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Abstract—Mixed mode I/III behavior of Perspex (polymethyl methacrylate (PMMA)) is studied experimen-
tally and theoretically in this research using a new and simple laboratory test configuration. The specimen is a
circular disc containing a sharp V-notch along the diameter that is loaded by the conventional three-point bend
fixture. The critical values of notch stress intensity factors (K IV and KI\I/[) were obtained for the whole combi-
nations of modes I and III simply by changing the notch inclination angle relative to the loading rollers. The
value of notch fracture toughness under pure or dominantly tension loads was greater than its corresponding
value under mode III or dominantly torsion loads. The experimental results were also predicted very well by

employing the local strain energy density (SED) criterion.
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1. INTRODUCTION

Integrity assessment of engineering components and
structures in the presence of high stress concentration
sources such as notches or sharp cracks, is an interest-
ing subject and of practical importance. Different as-
pects associated with fracture of cracked or notched
components have been extensively investigated in the
past by means of laboratory test specimens under con-
trolled testing conditions and by means of model ma-
terials. Polymethyl methacrylate (PMMA) is a well-
known model material for investigating brittle frac-
ture phenomenon. Optical transparency of PMMA makes
ease study of fracture initiation and its propagation
trajectory under any desired complex loading situa-
tion. Fracture test specimen in any arbitrary shapes can
be easily manufactured from a PMMA sheet by laser
cutting or water jet machines. Fracturing load of such
material with laboratory scale samples is relatively low
and hence fracture toughness experiments on PMMA
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can be conducted even by means of conventional and
low capacity testing machines. Consequently, a large
number of researchers have used this material in their
experimental fracture studies. Based on the principles
of fracture mechanics a cracked or notched body can
experience mode I (opening or tensile load), mode 11
(in-plane sliding or shear deformation), mode III (out-
of-plane sliding or tearing deformation) or any combi-
nations of these three basic modes. Under each load-
ing condition, study of the onset of fracture initiation,
the direction of fracture growth and the path of brittle
fracture are interesting subjects and hence PMMA has
been widely used in the past for investigating the men-
tioned problems. Using different test specimens such
as (center cracked tensile plate [1], single edge notched
bend beam [2, 3], diametral compressed Brazilian disc
[4], semicircular bend [5-7], triangular specimen sub-
jected to three-point bending [8], diagonally loaded
square plate [9], compact tension-shear specimen [10]
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and etc.), mode I, mode II and mixed mode I/II frac-
ture behavior of PMMA has been studied experimen-
tally and extensive data are available in the literature
for K, and K, of cracked PMMA samples. Further-
more, there are also several research papers dealing
with the fracture behavior of notched PMMA speci-
mens under different loading modes. For example,
mode I and mixed mode I/II notch fracture toughness
of PMMA has been determined using some test con-
figurations such as edge notched three point bend beam
and compact tension specimens and by considering dif-
ferent U- and V-notch geometries [11-14]. However,
in comparison with the mixed mode I/II loading case,
there are relatively fewer experimental results pre-
sented for mode III or mixed mode I/III fracture be-
havior of PMMA [15, 16]. In other words, only a lim-
ited number of test specimens are available for mixed
mode I/III studies. However, the available test speci-
mens have two major limitations: (i) many of them are
not able to introduce full combinations of modes I and
I [17, 18], (ii)) some of them have complex geom-
etries and require difficult preparation process and
complex testing rigs or fixtures [19, 20]. In order to
overcome these two drawbacks, in this paper a simple
and suitable disc type bend test configuration is pro-
posed for mixed mode I/III fracture toughness studies.
The applicability of the suggested notched specimen
is then examined by performing some fracture tests on
PMMA. 1t is shown that the suggested specimen can
easily introduce complete range of modes, including
mixed ones, from pure mode I to pure mode III. Fur-
thermore, it is demonstrated that the notch fracture
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toughness test data obtained from the tested PMMA

can be predicted by means of the strain energy density
(SED) criterion [21, 22].

2. SUGGESTED MIXED MODE /11
FRACTURE SPECIMEN

As shown in Fig. 1, the proposed specimen is a cir-
cular disc of diameter D and height B which contains
a sharp edge notch of angle 2o and depth a along one
side of disc. The specimen is subjected to three-point
bend loading with loading span of 2S, in which the
bottom loading supports are symmetric with respect
to the top roller. Hence, the specimen is so called edge
notched disc bend (ENDB). The state of notch flank
deformation in the ENDB specimen can be controlled
by the angle 3, defined in Fig. 1. When f is zero (i.e.
symmetric ENDB shown in Figs. 1a and 1c), the speci-
men would be subjected to pure mode I due to symme-
try of both geometry and loading relative to the notch
plane. By increasing 3, the specimen experiences mixed
mode opening and out-of-plane sliding deformation.

Recently Aliha and coworkers [23, 24], studied nu-
merically this specimen containing a sharp crack and
computed its stress intensity factors for different
a/B,D/2S and B values. They showed that the
mode II component has negligible value relative to K|
and K in this specimen and the full combinations of
mode I/III mixities can be achieved by changing the
crack inclination angle. However, in practice the arti-
ficial notches created by means of razor or thin saw
blades in laboratory fracture study of brittle materials
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Fig. 1. Geometry and loading condition of the ENDB specimen containing a sharp notch of angle 2o for introducing pure mode I,

pure mode III and mixed mode I/III conditions.
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like PMMA are not real sharp cracks and hence in or-
der to provide more realistic estimations for fracture
behavior of such test specimens and investigating the
possible effects of notch type, it is better to consider
the created sluts as sharp notch instead of real crack.
Hence in the following, by assuming a sharp notch in
the ENDB specimen, the notch stress intensity factors
(NSIFs) are computed for this specimen using finite
element analyses and for different mixed mode I/I11
loading conditions.

3. NSIF CALCULATION FOR
THE ENDB SPECIMEN

Based on the William’s expression, the stress field
for a sharp notch in a polar coordinate (as defined in
Fig. 1) can be written as following equations extracted
from [25-28]:

0, =20 Mg 00 )
Ogo z%fee(e) +%gee(9), (2)
O =%fr9(9)+%&9(9)a 3)
0, = }f%u sin(A;60), 4)
O, = }f%u cos(Ay0), 5

in which A, A;; and A are the eigenvalues that de-
pend on the notch angle 2o and f, g are angular func-
tions given in [29]. The parameters Kl.V (=1 1I and
IIT) are the modes I, II and III notch stress intensity
factors and can be determined from the following equa-
tions:

K = lim[(2mr' ™) 5], (6)
r—0

Ky = lim[2mr"™1)6 4], (7)
r—0

Ky = lim[2mm)o_ 1. (8)
r—0

The values of A;,A; and Ay, can also be deter-
mined by solving the below equations [30]:

sin (2Ay) + Asin (2y) = 0 (mode I), 9)
sin (2Ay) — Asin (2y) = 0 (mode II), (10)
cos (Ay) = 0 (mode III). (11)

Corresponding values of A, A;; and Ay for small
notch opening angles (up to 2o = 15°) were determined
as 0.5 from Egs. (9) to (11), implying that singularity
character of sharp notches is the same as cracks. Thus
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as a good engineering assumption such notches can be
considered as a real crack.

Meanwhile, 64, 6,9 and 7, in Egs. (6) to (8) are
the polar stress components on the notch bisector line
(i.e. along 0 = 0°). Therefore, in order to compute the
NSIFs for the investigated ENDB specimen, it is nec-
essary to obtain these three stress components along
the nodes located at 6 = 0° line. By performing a static
finite element analysis for each loading angle f3, the
required stress components were obtained numerically.
Following geometrical parameters were considered for
the finite element modeling of the sharp notched ENDB
specimen: D = 70 mm, B = 20 mm, ¢ = 8§ mm, 2§ =
66.5 mm and 2o = 5°. The material properties of
PMMA was also used in finite element models as v =
0.3 and £ = 2950 MPa. Figure 2 shows the finite ele-
ment model of the ENDB specimen and a zoomed view
of the sharp notch tip. The model was created by means
0f 65000 solid C3D20 elements in the ABAQUS code,
in which very fine elements were employed along the
notch front.

The variations gy, 0,4 and G, stress components
along the notch bisector have been presented in Fig. 3
for typical 3 angle of 53° and for different crack front
locations defined by z in Fig. 1. The curves in these
graphs have been normalized to the corresponding
value of stress component obtained at the midsection
(i.e. z=D/2) and at »=0. It is seen from this figure
that the notch tip stress field depends noticeably on
the front location and in general a complex 3D stress
state is seen at the tip of notch. But as one moves along
the ligament, most of the stress components tends to-
wards zero. Figure 4 shows the results of modes I, 11
and III NSIFs along the crack front computed from
Egs. (6) to (8) for different crack inclination angles.
The presented results have been normalized by divid-

Fig. 2. Finite element model of the ENDB specimen and a
zoomed view of notch tip.
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Fig. 3. Variations of stress components along the notch line
and for different through thickness locations (z = D/2 (1),

3D/4(2), D (3)).
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ing the NSIFs to the K, at 0° (i.e. the value of K
component at the midsection and 3 = 0°). According
to this figure, in general, three-dimensional effects are
observed for the distribution of NSIFs along the notch
front. By ignoring the unreliable results for the corner
edges of the specimen due to edge effects (i.e. typi-
cally for z <7 mm and z > 63 mm), it is seen that the
mode [ and mode I1I NSIFs increase gradually by mov-
ing towards the midsection but mode II component (i.e.
KIY ) tends to zero. Thus, at the midsection of speci-
men (i.e. z = 35 mm), both KIV and KI\I/I components
become maximum but K} is zero for any crack incli-
nation angle . In other words, although both modes 11
and III shear components are always coupled in a
cracked or notched specimen [31-33], but the value of
mode II component becomes negligible in the midsec-
tion zone of the ENDB specimen. Therefore, the ENDB
specimen at the onset of fracture would experience
mixed mode I/III loading in this critical point (which
corresponds to the point of fracture initiation). When
B is zero, it is seen from Fig. 4a that both K] and
Ky components are zero but K is nonzero that in-
dicates the ENDB specimen is subjected to pure mode I
loading. Conversely, at a specific angle B (for instance
B = 65° in the case of ENDB of this research) which
depends on the specimen geometry and notch length,
K’ becomes zero at the midsection but Ky}, is non-
zero (Fig. 4d). This situation corresponds to pure
mode III loading. Any inclination angle between zero
and Py (i.e. pure mode III inclination angle) may in-
troduce an intermediate mode I/III mixity. As a con-
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Fig. 4. Variations of normalized notch stress intensity factors (KIV s Kl\l/ and Kl\l/l) for the investigated notched ENDB specimen
thorough the crack front. K,/Ky, (1), Ky/Kyy, (2) and Ky /Ky, (3) at 0°.
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Fig. 5. Test setup (a), typical load-displacement (b) and fracture trajectories of the ENDB specimen made of PMMA (c—e): pure

mode I (¢), mixed mode I/III (d), fracture surface (e).

clusion, the ENDB specimen can be used for produc-
ing the whole mode mixities from pure mode I to pure
mode III notch fracture modes simply by setting the
notch inclination angle 3 in appropriate value relative
to the vertical direction. In the next sections, the prac-
tical applicability of the suggested notched ENDB speci-
men is investigated via some fracture experiments on
PMMA and also theoretical studies.

4. NOTCH FRACTURE TOUGHNESS
EXPERIMENTS ON PMMA

In order to conduct the experiments, several disc
specimens with radius of 35 mm and thickness of 20 mm

PHYSICAL MESOMECHANICS Vol. 19 No.4 2016

were cut from a PMMA sheet using laser cutting ma-
chine. Then an edge notch of 8 mm depth were cut in
one side of each disc by means of a very narrow rotary
saw blade. The loading span (i.e. 25) was considered
equal to 64.75 mm. The manufactured ENDB speci-
mens were then placed inside a three-point bend fix-
ture as shown typically in Fig. 5a with different incli-
nation angles f3 (in the range of zero and 65°) and were
loaded monotonically until the fracture of specimens.
All the tested ENDB samples had linear and elastic
behavior and showed different trajectories depending
on the mode I and III mixity. Figures 5b and 5¢ show
typical load-displacement curves and fracture trajec-
tories observed for the tested ENDB specimens made
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of PMMA under mixed mode I and III. It is seen from
Fig. 5c that the pure mode I fracture path is along the
plane of initial notch, but by increasing the contribu-
tion of mode III component, fracture extends along out
of the plane of initial notch and its deviation from the
initial notch plane becomes more by moving toward
pure mode III.

The notch fracture toughness experiments were con-
ducted for six B angle of 0°, 27°, 44°, 53°, 60° and 65°
and for each angle three replicates of ENDB specimen
made of PMMA were tested. By applying the critical
fracture load (i.e. the peak load) of each specimen to
the finite element models of the ENDB specimen, the
corresponding values of polar stresses in front of the
notch was obtained from the finite element analyses.
Then, the critical values of NSIFs at the onset of frac-
ture were obtained from Egs. (6) to (8). Table 1 pre-
sents the corresponding values of critical notch stress
intensity factors for different notch inclination angles
in the investigated ENDB specimens. This table obvi-
ously reveals that the ENDB specimen is able to intro-
duce full combinations of mode I/III mixities from pure
mode I to pure mode III in PMMA when 3 changes
from zero to 65°. Mode II component was also nearly
zero in all mode mixities. By increasing f3, the value
of K} decreases and conversely Ky, increases. How-
ever, the value of critical NSIF in this specimen under
pure mode I is noticeably greater than its correspond-
ing value under pure mode III loading case. In the next
section the experimental results are predicted theoreti-
cally using an energy-based fracture criterion.

5. STRAIN ENERGY DENSITY AVERAGED
OVER A CONTROL VOLUME.
THE FRACTURE CRITERION

With the aim to assess the fracture load in notched
PMMA components, an appropriate fracture criterion

200=0 (a) 200

=
o
=

Table 1. Average of mixed mode I/III notch fracture toughness
results for the PMMA tested with ENDB specimen

Average KIV, Kl\l/, Kl\l/l,

B of P,N MPaxm"? MPaxm"? | MPaxm"?
0° | 2784.50 1.92 0 0.00
27°| 3512.75 2.00 0 0.55
44°| 6267.00 1.73 0 1.37
53°| 6856.00 1.03 0 1.31
60°| 8636.75 0.50 0 1.50
65°| 9181.25 0.00 0 1.40

is required which has to be based on the mechanical
behavior of material around the notch tip. In this sec-
tion, a criterion proposed by Lazzarin and co-authors
[21, 22] based on the strain energy density is briefly
described.

The averaged strain energy density criterion as pre-
sented in Refs. [22, 34] states that brittle failure oc-
curs when the mean value of the strain energy density
over a given control volume is equal to a critical value
W,. This critical value varies from material to mate-
rial but it does not depend on the notch geometry and
sharpness. The control volume is considered to be de-
pendent on the ultimate tensile strength o, and the
fracture toughness K, in the case of brittle or quasi-
brittle materials subjected to static loads.

The method based on the averaged SED was for-
malized and applied first to sharp (zero radius)
V-notches under mode I and mixed mode I/II loading
[21] and later extended to blunt U- and V-notches [22,
35, 36]. When dealing with cracks, the control volume
is a circle of radius R, centered at the crack tip (Fig. 6a).
Under plane strain conditions, the radius R, can be
evaluated according to the following expression:

2
RIC=(1+V)(5—SV)[&J’ (12)
4n G,
(b) 2o ©

///‘u

=

A NS
NS

Fig. 6. Control volume for crack (a), sharp V-notch (b) and blunt V-notch (c) under mixed mode I/III loading. Distance 7, =px

(m—20)/(2n—201).
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where K, is the fracture toughness, v is the Poisson
ratio, and o, is the ultimate tensile stress of a plane
specimen.

For a sharp V-notch, the critical volume becomes a
circular sector of radius R, centred at the notch tip
(Fig. 6b). When only failure data from open V-notches
are available, R, can be determined on the basis of
some relationships reported in [22], where K|, is sub-
stituted by the critical value of the notch stress intensity
factors as determined at failure from sharp V-notches.

Dealing here with sharp notches under torsion load-
ing, the control radius R;, can be estimated by means
of the following equation [31]:

1/(1-23)
e; K
R. = 3 1llc , 13
3 (\/Hv T, J (13)

where Ky, is the mode III critical notch stress inten-
sity factor and t, is the ultimate torsion strength of
the unnotched material. Moreover, ey is the param-
eter that quantifies the influence of all stresses and
strains over the control volume, and (1-2;) is the
degree of singularity of the linear elastic stress fields
[29], which depends on the notch opening angle. Va-
lues of ey and A are 0.4138 and 0.5 for the crack or
very sharp notch cases (2o = 0°).

6. SED APPROACH IN FRACTURE ANALYSIS
OF THE TESTED PMMA SPECIMENS

The fracture criterion described in the previous sec-
tion is employed here to estimate the fracture loads
obtained from the experiments conducted on the
PMMA specimens.

As originally thought for pure modes of loading
the averaged strain energy density criterion states that
failure occurs when the mean value of the strain en-
ergy density over a control volume W reaches a criti-
cal value W,, which depends on the material but not
on the notch geometry.

Under tension loads, this critical value can be de-
termined from the ultimate tensile strength o, accord-
ing to Beltrami’s expression for the unnotched material:

2
Me=2b. (14)
By using the values of 6, = 70 MPa and £ =2950 MPa,
the critical SED for the tested PMMA is W, =
0.83 MJ/m’.

Under torsion loads, this critical value can be de-
termined from the ultimate shear strength t, accord-
ing to Beltrami’s expression for the unnotched mate-
rial:
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T
=5G" (15)
By using the values of t, = 43 MPaand G = 1100 MPa,
the critical SED for the tested graphite is W; =
0.84 MJ/m?’.

In parallel, the control volume definition via the
control radius R, needs the knowledge of the mode I
and mode III critical notch stress intensity factor KI\C/
and KI\I/IC and the Poisson ratio v, see Egs. (12) and
(13). For the considered material K, and Ky;. have
been obtained from specimens weakened by sharp V-not-
ches with an opening angle 2o < 5° and a notch radius
less than 0.1 mm. A precrack was also generated with
a razor blade at the notch tip. The resulting values are
Ky = 1.92 MPaxm® and K, = 1.40 MPa x m®?
which provide the control radii R, = 0.183 mm and
R;. = 0.324 mm, under pure tension and pure torsion,
respectively.

The approach proposed here is a reminiscent of the
work by Gough and Pollard [32] who proposed a stress-
based expression able to summarize together the re-
sults obtained from bending and torsion. The criterion
was extended in terms of the local SED to V-notches
under fatigue loading in the presence of combined ten-
sion and torsion [33] and recently under static loading
[37].

In agreement with [33, 37] and extending the method
to the static case, the following elliptic expression:

n W (16)

VVlc 3¢
is obtained. In Eqgs. (14) and (15) W, and W;, are the
critical values of SED under pure tension and pure tor-
sion. For the considered graphite, W, =0.83 MJ/m?
and W, = 0. 84 MJ/m’. Each specimen reaches its
critical energy when the sum of the weighted contri-
butions of mode I and mode III is equal to 1, which
represents the complete damage of the specimen.

The values of W, and W, have, instead, to be cal-
culated as a function of the geometry and of the ap-
plied mode mixity ratio, where K; and K represent
the mode I and mode III SIF ranges, R,, and R,  are
the radii of the control volume related to mode I and
mode Il loadings, while e, and e; are equal to 0.11861
and 0.4138, respectively.

The detailed calculations employing this second cri-
terion are reported in Table 2. The square root of the
left-hand side term of Eq. (16), which is, in fact, pro-
portional to the critical load, is given in the last co-
lumn of this table.

W3c
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Table 2. Experimental results. Overview of the data by using the proposed SED method

M W, MJ/m’ Wy, MJ/m’ W/ Wie + W3 /W5 7, [ + W5 /W)
0.00 0.83 0.00 1.00 1.00
0.00 0.89 0.00 1.07 1.03
0.00 0.94 0.00 1.14 1.07
0.00 0.91 0.00 1.09 1.05
0.19 0.66 0.12 0.94 0.97
0.19 0.73 0.13 1.04 1.02
0.19 0.81 0.15 1.15 1.07
0.19 0.71 0.13 1.01 1.00
0.48 0.33 0.57 1.07 1.04
0.48 0.35 0.62 1.15 1.07
0.48 0.38 0.66 1.23 1.11
0.48 0.36 0.63 1.18 1.09
0.51 0.37 0.75 1.33 1.16
0.51 0.39 0.80 1.41 1.19
0.51 0.41 0.84 1.49 1.22
0.51 0.38 0.77 1.37 1.17
0.78 0.06 0.93 1.17 1.08
0.78 0.06 0.93 1.17 1.08
0.78 0.06 0.96 1.20 1.10
0.78 0.06 0.95 1.19 1.09
1.00 0.00 0.92 1.08 1.04
1.00 0.00 0.94 1.10 1.05
1.00 0.00 0.97 1.14 1.07
1.00 0.00 0.95 1.12 1.06

A synthesis in terms of the square root value of the
considered parameter, that is the sum of the weighted
energy contributions related to mode I and mode 111
loading, is shown in Fig. 7 as a function of the mode
mixity parameter M = 2/marctan(K;;/K;). Many of

2.0
Q
21.6
=
1.2 - Bs .
+ O
0.8
% ]
< 0.41
0.0
0.0 0.2 0.4 0.6 0.8 1.0

Mode mixity ratio M

Fig. 7. Synthesis based on SED of the PMMA results from
combined tension and torsion tests.

the results are inside a scatter band ranging from 0.9
to 1.1 with only few exceptions.

The fracture models proposed in this paper can be
used for predicting the onset of brittle fracture in
notched PMMA components which are subjected to a
combination of tension and torsion loading.

7. CONCLUSIONS

Pure mode I, pure mode III and different interme-
diate mode I/III mixities fracture toughness values of
commercial PMMA material were obtained experimen-
tally using sharp notched ENDB specimens.

The proposed ENDB specimen in this research was
capable of introducing the complete mixed mode I/I11
cases simply by changing the crack inclination angle
relative to three-point bend rollers.

Although the fracture load of ENDB specimens
made of PMMA was increased by moving from mode I

PHYSICAL MESOMECHANICS Vol.19 No.4 2016
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to mode III loading condition, the average mode I frac-
ture toughness of tested specimen was about 30%
greater than K. value.

Mixed mode I/IIl PMMA notch fracture toughness
data were predicted successfully using the SED frac-
ture criterion.

The SED approach has been found very suitable to
summarize all the data in a narrow scatterband.
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