
ISSN 0965-5441, Petroleum Chemistry, 2018, Vol. 58, No. 9, pp. 774–779. © Pleiades Publishing, Ltd., 2018.
Original Russian Text © A.N. Filippov, S.A. Shkirskaya, 2018, published in Membrany i Membrannye Tekhnologii, 2018, Vol. 8, No. 4, pp. 254–260.
Influence of the Electric Potential Difference
on the Diffusion Permeability of an Ion-Exchange Membrane

A. N. Filippova, * and S. A. Shkirskayab, **
aGubkin Russian State University of Oil and Gas, Moscow, 119991 Russia

bKuban State University, Krasnodar, 350040 Russia
*e-mail: filippov.a@gubkin.ru
**e-mail: shkirskaya@mail.ru

Received March 7, 2018

Abstract⎯Based on Onsager’s approach to nonequilibrium isothermal processes, the problem of correctness
of the existing experimental determination of the integral coefficient of diffusion permeability of an ion-
exchange membrane has been addressed. To this end, the well-known “fine porous membrane” model,
experimental data on the diffusion of sodium chloride through the cation-exchange membrane of MK-40
into a more dilute solution, and measured differences of the spontaneous electric potential on the membrane
have been used. It has been shown that the true values of the integral coefficient are larger than those found
experimentally according to the conventional procedure.
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INTRODUCTION
Finding the coefficients of diffusion permeability

of membranes with the matrix that contains a fixed
charge is an important part of characterization of new
composite and hybrid ion-exchange materials
obtained by modifying their properties with the use of
various organic or inorganic dopants. In [1–3], we
have theoretically explained and quantitatively
described the asymmetry of diffusion permeability
with a change in the orientation of a bilayer membrane
in a measuring cell in different symmetric 1 : 1 electro-
lytes and the proposed model has been successfully
verified using reverse-osmosis, bipolar, composite
bilayer, and modified ion-exchange membranes with a
polystyrene or a perfluorinated matrix and perfluori-
nated membranes MF-4SK surface-modified with
polyaniline. In a study [4] devoted to layered sulfon-
ated hydrophobic f luoroplastic 4SF (F-4SF) films
modified with polyaniline, it was shown that the theo-
retical approach developed in [1] also makes it possi-
ble to explain the observed symmetry of diffusion per-
meability of the resulting composite membranes. A
new model of an ion-exchange membrane charged
linearly along thickness was developed in [5], and
asymmetry of the diffusion permeability of such a
membrane was observed. It was found that the
“bilayer model” of ion-exchange membrane works
well for surface-modified membranes, and the “linear
model” is the most suitable in the case of a gradient
distribution of the fixed-charge density of a bulk-

modified membrane. We also developed a procedure
for determining the main physicochemical parameters
of bulk-modified ion-exchange membranes (diffusion
coefficients and the equilibrium ion distribution in the
membrane), which was successfully implemented
using perfluorinated monolayer MF-4SK mem-
branes, modified throughout the bulk with silica
nanoparticles [6] and platinum nanoparticles-encap-
sulated halloysite nanotubes [7–9]. Recently, this
technique has been used to describe the effects of
asymmetry in the transport properties of hybrid nano-
composites based on MF-4SK having a halloysite-
modified layer [10]. An additional tool that provides
information on the physicochemical properties of the
membrane is studying its diffusion permeability for
nonsymmetric electrolytes. The corresponding theory
and model were also developed and successfully veri-
fied in our recent work [11] using the cation-exchange
membrane of MK-40 and various asymmetric electro-
lytes. Explicit analytical solutions of the correspond-
ing boundary value problems are obtained in the case
of 1 : 2 and 2 : 1 electrolytes, which made it possible to
determine the conditions under which the concentra-
tion dependence curves of the integral diffusional per-
meability of membranes reach a maximum.

However, when studying the transport properties of
membranes, the question arises as whether the exper-
imental measurement of diffusion membrane permea-
bility has been made in a correct manner. This ques-
tion can be answered from the standpoint of thermo-
774
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Fig. 1. Schematic of the two-compartment cell for measur-
ing diffusion flux: (1) membrane, (2) stirrer, (3) compart-
ment with a feed electrolyte solution of a high concentra-
tion, (4) compartment with a solution of low concentra-
tion, (5) platinum electrodes, and (6) resistance meter.
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dynamics of nonequilibrium processes [12] by
applying the well-known Onsager approach, which
linearly relates thermodynamic forces (independent
parameters of the process) to the f luxes caused by
these forces (dependent thermodynamic parameters).

FORMULATION OF THE PROBLEM
To study nonequilibrium isothermal processes, let

us select as thermodynamic forces the pressure, elec-
tric potential, and concentration gradients

 
and  Here, h is the mem-
brane thickness and subscripts 1 and 2 refer to the left
and right sides of the membrane in the measuring cell
filled with an electrolyte solution (Fig. 1).

The thermodynamic forces can be independently
and appropriately set in an experiment. As dependent
thermodynamic parameters determined in the experi-
ment, we choose the f luxes of solvent I1 = U, mobile
charges (electric current density) I2 = I, and solute
(electrolyte diffusion flux) I3 = J. Then the phenome-
nological transport equations can be written in one of
the following forms:

(1)

Kinetic coefficients Lik can be determined using the
aforementioned differential homogeneous model of the
fine porous membrane or the heterogeneous cell model
which takes into account the heterogeneous mem-
brane structure [13]. In accordance with Onsager’s
reciprocity theorem, the matrix of kinetic coefficients
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is symmetric: Lik = Lki. In this paper we will discuss
only the calculation of the integral coefficient of mem-
brane diffusion permeability, the “true” value of
which, L33, can be found from the equation following
from relations (1):

(2)

Equation (2) means that correct measurement of
L33 is possible only in the absence of pressure and
electric potential drops across the membrane and
with a preset constant concentration difference

But how the diffusion flux through the membrane
is actually measured and the integral coefficient of dif-
fusion permeability is calculated? Many Russian
membrane research groups use the technique that has
been developed at the Physical Chemistry Depart-
ment of the Kuban State University and is detailed, for
example, in [14]. When this technique is applied, the
electric potential difference is not monitored during
the experiment, but the total current is absent in the
system, meaning violation of the conditions under
which Eq. (2) holds. Accordingly, the electric poten-
tial difference (diffusional in nature) due to the
appearance of the electromigration component of the
local electrolyte f low (with different ion diffusion
coefficients) arises across the membrane. Formally, in
accordance with the Onsager theory, in order to find
the “pure” or “true” diffusion permeability (without
electromigration), it is necessary to keep the electric
potential difference across the membrane at zero. In
this case, the diffusion current will present in the sys-
tem and the “true” diffusion permeability of the ions
will differ; i.e., there will be an additional problem:
how to determine the membrane diffusion permeabil-
ity for a given electrolyte. Thus, we deal with a histor-
ically formed ambiguity in the name of the coefficient
of integral diffusion permeability. The fact is that by
integrated diffusion transport in membrane electro-
chemistry, ion transport is traditionally meant at a
given constant external difference of electrolyte con-
centration on the membrane system in the absence of
electric current (see Eq. (5.27) in the monograph
[15]). If this case is considered in terms of Onsager’s
approach, it is easy to obtain from the system of Eqs.
(1) the following expression for the integral diffusion
permeability coefficient determined by the conven-
tional method [14]:

(3)

As can be seen from Eq. (3), the integral coefficient P
also depends on the specific electrical conductivity of
the membrane L22 and the cross kinetic coefficient L23,
which determines the diffusion potential in the sys-
tem. Since all direct kinetic coefficients must be posi-
tive, the experimentally measured values of P are
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Fig. 2. Scheme of electrolyte diffusion through the membrane. 
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always underestimated as compared to the “true” dif-
fusion membrane permeability L33. It is another mat-
ter that due to the weakness of the cross kinetic effects,

the magnitude of negative correction  in Eq. (3)

can be insignificant. Thus, following the logic, it
would be more correct to call the coefficient P electro-
diffusion permeability coefficient. Perhaps, it is for
this reason that the diffusion permeability coeffi-
cient P, introduced about 30 years ago, was called
integral. Below, we follow the recognized terminology
in the statement of the problem, since the established
and widely used method of conducting diffusion
experiments [14] is based on it.

PROBLEM STATEMENT AND ANALYSIS 
OF SOLUTION

Using the Nernst–Planck transport equations, the
quasi-stationary boundary-value problem of diffusion
of an aqueous 1 : 1 electrolyte solution with an equiv-
alent concentration C10 through a cation-exchange
membrane into a compartment with a low equivalent
concentration of the electrolyte solution C20 = C10/k
(Fig. 2) was posed and solved in our previous study [7]
for the case of electroneutrality, absence of current,
and standard boundary conditions for the ion concen-
tration jumps and electric potential differences at the
x = 0 and x = h boundaries of the membrane. In that
case, the following implicit formula was obtained for

2
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the integral diffusion permeability coefficient

(4)

where     and

 Here  is the dilution factor;

 are the ion f luxes equal to one another
because of the absence of current in the system; D+
and D− are the diffusion coefficients of ions in the
electrolyte solution at infinite dilution; δ is the diffu-

sion layer thickness (Fig. 2); and  and

 are the diffusion coefficients of elec-

trolyte molecules in dilute solution and the bulk mem-
brane, respectively. Note that the standard measure-
ment of diffusion permeability [14] suggests that water
is on the right to the membrane; so k = ∞ in that case.
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Table 1. Dependence of the coefficient P on the diffusion
layer thickness according to Eq. (4)

δ, μm 0 50 100 200 400 520 1000

P, μm2/s 13.61 13.59 13.58 13.55 13.50 13.47 13.34

Table 2. Dependence of the coefficient P on the dilution k
of NaCl solution on the right side of the MK-40 membrane
(C0 = 0.1 mol-eq/L), δ = 100 μm

k 10 100 1000 10000

P, μm2/s (Eq. (4)) 9.617 9.758 9.759 9.759

P, μm2/s (Eq. (5)) 9.595 9.738 9.740 9.740
The case of an anion-exchange membrane is
treated in a similar manner. The membrane is charac-
terized by thickness h; coefficients of diffusion Dm+,
Dm− and equilibrium distribution γ+, γ− of cations and
anions, respectively, in the membrane matrix; and the
concentration of fixed groups (exchange capacity)
(−ρ), ρ > 0 that is constant over the membrane thick-
ness. Recall that  ref lects the degree of
interaction of ions with the walls of membrane pores
(  denotes the dimensionless potentials of the inter-
action of ions with the walls of membrane pores in kBT
units, where kB is the Boltzmann constant, and T is the
absolute temperature). Let us introduce the following
notation:  the equilibrium distribution
coefficient of the ion pair in the membrane and ϕ, the
dimensionless electric potential in F/RT units (F is the
Faraday constant, R is the gas constant). If we neglect
both diffusion layers, δ = 0 (Δ = 0), then Eq. (4)
becomes explicit:

(5)

and is commonly used in preliminary calculations.

No expression for the transmembrane electric
potential Δϕ was given in [7]; meanwhile, as shown
above, it is of decisive importance for the correct mea-
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surement of diffusion permeability. Therefore, here we
fill this gap:

(6)

Table 1 lists values of the integral coefficient P calcu-
lated by exact equation (4) for k = 100 and C0 =
0.4 mol-eq/L; they show a very weak dependence of
the diffusion permeability of the MK-40 membrane
for the NaCl electrolyte on the thickness of the diffu-
sion layer over a very wide range of its variation from 0
to 1000 μm (membrane thickness is h = 520 μm, the
experimental value of permeability is P = 13.0 μm2/s,
and the value calculated according to approximate
equation (5) is Р = 13.61 μm2/s). As can be seen from
Table 1, the spread of diffusion permeability values
does not exceed 2%, which completely fits the experi-
mental error (5%). It follows from the structure of
Eq. (4) that for large values of k (which is actually the
case in experiments), diffusion permeability P
depends little on this parameter. Table 2 shows values
for the function P(k) at C0 = 0.1 mol/L, as calculated
using exact Eq. (4) and approximate Eq. (5). By
Eq. (4), we obtain P = 9.759 μm2/s for infinitely large
values of k (i.e., when there is pure water in the com-
partment to the right of the membrane).

Table 2 shows that at k ≥ 100, the results obtained
using each of the equations individually are almost
indistinguishable and differ by less than 0.5%. Actu-
ally, under the experimental conditions, the parameter
k is a weakly increasing function of time; i.e., the sys-
tem under consideration is quasi-stationary. No elec-
tric current f lows through the system, since the elec-
tric circuit is not closed; therefore, the condition
J+ = J− is supposed to be fulfilled in the mathematical
formulation.

The electric field (diffusion membrane potential)
arises as a consequence of the primary reason, setting
a constant concentration difference in the system and
the difference in mobility between the ions. This elec-
tric field varies little with time. In any case, over the
characteristic time of establishment of quasi-equilib-
rium in the system, the change in the electric potential
did not exceed 5% in the experiments described below.
Therefore, it can be stated that the electric field is con-
trollable. From Eq. (6), in particular, it follows that the
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Fig. 3. Experimental (symbols) and theoretical (curve cal-
culated by Eq. (5)) values of the integral diffusion permea-
bility, as a function of electrolyte concentration in the left
compartment (the right compartment contains water). 
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electric potential drop at k → ∞ very slowly (logarith-
mically) tends to infinity as well because of the pres-
ence of the last term. If the diffusion coefficients of
the ions in the diffusion layer are equal, the last term
disappears and the potential drop remains finite at
k → ∞. If δ → 0, it follows from Eq. (6) that

(7)

and the last logarithm also becomes infinite at k → ∞.
The value of the electric potential on the right-hand
side of the interface x = h is given by the expression:

(8)

As can be seen, it remains finite if the diffusion layers
are present, δ ≠ 0, even in the case of k → ∞. In the
region of the right-hand diffusion layer, the electric
potential varies continuously from the value given by
Eq. (8) to that defined by Eq. (6) at the outer boundary
of this layer. In the absence of diffusion layers, δ = 0,
expression (8) coincides with Eq. (7). Thus, the exis-
tence of the infinite potential drop is associated exclu-
sively with the assumption of zero concentration of the
electrolyte solution on the right-hand side of the
membrane. In a practical situation, this concentration
is never zero, and the transmembrane electric poten-
tial at the initial point of time may be large, but finite.
When calculating the integral coefficient P, we did not
use the overall electric potential difference in the sys-
tem, so the purely mathematical effect associated with
the infinite discontinuity almost does not affect the
analysis of the integral coefficient of diffusion perme-
ability.

EXPERIMENT AND COMPARISON 
WITH THEORY

Figure 3 shows the fitting of the theoretical curve
according to Eq. (5) to experimental values of coeffi-
cient P determined by the standard method [14] in the
diffusion cell (Fig. 1) using distilled water in the right
compartment. In this case, numerical values of the
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parameters  = 1.544 μm2/s, νm = 2.696, and
γ = 0.115 were found using the deviation minimization
procedure written for Mathematica 11 [11]. The mea-
sured exchange capacity of the MK-40 membrane
turned out to be ρ = 1.52 mol-eq/L, ν0 = 1.504. Note
that the NaCl diffusion coefficient of  = 1622 μm2/s
in the dilute solution is three orders of magnitude
higher than its value in the MK-40 membrane. As can
be seen in Fig. 3, there is good agreement between the
theory and the experiment. The same values of these
parameters were used to calculate the electrical poten-
tial difference on the membrane system.

In addition, we measured the electrical potential
that arises on both sides of the MK-40 membrane
during the diffusion of the NaCl electrolyte from the
half-cell with a higher concentration into the half-cell
with a lower concentration (Fig. 1). After measuring
the diffusion permeability of the membrane, the mag-
netic stirrers were removed, silver/silver chloride elec-
trodes were immersed into the cell instead of them,
and the potential difference was determined. The
results of the experiment are summarized in Table 3,
where k ≡ C10/C20 is the dilution factor of the solution
in the right compartment. The error in measuring the
potential was no more than 5%. Each column of the
table contains three or two numbers: the first number
is the measured potential difference, the second was
calculated from approximate Eq. (7) without taking
into account the diffusion layers, and the third was
calculated by exact Eq. (6) with δ = 200 μm. In partic-
ular, at electrolyte concentrations of C10 = 0.1 and
0.2 mol-eq/L to the left and C20 = 0.001 and
0.002 mol-eq/L to the right of the membrane, the
measured potentials and those calculated by simpli-

mD

D
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Table 3. Values of diffusion potential difference Δϕ, mV, as measured/calculated by approximate Eq. (7)/calculated
by exact Eq. (6) for δ = 200 μm

C10, mol-eq/L 0.1 0.2 0.4 0.6 1.0

k = 100 93/104/98 92/88/80 100/67/59 98/54/45 103/36/27
k = 1000 none/163/126 none/147/105 none/126/85 none/113/68 114/95/48
fied Eq. (7) differ by approximately 5–10%. However,
the discrepancy is much higher for other concentra-
tions and increases with the growth in concentration.
Note that only one measurement of the potential cor-
responding to a concentration of C10 = 1 mol-eq/L was
made at k = 1000. It is also noteworthy that there are
opposite trends in the variation of the theoretical (Eq.
(7)) and the experimental dependence of the diffusion
potential difference across the membrane. The mea-
sured potential is positive, weakly f luctuates, and
increases with the electrolyte concentration, thereby
suggesting a significant experimental error due to the
non-steady-state character of the change in the poten-
tial. The potential calculated using both exact Eq. (6)
and approximate Eq. (7) shows a steady fall with
increasing concentration in the left compartment and
growth with an increase in the dilution factor k. The
latter effect is explained above and takes place for both
the theoretical and experimental relationships. The
allowance for the diffusion layer in the considered case
of the MK-40 membrane and a sodium chloride solu-
tion leads to a decrease in the potential difference. The
calculations revealed that the electric potential differ-
ence on the membrane changes its sign with a decrease
in dilution factor k (which can happen with time in a
long-term experiment); i.e., the electromigration
component of the f lux changes the direction. In our
case, for example, for a concentration of 1 mol-eq/L
in the left compartment, this occurs at k = 21 (as cal-
culated by approximate Eq. (7)) or somewhat earlier at
k = 23 (calculation using exact Eq. (6)).

CONCLUSIONS
The issue of correctness of the experimental deter-

mination of the integral coefficient of diffusion per-
meability of an ion-exchange membrane has been
addressed. The Onsager approach based on the ther-
modynamics of nonequilibrium processes, the well-
known fine porous membrane model, and experimen-
tal data on the diffusion of sodium chloride through
the cation-exchange membrane MK-40 into water
and into a more dilute solution have been used for this
purpose. It has been revealed that the true values of the
integral coefficient of diffusion permeability, deter-
mined through the Onsager kinetic coefficients, are
larger than the values experimentally measured by the
conventional method. It has been shown that the true

value of the integral diffusion permeability of a mem-
brane can be experimentally found only under the
conditions of absence of pressure and electric poten-
tial differences and a constant drop in the electrolyte
concentration.
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