it is necessary
to apply some transformations to image realizations in
accordance with the contextual and semantic informa-
tion about the image. Image transformations must sat-
isfy the properties of the algebra [4, 7] and, above all,
must be closed with respect to the initial data.

The fact that image processing [6] is the transfor-
mation of one image into another using compression,
reconstruction, enhancement of visual quality, quan-
tization, and filtering makes it possible to state that
image processing operations are closed operations
with respect to the set of images, as opposed to the
understanding, analysis, classification, and recogni-
tion of images. Therefore, to construct DIAIR over
images, transformations are applied (as algebra opera-
tions) to solve elementary image processing problems
[4, 7]. When choosing image processing transforma-
tions, an image analysis and processing thesaurus [6]
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was used to construct DIAIR examples, including,
among other things, the classification of image pro-
cessing methods, operations, and tasks.

3.1.2. Interpretability of Operations of G. Ritter’s
Standard Image Algebra

G. Ritter’s standard image algebra (SIA) is the
most detailed of the currently known approaches to
describing image operations in terms of algebraic
operations on basic operations with a simple structure.
It enables the formalization of image processing algo-
rithms at different levels, both for their clear represen-
tation and for adaptation to parallel and distributed
architectures.

The creation of a new specialized DIAIR has
resulted in the study of the existing SIA to determine
whether it is possible to use a detailed description of
SIA operations to generate a DIA1R.

G. Ritter [9] has introduced SIA operations in our
sense for image realizations; i.e. any image [ is
described by its realization 1" = {(x, f(x))},c p,—aset
of points x belonging to the definition domain of
image realization D, and a set of values f(x) at each
point in the definition domain D,. Semantic and con-
textual information about the image is taken as an
empty set: {B} = &.

Let us consider a subset of operands and SIA oper-
ations (described explicitly; see [9]).

Example 1.

Let F be some field. The elements of ring W are
images / assigned by functions of the type {(x, a(x)), x
€ X, a(x) € F}, where Fis a set of values and Xis a set
of points (/ € F¥). Over the elements of ring W, it is
possible to introduce operations @, ® and multiplica-
tion by a field element. The operations belong to the
set of SIA operations.

As an operation of multiplication by a field ele-
ment, we consider two operations generated by opera-
tions in algebraic system F [9]:

Forke Fandae FX,

kya = {(x,c(x)) : e(x) = kya(x),x € X} @))

and
Avk ={(x,c(x)) : e(x) = a(x)Yk, x € X}. (2)
Physical meaning of the operation: operations cor-
respond to multiplication of the image by a number.

Statement 3. Operations of type (1) and (2) of multi-
plication of the image by a number are strongly physically
interpretable operations.

Proof:

1. Physical interpretability of an operation: By
Definition 4, an operation is physically interpretable if
its application results in an image.
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2. Visual interpretability of an operation: this oper-
ation is visually interpretable, since when applied to an
image, its brightness changes visually (Definition 5).

3. By Definition 6, a physically and visually inter-
pretable operation is a strongly physically interpretable
operation.

Q.E.D.

Binary operations on images are generated by oper-
ations introduced in algebraic system F. If, e.g., yis a
binary operation on set F: a, b € F*, then [9]

AYb = {(x,¢c(x)) : e(x) = a(x)yb(x),x € X} 3)
Let us consider narrower sets of operands.
Example 2
Let I, I, € (RY).
Replacing 7y for specific operations +, -, v (opera-
tion of taking the maximum), A (operation of taking

the minimum), we obtain the following binary opera-
tions on real-valued images [9]:

I+ 1, ={(x,c(x)) : c(x) = a(x) + b(x),x e X} (4)

Physical meaning of the operation: the operation
corresponds to the pointwise addition of two images.

I - I, ={(x,c(x)) : c(x) = a(x) - b(x),x e X} (5)

Physical meaning of the operation: the operation cor-
responds to the pointwise multiplication of two images.

I v I = {(x,c(x)): c(x) =alx) v b(x),x e X} (6)

Physical meaning of the operation: the operation
corresponds to the pointwise taking of the maximum
of two images.

I AL ={(x,c(x)) : c(x) =alx) Ab(x),xe X} (7)

Physical meaning of the operation: the operation
corresponds to the pointwise taking of the minimum
of two images.

Statement 4. The operations of pointwise addition
(4), multiplication (5), taking the maximum (6), and
taking the minimum (7) of two images are weakly physi-
cally interpretable operations.

Proof:

1. Physical interpretability of operations: By Defi-
nition 4, an operation is physically interpretable if its
application results in an image.

2. Visual interpretability of operations: this opera-
tion is not visually interpretable, since when applied to
arbitrary images, the visual result is unpredictable
(Definition 5).

3. By Definition 6, a physically interpretable, but
not visually interpretable operation is a weakly physi-
cally interpretable operation.

Q.E.D.
Example 3
Let 1, I, e (2HX
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Let be 2¥be a power set, i.e., the set of all subsets of
set X. Let also image I be such that I: X — 2F In this
case, the following binary operations can be intro-
duced [9]:

LU, ={(x,c(x)): c(x) =alx) U bx),xe X} (8)

Physical meaning of the operation: the operation
corresponds to the operation of the pointwise union of
two images.

LN ={(x,c(x)): e(x) =a(x) Nb(x), xe X} (9)

Physical meaning of the operation: the operation cor-
responds to the pointwise intersection of two images.

Statement 5. The operations of pointwise union (8)
and intersection (9) of two images are strongly physically
interpretable operations.

Proof:

1. Physical interpretability of operations: by Defi-
nition 4, an operation is physically interpretable if its
application results in an image.

2. Visual interpretability of operations: this opera-
tion is visually interpretable, since at each point there
is a union or intersection of the sets that define the
images (Definition 5).

3. By Definition 6, a physically and visually inter-
pretable operation is a strongly physically interpretable
operation.

Q.E.D.

Example 4.

Let 1, I, € (R*)X.

Introduce the operation of taking the exponent [9]:

I = {(x,c(x)) : e(x) = a(x)"?, x € X} (10)

Physical meaning of the operation: the operation
corresponds to the pointwise operation of taking the
exponent of one image over another.

Further assertions are given without proof, since
they are similar to the previous ones.

Statement 6. The operation of taking the exponent
(10) of one image over another is a weakly physically
interpretable operation.

Example 5.

Let I, I, € (RH)X

The operation of taking the logarithm is introduced
[12]:

log;, I, = {(x,c(x)) : c(x) = log,(y a(x),x € X} (11)

Physical meaning of the operation: the operation
corresponds to the pointwise operation of taking the
logarithm of one image over another.

Statement 7. The operation of taking the logarithm
(11) of one image over another is a weakly physically
interpretable operation.

Vol. 29
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Example 6.

Let I, € (P)*, I, € (F)Y, X, Ybe subsets of the topo-
logical space.

We call extension of the image a € F¥ with image
be F¥ A/°(x) on the set ¥, where X and Y, subsets of
some topological space [9]:

alx), if xe X
b(x), if xeY\X
Concatenation operations for a series of images a €

Z, Z, Z, Z,
F"x“*andbe F"x"":

(a/b) = d" ™" (13)

Using the notion of matrix transposition, concate-
nation in a column is introduced in the same way [9]:

4o

Physical meaning of the operation: operations cor-
respond to concatenation of images by row and col-
umn, respectively.

Statement 8. Concatenation of images by row and
column (13) and (14) of one image over another are
weakly physically interpretable operations.

Example 7.
Let 1,, I, € (R"X.
The following binary operations are introduced:

L+L=U+D0L,.,1'+1) (15)

Physical meaning of the operation: the operation
corresponds to the pointwise addition of images.

A/ (x) = { (12)

(14)

L-L= L. 0 1)) (16)

Physical meaning of the operation: the operation
corresponds to the pointwise multiplication of images.

LvL=U v I'vI) (17)

Physical meaning of the operation: the operation
corresponds to the pointwise taking of the maximum
of images.

LaL = ADL,..,Il AL (18)

Physical meaning of the operation: the operation
corresponds to the pointwise taking of the minimum
of images.

Statement 9. The operations of pointwise addition
(15), multiplication (16), taking the maximum (17), and
taking the minimum (18) of two images are weakly phys-
ically interpretable operations.

For any index j it is possible to introduce the fol-
lowing operations of taking the maximum and mini-
mum of the j component of the image representation:

I v /i1, = {(x,¢(x)) : e(x) = a(x)

if a;(x)2bi(x), else c(x)=>b(x)} (19)
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Physical meaning of the operation: the operation
corresponds to taking the maximum of the j compo-
nent of images.

Iy A/ i1 ={(x,e(x)) t e(x) = alx)
if  a;(x)<bi(x), else c(x)=>b(x)}
Physical meaning of the operation: the operation

corresponds to taking the minimum of the j compo-
nent of images.

Statement 10. The operations of taking the maximum
and minimum of the j component of type (19), (20) of two
images are weakly physically interpretable operations.

Let the binary operation ybe such that y;: R'xR" — R,
where j =1, ..., n, and is defined as

I = U1, ... Ly, 1) (21)
If, e.g. [9], ¥;: R'xR" — Rsuch that (x,, ...x,)Y(Vy, ...,
y,) =max{x; v y;: 1 <i<j}, then for /,, [, € (R")*and

I; = Iyl,, the components c(x) = (¢,(x), ..., ¢,(x)) have
the values

(20)

c;(x) = a(x)Y,;b(x) = max{g;(x) va,(x):1<i< j}(22)

for j=1,...,n

Statement 11. A multidimensional binary operation
of type (21), in particular, of type (22), for two images is
a weakly physically interpretable operation.

Let us consider another example of a binary opera-
tion ¥ [9]: let v, and 7y, be binary operations R>xR> — R
defined as (23) and (24).

(xp, X717, 12) = X0 — X0, (23)

(x1, X)Y2(71, 1) = X105 + X0, (24)

and if 1,, I, € (R?)X are two complex-valued images,
then the product I3 = I,Y1, is the complex product

c(x) = (a(x)b(x) — ay(x)by(x),
a,(x)by(x) + a,(x)by(x))
Statement 12. The operation of multiplication of type

(26) of two images is a weakly physically interpretable
operation.

Example 8.
Let I, I, € (X)X
We introduce the operation of superposition
1)(1) = {(x,a(b(x)),x € X} (26)
Physical meaning of the operation: definition of one
image on a set specified by another image.

Statement 13. The operation of superposition of two
images of type (26) is a weakly physically interpretable
operation.

(25)

3.1.3. Interpretability of Image Processing Operations

Image processing operations are mainly applied to
one image, rather than two; therefore, the choice of
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binary addition and multiplication operations used to
construct the DIA1R is limited.

Example 9.
Let ]l = {((X,y), (rl(xay)n gl(x,y)> bl(xay)))}(x, yex

[2 = {((x> y)7 (r2(xa y)7 gZ(xa y)a b2(x> y)))}(x, yeXx where

the functions rl(-xa y): g](xa y)a bl(xa y)a r2(xa y)s gZ(xa y)a
b,y(x, y) € [0...M — 1] take integer values; M = 256 is
the maximum brightness value of the color compo-
nents; X is the set of pixels on which images are
assigned; let o e R.

On the set of selected operands, the following
image processing operations are assigned from the set
of arithmetic operations on images.

Il + 12 = {((x:y)a((rl(xzy) + rZ(xay))mOdM>
(&(x, ) + g (x,y)) mod M,
(bi(x,y) + by(x,y))mod M)}, e x

Physical meaning of the operation: the operation
corresponds to pointwise modulo M addition of the
color components of two color images.

11 ’ 12 = {((X,y),((’i(X,y) : r2(x:y))m0dMa
(&1(x,¥) - &(x,y))mod M,
(bl(x7 y) : b2(x7 y))mOd M)}(x,y)EX

Physical meaning of the operation: the operation
corresponds to the pointwise modulo M multiplica-
tion of the color components of two color images.

o - 11 = {((xay)’([a‘rl(x:y)mOd M]a
[ogi(x, y)mod M],[ab(x,y)mod M]))}

(27)

(28)

(29)

x,y)eX

Physical meaning of the operation: operation of
modulo multiplication M of a field element by the
color image.

Statement 14. The introduced operations of pointwise
addition and multiplication of two color images (27),
(28) are weakly physically interpretable operations.

Statement 15. The introduced operation of pointwise
multiplication of a color image (29) by an element of the f.

Statement yield of real numbers is a strongly physi-
cally interpretable operation.

Example 10.

Let grayscale images J, = {((x, y), gray,(x,
y))}(x, y)eE X ‘]2 = {((X, y)a gray2(xa y))}(x, »e X where the
functions gray,(x, y), gray,(x, y) € [0...M — 1] take
integer values M = 256 is the maximum brightness
value of the color components; Xis the set of pixels on
which images are assigned; let o € R.

On the set of selected operands, the following

image processing operations are assigned from the set
of arithmetic operations over images.

Ji+J, ={(x,y),(gray,(x,y)

(30)
+ gray,(x,y)) mod M)}(x,y)e)(
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Physical meaning of the operation: the operation
corresponds to pointwise modulo M addition of two
grayscale images.

Ji - ={((x,),
((gray,(x,y) - gray,(x,y))mod M)} ,\ x

Physical meaning of the operation: the operation
corresponds to the pointwise modulo M multiplica-
tion of two grayscale images.

o-Jy = {((x,p),[00- grayi(x,y)mod M)}, ey (32)

Physical meaning of the operation: the operation
corresponds to the pointwise modulo M multiplica-
tion of the grayscale image by the field element.

Statement 16. The introduced operations of pointwise
addition and multiplication of two grayscale images (30),
(31) are weakly physically interpretable operations.

Statement 17. The introduced operation of pointwise
multiplication of a grayscale image (32) by an element of
the field of real numbers is a strongly physically interpre-
table operation.

Example 11.

Let Il = {((xs y)’.fl(x’ y))}(x, ye X IZ = {((X, y)’.fZ(x’
Y}, ye x» Where the functions fi(x, y), f,(x, y) take
any valid values; X ={1, ..., n; 1, ..., n} is the set of pix-
els on which the images are specified. Let square
matrices M,, M, describe the whole set of image values
I,, I, respectively, given on the square {1, ..., n; 1, ...,
n} (the matrix elements are functions that define the
image at each point of the set X). Let v € R.

We introduce the following matrix operations on
the set of selected operands:

I+ 1, ={((x, ), (M + My)(X, )} x e x (33)

Physical meaning of the operation: the operation
corresponds to the matrix addition of two images.

]l ’ ]2 = {((X’J/),(Ml : MZ)(X,y))}(x,y)eX (34)

Physical meaning of the operation: the operation
corresponds to the matrix multiplication of two images

oI :{((xay)au.M(Xsy))}x,y)e/\’ (35)

Physical meaning of the operation: the operation of
multiplication of an image given by a matrix by a real
number.

(€29

Statement 18. The introduced operations of matrix
addition and multiplication of two images (33), (34) are
weakly physically interpretable operations.

Statement 19. The introduced operation of multipli-
cation of an image (35) by an element of the field of real
numbers is a strongly physically interpretable operation.

Example 12.

Let the sets of binary masks of color images be
given as follows: I,; = {((x, y), (bool,(x, y), bool,(x, y),

booly(x, )} x, yy e x0 Iy = (X, y), (booly(x, y), booly(x,
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y)a bOOIZ(-xa y)))}(x, e X where bOOII(-x’ y)a b00[2(-x’ y) €
{0, 1}; letave R.

On the set of selected operands, the following
image processing operations from a set of logical oper-
ations over images are defined.

Ly + 1, ={((x,),
((bool\(x,y) + bool,(x,y)) mod 2,
(bool\(x,y) + bool,(x,y)) mod 2,

(b0011(x7 y) + bOOIZ(xn y) mod 2)))}(x,y)EX

(36)

Physical meaning of the operation: the operation
corresponds to the addition modulo two of each com-
ponent of the binary masks of the color images.

Ly - 1y = {((x,),(bool|(x,y) OR bool,(x,y),
bool,(x,y) OR bool,(x,y),
bOOII(xay) OR b00[2(-x5 y)))}(x,y)e)(

Physical meaning of the operation: the operation
corresponds to modulo two of each component of the
binary masks of color images.

o1, ={((x,y),([o- bool(x,y)mod 2],
o bool(x,y)mod 2],
[(X ! bOOl(X, y) mod 2])}(x,y)EX

(37)

(38)

Physical meaning of the operation: the operation
corresponds to multiplication of the binary mask of a
color image by an element of the field of real numbers.

Statement 20. The introduced addition operations
and binary masks of two color images (36), (37) are
weakly physically interpretable operations.

Statement 21. The introduced operation of multipli-
cation of a binary mask of a color image (38) by an ele-
ment of the field of real numbers is physically interpreta-
ble operation.

3.2. Operations on Images as Operands
of Descriptive Image Algebras with One Ring

3.2. 1. Types of Transformations over Images

The DA considers three classes of allowable image
transformations: procedural transformations, para-
metric transformations, and generating transforma-
tions [6].

Below, we recall the definitions of the main classes
of image transformations (procedural, parametric,
and generating).

Definition 5 [6]. A procedural transformation
Oy € {0:(3)} on an image or images is an operation
whose application transforms them either into some other
set of images, into some image, or into fragments thereof.

Note that the procedural transformation in fact
applies to realizations of the source image(s).

Definition 6 [6]. A parametric transformation
Op € {0p(I)} over the image is an operation whose
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application converts the image into a numerical charac-
teristic p, which can be used to compare the properties of
geometric objects, brightness characteristics, or configu-
rations formed due to repetitions of geometric objects and
brightness characteristics of the source image.

To construct the numerical characteristic p of an
image, the set of realizations of the image and seman-
tic or contextual information about the image can also
be used.

Definition 7 [6]. A generating transformation
O; € {OG} above an image is an operation, the applica-
tion of which to it converts it into a particular representa-
tion representing the specific features of the analyzed
image.

Examples of such transformations are functions
describing curves, a conjunction function, disjunction
function, and code functions for images.

3.2.2. Operations on Procedural Transforms

For clarity, let us again turn to Ritter’s image alge-
bra operations [9]. Note that in the DA, Ritter’s SIA
operations are considered procedural transformations.

Example 13.

Let the images be given on a fixed set X with a range
of values X: 4 = {(x, a(x)), x € X, a(x) € X}. Let
B={(x, b(x)), x € X, b(x) € X}, C ={(x, ¢(x)), x € X,
c(x)e X}. Letae R

Let the following image operations be introduced:
A+ B ={(x,c(x)) : c(x) = a(x) + b(x),x € X}; (39)
A-B={(x,c(x)):c(x) =a(x) b(x),xe X}; (40)
AV B ={(x,c(x)): c(x) =a(x) v b(x),x e X}; (41)
AN B ={(x,c(x)) : c(x) = a(x) A b(x),x e X}; (42)

4_ : _ax)
2 {(x, c(x)) : e(x) bx)’
(43)
if b(x)#0,elsec(x)=0;x¢€ X};
A% = {(x,c(x)) : e(x) = ()" if a(x) >0, 44)

else ¢(x) =0,x e X};
A— B ={(x,c(x)) : c¢(x) = a(x) — b(x),x € X}. (45)

Denote ry, 75, ... € {+, *, v, A, —, \, AB...} are stan-
dard binary operations over two images. (A4, B) is the
image after operation r to images 4 and B.

The following operations are defined on the set of
selected operands:

( @ n)(A, B) = ri(4, B) + 15(A, B); (46)

Physical meaning of the operation: the operation
corresponds to the sequential application of opera-
tions r; and r, with the subsequent addition of images
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constructed as a result of operations r,, 7, to the source
images.

(rl ® r2)(AaB) = rl(r2(AaB)sr2(AsB)); (47)

Physical meaning of the operation: the operation
corresponds to application of the first binary trans-
form to the result of application of the second binary
transform of images, taken twice, to the source images.

(or)(A4, B) = ar(A, B). (48)

Physical meaning of the operation: the operation
corresponds to multiplication of the result of the
binary image transformation to the element of the field
of real numbers.

Statement 22. Operation (46) of sequential applica-
tion of operations r; and ry with subsequent addition of
images constructed as a result of operations r,, r, to the
source images is not physically and visually interpretable.

Proof:

1. Physical interpretability of the operation:
according to Assertion 2, an operation is not physically
interpretable in the context of image analysis and rec-
ognition if its operands are not images, image repre-
sentations, and image fragments.

2. Visual interpretability of the operation: accord-
ing to Assertion 1, if the operation is not physically
interpretable, then it is also not visually interpretable.

Q.E.D.

Example of application: this operation can be used
to combine operations over images.

Statement 23. Operation (47) of sequential applica-
tion of the first binary transform r| to the result of the sec-
ond binary transform r, of images, taken twice, to source
images is not physically and visually interpretable.

The proof is done similarly to the previous State-
ment.

Example of application: this operation can be used
to combine operations on images.

Statement 24. Operation (48) of multiplication of the
result of application of a binary image transformation by
an element of the field of real numbers is not physically
and visually interpretable.

The proof is done similarly to Statement 22.

Example of application: this operation can be used
to correct image brightness and color, after application
of operation r.

Example 14.

Now let operations AU — V) € F of conversion of
elements of the set of color images described in Exam-
ple 9 to the elements of the set of grayscale images
described in Example 10. Let 7 = {((x, y), (r(x, ), g(x,
y)a b(x’ y))}(x, y)exXx where the functions }"(X, y)a g(x’ y)’
b(x, y) take integer values from the set [0...M — 1]. Let
J = {((X, y)a gray(-xa y))}(x, yex Jl = {((x: y)> gray](xa
y))}(x, y»ex J2 = {((X, y)a grayZ(xa y))}(x, y) € X\Vhere the
functions gray(x, y), gray(x, y), gray,(x, y) take integer

PATTERN RECOGNITION AND IMAGE ANALYSIS

GUREVICH, YASHINA

values from the set [0...M — 1]. M =256 is the value of
the maximum intensity of the color components; X is
the set of pixels on which the images are given. Let
A =J,, LD = J,, f(i) = J be elements of a set of a
given type. Let oo € R.

The following operations are defined on the set of
selected operands:

L)+ HU) =J,+ Ty (49)

Physical meaning of the operation: the operation

corresponds to addition of the results of application of

the two operations of conversion of a color source

image into grayscale images. Note that addition of the

obtained grayscale images is carried out according to
the rules defined in Example 10.

L) - HU) =d, - Ty (50)

Physical meaning of the operation: the operation

corresponds to multiplication of the results of applica-

tion of the two operations of converting a color source

image into grayscale images. Note that multiplication

of two grayscale images is carried out according to the
rules defined in Example 10.

o f)=a-J. (51)

Physical meaning of the operation: the operation
corresponds to multiplication of the result of applica-
tion of the operation of converting a color source
image into a grayscale image by a real number. Note
that multiplication of the grayscale image by a real
number is carried out according to the rules defined in
Example 10.

Statement 25. Operations (49), (50), (51) of addi-
tion, multiplication, and multiplication by a real number,
respectively, of the results of application of operations of
converting a color source image into grayscale images are
not physically and visually interpretable.

The proofis carried out similarly to Statement 22.
Example 15.

Let I = {((x: y)a (r(xa y)a g(x’ y)a b(xa y))}(x, »ex
where the functions r(x, y), g(x, y), b(x, y) take integer
values from the set [0...M — 1] (the set of all such
images U). X is the set of pixels on which the images
are given. Let there be carried out operations
sb((U, C) > B) for obtaining binary masks corre-
sponding to selected objects (nuclei of lymphatic
cells), Cbe information on the contours of the selected
nuclei, set B be a subset of set U such that if an image
point (x, y) belongs to the selected kernel, then the
components r(x, y) =g(x, y) = b(x, y) =1 if the point
(x, y) belongs to the background of the kernel, then
r(x, y) =g(x, y) = b(x, y) =0. Denote the elements of
this set as [, = {((x, y), (bool\(x, y), bool|(x, y),
bOOll(X, y)))}(x, y) e X Ib2 = {((X, y); (bOOlz(X, y)a
booly(x,y), bool(x, ¥)))}w yex Where functions
bool,(x, y), bool(x, y) € {0, 1}. Let sb,({, C) =
1, sby(1, C) = I, be elements of the set of a given type;
letow e R.
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The following operations are defined on the set of
selected operands:

sb(1,C) + sby(1,C) = Iy + Iy, (52)

Physical meaning of the operation: the operation
corresponds to addition of the results of application of
the two operations for obtaining binary masks corre-
sponding to the selected objects. Note that addition of
the two binary masks is carried out according to the
rules defined in Example 12.

sh(1,C) - sby(I,C) = I - I}y; (53)

Physical meaning of the operation: the operation
corresponds to the multiplication of the results of
applying the two operations of obtaining binary masks
corresponding to the selected objects. Note that the
multiplication of two binary masks is carried out
according to the rules defined in Example 12.

o sb(I,C) = o.- 1. (54)

Physical meaning of the operation: the operation
corresponds to multiplication, by a real number, of the
result of applying the operation of obtaining a binary
mask corresponding to the selected object. Note that
multiplication of a binary mask by a real number is
carried out according to the rules defined in
Example 12.

Statement 26. Operations (52), (53), (54) of addi-
tion, multiplication, and multiplication by a real number,
respectively, of the results of obtaining binary masks cor-
responding to the selected objects are not physically and
visually interpretable.

The proof'is carried out similarly to Statement 22.

Note that in this case, the operations of addition,
multiplication, and multiplication by a field element
may differ from those proposed in Example 12. On the

set of selected operands, the following operations can
be assigned:

sh(1,C) + sb,(I,C) = {{(bool(x, y) v bool(x, y),
bOOll(X, Y) Vv bOOlz(X, y)’ bOOII(X’y) v bOOIZ(x:y))’ (55)
bool|(x,y), booh(x,y) € {0,1}}, (x,y) € X};

Physical meaning of the operation: the operation
corresponds to the union of the results of applying two
operations of obtaining binary masks corresponding to
the selected objects.

sb(I1,C) - sb,(I,C) = = {{(bool(x,y) A bool,(x,y),
bool,(x,y) A bool,(x,y), bool,(x,y) A bool,(x,y)),(56)
bool|(x,y), bool,(x,y) € {0,1}}, (x,y) € X};

Physical meaning of the operation: the operation
corresponds to multiplication of the results of applying
the two operations of obtaining binary masks corre-
sponding to the selected objects. Note that multiplica-
tion of two binary masks is carried out according to the
rules defined in Example 12.
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Statement 27. Operations (55), (56) of addition and
multiplication, respectively, of the results of obtaining
binary masks corresponding to the selected objects, are
not physically and visually interpretable.

The proof'is carried out similarly to Statement 22.

3.2.3. Operations on Parametric Transformations

Below is an example of operations on parametric
image transformations.

Example 16.

Let operations g (V' — P,) of calculating the values
of features of grayscale images described in Example
10 be elements of the set G; P, is the set of parametric
models of images described below in Example 17;
J={((x, y), gray(x, ¥))}x y ex Where function
gray(x, y) takes integer values from the set [0...M — 1];
M =256 is the value of the maximum intensity of the
color components; X is the set of pixels on which the
images are assigned; g,(J) =p;, &(J)) =p,, g(J) =p; let
ae R

The following operations on the assigned operands
are introduced:

&) +gU) = p + py (57)

Physical meaning of the operation: the operation cor-

responds to the addition of two parametric models of

images p, and p, obtained after applying operations of
calculating the values of grayscale image features g, g».

&) &)= p - P; (58)

Physical meaning of the operation: the operation

corresponds to the operation of multiplication of two

parametric models of images p, and p, obtained after

applying operations of calculating the values of gray-
scale image features g,, g».

o-g(l)=o-p. (59)

Physical meaning of the operation: the operation
corresponds to the operation of multiplication of a
parametric model of images p obtained after applying
the operation of calculating the values of grayscale
image features g.

Statement 28. Operations (57), (58), (59) of addi-
tion, multiplication, and multiplication by a real number,
respectively, of the results of applying the operations of
calculating the values of grayscale image features are not
physically and visually interpretable.

The proof'is carried out similarly to Statement 22.

3.3. Image Models/Representations as Descriptive
Image Algebras Operands

Recall that if application of procedural, paramet-
ric, and generating transformations to the source
image or to its representation leads to the construction
of a model, then accordingly, a procedural, paramet-
ric, or generating model will be constructed.
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Example 17.

Let P, be a set of parametric models of images such
that any element of p set P, assigned by the following

vector p = (p',..., p"), where n =1, 2, ... is the number
of features describing the parametric model of the

image; p[ = (p;,p;) are vector elements (i = 1, ..., n);
p; =1,2,... is the unique number of the feature in the
feature space assigning the set P; p; is the value of the
feature from the set of real numbers, and: (1) p.. < p’
ifai<j;(2) py=piysij =120 pi = prs P =
(pll,...,pln'), D= (pé,...,p;z) are any elements of the
set P;letoe R

We introduce the following operations on paramet-
ric image models:

Pt Do =Plees )+ (Prseees 23) = (D3ees DY) :
Die C [Plore DI TN [ Do s DY,

1y = [[pler--- PN N (P2 PR (60)
Py =Pl if Dy =D
Py =Dy I D= D

Physical meaning of the operation: the operation
corresponds to the addition of two parametric models
of images p,, p,, as a result of which the parametric
models are combined and contain all the unique fea-
tures from both models.

—_  — 1 1 1
PP =D D)+ (Payes D7) = (Do, 4

s = |[Prys- PRI [Pr oo, PEE] (61

, My < m

(Ds,..., Pi¥) — essential features

Physical meaning of the operation: the operation
corresponds to the operation of multiplication of two
parametric models of images p,, p,, as a result of
which the most essential features describing the object
are distinguished by analysis of the original parametric
models.

a- 1_) = ((X : pl’”.’p”)
= ((Pxs O~ Py)seees (P01 ).

Physical meaning of the operation: the operation
corresponds to the operation of multiplication of a
parametric model of images p by a real number, as a

(62)

result of which the values of features pI; = p{y,

i,j=12,... described above are multiplied by a real
number.

Statement 29. Operations (60), (61), (62) of addi-
tion, multiplication, and multiplication by a real number,
respectively, of parametric models are weakly physically
interpretable.
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The proof is carried out similarly to the previous.
Statements

Example 18.

Let P, be a set of parametric models of images such
that any element p of set P, is assigned by the follow-
ing vector 7 = (p',...,p"), where n = 1, 2, ... is the
number of features describing the parametric model of
the image; n is a fixed number of features; pi are vector
elements (i = I, ..., n) from the set of real numbers;

D= (pll,...,pl”), Dy = (p;,...,pg') are any elements of
set Py;let e R.

We introduce the following operations on paramet-
ric image models:

P+ =Pl D)+ (Do 13)

1 n n

= (P + Ppoes D + 1Y)
Physical meaning of the operation: the operation
corresponds to the addition of two parametric models

of images p,, p,, as a result of which the values of the
same features in the parametric models are added.

(63)

_ 1 1
PP =P ) (P2 1Y)
1 1 n n
=(p1 " Py D1 " D)
Physical meaning of the operation: the operation
corresponds to the operation of multiplication of two

parametric models of images p;, p,, as a result of
which the values of the same features in the parametric
models are multiplied.

(64)

o-p=(-p,..,0p"). (65)

Physical meaning of the operation: the operation cor-
responds to the operation of multiplication of each fea-
ture of a parametric image model p by a real number.

Statement 29. Operations (63), (64), (65) of addi-
tion, multiplication, and multiplication by a real number,
respectively, of parametric models are weakly physically
interpretable.

4. INTERPRETATION OF AN ALGORITHMIC
SCHEME FOR SOLVING THE PROBLEM
OF MORPHOLOGICAL ANALYSIS OF CELL
NUCLEI IN THE LYMPHATIC SYSTEM

4.1. Formulation of the Problem and Applied
Information Technology

Sometimes the interpretation of algorithmic proce-
dures for image processing and analysis is understood
as the construction of a DAS in the DIAIR language
for solving applied problems. This section illustrates
this interpretation method with the example of a DAS
proposed by the authors for automated morphological
analysis of cytological slides from patients with lym-
phatic tumors [5].
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INITIAL DATA (1) Micrographs of imprints of
Ilymphatic organs of patients with three diagnoses: B-
cell chronic lymphocytic leukemia (CLL); sarcomatous
transformation of B-cell chronic lymphocytic leukemia
(TCLL), and primary B-cell lymphosarcoma (LS). (2)
Contours of diagnostically valuable lymphoid -cell
nuclei indicated by expert morphologists.

A mathematical information technology model
was constructed to refer new images of the lymphatic
cell nuclei to one of the classes of images correspond-
ing to the three diagnoses of the patients: malignant
tumors (LC, TCLL), benign tumors (CLL).

The technology is based on image processing and
analysis methods and image recognition methods.
Image processing and analysis methods are used in
solving problems of obtaining images of cytological
slides, cell nuclei segmentation, and necessary data for
constructing a feature-based description of nuclei.
Pattern recognition methods are used to construct a
feature-based description of nuclei, patients, and to
classification of patients.

The information technology includes the following
steps:

(1) creation of an image archive of slides of lym-
phatic organs with isolated lymphocyte nuclei for
patients with benign and malignant lymphatic tumors;

(2) image processing to eliminate differences in the
light and color of slides;

(3) selection and calculation of features reflecting
the morphological characteristics of the lymphoid cell
nuclei used in the diagnosis;

(4) qualitative and statistical analysis of the calcu-
lated features and evaluation of their informativeness;

(5) factor analysis of traits;

(6) formation of a feature-based description of a
patient based on the results of cluster analysis of
his/her nuclei;

(7) experiments
patients.

Study [5] presents the results of testing the ele-
ments of the described information technology.

on classifying (diagnosing)

4.2. Descriptive Image Algebras
Jfor Constructing an Algorithmic Scheme

Each step of this technology was described by a
DIAIR.

All algebras are used in the construction of a uni-
fied DASIR, which yields a solution to the problem for
solving the task.

Let us describe the operands and operations (and
their functions) of DIAs and descriptive image groups
(DIGs) necessary for constructing an algebraic model
for the morphological analysis of lymphatic cell
nuclei.

DIA 1 is a set of color images (Example 9) with
algebraic operations (27—29). DIA 1 is used to
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describe the source images, and the operation of DIA
1 is used to describe the step of segmenting diagnosti-
cally important nuclei in images.

DGI 1 is a set of operations of obtaining binary
masks corresponding to the selected lymphatic cell
nuclei (Example 15) with algebraic operations (52—
53). DIG 1 is used to describe the segmentation pro-
cess.

DIG 2 is a set of binary masks corresponding to the
selected lymphatic cell nuclei (Example 15) with alge-
braic operations (54), (55), (53). DIG 2 is used to
describe binary masks for color images.

DIA 2is aset of grayscale images (Example 10) with
algebraic operations (30—32). DIA 2is used to describe
the selected nuclei in the images.

DIA 3 is a set of operations for converting elements
of a set of color images into elements of a set of gray-
scale images (Example 14) with algebraic operations
(49—51). DIA 3 is used for smoothing the difference in
light and in the color range of cell images.

DIA 4 is a set of operations for calculating the fea-
tures of grayscale images (Example 15) with algebraic
operations (52—54). DIA 4 is used to calculate the val-
ues of features.

DIA 5 is a set of parametric models (Example 17)
with algebraic operations (58—60). DIA 5 is used to
select the most informative features. Addition is used
to construct a combined parametric image model.
Multiplication is used to bring a set of image features
to the set of essential features. Multiplication by an
element of the field of real numbers is used to normal-
ize the feature vector.

DIA 6 is a set of parametric models (Example 18)
with algebraic operations (61—63). DIA 6 is used to
describe images that are converted to a form suitable
for recognition.

CONCLUSION

So the interpretation is considered as a transition
from a meaningful description of an operation to its
mathematical or algorithmic realization. As a result, the
practical applicability of operations is revealed in the
context of the more general concept of interpretability.

The article presents results related to the interpret-
ability of DIAIR operations and examples of inter-
pretability domains for some types of operations:

(1) The main specifics of DIAs and DIA1R are
defined, from which the formalization and specifica-
tion of the concept of interpretability of operations fol-
low.

(2) The method and tools for formalizing types of
interpretability of image analysis and processing oper-
ations are considered.

(3) To characterize the interpretability of DIA
operations, the following concepts were introduced:
(a) the physical meaning of an operation, (b) physical
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interpretability in the context of image analysis and
processing, (c¢) visual interpretability in the context of
image analysis and processing, (d) weak physical inter-
pretability, and (e) strong physical interpretability.

This study is significant because, as far as the
authors know, it is the first to be formulated and illus-
trated by specific examples of a mathematical
approach to regularizing the choice of transformations
in image analysis based on the type, content, and tech-
nical characteristics of the image being processed and
establishment the correspondence between the objec-
tive function and mathematical description of an
operation.

In the future, the authors intend to continue study-
ing the formal aspects of the interpretability of image
transformations in the following directions:

(1) interpretability for all basic DIA operations and
their basis sets;

(2) establishing a relationship between the interpret-
ability of operations and image equivalence classes [3];

(3) establishing a relationship between interpret-
ability and invariance of image transformations;

(4) the interpretability of operations of new types of
universal and specialized DIAs;

(5) study of the relationship between the computa-
tional efficiency of DASs and the interpretability of
their operations.

The results of this study are essential for developing
the descriptive theory of image analysis and can also
be used to develop the linguistic apparatus of automa-
tion systems for processing and analyzing images and
knowledge bases for image analysis (navigation, ontol-
ogies, thesauri), as well as for expanding the range of
effectively solvable especially complex and difficult
applied image analysis and recognition tasks.

These results are also very significant for studies of
the linguistic and psychosomatic aspects of image
analysis and understanding and, accordingly, studies
of the human brain activity.
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