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Abstract—In this work, a crystal chemical analysis of the known experimentally deciphered crystal structures
of tetrahedrite group minerals was carried out in order to reveal the relationships between the occupancies of
anion crystallographic sites in the structures, their effective sizes and unit cell parameters. To achieve this
aim, we analyzed the effective sizes of the 24g and 2a anion sites in 68 deciphered crystal structures of tetra-
hedrite group minerals according to the published data. The analysis was carried out using the TOPOSPro
software package by partitioning the space into Voronoi–Dirichlet polyhedra (VDP). It has been shown the-
oretically for the first time that the content of a large sulfur ion and its deficiency affect the unit cell parameter.
A linear correlation between the VDP volume of the anionic site of S2– (24g) and the unit cell parameter in
minerals of the tetrahedrite group was established, which shows that the anionic substructure dictates the
structural motif in this class of compounds. It was found that the change in the VDP volumes of sulfur anions
is associated with different occupancies of anionic sites. It is found that the formula (unit cell) of the com-
pound contains fewer than 13 sulfur ions in almost all deciphered crystal structures of tetrahedrite group min-
erals. It was concluded that the calculated VDP volume of the 24g anionic position  less than 22 Å3 indicates
a significant deficit in the anionic substructure. It was shown that, using information about the VDP volumes
of all anionic and cationic sites in the structure, it is possible to predict the unit cell parameters of minerals
of the tetrahedrite group with an accuracy of 0.01 Å.
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INTRODUCTION

Minerals of the tetrahedrite group (fahlore) that
belong to the cubic syngony with the general structural
formula A (B4C2) D Y Z, where A =
Cu+, Ag+,  (vacancy), and (Ag6)4+ clusters; B = Cu+

and Ag+; C = Zn2+, Fe2+, Hg2+, Cd2+, Mn2+, Cu2+,
Cu+, and Fe3+; D = Sb3+, As3+, Bi3+, and Te4+; Y = S2–

and Se2–; Z =S2–, Se2–, and  (vacancy), are the most
common sulfosalts found in many hydrothermal
deposits [1]. As is seen from the formula, the charac-
teristic feature of the minerals in this group is the realiza-
tion of various substitutions of isovalent and heterovalent
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isomorphisms, which complicates their elemental analy-
sis and assessment of the contribution made by each
component to the value of the unit cell parameter.
Furthermore, fahlores were found to have large varia-
tions in the ratios of ΣMe : S, ΣMe : ΣSemiMe, and
ΣMe+ : ΣMe++ and showed deviations from the stoi-
chiometric ratios in the idealized formula, which was
detected in both natural and synthetic fahlores [2].
For instance, the generalized empirical formula for
the fahlore from the Darasun deposit according to
459 electron probe microanalyses (EPMA) is
Me Me SemiМе(3.42–4.41)(S, Se)(12.38–13.47)
[3]. As is seen from the formula, the coefficients of the
elements vary within one atom per formula, exceeding
the analytical uncertainty of the method for determin-
ing the chemical composition of the mineral. How-
ever, the variations in the ranges of the above ratios in
natural fahlore and their synthetic analogs differ: the
variations in natural fahlores are somewhat shifted
towards a higher sulfur concentration (or a lower metal
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content) [2, 4, 5]. Taking into account the possible
nonstoichiometry of fahlore, it is necessary to identify
the correlation between it and its crystal structural
parameters, which will enable us to interpret the
experimental data on the chemical composition and
powder diffraction more qualitatively.

In order to consider the whole variety of the chem-
ical variability and atomic sites in the unit cell of
fahlore, the Commission on New Minerals Nomen-
clature and Classification of the International Miner-
alogical Association (IMA-CNMNC) proposed a new
nomenclature [1]. Today, the official IMA-CNMNC
list of mineral names of the tetrahedrite group
includes ten subgroups (series) under the name of
minerals in the group for tetrahedrite, in which
45 mineral species (hypothetical endmembers), of
which 40 are approved and 5 are predicted, but not yet
found in nature and require official approval by the IMA-
CNMNC (https://www.mindat.org/min-29338.html).
Subgroups are separated by the dominant (>50%)
chemical element in positions A, B, D, and Y, while
the names of mineral species are given by the domi-
nant chemical element in positions C and Z (compo-
nent C indicates the charge-compensating constituent
and is added after the root name of the group by a
hyphen in parentheses; if there is a vacancy in position
Z, the prefix “keno-” is added to the name of the min-
eral species).

The parameters of the unit cell of the tetrahedrite
group minerals depend strongly on the chemical com-
position [2]. It was found that the parameter of the
unit cell decreases from 10.32 to 10.19 Å at a decrease
in the Sb content and a simultaneous increase in the
As content. The most common isomorphic divalent
metals, Zn and Fe, which have similar ionic radii,
have the same effect on the fahlore cell: they slightly
expand it (by 0.031 Å per atom of Zn(Fe) in the for-
mula). The inclusion of the large Hg cation increases
the size of the unit cell in direct proportion. The Bi
content in fahlore also increases the size of its unit cell,
whereas the Te content reduces it slightly. At an
increase in the Ag content, the fahlore structure shows
two trends: (1) the unit cell parameters increase lin-
early from 10.3 to 11.0 Å; (2) the unit cell parameters
increase from 10.3 to 10.6 Å (until the concentration
reaches approximately four atoms1 per formula unit)
and then decrease to 10.4 Å, which is related to the for-
mation of (Ag6)4+ clusters [1].

Attempts were made to identify the quantitative
relationship between the unit cell parameter, the com-
position, and nonstoichiometry of fahlore [2, 4, 6]. To
derive equations connecting these values, the authors
took into account the influence of the As, Fe, Zn, Hg,
and Ag cations and the ΣMe : S ratio on the parameter

1 According to the data of Mozgovaya and Tsepin [2], the inflec-
tion in the dependence of parameter a0 on the Ag content is
when the Ag content = 3.7 Ag atoms in the formula.
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a0 of pure tetrahedrite, which is equal to 10.319 Å2.
Differences were found in the influence of nonstoichi-
ometry (ΣMe:S) of fahlore on its unit cell parameter:
for synthetic fahlores, the contribution of nonstoichi-
ometry to the parameter a0 was significant (0.027 and
0.075) [4, 6], while for natural fahlores, this contribu-
tion was unappreciable (0.007) [2].

Despite the variety of works aimed at detecting the
relationship between the value of the unit cell param-
eter and the main isomorphic elements in the fahlore
structure, the researchers took into account only the
cationic sites and did not consider the influence of the
anionic sites on the parameter a0.

The “long-lived” question in the crystal chemistry
of tetrahedrite is about the number of sulfur ions in its
formula/unit cell. N.V. Belov stated that tetrahedrite
formula contains twelve sulfur ions, while most
researchers believed that there were thirteen sulfur
ions in the formula [7]. The new IMA-CNMC
nomenclature and subsequent works reported that a
sulfur vacancy can appear only at the site of octahe-
drally coordinated sulfur ([1, 8–11], etc.). However,
recent studies revealed a sulfur deficit in the freibergite
series in the argentotetrahedrite–kenoargentotetrahe-
drite series: up to two or more sulfur vacancies per for-
mula unit according to the EPMA data, which is due
to the presence of vacancies in both the octahedral and
tetrahedral sites [12].

Nevertheless, in most cases, to calculate the atomic
contents of elements in the chemical formula and to
decipher the crystal structures of tetrahedrite group
minerals, a formula is used in which 13 is the total
number of anions in the Y and Z positions. However,
some experimental data on the deciphering of tetrahe-
drite crystal structures [13] demonstrate noninteger
occupancies of the anionic Y and Z positions are
almost always observed in these crystal structures.
Therefore, tools need to be developed that allow for
the correct processing and interpretation of elemental
analysis and powder diffraction data in order to estab-
lish relevant formulas of fahlore group minerals. In
this work, we conducted a crystal chemical analysis of
experimentally deciphered crystal structures of tetra-
hedrite group minerals in order to reveal the relation-
ships between the occupancy of anion crystallographic
sites in the structures, their effective sizes, and the unit
cell parameters.

2 a0 (Å) = 10.319 – 0.059KAs + 0.075(ΣMe:S) [6],
where Ki are formula coefficients of the respective elements, the
ΣMe:S ratio is the nonstoichiometry measure.
a0 (Å) = 10.319 + 0.017KFe + 0.027(ΣMe:S) [4];
a0 (Å) = 10.319 + 0.031KFe + 0.028KZn + 0.096KHg +
0.007(ΣMe:S) – 0.040KAs + “Ag” [2],
where “Ag” = KAg/(21.9-1.01KAg), when the Ag content is <3.7
atoms in the formula and “Ag” = 1/(1.66KAg – 1.28) when the
Ag concentration is >3.7 atoms in the formula.
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Fig. 1. Crystal structure of tetrahedrite: (a) with a polyhedral representation of the position of Cu2 ions and (b) with Voronoi–
Dirichlet polyhedra for the 2a and 24g positions of sulfur ions. 
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RESULTS AND DISCUSSION

In the structural type of tetrahedrite, there are two
crystallographically independent Wyckoff positions
identified in the anionic substructure, which is mostly
comprised of sulfur ions, 24g and 2a (Fig. 1а). Accord-
ing to the structural analyses of tetrahedrite group
minerals, 2a site is partially occupied in many cases,
while 24g site is fully occupied in most structural inter-
pretations. Since the large anions dictate the structural
metrics, it is logical to assume that the occupancy of
anionic sites affects the parameters of the unit cell in
the structures considered. In order to reveal the cor-
relation between the unit cell parameters and sulfur
site occupancy, the effective sizes of the 24g and 2a
anion sites (Fig. 1b) were analyzed in 68 deciphered
crystal structures based on the published data. The
analysis was conducted using the TOPOSPro software
package [14] with the Voronoi–Dirichlet polyhedra
(VDP) method of space partitioning. The VDP vol-
umes correspond to the effective volumes of ions in
crystal structures, and the radii of the spheres, the vol-
ume of which corresponds to the volume of the corre-
sponding VDP, represent the effective radii of the ions
in a particular crystallographic site. Thus, by analyzing
the VDP characteristics for the same ions in the crystal
structures, we can compare their effective sizes in dif-
ferent compounds. Figure 1a shows the crystal struc-
ture of tetrahedrite in the classical polyhedral repre-
sentation, while Fig. 1b shows VDP for sulfur anions.
The average effective radius of S2– in the 24g site
is 1.75 Å, which is quite close to the ionic radius of
S2– according to ionic radii table (1.84 Å), while the
average radius of S2– in the 2а site is significantly
smaller and equals 1.45 Å, which indicates its partial
occupancy.
DO
As a result of analyzing the VDP volumes for vari-
ous crystallographic sites in 68 experimentally deci-
phered structures of tetrahedrite group minerals, a lin-
ear correlation was found between the unit cell param-
eters and the VDP volume for the 24g anion site
(Fig. 2а): as the VDP volume increases from 17 to 22 Å3,
the unit cell parameters increase from 10.2 to 11.0 Å,
respectively. We note that no reliable correlations with
VDP volumes were found for the 2a anion site (Fig. 2b)
and the 12e, 12d, and 8c cation sites.

We assume that the size of the 24g site depends on
its occupancy by sulfur ions in the crystal structure:
the higher the sulfur occupancy, the larger the unit cell
parameter, and vice versa. Judging by the scattering of
the unit cell parameters and the volumes of the 24g
site, most tetrahedrite structures deciphered experi-
mentally contain fewer than 13 sulfur atoms in the for-
mula. However, it is currently not provable by the
available experimental data since the formula for most
structures is calculated for 13 sulfur atoms. Only in
three deciphered structures [13] did the formula con-
tain fewer than 13 sulfur atoms. We also note that it
seems impossible to construct a reliable plot of the
dependence between the cell parameter and the sulfur
content since almost all analyses are calculated for
13 sulfur atoms. However, we conclude that a 24g site
volume less than 22 Å3 indicates a sulfur deficit in the
anionic substructure and the need to normalize the
formula to a lesser amount of sulfur in the structure.

The use of a machine learning algorithm showed
that the unit cell parameters of various minerals of the
tetrahedrite group can be predicted just by using infor-
mation about the VDP volumes calculated for all crys-
tallographically inequivalent sites of anions (2a and
24g) and cations (12e, 12d, 8c) in the crystal structures.
KLADY EARTH SCIENCES  Vol. 512  Part 1  2023
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Fig. 2. Correlations of the Voronoi–Dirichlet polyhedra volumes for the (a) 24g and (b) 2a sites of S2– anions in various minerals
of the tetrahedrite group. 
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To perform such an analysis, the VDP volume data
were normalized, and weight coefficients were set in
the function depending on the VDP volumes. Built-in
tools of the Python programing language were used to
build a decision-making algorithm for successful pre-
DOKLADY EARTH SCIENCES  Vol. 512  Part 1  2023

Fig. 3. Comparison of the unit cell parameter predicted by
the machine learning model and from the experimental
data. The plot shows structures from the test set used to
evaluate the accuracy of the algorithm operation. R2 is the
coefficient of determination, MAE is the mean absolute
error, and RMSE is the root-mean-square error. 
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diction of the unit cell parameter based on the experi-
mental data. All available crystallographic data about
68 crystal structures were divided into the testing and
training sets at a ratio of 80% to 20%. The training set
was used to train the machine learning algorithm
(selection of nonlinear function criteria), and the test-
ing set was used to verify the correctness of the algo-
rithm operation. Figure 3 shows the comparison of the
experimentally determined parameters of the unit cells
of tetrahedrite group minerals of different composi-
tions (the x-axis) and the predicted values of the unit
cell parameters by an automatic algorithm with
machine learning elements (the y-axis) for the test
data set. The root-mean-square error of the algorithm
in predicting the unit cell parameter was 0.97, and the
mean absolute error was 0.01 Å. Thus, for the sample
of tetrahedrite group mineral selected particularly,
nonintegral occupancies may occur in both cationic
and anionic substructures. Consequently, the conven-
tional normalization of the fahlore formula to 13 sulfur
atoms is incorrect in most cases.

CONCLUSIONS
Based on the available crystallographic data on the

structures of the tetrahedrite group minerals and data
from the crystal chemical analysis of the Voronoi–
Dirichlet polyhedra conducted in this study, we make
the following conclusions.

(1) It was shown theoretically for the first time that
the contents of the large ion of sulfur and its deficit
affect the unit cell parameter. There is a linear correlation
between the VDP volume of the 24g site of S2– anion and
the unit cell parameter in the minerals of the tetrahe-
drite group, which indicates that the anionic substruc-
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ture dictates the structural framework in this class of
compounds. The change in the VDP volumes of sulfur
anions is associated with different occupancies of the
anion sites.

(2) In almost all deciphered crystal structures of
tetrahedrite group minerals, the formula of the com-
pound has fewer than 13 sulfur ions (from 12 to 13 atoms
per formula); i.e., there is a certain deficit in the num-
ber of sulfur ions in the unit cell.

(3) Calculation of the VDP volume of the 24g
anion site makes it possible to determine whether the
normalization of the compound formula to 13 sulfur
atoms is correct: a value less than 22 Å3 indicates a sig-
nificant deficit in the anionic substructure and the
need for recalculation of the formula.

(4) Given only the unit cell parameters of tetrahe-
drite group minerals, today it is hardly possible to
determine the number of vacancies in sulfur sites due
to the lack of correct structural interpretations with
crystallographic models taking into account noninte-
ger occupancies of anion sites.

(5) The unit cell parameters of tetrahedrite group
minerals can be predicted with an accuracy of up to
0.01 Å by using information about the VDP volumes of
all anion and cation sites in the structure.
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