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Abstract—The paper analyzes the scale hierarchy of transitions from very high to high and low cycle fatigue 
which are taken as fatigue limit according to the Wöhler concept. The analysis shows that the life distribution 
in the transition range 106–108 cycles is multimodal. From relations between the fatigue limit –1 and me-
chanical characteristics U and 0.2 in aircraft materials based on Fe, Al, Mg, Ti, and Cu it follows that –1 
depends on U and 0.2 and the ratio –1/0.2 depends on 0.2/U. As –1/0.2 increases, the complete diagram 
of three fatigue scales degrades. The transition from very high to low cycle fatigue goes without high cycle 
fatigue at –1/0.2  1. 
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1. INTRODUCTION 

Conventionally, the fatigue failure of metals is de-
scribed by the Wöhler curve with the stress amplitude 
a related to the number of cycles to failure Nf as [1] 

 f a const.mN     (1) 
The exponent m, being a material characteristic, de-
pends on the fatigue regime: low cycle fatigue (LCF) 
at up to 105 cycles and high cycle fatigue (HCF) at 
more than 105 [1].  

The upper boundary of high cycle fatigue is 
108 cycles, and the stress without failure determined in 
a material at 107–108 is taken as its fatigue limit: –1 
for symmetric cycling [2].  

However, such an interpretation of metal fatigue is 
inadequate as failure at stresses lower than –1 may 
occur in the range 108–1010 cycles [3]. This range is 
associated with subsurface crack nucleation and is 
termed very high cycle fatigue (VHCF) [4–7]. 

The fatigue life of a material, as its response to ex-
ternal action, depends on the material type and 
strength. Hence, different materials at the same exter-
nal stress can differ in durability such that their life 
can lie in any of the above-mentioned three regimes 
and their fatigue limit –1 can fall on any boundary of 
the three. 

From synergetic principles and evolution of scales 
in open systems, the fatigue life of metals can be rep-
resented as a bifurcation diagram (Fig. 1) in terms of 

equivalent stress or strain energy density accumulated 
per unit metal volume, e.g., per grain [8]. In the dia-
gram, the transitions from stage to stage are bifurca-
tion regions in which either of two respective failure 
mechanisms at the same stress is possible with a cer-
tain probability. Of significance here is that such bi-
furcation regions provide two different ways of ener-
gy absorption, each dominating on its own previous or 
next scale, and this provides a bimodal life distribu-
tion in these regions. 

In terms of equivalent stress and strain energy den-
sity, the behavior of metals under cyclic loads can be 
described by a cascade of fatigue curves of the form 

 f e ,im
iN C   (2) 

where the lower index i = 1, 2, 3 differentiates three 
scales identified with three fatigue regimes: 1—micro- 
or nanoscale with very high cycle fatigue, 2—meso-
scale with high cycle fatigue, and 3—macroscale with 
low cycle fatigue. 

Noteworthy in this connection is a fatigue diagram 
suggested by Mughrabi [9]. Being based on the Wöh-
ler concept, the diagram explains the transition from 
low to very high cycle fatigue, i.e., from surface to 
subsurface fracture in order of decreasing stress, with 
a single stress level assigned to high cycle fatigue and 
taken as fatigue limit (Fig. 2). For damage accumula-
tion via surface crack nucleation in intense slip bands, 
a relation  is proposed  between the slip  band  density 
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Fig. 1. Bifurcation diagram of metal fatigue Nf–e with 
tension e– in terms of equivalent stress e or strain en-
ergy density dW/dV with bifurcation regions (q)i for 
transitions to micro- or nanoscale (w1–w2), mesoscale 
(w2–w3), and macroscale (w3–w4). 

 
p  and the number of cycles to failure of up to 106 for 

copper [9]. 
In physical mesomechanics, the evolution of plas-

tic deformation is considered as a sequence of proc-
esses from the micro- or nano- to the macroscale via 
the mesoscale [10]. In this context, the accumulation 
of damages on the macroscale in low cycle fatigue 
should be driven not only by intense sliding under de-
veloped plastic strains but also by vortex flows up to 
grain rotations and knife boundary formation. These 
processes, being final in the scale hierarchy, are in-
operative on the mesoscale when high cycle fatigue 
occurs in metals. 

If we put one scale for metal fatigue up to its very 
high cycle fatigue regime, we will have a contradic-
tion with the linear cumulative damage rule in lifetime 
models of unsteadily loaded parts [11, 12]. The rise of 
residual strains associated with nonlinear damage ac-
cumulation excludes the use of this rule though it 
holds in many practical cases, e.g., in estimating the 
lifetime of aerostructures. 

Moreover, metal parts in most cases operate with 
different types of joints (rivets, bolts, welds, etc.) and 
may suffer from residual strains only at overloads, i.e., 
at loads other than rated or recommended. For exam-
ple, such strains can be found neither in compressor 
disks of aircraft gas turbine engines after 6000 flights 
[13] nor in their turbine disks after 2000 flights [14]. 
The rise of residual strains changes the geometry and 
conditions of loading such that the blades of an engine 
touch its case and the rotor fails earlier than expected. 
This is particularly important as the number of cycles  
 

 
Fig. 2. Mughrabi diagram, according to Wöhler concept, 
for transition from low to very high cycle fatigue [9]. 
 

to failure is estimated for nominal stresses at which it 
is no greater than 105 flights. 

Actually, the accumulation of damages for the low 
number of cycles to failure proceeds on the meso-
scale, and its major mechanism in a disk is associated 
not with maximum stresses but with a combination of 
its maximum load and blade vibrations [15], which is 
most evident in Ti alloys [16]. 

The foregoing suggests that explaining the nature 
of very high cycle fatigue needs a more detailed ana-
lysis based on the scale hierarchy and synergetic prin-
ciples of physical mesomechanics [17]. It is this issue 
that we consider below. 

2. BIFURCATION REGION (q)3 

In synergetic terms, any loaded metal in its con-
tinuous energy exchange with surroundings changes 
the leading mechanism of its evolution on approach-
ing a certain critical level of damage accumulation. 
The mechanism that leads on one scale cannot lead on 
the others because each scale comes with a new me-
chanism of damage accumulation. Therefore, the fa-
tigue of metals develops through cascade of changes 
of scales and mechanisms of fracture. 

Each scale-to-scale transition represents a bifurca-
tion region (q)i with a certain interval of strain ener-
gy density or equivalent stress at which either of two 
respective mechanisms of damage accumulation is 
possible with a certain probability (Fig. 3). 

The width of each bifurcation region and its posi-
tion relative to stresses depends on many factors [18]. 
For example, the transition from low cycle fatigue to 
repeated static fracture with subsurface nuclei, like in 
monotonic tension, falls on the so narrow stress inter-
val that on the macroscale it can confidently be taken 
as a single stress level (e)0. At this stress level, there 
are two ways of energy absorption, and hence, two  
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Fig. 3. Example of bimodal life distributions in bifurcation 
regions (q)i where either of two curves with different 
exponents m (Eq. (2)) is possible with certain probability 
Pi. Transition region (q)2 is from very high to high cycle 
fatigue. 

 
ways of crack nucleation are equiprobable: either sur-
face or subsurface. It is the stress level at which the 
dependence Nf = f (e) changes its form. 

The bifurcation diagram in Fig. 1 suggests that the 
transition boundary between the mesoscale (high cy-
cle fatigue) and the macroscale (low cycle fatigue) is 
the state of a metal changing its behavior from macro-
scopically elastic to macroscopically plastic. Such an 
interpretation is clear from the diagram in Fig. 2, 
though we are dealing not with a certain stress corre-
sponding to fatigue limit but with a certain stress 
range (q)3 showing the scatter of properties from 
specimen to specimen. 

From our analysis it follows that the region (q)3 
should include the threshold stress indicated in Fig. 2 
but the stress variation should remain. Even in low 
cycle fatigue alone, the data scatter for metals is signi-
ficant. 

In fact, the Mughrabi diagram with one stress level 
for fatigue limit –1 suggests three failure mecha-
nisms: low cycle fatigue with residual strains at about 
106 cycles, high cycle fatigue with no hysteresis at 
about 107 cycles, and failure with no hysteresis at the 
transition to very high cycle fatigue at about 108 cy-
cles. The existence of three failure scales with three 
different mechanisms of crack nucleation at one stress 
level is evidence for a multimodal life distribution in 
which each scale is probable. 

Unlike the fatigue limit in the Mughrabi diagram, 
the region (q)3 is a bifurcation in which the life dis-
tribution can be only bimodal, with both characteris-
tics lying near the yield strength of a material. 

The change in the behavior of a metal in the region 
(q)3, originally described as a fatigue curve dis-
continuity [19], means that the metal near its yield 

strength 0.2 is brought to an unstable state in which 
residual strains at the same stress level may or may 
not occur with a certain probability. Depending on the 
material type, three situations are possible in the regi-
on (q)3 [20]: low cycle fatigue with a shift toward 
longer lives compared to high cycle fatigue, low cycle 
fatigue with a shift toward shorter lives compared to 
high cycle fatigue, and low cycle fatigue with no shift 
but with its curve Nf = f (e) sloping differently than 
the curve of high cycle fatigue. 

The state of a material in the region (q)3 depends 
largely on its ratio 0.2/U. For example, for a metal 
with 0.71  0.2/U  0.83, its behavior in different 
specimens can be both hardening and softening [21]. 
Hence, in the region (q)3, different specimens at the 
same stress level can show both hardening and soften-
ing effects, and this leads to two fatigue curves corre-
sponding to their bimodal life distribution. 

The width of the region (q)3 depends on the scat-
ter of material characteristics and primarily of yield 
strength. For example, fatigue tests of low-carbon 
steel (0.16% C) with average grain sizes varied from 
specimen to specimen [22] show that increasing the 
grain size decreases the upper and lower yield 
strengths and the fatigue limit. It should be noted that 
with increase in grain size it also decreases the differ-
ence between the yield strength and fatigue limit, 
which influences the ratio –1/0.2. Similar results for 
low-carbon steel are reported elsewhere [23]. Increas-
ing the average grain size decreases the lower yield 
strength 0.2 and the fatigue limit –1, and at an aver- 

 

 
Fig. 4. Yield strength and fatigue limit versus grain size in 
low-carbon steel according to [22] (a) and [23] (b). 



SCALES OF METAL FATIGUE STRENGTH 

PHYSICAL MESOMECHANICS     Vol. 23     No. 2     2020 

123

age grain size d  72 µm, the fatigue limit exceeds the 
lower yield strength (Fig. 4). 

Therefore, with statistically different average grain 
sizes, the fatigue life and the width of the region 
(q)3 can have a large scatter. 

Thus, the region of bimodal life distribution (q)3 
is fundamentally different from the transition region 
between very high and low cycle fatigue interpreted as 
fatigue limit and characterized by a multimodal life 
distribution. 

Let us compare the bimodal and the multimodal 
life distribution at the transition from very high to 
high cycle fatigue [24]. 

3. MULTIMODAL LIFE DISTRIBUTION 

In the very high cycle fatigue regime, the nuclea-
tion of subsurface cracks is due to different stress con-
centrators [3–8]. Moreover, one of its mechanisms in-
volves the transition of a metal to a superplastic state 
in a fracture nucleus with the formation of mostly 
spherical nanostructures bordered by a fine granular 
area. Thus, in one and the same material, different 
sources can initiate subsurface fracture at the same 
stress whose level is much lower than the threshold 
w2, or fatigue limit –1, separating the meso- and mi-
croscales. 

For example, as has been shown [25, 26], VT3-1 
titanium specimens cut out of the compressor disk of 
an aircraft engine made to standards and operated 
trouble free for 8000 h have their fracture nuclei at the 
boundaries of a lamellar structure, its oriented regions, 
and cleavage facets of -phase globules. 

In a metal with high bulk anisotropy, different 
fracture nuclei at the same stress are possible with one 
or another probability, resulting in a multimodal life 
distribution and in a scatter of values by almost three 
orders of magnitude (108–1010 cycles) in the very high 
cycle fatigue regime.  

Increasing the stress to (q)2, i.e., to the transition 
from very high to high cycle fatigue, shifts the site of 
fatigue crack nucleation to the surface layer of a metal 
such that the process begins to depend heavily on the 
nature and geometry of the surface whose high sensiti-
vity to stress concentration provides a bimodal life 
distribution in the high cycle fatigue regime. 

According to physical mesomechanics research, 
the concentration of surface stress in a metal is associ-
ated with its lattice curvature as a trigger for disloca-
tion accumulation [27] and with a chessboard relief 
formed on its surface [28]. This brings inhomogeneity 
in the distribution of chemical elements and residual 

strains throughout the surface layer, including a thin 
upper oxide layer in contact with air. Air accelerates 
the motion of dislocations inward a material and shor-
tens the time to their critical density and band struc-
ture formation which precedes crack nucleation in 
high cycle fatigue [20]. 

All these factors provide surface activation under 
increasing stress, and because several mechanisms in 
and on the surface of materials create conditions for 
crack nucleation, the region (q)2 shows a multimo-
dal life distribution. One mode still serves for subsur-
face crack nucleation but with a lower probability at 
higher stresses, and the other two persist with differ-
ent probabilities on the mesoscale up to a certain 
stress, whose level is yet to be analyzed to correlate it 
with mechanical characteristics of materials. 

The fact of bimodal life distribution in high cycle 
fatigue was first identified and studied in metal mate-
rials based on Ni, Ti, Al, and Fe [29]. According to 
the study, the fatigue life scatter in the high cycle re-
gime and near the region (q)2 fits the condition 

 1 1 2 2lg lg lg ,N p N p N     (3) 
where p1, p2 are the probabilities of two fracture 
mechanisms, and lgN1, lgN2 are the respective fatigue 
lives. 

Note that similar experimental data are reported in 
many studies but without their analysis in the way 
suggested [29]. For example, in the standard that es-
tablishes the methods of fatigue tests of metals and  
 

 
Fig. 5. Fatigue test data (a) and life distributions for B95 
Al alloy specimens (b) according to [2]. 
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Fig. 6. Fatigue curves of smooth round VT9 Ti alloy 
specimens tested at 500°C: dashed and dash-dot lines for 
left and right branches of bimodal life distribution, solid 
line for averaged data. 

 
alloys (RF GOST 25.502-79 [2]), experimental data 
are tabulated for B95 aluminum alloy subjected to up 
to 107 cycles of rotating cantilever bending at six 
stress levels, with 20 to 26 specimens tested at each 
stress. As can be seen from Fig. 5a, showing these 
data in graphic form, the life scatter at about 228 MPa 
is almost 105 to 107 cycles. 

From probability curves of fatigue life in Fig. 5b, 
plotted for different stresses according to Weibull, it 
follows that not one but two life distributions with a 
transition region appear beginning with 254 MPa. 
This experimental fact suggests that more statistical 
data are needed to identify the bimodal life distribu-
tion on the mesoscale in the region (q)2. With a 
small number of specimens, the difference in the be-
havior of a metal is averaged and cannot be analyzed. 

Figure 6 demonstrates the fatigue data of VT9 tita-
nium alloy tested in air at 500°C [22] from which we 
can analyze the formation of fracture nuclei corre-
sponding to two branches of its bimodal life distribu-
tion. 

In both cases, we have crack nucleation from sur-
face stress concentrators in the form of machining 
marks (Fig. 7). The bimodal life distribution suggests 
seemingly the same situation but the actual sources of 
cracks are different: physical stress concentration in a 
brittle surface layer at low stress and geometric stress 
concentration in machining marks at high stress. 

Thus, two stages of mesoscale fracture are realized 
in a material under cyclic load. They can be termed 
meso I and meso II by analogy with the scale hierar-
chy of plastic deformation under monotonic tension 
[10]. On the meso I scale under increasing stress, we 
have a bimodal life distribution in which the dominant 
role belongs to physical stress concentration in a thin 
surface layer with four factors responsible for its criti-
cal damage level: chemical inhomogeneity, residual  
 

 
Fig. 7. Fatigue nuclei (arrows) in smooth VT9 Ti alloy 
specimens after failure in rotating bending at about 107 (a) 
and 108 cycles (b). 

 
stress, oxidation embrittlement, and lattice curvature 
as a driver of critical dislocation accumulation and 
band structure formation. 

On the meso II scale under increasing stress, geo-
metric stress concentration comes into play such that 
responsible for critical damage accumulation become 
geometric features, chessboard relief formation, and 
deformation vortices. 

Hence, the mesoscale mechanisms of crack nuclea-
tion in high cycle fatigue are fundamentally different 
from the well-known macroscale mechanisms of 
banding which operate in low cycle fatigue and in-
volve, according to physical mesomechanics, rotations 
of material volumes up to the point of knife boundary 
formation [10]. 

In the light of the foregoing, the complete diagram 
of metal fatigue is represented by three scales whose 
boundaries (q)i feature bimodal and multimodal life 
distributions (Fig. 8). The fatigue limit of metals de-
termined by available test methods is, in fact, a certain 
of the stress levels in the transition region (q)i. 
What is important is that only on the interval 3  106–
108 cycles the quantity –1 can be taken as a fatigue 
limit. For each metal, the characteristic –1 is single 
but can fall on different scale transition regions (q)i 
depending on the material type. 

Let us compare the scale boundaries of metal fati-
gue and the fatigue limit –1 depending on the mecha-
nical characteristics of a material. 
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Fig. 8. Complete diagram of metal fatigue, according to 
Wöhler concept, in terms of three scales of damage accu-
mulation, bifurcation regions (q)i, and bimodal life dis-
tribution on mesoscale. 

4. SCALE BOUNDARIES 

Our analysis shows that the fatigue limit of materi-
als as a behavioral characteristic represents the upper 
boundary of transitions between different scales. In 
fact, the limiting state of a material means a change of 
damage accumulation scales in a crack nucleation 
zone. The value of –1 can be determined reasoning 
from mechanical characteristics [30]. In view that the 
width of one of the transition zones (q)3 from high 
to low cycle fatigue depends on the ratio 0.2/U, we 
have analyzed how the fatigue limit –1 is influenced 
by the mechanical characteristics 0.2 and U and the 
ratio –1/0.2 by 0.2/U in about 250 aircraft structural 
materials based on Fe, Al, Mg, Ti, and Cu [31]. 

The analysis shows that the fatigue limit –1 re-
sponds to variations in 0.2 and U in the same way: it 
increases with both (Fig. 9). At the same time, the 
scatter of –1 for some materials grows, i.e., its de-
pendence on 0.2 and U is weakened. This is because 
different metals behave differently under cyclic load-
ing. For steels, for example, the scatter of –1 in rela-
tion to 0.2 or U increases slightly, while its increase 
for Ti alloys is much more pronounced. 

According to quantitative estimates, –1 = A
0.2 or 

–1 = B
0.2, where A and B are some constants,  and 

 are the exponents, which does not contradict the 
dependences obtained earlier [30]. 

For Cu-based aircraft materials, the values of the 
constants and exponents are A = 7.88, B = 1.44,  = 
0.51,  = 0.75, and for Fe- and Al-based ones, they are 
A = 6.52,  = 0.63 and B = 0.66,  = 0.86, respectively. 
For Ti- and Mg-based materials, the fatigue limit is 
scattered widely in relation either to their yield 
strength or to their ultimate strength, and any func-
tional dependence between these characteristics fails. 
 

 
Fig. 9. Fatigue limit versus yield strength (a) and ultimate 
strength (b) according to reference data for aircraft materi-
als based on Fe, Al, Mg, Ti, and Cu [31]. 

 
In the dependence of –1/0.2 on 0.2/U, the 

boundary determined by the fatigue limit –1 character-
izes the transition from very high to high cycle fatigue 
if –1/0.2  1 and from very high to low cycle fatigue 
if –1/0.2  1. Our comparative analysis of the ratios 
–1/0.2 and 0.2/U shows that almost all among the 
aircraft structural materials considered fit the condi-
tion –1/0.2  1, except only for six Cu-based alloys, 
three Al-based alloys, and one Mg-based alloy where 
–1/0.2  1 (Fig. 10). Hence, the high cycle fatigue  

 

 
Fig. 10. Ratio –1/0.2 versus ratio 0.2/U, according to 
reference data for aircraft materials based on Fe, Al, Mg, 
Ti, and Cu [31]. 
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Fig. 11. Diagram of metal fatigue with bifurcation regions 
(q)i plotted according to Wöhler concept for –1/0.2 = 1 
(case considered by Mughrabi) and for –1/0.2  1 (gene-
ral case). 

 
regime is the main range for aircraft materials operat-
ing under cyclic loads without residual plastic strains. 

From the comparative data on –1/0.2, and 0.2/U, 
and in view of all fracture scales corresponding to 
very high, high, and low cycle fatigue (Fig. 8), we can 
suggest the following general regularity in the cyclic 
load response of materials differing in mechanical 
characteristics (Fig. 11). As the ratio –1/0.2 increas-
es, the regions (q)1 and (q)2 shift upward (Fig. 11, 
up arrows) and decrease the stress regime for the 
mesoscale with high cycle fatigue. Simultaneously, 
the region (q)3 shifts to the range of higher fatigue 
lives (Fig. 11, rightward arrow) such that the maxi-
mum number of cycles for low cycle fatigue ap-
proaches 106 in the limit. The boundary of low cycle 
fatigue in terms of durability corresponds to a mini-
mum value of about 104 cycles at minimum –1/0.2 
which is about 0.2 in the aircraft materials studied. 
Hence, the boundary of maximum durability in the 
low cycle fatigue regime is determined by the ratio  
–1/0.2 rather than by the mechanical characteristics. 

5. CONCLUSION 

The so-called fatigue limit is, in fact, the upper 
boundary of the stress interval (q)i with a multimo-
dal life distribution. At –1/0.2  1, the interval (q)i 
corresponds to the transition from very high cycle  
fatigue (micro- or nanoscale) to high cycle fatigue 
(mesoscale), and at –1/0.2  1, to the transition from 
very high to low cycle fatigue (macroscale). As the 
ratio 0.2/U decreases, the ratio –1/0.2 in aircraft 
materials tends to increase up to unity such that the 
mesoscale or the high cycle fatigue regime degener-
ates. 

The transition to the mesoscale features a bimodal 
life distribution with successive changes in the proba-

bility of two mechanisms of crack nucleation domi-
nating respectively on two scales: meso I and meso II. 

On the meso I scale, the factors responsible for 
critical damage accumulation in the surface layer of 
materials include its chemical inhomogeneity, residual 
stress, oxidation embrittlement, and lattice curvature 
as a driver for critical dislocation accumulation and 
band structure formation. 

On the meso II scale, they include geometric stress 
concentrators, chessboard relief formation, and de-
formation vortices.  

On the macroscale, the nucleation of fracture in 
metals is associated with intense sliding and rotations 
of material volumes up to the point of knife boundary 
formation. 
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