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Abstract—A waveguide occupies a domain G with several cylindrical ends. The waveguide is described by a
nonstationary equation of the form id, f = sif, where o is a selfadjoint second order elliptic operator with
variable coefficients (in particular, for &§ = —A, where A stands for the Laplace operator, the equation coin-
cides with the Schrodinger equation). For the corresponding stationary problem with spectral parameter, we
define continuous spectrum eigenfunctions and a scattering matrix. The limiting absorption principle pro-
vides expansion in the continuous spectrum eigenfunctions. We also calculate wave operators and prove their
completeness. Then we define a scattering operator and describe its connections with the scattering matrix.
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1. WAVEGUIDE AND OPERATORS

Let G be a domain in R? coinciding outside a large
ball with the union of finitely many mutually disjoint

semicylinders IT? = {(y,2): ye Q. ze R,}, ¢ = 1,

2, ..., J; the boundary 0G is smooth. We consider ini-
tial boundary value problem

i0,¥(x,1) = A(x,D,)¥(x,t), xeG,
Y(x,/)=0, xe€dG, WY(x0)=W¥,(x), xeg,
d
where  sl(x,D,) = ) Dja,(x)D, +ay(x),  and

=1
D, = —id/dx ;. We assume that the matrix a(-) with entries

a,()e C'(G) s that s
(a(x)E,E) > ¢(E,E) for & e C, where ¢ > 0, and (-,-) is

the inner product in Cd;ao(-) e C'(G) is a real func-
tion. Moreover, for a certain 8 > 0 in every cylindrical

positive  definite,

end G NTI1? there are fulfilled the stabilisation condi-
tions

la,,(3,2) = @, +IV(a;, (5, 2) - af, ()] = 0™,
7 —> +oo (1)
lay (7, 2) — al (V)| +|V(ay(y, 2) — al(¥))| = O™,
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here (y, z) are local coordinates in G N I1?. The oper-
ator A in L,(G), given by the differential expression

A(x,D,) on the domain F(A) = H*(G) N Hy(G), is

selfadjoint, where, as it usually is, Hz(G) and H(;(G)
are Sobolev spaces.

2. POINT AND CONTINUOUS SPECTRA

A number | is called an eigenvalue (belongs to the
point spectrum G,(4)), if there exists a solution

u € %(A) of the equation Au = uu; such a solution is
called an eigenfunction. The eigenvalues of the opera-
tor A are of finite multiplicities and can not accumu-
late at finite distance.

A number U is said to be in the continuous spec-
trum 6,.(A), if the image of operator 4 — L is non-
closed in L,(G). This is the case if and only if there
exists a solution u ¢ L,(G) of the problem

A(x, D u(x) — pu(x) = 0,
ux)=0, xedG,

xeq,

(2)

with |u(x)| < C(x|+1)", N < o (see [1]). Such a solu-
tion is called a continuous spectrum eigenfunction.
For all 1, except a set of isolated values, the continu-
ous spectrum eigenfunctions are bounded. These iso-
lated values are called thresholds and accumulate at
+o0 only. The semiaxis [T,,+e0) coincides with the con-
tinuous spectrum of A4; here t, > 0 is the minimal
threshold. Denote by €.(t) the linear hull of the con-
tinuous spectrum eigenfunctions corresponding to L;
dim €.(u) < e forall u. Ifa number U is not an eigen-
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value, then »(1) := dim€,(l) is called the continuous
spectrum multiplicity at p. If p belongs to the contin-
uous spectrum and is an eigenvalue, we set ®(W) =
dim(€,(uw)/€ ), where €.(W)/€,(w) is a factor-
space and ‘€ () stands for the subspace of eigenfunc-

tions corresponding to p. The function p — »(U)
remains constant between neighboring thresholds.

3. WAVES. CONTINUOUS SPECTRUM
EIGENFUNCTIONS. SCATTERING MATRIX

In every cylinder I1? = Q' xR, ¢g=1,...,9, we

consider a problem (2) changing a;,(y,z) for af,(y).
For this model problem, we look for solutions of the
form (y, z) > exp(iAz)@(y) with real A. On the interval
ne (1,7") between neighbouring thresholds 7,7"
there exist finitely many linearly independent solu-
tions

u;(n, W) = N7 exp(d;Wa)e;nw,  3)

where ye Q7, ze R, and j =1,...,%x". The functions
U N;’r(u),kf(u),(pf(-, W) are analytic on the interval
e (t,7") and F(A7)'(W) > 0 (see [7, Subsect. 2.5]).
The energy flux of u; (u; ) through the cross-section
Q7 in the direction of z-axis is negative (positive).
Therefore the wave uf (u; ) is called incoming from oo

(outgoing to +oo). The coefficient N;fr(u) is chosen so
that the density of flux is equal to unit for every wave.

Let us turn to problem (2) in the domain G . On the
interval (7',7"") between neighbouring thresholds 1" and
7" there exists the basis in the space of continuous spec-
trum eigenfunctions € .(1)/€ ,(1) consisting of analytic

functions L > Y;'(-, W, j =1,...,% with asymptotics

Y @) = uCe )+ D S0 () + 0™,
=1
j=1,...,%

as |x| — oo. Here oo = o) > 0 is a sufficiently small
number, which is restricted by the rate of stabilization
of coefficients (o0 < & in (1)) and the distance from p
to athreshold; for any interval [u', W] < (T',7"") one can

chose a independent of W. The u}r and u; denote the
incoming and outgoing waves introduced in the cylin-

ders Hl,...,HT and numbered by a through index j =
1L, .., %, x= % +...+ %’ . We also assume that every
of these waves is given by (3) in IT? for some ¢ and van-

ishes in I/, for r # q.
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The matrix S(u) = [|S;(w)| is unitary; it is called
the scattering matrix. The matrix-valued function
U S(u) is defined on the continuous spectrum
except the thresholds; it is analytic on every interval
between neighbouring thresholds.

4. LIMITING ABSORPTION PRINCIPLE.
SPECTRAL MEASURE

Denote by p,, a smooth positive function in G that

coincides with ¢**! in every cylindrical end; here ¢, is
the number in (4), independent of L. We introduce the

space L, (G) ={f : pof € L,(G)}. Let R(W) be the
resolvent (A — u)_l , 0.(A) is the continuous spectrum,

#€ . the continuous subspace of 4 (i.e., the orthocom-

plement in L,(G) to the linear hull of the eigenvectors
of the operator A), E(x) is the spectral projection.

Lemma 1. Forany f € L, ,(G) " ¥ . and | € 6.(A)
different from the thresholds, there exist the limits
R( £ i0) f while

w e
R +i0)f(x) = D cf (W] (x;1) + O(e ™), )
J=1
X| = oo,
and the coefficients in the asympftotics satisfy
(W =Fi(f,Y)), (6)

%)
- _ * y o+
where Y, = E Sy Y, . Moreover,
k=1

RQ+i0)f - RW—10)f == ¢/ Y, (.. (7)
J=1

Proof. Let us explain the main idea. The right-
hand side in (5) gives intrinsic radiation conditions.
The statement of problem

A(x, Dou(x) — pu(x) = f(x),
ux)=0, xedG,

x € G,

®)

with such radiation conditions was justified in [1]. The

solutions u¥(x; ) admit analytic continuation into a
complex neighborhood of 1 [2]. By virtue of (3), the

functions uf(x;u + j¢e) are exponentially decreasing as
€ > 0 and |x| — oo. Therefore the solutions u™(x;p +

ie) belong to L,(G) and coincide with R(u *ig). It
remains to verify (7) for large |x|. O

Lemma 2. Let the interval |W',\"] C 6.(A) be free
from the thresholds, |W',)\''] D X an arbitrary interval,
and f,g € L, ,(G) " ¥ .. Then
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(EX0f,8) = - j Z(f O odn  ©)

and the measure X — (E(X)f,g) is absolutely contin-
uous.

Proof. According to the Stone formula,

(EQOf,8) = 2= [ (R@+10)f = R = i0)f, g)d.
21 s,

Taking into account (7) and (6), we obtain (9). It fol-

lows that the measure X +— (E(X)f,g) is absolutely
continuous. Indeed, equality (9) extends to arbitrary
Borel sets X c [u',u"] and for such X leads to the esti-

mate |(E(X)f,g) < dX|, where the constant

¢=_= sup Zl(f (), g)

2 Tuelp ' 15=t

is finite due to analyticity of the functions L > Yj+(-, L)
and independent of X.

Corollary 1. The absolutely continuous spectrum
G,.(A) of A coincides with [T, +o0), while the singu-
larly continuous spectrum is absent.

5. THE SPECTRAL REPRESENTATION
OF THE OPERATOR 4

Let {t j};;, be the thresholds of the operator 4 in G
numbered in order of increasing, »; the multiplicity of

. . %
continuous spectrum on (T;,7;,,), While {¥; },Z, and

{Yi 17, the bases of the continuous spectrum eigen-
functions. For f e L, ,(G) N, and ue (1,,7;,,) we
introduce the column vector

(@ )W) = J%c{(f, ViGN

The function . > (@ f )(W) is given on 6,,.(A4), except
the thresholds. We denote by f the Hilbert space of

vector-functions g e @ L,((t;,7,,,);C") with inner
Pt
product

oo Tj4l LI

S [ S gy

Jj=l 1, k=l

(8, )y =

By definition, the absolutely continuous subspace
€, of the operator A consists of such elements

f € ¥ that the function (L > (E(—oo, ) f, f) is abso-
lIutely continuous. According to Colollary 1, we have

7€ ,. = ¥ .. Let us denote by P, the orthogonal projec-
tion on ¥,
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Lemma 3. Forany f,ge L, ,(G)N I,
the equality

there holds

(@ f, ")y = (f+&) 1,61

Proof. Let 1, and 71, be some neighbouring

thresholds. Since the function W — (E(t,,W)f, f) is
absolutely continuous, its derivative is summable on

the interval (7, 7;,,). From (9) with g = fit follows that

—(E(rl,mf f)= —Zl(f, VG

The summablhty of the left-hand side on (7,,7;,)

means that the function i — (f, Yj; (,W)) can have at
the thresholds a square integrable singularity only.

In (9) we put X = (1,,7,,,) and sum the obtained
equalities over j from 1 to J. We have

J Tl ny
(E(.1,.0)f.8) = Zj > (YW g
= T, k=1
Since E(T),4)P, = P,. and f,ge€ ¥ ., there exists

the limit as J — oo:
(f.8) = %tZ j Z(f, Y)W, )di = (@ f,0"g),.

The maps @ can be extended by continuity to the
whole subspace ¥ ,.. Since the continuous spectrum

eigenfunctions Y;,f are orthogonal to any eigenfunc-

tion, the ®* are defined on % »» While CI)i|%p =0.
Lemma 4. There hold the relations

@ " =P, O(@) =1 DA=ud"

6. WAVE OPERATOR.
SCATTERING OPERATOR

Let Gj € G NI have a smooth boundary and
coincide with G N T1? at sufficiently large distance.
Set G, := U, Gy . Let A, be the operator in L,(G,) given
by the differential expression s4(x, D,) on the domain
W(A4) = H 2(GO) ) Hé(GO); in what follows, 4, plays
the role of nonperturbed operator. The sets of thresh-

olds, multiplicities of continuous spectra, and the sets
of incoming and outgoing waves coincide for the

waveguides G and G,. We denote by Yof-k the continu-
ous spectrum eigenfunctions in the waveguide G, and

by ¢>§ the corresponding spectral transforms.
Let ¢ be a smooth cut-off function in G;, equal to
1 for |x| > #, and to zero for |x| < #, — 1, where ¢, is a suf-
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ficiently large positive number. The identification
operator J : L,(G,) — L,(G) acts as the composition
of multiplication by ¥ and extension by zero to G. The

wave operators W* are defined by W*f :=

iAOrf.

. iAt y —
lim, .. e""Je

Theorem 1. There  holds  the

Wof = (@i,
Let us calculate the scattering operator:

equality

S=W VW = (@ 0D )D; = (Py)*S'D;
here we take into account the relations (@ f)(u) =

S‘ W@ f)(w) and O(@)y* = [ Note that

S'() = S(u) provided the coefficients of #(x, D,) are
real. Since

co Tjrl %

@ = 2 | D Yol g G,

=g, k=l

the operator S is the integral one with kernel

Glx,y) =

j=1

N —_—

S (WY i (x, H)YOJ;'/ (y,Wdu.
1=

a

Tirl %;
k.l
J

From Lemma 4 it follows that the wave operators are
complete and the scattering operator is unitary on the
absolutely continuous subspace of the operator A,
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7. BIBLIOGRAPHIC REMARKS

The papers by Lyford [3, 4] are devoted to scatter-
ing theory for wave equation in waveguides with sev-
eral cylindrical ends. A gap in Lyfords arguments was
indicated and corrected in [5]. We develop another
approach to the spectral analysis of the stationary
problem in the waveguide without using the specifics
of the Laplacian and the methods of perturbation the-
ory, in particular the Lippmann—Schwinger equation.
This allows us to consider operators with variable coef-
ficients.
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