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."!".)�(/$�#"1!�1".)�"3�.0 �# ��!".)�# !.�&���"1�- &! "# $�(1

.0 �2&($" /.��3�(�1!(�(&�-�. /."(���	0 �1�!(�� $��� %1!0
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%)�,(9"/2�'1 ��3�(�& -& 1 /.(."�/��3�.0 �3" �$1�"/�. &,1��3

!�,-� 6�!��&$"/(. 1��= 1"$ 1�(�& $'!."�/��3�$"33 & /."(�

�&$ &�.0 �3�&,'�(."�/��3�"/. 2&(. $��(#" &��.�9 1� 7'(
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�!0��� � .�(���?�@�$ # ��- $�(/�"/. 2&(."�/�-&�! $'& 

3�&�.0 �!(1 ��3�.5�$", /1"�/(��"/!�,-& 11"%� �#"1!�'1

3��5�%)�,(9"/2�'1 ��3�(�& -& 1 /.(."�/��3�.0 �3" �$1�"/�. &,1

�3�!�,-� 6�!��&$"/(. 1����&�!�/# /" /! �.0 � 11 /."(�1

�3�.0 �, .0�$���2)�(& �& #" 5 $�% ��5�

�����,���"�6=#�'����

�/�.5�$", /1"�/1*�.0 ��(#" &��.�9 1� 7'(."�/1�(/$

.0 �!�/."/'".)� 7'(."�/�2�# &/"/2�(�1. ($)�(/$�"/!�,

-& 11"%� �3��5*�(11',"/2�.0(.�.0 � 6. &/(��3�&! ��/�.0 

3�'"$�"1�!�/1 &#(."# �5".0�(�2"# /�-�. /."(�� / &2)�$ /

1".)�1F+*��G*�(& 8

*� 1ρ ⋅ ∇ = −∇ + η∆ − ∇� � � F�G

�∇ ⋅ =� ��&�$"#���H��* F�G

50 & ���$ /�. 1�.0 �# ��!".)�3" �$�(/$���.0 �-& 11'& 

3" �$���!0��� � .�(���?�@�10�5�.0(.�(�!�,-� 6�#(&"(%� 

.&(/13�&,(."�/���8H�+�I���*� 8 + ��ξ = − ��3�.0 �(%�# �3" �$

 7'(."�/1*�.�2 .0 &�5".0�.0 �"/.&�$'!."�/��3�(�!�,-� 6

# ��!".)�3" �$� 8 *+ �# # �#= + �)" �$1�.0 � 7'"#(� /.�3�&,'

�(."�/�8

� �

� *
� �

## # #
� 1

 ∂ ∂ ∂ + ρ + + ρ = η    ∂ξ ∂ξ ∂ξ∂ξ   
F�G

� �*
# ∂ = ∂ξ 

F�G

50 & �� �$ /�. 1�.0 �& (��-(&.��3�.0 �1'%1 7' /.�!�,-� 6

 6-& 11"�/����5�.0 �"/.&�$'!."�/��3�(�1!(�(&�& (�#(�' $

-�. /."(��Φ�1(."13)"/2

�

� *
�

##
� 1

∂ Φ+ ρ + =
∂ξ∂ξ

F<G

(���51�3�&�.0 �"/. 2&(."�/��3�F�G�5".0�& 1- !.�.���*�2"#"/28
� �

�
� �*

�

# #∂ ∂ Φρ − η + =
∂ξ ∂ξ

FCG

� ��
# ∂ = ∂ξ 

F�G

��. *�.0 �& 1'�."/2� 7'(."�/1�!�/.("/�3"&1.��&$ &�$ &"#(

."# 1��/�)��3�# ��!".)�"/�!�/.&(1.�.��.0 ��&"2"/(���(#" &�

�.�9 1� 7'(."�/�F�G�(/$�.0 �!�&& 1-�/$"/2�.5�$", /

1"�/(��1.& (,3'/!."�/�# &1"�/�"/�2 / &(��!�/.("/1�1 !�/$

�&$ &�$ &"#(."# 1��/�)*�50 & (1�.0 �!�(11"!(��1.& (,3'/!

."�/�3�&,'�(."�/�& 1'�.1�"/�(�3�&.0��&$ &� 7'(."�/�

��& (��& -& 1 /.(."�/��3�.0 �!�,-� 6�1)1. ,�FCG*�F�G�"/

. /1�&�/�.(."�/�& ($18

� �

�
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> �>� /
�> � > / /

> � /

�>

� > / /

## #
# # # #

+ + +

+ + + +

 ∂ δ ∂ ∂η + − δ − ρ −   ∂ ∂ ∂    
 δ∂ Φ ∂ Φ= − 
∂ ∂ ∂ ∂  

FJG

.�2 .0 &�5".0

�*/

/

#

+

∂ =
∂ �

�

*
�

/ /
/ /

� # # 1
+ +

ρ ∂ Φ+ + =
∂ ∂

F;G

"/�50"!0�.0 �
"/1. "/�1',,(."�/�!�/# /."�/�"1�'1 $��	0 

1 !�/$� 7'(."�/�"/�F;G�"1��/�)�& � #(/.�"/�(--�"!(."�/1

50 & �.0 �& !�# &)��3�-& 11'& �"1��3�"/. & 1.D�.0 �-& 11'& 

!(/� (1"�)�% �!�,-'. $�1'%1 7' /.�)�

�����?�#�"�)��7��"�'����

��,,�/�%�'/$(&)�!�/$"."�/1�1'!0�(1�/�1�"-��&�- &"

�$"!�!�/$"."�/1�!(/�% �'1 $�$"& !.�)�"/�!�// !."�/�5".0

 7'(."�/1�FJG*�F;G���/�.0 1 �!(1 1�K'1.�.0 �# ��!".)�!�,-�

/ /.1�(& �!�/1.&("/ $�(.�.0 �%�'/$(&)*�50 & (1�.0 �-�. /

."(��#(&"(%� �& ,("/1�'/!�/1.&("/ $��E0"� �3&  �1'&3(! 

%�'/$(&)�!�/$"."�/1�(& �,�& �-&�%� ,(."!�.0 )�!(/�% 

1",-�"3" $�1'%1.(/."(��)�(1�10�5/�"/�.0 �3����5"/2��� /

! 3�&.0�(�1",-�)�!�// !. $�$�,("/�5".0�(�3&  �1'&3(! 

+LH�+F�G�"1�!�/1"$ & $*�"/�50"!0�.0 �3&  �1'&3(! �"1�(11',

 $�.��% �-(&(, .&"M $�5".0�& 1- !.�.��(&!�� /2.0�����'&

.0 &,�& �/�&,(��(/$�.(/2 /."(��'/".�# !.�&1�(!!�&$"/2�.�

F G F G F G� �> > >� � ' � + �′ε = = F��G

(& �$ 3"/ $�(��/2�.0 �3&  �1'&3(! *�50 & � �>ε �$ /�. 1�.0 

� #"�"#".(�1),%�����/�.5��$", /1"�/1�.0 �1'&3(! �10(- 

"1�$ . &,"/ $�%)��/ �9"/ ,(."!�(/$�.5��$)/(,"!�%�'/$

(&)�!�/$"."�/1��	0 ��(.. &

�

F G

F G

$
F G *

$

/ /

>�
�>

> �
+ + �

�
>

##
� �

+ +

'
� �

�

=

  ∂∂− δ + η +   ∂ ∂   

× = σ F��G

5".0����/�.0 �&"20.0(/$�1"$ �$ /�."/2�.0 �1'&3(! �. /
1"�/*�"/$"& !.�)�"/.&�$'! �.0 �-& 11'& �(1�(/�'/$ 1"& $

3'&.0 &�#(&"(%� �"/.��.0 �1��'."�/�-&�! 11���!0��� � .�(��

?�@�3�'/$�(/� � 2(/.�& , $)�3�&�.0"1�%)��%.("/"/2�(/�"/. 

2&(��3�&,'�(."�/�3�&�.0 �%�'/$(&)�!�/$"."�/�& # (�"/2

����. �.0(.�"/�!�/.&(1.�.��?�@�.0 �1.(/$(&$�!�,-� 6�#(&"(%� �.&(/13�&

,(."�/�"1�'1 $�0 & �� ($"/2�.��1�"20.�)�$"33 & /.� 7'(."�/1�
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F��G�.��% �(�-'& �!�/$"."�/��/�.0 �-�. /."(��2&($" /.*�/(

, �)8

[ ]
�

F G

F G
�

�
F F GG F G F G F G $ �

�

/ /

�> �
> + + �

�

/ � �
�

' �
+

1 + � � � � ' � �

=

 ∂Φ σε =  ∂ 

′− + σ∫ � � � � � F��G

� & �.0 �"/. 2&(���",".� �� �!(/�% �!0�1 /�(&%".&(&"�)���/

.0"1�!�/. 6.�".�"1�"/. & 1."/2�.��/�. �.0(.�"/�.0 �.5�$", /

1"�/(��1.& (,3'/!."�/�3�&,'�(."�/�.0 �-�. /."(��%�'/$(&)

!�/$"."�/1��/�.0 �3&  �1'&3(! 

�F G�∇Φ = , F��G

& -& 1 /.�(�/(.'&(��!�'/. &-(&.�.��.0 �1.& (,3'/!."�/�!�/

$"."�/1��/�.0 �1��"$�5(��

� F G��∇Ψ = , F��G

�3�!�'&1 *�9/�5� $2 ��3�.0 �-�. /."(��2&($" /.��/�.0 

3&  �1'&3(! �3'&.0 &�(���51�.0 �$ &"#(."�/��3�4"&"!0� .�(/$

� ',(//�%�'/$(&)�!�/$"."�/1�3�&�.0 �-�. /."(��#(&"(%� 

"/�(�1",-�)�!�// !. $�$�,("/�"3�Φ�"1�1- !"3" $�(.�(�1"/2� 

-�"/.��=)�.(9"/2�.0 �"// &�-&�$'!.��3�F��G�5".0� *�' �".1�.(/

2 /."(��!�,-�/ /.�.(9 1�.0 �3�&,8

[ ]
�

F G

F G

F G
F F GG F G F G F G $ *

� �

/ /

�
� + + �

�
�

/ � �
�

� �
+

' �
1 + � � � � ' � �

=

 ∂Φ
 ∂ 

σ ′= − + σ∫ � � � � �
�����
F�<G

50"!0�"1�(�� ',(//�%�'/$(&)�!�/$"."�/�3�&�.0 �-�. /."(�

Φ���/�.0 ��.0 &�0(/$*�'1"/2�F��G�.0 �"// &�-&�$'!.��3�F��G

5".0� �� �� ($1�.��.0 �!�&& 1-�/$"/2�/�&,(��!�,-�/ /.8

�

F G

$
F G F F GG

$

F G
F G$ *

�

/ /

� /
� + + �

�
>� >

�
�

' � + �
+ �

' �
3 � �

=

 ∂Φ = Φ ∂ 
ε

= ∫ � � F�CG

F G F F GG F G F G F G*� / � �3 � 1 + � � � � ' �′= + σ F��G

5".0�(�.�.(��$ &"#(."# �"/�F�CG��	0'1*�'1"/2�F�CG*�F��G�(/$

-(&."(�� "/. 2&(."�/*�(/� "/. 2&(. $�3�&,��3�(�4"&"!0� .

%�'/$(&)� !�/$"."�/� 3�&� .0 � -�. /."(��Φ� !(/� % � !�/

1.&'!. $8

� �

�F F GG F F GG

F G F G$ $ *
�

/ /

� �
>�

> �
� �

+ � + �

+ � 3 � � �

Φ − Φ
ε

′= ∫ ∫� � F�JG

�

�

�F F GG F F GG F G F G$
�

F G F G$ *
�

�
>�

/ / > �
�

�
>�

> �
�

+ � + � + � 3 � �

+ � 3 � �

ε
Φ − Φ =

ε
−

∫

∫

� �

� � � F�;G

[ ]
�

�F F GG F F GG

�
F F GG F G

�

F G F G F G$ �

/ /

�

/ �> �>

�

� � >

+ � + �
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