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Abstract—The resource allocation problem in computer networks with a large number of links is con-
sidered. The links are used by consumers (users), whose number can also be very large. For the dual
problem, numerical optimization methods are proposed, such as the fast gradient method, the sto-
chastic projected subgradient method, the ellipsoid method, and the random gradient extrapolation
method. A convergence rate estimate is obtained for each of the methods. Algorithms for distributed
computation of steps in the considered methods as applied to computer networks are described. Spe-
cial attention is given to the primal-dual property of the proposed algorithms.
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1. INTRODUCTION
1.1. Motivation

In this paper, the problem of controlling modern communication networks is considered from the
point of view of optimization and stochastic modeling. To solve problems of this type, we need to represent
and analyze the mathematical model arising in the simulation of large-scale broadband networks. It is
expected that, in future communication networks, there appear applications that will be able to change
their data transmission rates according to the available network capacity. An example of such a network is
TCP traffic through the Internet.

The key issue addressed in this paper is how the available capacity of the network is to be allocated
among competing flows. The use of available capacities by consumers is controlled by correcting the link
prices.

Thus, we consider the problem of optimizing resource allocation in computer networks with a large
number of links. The links are used by consumers (users), whose number can also be very large. The goal
of this study is to determine a resource allocation mechanism, where the resources are understood as
available capacities of network links. Additionally, it is necessary to ensure stable performance of the sys-
tem and to prevent overloads. As an optimality criterion, we use the sum of the utilities of all users of the
computer network.

Originally, standard resource allocation problems reducing to the maximization of the aggregate utility
of users in the case of shared use of available resources were considered in [1]. Resource allocation in com-
puter networks was investigated in the recent work [2]. Proposed in [3], the mechanisms of decentralized
resource allocation drew much attention in economic studies (see, e.g., [4—6] and references therein). In
this paper, following [7, 8], we consider various mechanisms of price adjustment. The proposed
approaches are of practical importance due to their decentralized nature, which means that the price of
an individual link is established and adjusted relying only on the reactions of users employing this link,
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Fig. 1. Example of a computer network with m = 6 and n = 3.

rather than on the reactions of all network users. In the case of such an adjustment mechanism, all links
perform independently.

Additionally, one of the approaches proposed in this paper relies on the stochastic projected subgradi-
ent method and overcomes the following difficulty arising in actual networks: data packets sent by users
arrive at a link at different times, so the total traffic through the link is not known in practice. This diffi-
culty is obviated by applying stochastic methods. They can do without the exact value of total traffic, man-
aging only with its estimate, which can be obtained using the traffic of a single user. The idea of using the
stochastic projected subgradient method for solution of this problem was proposed in [2].

1.2. Content of This Paper

This paper is organized as follows. The formulation of the problem and the construction of its dual are
described in Section 2. Additionally, we state all necessary assumptions for the primal problem.
In Section 3, the problem is solved by applying Nesterov’s fast gradient method [9], whose complexity

bound is found to be O (l) In Section 4, this problem is solved using the stochastic projected subgradient

Ve

method with O (%j complexity bounds.

€

In Section 5, the problem is solved by applying the ellipsoid method, which is well suited for low-
dimensional problems, and an algorithm for constructing the accuracy certificate for this method is

described. We present complexity bounds on the order of O (m2 In %) , where m is the number of links in

the network. A regularization technique for recovering the solution of the primal problem from the solu-
tion of the dual one if the method is not primal-dual is described in Section 6. The regularized problem is
solved using the random gradient extrapolation method in Section 7. Its complexity bounds are presented,

which are on the order of O (% In %) , where the logarithmic factor appears due to the regularization of the
€

dual problem.

Numerical experiments supporting the theoretical results obtained in the preceding sections are pre-
sented in Section 8.

Additionally, for each algorithm, we describe its distributed computation in the context of the problem
under consideration.

2. FORMULATION OF THE PROBLEM

Consider a computer network with m links and # users (or nodes), see Fig. 1.
The users exchange data packets through a fixed set of links. The network structure is specified by the

mxn

routing matrix C = (Cij )€ R™". The matrix columns C; # 0,7 = 1,..., n, are m-dimensional Boolean vec-
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NUMERICAL METHODS FOR THE RESOURCE ALLOCATION PROBLEM 299

tors such that Cf =1 ifnode i useslink j and Cf = (0 otherwise. The link capacities are described by a vec-
tor b e R” with strictly positive components.

The users estimate the performance of the network with the help of utility functions u, (x;), k = 1,..., n,

where x, € R, is the rate of data transmission from the kth user. As an optimality criterion for the system,
we use the sum of the utility functions for all users [1].

The problem of maximizing the aggregate utility of the network under constraints imposed on the link

capacities is stated as follows:
max {U(x) => uk(xk>}, (1)
k=1

{CX_Z Ckx,(}éb -
k=1

where X = (x;, ..., x,) € R}. The solution of this problem is an optimal resource allocation x*.
Consider the standard transition to the dual problem for (1). Given a vector of dual multipliers

L =(,...,A,) € R}, which can be interpreted as the price vector of the links, the dual objective function
is defined as

(k) = max {Z u (x,) + <x,b - ZCkxk>} = (hb) + D (1 (x, (1)) — (A, Cx, (1)), ()
k=1 k=1

xeR} k=1
here, the users choose optimal data transmission rates x, by solving the optimization problem
x(A) = argmax {u(x,) — x, (L, C, )} (3)

xeRy

Let x(A) denote the vector with components x, (A). Then, to find optimal prices A *, we need to solve the
problem

min @(A). 4)

reRY

Assume that the Slater condition is satisfied for the primal problem. Then, by virtue of strong duality, both
primal and dual problems have solutions. By using the Slater condition, it is possible to compactify the
solution of the dual problem. Assume that the solution of the dual problem satisfies the estimate

1, < &

Here, R has no effect on the performance of the considered algorithms, but is only involved in their con-
vergence rate estimates.

The basic idea of this paper is to apply various optimization methods for solving dual problem (4) with
the addition of primal-dual analysis of these methods, which makes it possible to recover the solution of
primal problem (1). In this sense, we develop the approach addressed in our previous works [10—21]. The
basic difference is that we consider inequality constraints and analyze stochastic algorithms in the terms
of estimates with high probability, rather than on average.

2. 1. Strongly Concave Utility Functions

In some sections, we assume that the utility functions u, (x,), k = 1,...,n, are strongly concave with a
constant L. In this subsection, we describe the properties of the dual problem under this assumption.

Proposition 1 (Demyanov—Danskin—Rubinov theorem, see [22, 23]). Suppose that, for any b € R, , it
holds that (1) = max F(x,)), where F(x, 1) is a convex and smooth function of A with a maximum reached

at the only point x(L). Then Vo(L) = V, F(x(L),L).
Proposition 2 (see [24]). Suppose that the functions u,(x,) are [L-strongly concave for all k =1,...,n.
Then function (2), where x, (L), k =1,...,n, solve problem (3), is nmz/u—smooth, i.e., the gradient of the
Sfunction @(L) satisfies the Lipschitz condition with constant L = nm®/ TR
[Voa) - vea', < L[p" -21,.
The proof of the proposition can be found in the Appendix.
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2.2. Concave Utility Functions

Now we assume that the utility functions u,(x, ), k = 1,..., n, are concave, but not strongly concave. Then
the dual problem is not smooth. In this subsection, we describe some properties of subgradients of the dual
problem under these assumptions.

The subgradient of dual problem (4) is defined as
Vo(h) =b-Cx.
Since x is a bounded rate of data transmission and the vector b is also bounded, we see that the subgradi-
ents of the dual problem are bounded. Thus, there exists a positive constant M such that

Vo), < M. (5)

As a rough estimate from above for the constant M in (5), we can use O(nx/E). The multiplier n appears

because there are n terms and /m is used as an estimate for the dependence of the 2-norm on the vector
dimension m.

3. FAST GRADIENT METHOD

In this section, we assume that the utility functions u,(x,), kK = 1,..., n, are strongly concave with a con-
stant W ; therefore, the dual problem is smooth.

Dual problem (4) is solved by applying Nesterov’s fast gradient method (FGM) in the following ver-
sion (PDFGM method, see Algorithm 1).

Algorithm 1. Primal-Dual Fast Gradient Method (PDFGM)

Input: «,(x), k =1,...,n, are strongly concave utility functions for each user; 2" is the initial price vector,

o = A, =04 =4+ 0, =—(’+1)f+2), and 1, =% =2 4o01,. NI

A, t+3
1: forr=0,1,...,N —1

2:  Compute @A), Vo(AL")
3y = [x’ - %(b S ckxk(x’)ﬂ+

4: 7' = P’O - %Z:’:O & (b B Zzzl C"xk()\'j))l

5. A=t +d-1)y
6: k.= t t:o o,x(h))
7: end for

8: return ", "

3. 1. Distributed Method

The problem under consideration can also be solved using the distributed version of FGM, which
means that each link can compute an optimal data transmission rate only relying on the reactions of the
users that employ this link without interacting with the other links.

The process occurring at the 7th iteration for link j can be described as follows.
1. Given information received from the users after the preceding iteration with index # —1 (vector

Y, = {x; —%[bj - ; C,{x,’cﬂ .

+

x' = x(0")), the link j computes

Here, C,{ # 0 only for users employing the link j. Therefore, to compute this step, the link needs only
information from the users employing this link.
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2. Similarly, the link j computes

7= {xﬂ —ﬁﬁbj - ZC,{x;ﬂ .
L =1

+

3. After obtaining values at two preceding steps, link j computes the price for the next iteration 7 + 1:

1+1 t t
N =1+ 0-1)y;
and sends out this information to all users connected to it.

4. The users compute the optimal data transmission rates )”(Hl; specifically, for user k, we obtain

x (A" = arg max (uk(xk) - x D A j

xR, Jj=1

where, by the definition of the matrix C, the user needs only data from the links it employs. Next, the user
computes the optimal rate

at t+1
At+1 _ A,xk + xk

Xy
At+1

Remark 1. A disadvantage of this algorithm is that each link has to know the reactions of all users that
employ it at every iteration step. Unfortunately, in actual networks, users do not transmit data simultane-
ously, so it is rather difficult to collect this information for the link. However, if complete information on
the users is available, the link can establish an equilibrium price more quickly.

3.2. Estimation of the Convergence Rate of FGM

Before proving the convergence of FGM for the problem under consideration, we state the key lemma
necessary for estimating the residuals in the constraints and the duality gap after running PDFGM.

Lemma 1. Suppose that Algorithm 1 starts at an initial point ).° lying in the Euclidean ball of radius R cen-
tered at the origin. Then, after performing N iterations of Algorithm 1, it holds that

. 52
Avoy") = AU RY) + 2R icx™ —) |, < 3B (6)
N _ 1 N t .
where X~ = n ZI:O ax(A')and R = 3R.
The proof of the lemma can be found in the Appendix.
Now we formulate a theorem on the convergence rate estimate for Algorithm 1.

Theorem 1. Suppose that Algorithm 1 starts at an initial point 20 lying in the Euclidean ball of radius R

centered at the origin. Then, after performing
N = {% /37_L—‘
3 €

U -UGY e kY —b)), <

iterations of Algorithm 1, it holds that
£
R b

where X" = ALZZ: a,x(\"), X* is an optimal solution of problem (1), and R = 3R.
i

Proof. Let Opt[P] denote the optimal value in the original primal problem (1), and let Opt[D] denote
the optimal value in the dual problem (4). By the weak duality, we have

Opt[D] =2 Opt[P].
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Moreover, for all x € R, the optimal solution A* of dual problem (4) satisfies

Opt[P] > U(x) - <x * (Z Coxe — bj > > U(x) - R|(Cx = b),|, (7)
k=1 4

Then
oy")-UK") = o(y") - UK") + Opt[P] - Opt[P] + Opt[ D] — Opt[ D] = (Opt[D] — Opt[P])

20
+ (OpUPI - UG ) + (oty™) - OptID]) = ~{, (b - €8"),) = ~Rf(cx” ~b).
20

Substituting the last inequality into (6) yields the estimate

5

D2
<ITLR

27 94,

JQH(C;”(N —b),

N N 37LR’ :
Consequently, oy )-U(x )2—9T. On the other hand, it follows from (6) that
N

52
oy")-UE") < 3;% Therefore,
N

N AN 37LR*
-U < ==
oy )-UX") 94,

Since (p(yN) 2 Opt[D] = ¢(y*) = Opt[P] = U(x*), we have

37LR® _ 148LR*  _148LR’ __
94y AN +1)(N+2) 9N?
Expressing N from the last inequality gives the estimate from the condition of the theorem.

Ux*)-UR"Y) <

4. STOCHASTIC PROJECTED SUBGRADIENT METHOD

Consider the original problem (1), now assuming that the utility functions v, (x,), kK =1,..., n, are con-
cave, but not strongly concave. In this case, dual problem (4) becomes nonsmooth. Accordingly, for its
solution, we propose the stochastic projected subgradient method. For the first time, the idea of using this
method for solving the given problem was proposed in [2].

Consider the probability space (Q, %, IP). Suppose that a sequence of independent random variables
{€"}72, uniformly distributed on {l,...,n} is defined on (Q, F,P), i.e.,

[Ij’(ﬁ’=i)=i, ie{l...n

If there is an oracle producing the stochastic subgradient of the dual function Vo(&,§), i.e.,
V(P(}"aé) =b- nCéX§(}\.),
then

Elb — nCex, AM)[ET=b— D Cex (1) = Vo(i')
k=1

Algorithm 2. Primal-Dual Stochastic Projected Subgradient Method (PDSPSGM), Version 1

Input: «,(x), k =1,...,n, are concave utility functions for each user, and f is the step of the method.
1:a":=0
2: forr=1..,N -1
3:  Compute Vo(r.'", &)
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4 A= =B - nCnx ()L
. ol ] ! J
500 %"= t+lzj:0x(x )

. rrl 1 N 4
6: A= b

7: end for

SN AN
8: return A, X

Therefore, the stochastic subgradient is an unbiased estimator of the subgradient.

An optimal solution of problem (2) is sought using PDSPSGM. We describe two versions of this
method (see Algorithms 2 and 3). Algorithm 2 relies on a complete model of reconstructing the
vector x(A) at every iteration. However, the computation of x(A) is nearly equivalent in complexity to the
computation of a complete subgradient of @(A). Therefore, the basic algorithm is Algorithm 3, in which
the vector x(A) is reconstructed using an incomplete stochastic model, which means that only one com-
ponent of the vector x(A) is updated at every iteration step, while the others remain unchanged. In the
proof of the convergence theorem, we first establish the convergence estimate for Algorithm 2 and then
show that the approximate solution of the primal problem produced by Algorithm 3 is close in accuracy
to the solution obtained using Algorithm 2.

Algorithm 3. Primal-Dual Stochastic Projected Subgradient Method (PDSPSGM), Version 2

Input: u,(x), k = 1,...,n, are concave utility functions for each user, and f is the step of the method.
1:2":=0
2: forr=1,...,N -1
3:  Compute VoL, &)
4: A= -Bb- nCé,,,xé,,,(kH))L

St+l .t ot 1 N ot ot . t
5 Xy .—mx§,+mnx&,(k),xj =X for j#§
}:r+1 = 1 ’A Xj
t+14=j=0
7: end for
8: return ):N, N

4.1. Distributed Method

Let us describe how the distributed version of the stochastic projected subgradient method can be
applied for solving the problem under consideration.
The process occurring at the ¢th iteration for link j is as follows:

1. Given the information received from the links after the preceding iteration with index ¢ — 1, the ran-
dom user &' transmits data at the optimal rate
m
t+ly _ t:i-l J
x, (") = arg max [ué,(xé,) xé,;xj Cé,],
‘it + J=

where, by the definition of the matrix C, the information required for the user is only from the links used
by the user.

2. The link j computes the price for the next iteration based on the reaction of this user:
| .
AT =N =B, = nCux))..

Here, Cé # 0 only for users employing link j. Therefore, the price changes only for actual links of the user
transmitting data.
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Remark 2. The main advantage of this method is that the link changes the price relying only on the
reactions of a single user, which makes the problem formulation much closer to the situation occurring in
actual networks, where users do not transmit data simultaneously.

4.2. Estimation of the Convergence Rate of the Stochastic Projected Subgradient Method

Before proving the main theorem on convergence rate estimates for the proposed methods, we state the
necessary assumptions for the problem under study. Assume that there exists a positive constant

M = O(nx/%) such that
IVoh,8)|, < M. ®)

This assumption holds, since the data transmission rate x is bounded and the capacity vector b is bounded
as well in view of the physical considerations. Therefore, by its definition, the stochastic subgradient is also
bounded.

Additionally, we assume that

2
E {exp ("V(p(?», 3 ; V(P(l)”z]:l < exp(l),

9

where G is a positive numerical constant and the order of dependence on n and m is the same as for M .

To estimate the convergence rate of Algorithm 3, it is necessary to assume that u,(x,),k = 1,...,n, are
Lipschitz continuous functions with constant M, . Then U(x) is a Lipschitz continuous function with a
constant M, :

Vxy [U)-U|<Mylx-y|,,

where M, = O(x/ﬁ). It may happen that u, (x,) is a Lipschitz continuous function everywhere, except, for
instance, the point 0. An example of such a function is 4, (x; ) = In x, , which is one of the most widespread
utility functions. However, by the specific features of the problem, there always exist € > 0 and € > 0
such that x;>¢ and x; <€. Then the problem can be solved on the compact set
Q0 ={x:e<x, <& k =1,...,n}, and the considered function u,(x,) = In x, becomes Lipschitz continu-
ous on Q. In the general case, a concave utility function u(x) is Lipschitz continuous on a compact set
lying in the relative interior of the domain of u(x).

Suppose that
2
E {exp ["X(M’ el - X(MHZH < exp(l),

Ox
where 6, = O(\/Z) is a positive numerical constant and

X(h,E) = (0,...,nxz(L), ..., 0)".

Below is the key lemma necessary for obtaining convergence rate estimates for the residual in the con-
straints and the duality gap after running PDSPSGM.

Lemma 2. Suppose that Algorithm 3 starts at the initial point A =0witha step B. Then, after performing
N iterations of Algorithm 3, with probability 1 — 49,

o)~ U") + 2RJcK" ~ b],

2

< c Rols)J 2R* BM’
YUN BN 2

N 1
+ 2(1+TM(MUGX + 2R(<5 + Gx\/Xmax(CTC))),

where
] N-1
W=
N2
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N-1
<N 1 t et
X" =—>» x(,&"),
2

C, is a positive numerical constant, g(N) = In (M) + Inln (E) ,

o f
F =26°N(2B)" (2R2 +2B°M’° +BR’ +24 1n%ﬁczN),

f=0R,

2 2 2
J = max {1, i BCG2g(N) + \/é BC G g(N) + %},

and R is determined by the condition ||k*||2 <R.

The proof of the lemma can be found in the Appendix.
Now we formulate a theorem on the convergence rate estimate for Algorithm 3.

Theorem 2. Suppose that Algorithm 3 starts at the initial point 2" = 0 with step B = R Define

MAN
A= \6(1 + M)(MUGX + 2R(G + Gx\/kmax(CTC))) +2.5RM.

Then, after performing
2
N = OG A in (@)D
€ €d

iterations of Algorithm 3, with probability 1 — 49,

Ux*)-UE") <s “(Cf;” b)), <

g
R b
where X" = %ZZ: x(\',E") and x* is an optimal solution of problem (1).

Proof. The beginning of the proof is the same as for Theorem 1, but we use the estimate from Lemma 2.
R

As a result, for the step = —®—, we obtain
P= i
6(1 +,/3In l) 2
) ( ( T SRM R'oyg(N)J
—F|My06,+2R 0+0x\/kmaXCC))+ +C ,
N v CONN TN
moreover, up to constants, g(N) = In (%) and J = max {1, BVg(N )}. Next, we find N for which the esti-

mate becomes less than €.
We introduce the following notation:

A=2]1+ M](MUGX + 2R(0' + Gx\/kmax(CTC))) +2.5RM,

B =CR’.

It is necessary to obtain the minimum estimate on the iteration number N required for achieving the pre-
scribed accuracy €. For J = 1, we obtain

v A+Bgln(%) | o
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Substituting N recursively, we derive from (9) the complexity bound

w=of|Zm ()]

For J =Byg(N) = Ryg(N) g (N , we assume that

A Bg(N)R_ A4 Bs(V)

VN MN JN N
Since the minimum N is needed, replacing the last inequality with equality and solving the resulting
equation, we obtain

<e.

A+ \/A2 +4eBIn (%)
2e '

JN =

By analogy with the case J = 1, this equality yields the estimate

v =of |4 ()])

The worst of the complexity bounds for / =1 and J = 3{/g(/N) is the estimate from the condition of the
theorem.

5. ELLIPSOID METHOD

In this section, the original problem (1) is solved by applying the ellipsoid method [25]. This method
can be used when the dual problem has a low dimension (m) or when high accuracy of the solution is
required. The method is primal-dual, i.e., the solution of the primal problem can be recovered from the
solution of the dual problem.

Consider the original problem (1) and its dual (2). As in the preceding section, the functions u,(x,),
k =1,...,n, are assumed to be concave, but not strongly concave. Additionally, we assume that the solution

of the dual problem lies in the Euclidean ball of radius R centered at the origin, i.e., [A*|, < R. Asan initial
point of the method, we use the zero vector A’ =0. The problem is solved on the set

Asg ={re R :|p, < 2R}
Let us describe the ellipsoid method (Algorithm 4), which is used to solve the dual problem.

Algorithm 4. Ellipsoid Method

Imput: u,(x,),k =1,...,n, are concave utility functions
I: By:=2R-1,, I, isthe identity matrix
2: forr=0,..,N —1

3:  Compute V@(r')
4:  q,:=B'Vo()

50 p, = __Ba

VthBtBtTQr
6: B, = %Br + (L - %j Bpp,

m —1 m+1l \m® -1
7. A=A ——L_Bp,
m+1

8: end for
9: return 1"
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To reconstruct the solution of the primal problem from the solution of the dual one, it is necessary to

determine the accuracy certificate & for the ellipsoid method. Recall that the accuracy certificate is a
sequence of weights & = {€,} ;' such that

N-1
20, Y &=L
=0
In our case, the accuracy certificate is constructed in the course of running the ellipsoid method (see

Algorithm 5); its general scheme can be described as follows [26].

1. Find the “narrowest strip” containing the ellipsoid O, remaining after iteration N, i.e., a vector h
such that the following inequality holds on Qy:

max (h) - min (ha) <1. (10)

For the ellipsoid method, all Q) are represented in the form
Oy ={Byz+A' :2'z< 1)

Then, to solve (10), we need to perform a singular value decomposition By = UDV, where U and V' are
orthogonal matrices and D is a diagonal matrix with positive diagonal elements. Next, the desired vector h

is determined as h = 1/(26'*) - Ue'*, where i, is the index of the smallest diagonal element of D, 6'* is the
value of this element, and e are the vectors of the standard basis.

2. For the vectors h” = [h, —<h, AN >] and h™ = —h", find expansions of the form

=

1

v, Vo)~ (Voa A ) ] + v

h+

Il
o
(=}

=

-1
h™ = u, [ Vo) - (Vo)) + 2"
=0
their existence follows from Proposition 4.1 in [26]. This step is described by Steps 6—13 in Algorithm 5
(see below).

3. From the expansion coefficients v, and i, of the vectors h” and h™, respectively, derive expressions
for&,, t € Iy, where
Iy ={t<N—-1:1"€intAy).

Expansion coefficients are determined only for feasible points obtained in the course of running Algo-
rithm 5.

Algorithm 5. Construction of the Accuracy Certificate for the Ellipsoid Method

Input: N —1 is the number of the iteration at which the accuracy certificate is computed, and

N-1
{B,,k’,V(p()J)} . is the work protocol of the ellipsoid method after NV iterations
t=

1: if Vo ¥ ™) = 0, then

2: & :=0forallz=0,..,N -2
3 Evar =1

4: otherwise

5. h:=1/Q20'*)-Ue'*

6 g, :=h,g, =-h

7: fort=0,...,N -1

8 q:= B'Vo\')
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9: v, := g Bal./|al;
10: g, =g, -v,VoQ")
11: M, =g Bal./|al];
12: g =g -1 Vo)
13:  end for
14: & :=(v,+ M;)/Z,.E,N (Vi + 1), 1€ Iy
15: end if

16: return {&,}:‘:

Remark 3. In contrast to FGM and the stochastic projected subgradient method, the computation of
Steps 4—6 of Algorithm 4 in the ellipsoid method requires information about all gradient components, i.e.,
information from all users. Accordingly, it is necessary to have a common center for all links that collects
information from them and performs these computations.

An estimate for the convergence rate of the ellipsoid method for the problem under study is provided
by the following result.

Theorem 3 (see [26]). Suppose that Algorithm 4 starts from the initial ball B, = {h € R" :|\| < 2R} and
the accuracy certificate & is produced by Algorithm 5. Then, after performing

N = 2m(m + 1)[111(%)—‘ (11)

iterations, it is true that

<t
R

Ux*) -UGEY) < H[Cf(” —b],

2
where

=X)Ly ={ <N -1 e int Ayl

tely

The proof of this theorem can be found in the Appendix.

6. REGULARIZATION OF THE DUAL PROBLEM

In previous sections, we considered primal-dual methods for solving the dual problem. However, there
is a standard approach in which the solution of the primal problem can be recovered from the solution of
the dual problem without using primal-dual methods. The key idea of this approach is a regularization of
the dual problem such that the resulting regularized problem is strongly convex. In what follows, we
describe this approach in detail and state lemmas relating the solutions of the primal and dual problems.

Functional (2) is regularized in the sense of Tikhonov:

o
951 = 0) + [p];
and, instead of problem (4), we solve the regularized problem
min Qs(L).
LeRY

An optimal parameter d will be specified later. As in Section 5, we assume that the problem is solved on
the set

Asg = e RY : |||, < 2R

For the resulting regularized function, we formulate the following lemma on the smoothness of the regu-
larized problem.
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Lemma 3. Suppose that the function ©()) is L-smooth. Then the regularized function @z()) is (L + 0)-smooth,
ie., forany)', .’ e R”,

[Vos@h) = Vos )], < L+ Hp' -2 (12)

S
Proof. The gradient of the regularized function is given by
Vos(A) = Vo)) + Sh.

Therefore, we have
[V - Vs, = [y Vo 37, < [Vay- Vo, s 8 -1,

By Proposition 2, this estimate implies (12).

Additionally, to estimate the convergence of the algorithm for the primal problem, we need the follow-
ing auxiliary lemma concerning the relationship between the gradient estimate for the dual problem and
convergence estimates with respect to the function and the residual in the constraint for the primal prob-
lem.

Lemma 4 (see [10]). Let x* be a solution of primal problem (1). Then
ex@.) = b, < Vs, + 8], (13)
U =Ux) < [VosR, - [M], + 3]

where x()) is defined by (3).
Proof. By virtue of (3), we have

Ux(V) + (L, b — Cx(V)) = U(x*) + (A, b — Cx*) > U(x*),

’, (14)

whence
U(x(1)) 2 U(x*) = (L, b — Cx(L)) = U(x*) = (L, Vo).

Since @(1) = Ps(h) — %"x ’ it is true that

[Vo@)], = [Vosd) - 81], < [Vos@)] + S[A],-
Combining this inequality with the relation V(L) = b — Cx()) yields (13).
Furthermore, estimate (14) follows from
U(xx) = U(x() < (1, VoR)) < [V, - [,

<[, - (v os@, + 8,) < Vs, - 1], + [

Additionally, we need the following result concerning convergence with respect to the gradient of the reg-
ularized function.

Lemma 5. Let A} be a solution of the regularized dual problem. Then

Vs, < 2.+ S)HM -3

The proof follows immediately from Lemma 3 and the relation

Vs (23) = 0.

We have formulated the lemmas necessary for the regularized problem. An example of applying this
approach is considered in the next section.

7. RANDOM GRADIENT EXTRAPOLATION METHOD

Consider the random gradient extrapolation method [27]. Note that this method does not require
updating the gradient at every iteration step. It is necessary to update only one of its components at every
iteration, which considerably reduces the computations, especially for large-scale problems. Since this
method is not primal-dual, Algorithm 6 has to be applied to the regularized problem.
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The parameters o, 1, T, and 0, are specified as
_ 1
n+ \/n2 +16nL/d

(X:f’la, n:s_a_, T:%—
- n(l — o)

a=1 (15)

I, 6 =g" (16)

7.1. Distributed Method
This section presents a distributed version of the considered method. By way of introduction, we note

that the vectors L?, ...,):2 are stored by the corresponding users and influence the formation of optimal
data traffic for the corresponding user. As was noted in the description of the distributed FGM, the opti-
mal traffic for a user is influenced only by the prices of the links through which this user exchanges pack-

ets. Therefore, we can assume that the only nonzero components in the vector A ;{ are those whose indices
coincide with the indices of the used links.

Algorithm 6. Random Gradient Extrapolation Method (RGEM)

Input: Parameters o, M, T, {8,},
1:2°:=0
L? = XO, i=1..,n
Va=»=0
forr=1,...,.N
Choose k, at random from the set {1,...,n} uniformly over all values
Ve =y oy —vi L k=1.n

2 = [nx"‘ - %l/(ﬁ +1)

R A A o

-1
Ay = O+ )/ + 1)
-1
A=Ay ke (L.}

—_ —
—_ O

—
N

Yi, = b—nCpx, ()

y;{ = y;{_l, k € {L---;n}\{kt}
: end for

Y= (Z,l: e,x’) /"6,

16: return 3"

—_
B W

—
9]

Let us describe the distributed algorithm at the ¢th iteration.
1. Using information collected from the users at the preceding iteration, link j computes

Fis = Vi o = Vi) = b, = nClx, (W) + onClx (2 = nCilx, (L)),

Note that, by the definition of the matrix C, link j needs information only from the users exchanging
packets through this link.

2. The price of link j changes according to the rule
O 1w .
7\.; = |:T'|7\,tj L ;Zy;(’j:| /(6 + n)
k=1 N
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3. One of the users, k,, reacts to the price change and stores the local price vector
A = O+ 1)/ + ),
-1
Ay -

—"

while the local prices for the other users remain unchanged, i.e., L;[ =
4. The user k, computes
m
x;, (A, ;) = arg max [uk(x,» - x> N Ci j
x€R, Jj=1
and transmits this information to the used links.
5. Link j updates the information for the user k,:

Vi = by = nCiix,, ().

This information is updated by the link only if the user k, exchanges packets through it.

7.2. Estimation of the Convergence Rate of RGEM

Following Section 3, we consider problem (2) with p-strongly concave cost functions
u(x;),k =1,...,n. Recall that, since the cost functions are strongly concave, the dual problem (4) is

2
smooth with Lipschitz constant L = 27

To estimate the convergence rate of the method, we need the estimate for the residual with respect to
the argument from Theorem 2.1 in [27], namely,

2 —\N
[E[;Jg—x’v }s—‘m(o‘) , (17)
2 o
2
where A = §[[A% — 2. ) M n% +@5(1") — 95(A%) and B = ||b||§

By using (17), it is possible to prove the following convergence estimate theorem for the method as
applied to problem (11).

Theorem 4. Suppose that the regularized dual problem (11) is solved by applying RGEM with parameters (15),

(16), and & = & and with
SR
2
v {2[}1 o |2, 128nLR ]m (4RA)—|
€ €

2
iterations, where A = 2(LR + 8LR) \/6 + 16LR’1—’;+83 Then

FU(x*) — UV )] < &, [E[HCx(xN) - buz] < ﬁ.

Proof. Lemma 4 implies estimate (13) for the residual with respect to the constraints and estimate (14)
for the residual with respect to the objective function. By the assumption A € A,g, we have

HCXN - b“2 < ”Vq)a(x”)”z + 28R, (18)
Ux*) -UKx") < 2R”V(p5(ﬂ)”2 +48R%, (19)

where x" = x(kN). Combining Lemma 5 with inequality (17) yields the following estimate for

[Vosa);
[E[”V%(M)M <AL+ 6)\/%((7)'\”2.
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Let us estimate A. The function @z with a Lipschitz continuous gradient satisfies the inequality

2
0:0.) = 030 < (Va2 =25 + 28y -]
2
Since Vog(A3) = 0, we obtain
2 2
A< -2 + B LE8hx 50l <65+ 20)R + B
2 nd 2 2 nd
Suppose that § is chosen so that 48R* = % Then § = @ It follows that
45R> =%, 28R=EL.
2 4R

Assume that U (x*) — U(x(kN)) < €. Then, by virtue of (18) and (19), it is true that

o), < 5

whence
A, —\N/2 [
2(L +9),|= < =.
(L+ )’/8(00 iR

Taking into account

2
AL + 8)\/§ < 2(LR +i)\/6 +16LR'n + 8B
) 8R ne

we obtain the following estimate for the number of iterations:

2
v [2(}1 o |2, 1280LR jln (4RA)—"
€ €

2
where 4 = 2(LR+$)\/6+16LR’1—1::+83.

Remark 4. The complexity bound for Algorithm 6 can also be represented in the form
(0] (max {n, JnLR? / 8} In (%)) , Where the logarithmic factor appears due to the necessity of regularization of

the dual problem. At every iteration, only one component of the user reaction vector to changed prices is
computed; accordingly, the arithmetic complexity of the operation is better than that in the case of com-
puting all components of these vectors. For FGM, the assumptions made about the objective function are
similar, but, since the complete gradient has to be computed at every iteration step, the complexity bound

for the algorithm is O (n\/ LR’ /8) . Thus, although the theoretical convergence estimate for RGEM has the

same order as for FGM, in practice the gain is obtained due to the cheaper computations within a single
iteration.

8. NUMERICAL EXPERIMENTS

The software code for numerical experiments was written in Python 3.6 and C++14. The source code
for experiments and the methods considered in this paper is available at https://github.com/dmivilen-
sky/network-resource-allocation. The running time was measured on a computer with a 2-core Intel Core
i5-5250U 1.6 GHz processor and 8 GB RAM.

8. 1. Strongly Convex (Quadratic) Utility Functions
Consider problem (1) for utility functions of the form

U (X)) = ayx, —%x,f, a, ~ U(0,100), ©=0.1,
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Table 1. Comparison of the number of iterations and the running time of FGM and RGEM for strongly convex
(quadratic) utility functions

FGM RGEM
Network iterations time iterations time
m=2,n=1500,¢ = 107 350 24.5s 3000 21.1s
m=15,n=1500, ¢ = 1072 380 42.7s 6700 36.9s
m=70,n=5000, ¢ = 107 400 150.0 s 7800 132.6 s
m=70,n=>5000,¢ = 107 1070 374.5s 9180 283.7 s
m =100, n = 5000, € = 1072 417 175.1's 8200 164.0s
m=70,n=7000,¢ = 1072 421 218.9s 8600 206.4 s
m =100, n =7000, € = 1072 427 290.3s 9200 276.0's
m =100, n =7000, € = 107 1120 761.6s 10130 638.2s

where g, are independent identically distributed random variables. Then problem (3) can be solved explic-
itly:
_la—Cl,
no
For a small number of users (n =1500), the link capacities are chosen identical (in this case,

x(\)

b= (5,...,5)T), and the demand for data transmission is uniform (c¢; =1 for any /, j). For a larger number
of users, the capacity vector is generated at random, so that 5, ~ AU(1,6). The elements of the demand
matrix are also chosen randomly and independently, so that ¢; =1 with probability p = 0.5 and ¢; =0
with probability ¢ = 0.5.

Table 1 presents the number of iterations and the running times of the fast gradient method (FGM)
and the random gradient extrapolation method (RGEM) for various network configurations (with
m links), various numbers of users n, and various values of the required accuracy €. The cases in which
RGEM converges to the solution faster than FGM, despite the larger number of iterations than in FGM,
are highlighted in the table. Indeed, for n > 0, RGEM requires fewer queries for the optimal solution

X, (M) from users than in other algorithms, since a query at one RGEM iteration is sent to only one random
user.

8.2. Convex (Logarithmic) Utility Functions
Consider the performance of the stochastic subgradient method (Algorithm 2) and the ellipsoid
method (Algorithm 4) for the utility function
u(x,) = Inx,.
In this case, an explicit solution of problem (3) is given by
1

X(A) =—

CA
(the operation 1/ - as applied to a vector is understood elementwise). For a small number of users

(n =1500), the link capacities are chosen identical (in this case, b = (5,...,5)T) and the demand for data
transmission is uniform (¢; = 1 for any i, j). For a larger number of users, the capacity vector is randomly
generated, so that b, ~ AU(1,6). The elements of the demand matrix are also chosen randomly and inde-
pendently, so that ¢; = 1 with probability p = 0.5 and ¢; = 0 with probability g = 0.5.

Table 2 presents the number of iterations and the running times of the stochastic subgradient method
(SGM) and the ellipsoid method for various network configurations, various numbers of users, and vari-

ous values of the required accuracy. The cases in which SGM converges to the solution faster than the
ellipsoid method are highlighted in the table.
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Table 2. Comparison of the number of iterations and the running time of the stochastic subgradient method and the
ellipsoid method for convex (logarithmic) utility functions

Ellipsoid method SGM

Network iterations time iterations time
m=2,n=1500,¢ = 107 40 0.02s 2000 0.2s
m=15,n=1500, ¢ = 1072 85 0.06s 2500 0.3s
m=70,n=5000, ¢ = 107 120 1.9s 4000 1.3s
m=70,n=>5000,¢ = 107 800 5.4s 9020 2.4s
m =100, n = 5000, € = 1072 300 9.0s 5000 3.1s
m=70,n=7000,¢ = 1072 250 8.7s 5590 5.5s
m =100, n =7000, € = 1072 380 19.0s 6480 10.8 s
m =100, n =7000, € = 107 1830 91.5s 17970 30.6s

Note that, as in RGEM, only one component of the user reaction vector x(A) to established prices has
to be computed at every iteration in SGM. Thus, when the number of iterations of the method is large, the

number of computed components x; (0") is smaller than in other algorithms, for example, in the ellipsoid
method, and the same is true of the communication complexity in the case of distributed implementation.

9. CONCLUSIONS

To conclude, we note some possible directions of development of this work and briefly describe suit-
able methods without detailed analysis of their convergence estimates.

In Section 5, as applied to low-dimensional problems, we considered the ellipsoid method, which is
primal-dual. There are other methods that are highly accurate and well suited for low-dimensional prob-
lems. An example is Vaidya’s cutting plane method [28]. However, to recover the solution of the primal
problem when the dual one is solved using Vaidya’s method, we need convergence in the gradient norm
for the dual problem. For this purpose, the dual problem has to be smooth, which is ensured by the strong
convexity of the objective function in the primal problem (Proposition 2). If the primal problem is not
strongly convex, it can be regularized as described in Section 6, but the convergence estimate will then
degrade logarithmically.

Additionally, if the dual problem is sufficiently smooth, it can be solved by applying high-order meth-
ods [29, 30]. The steps of these methods can be computed on a distributed basis, since the given problem
makes use of a centralized architecture in terms of the interaction of a link and the users using it. Note,
however, that high-order optimal methods that require linesearch and do not have the primal-dual prop-
erty apply to only preliminarily regularized dual problems.

Another direction is represented by variance reduced methods (see, e.g., [31, 32]), which are interme-
diate between the stochastic gradient method and FGM. However, these methods are not primal-dual
either, so they apply to preliminarily regularized dual problems.

Of special interest are the Hogwild! method [33] and minibatching techniques. In this case, data are
sent out not by all users simultaneously, but by more than one of them, in contrast to stochastic methods.
By setting the size of the batch equal to the number of users transmitting data at a time, one can take into
account the specific features of actual networks.

APPENDIX
Auxiliary Results

Below are some lemmas from other works that are used in the proofs. Additionally, we prove assertions
concerning the properties of the dual function that are used in the proof of the main theorems.

Lemma 6 (see [34], Lemma 2). For a random vector & € R", the following assertions are equivalent up to
a constant multiplying o:

L. Tails: P{|g|, = v} < 2exp(— Y J Vy > 0.

26°
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2. Moments: (E[E"1)"? < o[ p for any positive integer p.
&

3. Light-tail assumption: | exp| "= | | < exp(l).
(0

Lemma 7 (see [34, Corollary 8]). Let {&k},i\/:, be a sequence of random vectors from R" such that for
k=1..,Nandanyy=0,

E[E_,k |§1,...,E_,k71] =0, E[H&k“z > y|§1,...,§k71} <exp (—%) almost surely,
k

where G, belongs to o(E',...,E"") forallk =1,...,N. Let S = z::l EX. Then there exists a constant C, such
that, for any fixed & > 0 and B > b > 0, with probability 1 — &

N
either ZGi =B
=1

N
or ||SN||2 < Cl\/max{;Gi,b}(lnz—; + Inln g)

Lemma 8 (see [35, corollary to Theorem 2.1, case (ii)]). Suppose that a sequence {&k},ivzl of random vectors
from R" satisfies the condition

Eg“|E,...., "= 0 almost surely, k =1,...,N,

N
and let Sy = Zk_l %_,k . Assume that the sequence{&k Yo, satisfies the light-tail assumption

2
&k
E|exp @ |§1,...,§k_1 <exp(l) almost surely, k=1,...,N,
k

where G,,...,0y are positive numbers. Then, forally >0,

u»{"sN" > (2 + @)Jﬁ?i} < exp(—y;].

Proof of Proposition 2. The dual function is represented in the form

0) = 3 {50 = (1. COx ) + L () = S gu 0.
k=1

k=1
Proposition 1 implies that

n

Vo) = Y Vo) = 3 [1b - Cox ).
k=1

k=1

Define
x (A = ariirlglx {uk(xk) - X <11,Ck>},
x, () = arigflx{uk(Xk) - X, <x2’Ck>}.

The necessary maximum conditions of the first order are written as
<Vuk(xk(x‘)) - <x‘,ck>,xk(x‘) - xk(kz)> >0,
(Vi (e 05) = (32,€,), .05 = %) 2 0.
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Adding these inequalities yields

(Vi (e (0) = Vi (), 3,0 = %,0D) < (33,€,) - (31, €, ), 1 0 = x,0%).
Since u, (x; ) is strongly concave, for any x,lc and x,f, k =1,...,n, we have

<Vuk(x,f) —Vu(x), x; — x;f> 2 “'Hxllc - xi 2

whence 2
e = %02 < (17.€) - (1. €)% 0D - x o) < &, - =27, - e = %02
Then the following estimate can be obtained for all gradient components V@, :

0.0 -00), <l 05 -562], <L -+,

The matrix C, in view of its structure, satisfies the estimate |C, [, < m. Then the gradient of the dual func-
tion satisfies

s v, < 3 fFouy- Vo, <2
k=1

2

Proof of Lemma 1. First, we state and prove a technical lemma.

Define d, (M) = %Hx - 3\,0”2 and consider the sequences

L(h) = Zt:a, [o00”) + <V<p(xf),x - ;J)]

7=0
and

\llt()“) = lr(;") + dL(x)’ 1= 07 17'“,

where {kj } ;=0 is the sequence of points generated by Algorithm 1.

Lemma 9. After executing N steps of Algorithm 1, it is true that
Avoy™) < miny, () =y, "), (A.20)

Proof. Inequality (A.20) is proved by induction. At = 0, (A.20) is true. Indeed,
o 0 Oyq 40 L, _ 40P (;)
W = g{?{ao [00.) + (Vo)1 =2.%) ]+ L. -2 Hz} >
C;) . 0 0 o\ , L 0|2 g
> oty min @) + (V") =2%) + L =27 | = o),
AeR” 2 2
where (7) holds, since o, = 1/2 < 1, while (2) holds, since the function @A) has a Lipschitz continuous
gradient (see Proposition 2 and [36, Lemma 1.2.3]). Thus, AO(p(yO) = %q)(yo) <v,.
Assume that (A.20) holds for 7:

AQ(y") Sy, (2). (A.21)
Let us prove that (A.20) holds for 7 + 1. Indeed, we have

Wt+1(zt+1) = irelllz{’} {Wro\’) + O |:(p(kt+l) + <V(P(Xt+l), »— }\’;+1>:|}

t

z + 0L, |:(P()\-t+1) n <V(p()\.t+l), % — }"t+l>i|}

)
> min{\p,(z') + LHX -z
2eR” 2
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2 minf )+ Lo o)+ (Voo i)

S min {A, (@) + (Vo™ n - 27)) + %Hx —7

z +a,, I:(p(;"tﬂ) + <V(p(7\.l+l),;\. _ )\‘t+l>:'}’

2
where (1) holds, since the prox-function %Hk - kouz is strongly convex and in view of the properties of the

extremum at the point z'; (2 follows from (A.21); and (3) holds in view of the convexity of the func-
tion @(A).

Since the FGM coefficients 4, and o, are related by the equalities 4,,, = zm o, = A +0o, and

t+1

T, = O, /A, the relation '™ = 1,z + (1 — 1,)y’ from Algorithm 1 can be rewritten as

r+1 t '
Ak =0,z + Ay

Using the last relations, we can make the following transformations:
A <V(p(k’+1 Ly — x’“} +o,, <V<p(x’“), A— x’+‘> =-A, <V(p(x’+‘),x’“>
+o, <V(p(x’+‘),x> + 4, <V(p(x’+‘ ) y’> =a,, <V<p(x’+‘),x - z’>.
Then
A (00" + <V<p(x’*‘), y - x’*‘)) + %“x - z’Hz + 0 [ 00 + <V(p(x’“),x - x’*‘}]
= 4,00 + %Hx ~ 2| + 0 (Vo 0 - 2').

After replacing the last expression in (A.22) by (A.23), we can use an extended version of the Fenchel
inequality for conjugate functions [37], namely,

e

where [ is a finite-dimensional real vector space, [E* is the space of linear functions on [ (dual space), and

(A.23)

gelt*, sel

the norm in the dual space is given by |g]. = max{(g,x)|||x|, = 1. In our case, g = VoM™, s=r -7,

E-’_

. Therefore,
t +1

\m@3>¢mwﬁamwm”> (A.24)

To complete the proof of the lemma, we need to show that A4,,,¢(y""') is smaller than the right-hand side
of inequality (A.24).

Since the function @(,) is L-smooth (see Proposition 2),

(P( t+1) < (p()\.t+l)+<V(p()\.t+l), t+l>+§ y
2l _ 1y 1 +14?
) = o™ =L vea ),

2
t+l1 1+l
- A

2

= min {<p(x’“) + <V<p(x’“), A— ;J“) + éux -\
A 2
Multiplying both sides of the resulting inequality by 4,,, yields

mmﬂ<@mf5’“WN“

Since the FGM coefficients satisfy oc, 1 < A, we obtain

O('t+1

V(p()»tﬂ)

Aoy < A,00) - (A.25)
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Therefore, by virtue of (A.24) and (A.25), A4,,,0(y""") < y,,,(z"*"), as required.
Proof of Lemma 1. Define the set

Ay ={he Rl : i, <2R},
where R is defined by the inequalities

b2

B =l 2], < 3R =2
All )." belong to A, ;, since
A=

2 +

<
2

=]+ b, <2

A* — x°H2 + Hx‘)uz <2p¥), + 3”x°”2 <5R<2R,

2

where the second inequality was obtained taking into account that H)f — A%

< x*-;f’” fort =0,1,....
2 2

The last inequality can be proved as follows. For any A € R}, by Lemma 9 and the strong convexity of
the function y,(A) with a constant L, it is true that

2
Ay + [~ L <v,0)

z < l|ft(Z’) + %“7\. -7

, (A.26)
_ ;a, [0y + (Vo)) 0~ 2/)] +§Hx— 2.

Since the function @(A) is convex, the last expression in (A.26) can be estimated from above as
2
Ae(h) + %Hx - x°H2. Then, for b = A*,

L

2

2
LE— 7 k*—z'zﬁé

o]

2 <4 1 % L
, S AOY) = 605)) +
Therefore,

t
A —1z

<
2

h* — ;J’HZ. (A.27)

Since y' in Algorithm 1 is determined by a gradient projection step for a convex function o(L), the
sequence of points y’, 7 = 0,1,..., generated by the algorithm is bounded (the proof of this fact can be
found, e.g., in [38, Lemma 9.17, p. 183] orin [28, p. 265]):

< [ax - xO“Z. (A.28)

X*—y’

2
Furthermore,

Lo Z — ¥ y =) .

2

T2 =)+ (1= T)(y —h*)

<7
, '

= 2+(1—1:,)

Combining this inequality with (A.27) and (A.28) yields the required result:
)\‘Hl —

<
2

AE— x“”z, t=-101,...

By Lemma 9,
Avp(y") < min {%Hx -2+ ﬁ:oc, [o(0) + (Vo). - x’)]}
ERy =0
< pin L 300y (Vooina )]
< min {ﬁ; o, [@0) + (Vo). 1 - x’}]} 4 #,
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where @ holds, since

=2 <2 + 2| <8R + %Rz - %Rz. (A.29)

Applying the definitions of the dual objective function (p()f) (see (2)) and of its gradient V(p()f) (see Prop-
osition 1) yields

ia, [o0)) + (Vo)1 -1)]
ioc [< > Zn:(uk(x;i(w)) <7» C.x, (A >) < chxk(x ) — A >j
=0 k=1
ioc (iuk(xk()\' )+ <7u b - ZCkxk(k >] < Ay (U(;(N) " <k,b _ C)A(N>)’

t=0 k=1

~

where the last the inequality holds, since the utility functions are concave.
Thus,

Ayoy") < A UE"Y) +

37§R + Ay min {<k,b - Cch>} = A UREY) +

heA,p

37LR*
9

bl

— Ay max{(x,cx" —b)} = A4, UE") +

reAyi

% —2R4|(cx” -).

2
which yields estimate (6).
Proof of Lemma 2. First, we prove several auxiliary technical lemmas.

Lemma 10. Let A, B, and {r,},/io be nonnegative numbers such that, forany | =1,...,N,

-1
%rf < A + Bry [ . (A.30)
=0

n £ Cr, (A.31)

Then

where C is a positive constant satisfying C 2> max{l,24 + 2BC JN }, i.e., for example, it is possible to use
C = max{1, BYN +VB'N +24}.

Proof. Relation (A.31) is proved by induction. For / = 0, this inequality holds, since C > 1. Assuming
that (A.31) holds for all / < N, we prove that it holds for / + 1 as well. Indeed,

(A30) (A31)
far < N2 AR + Br, Z;; < 2N A+ BCIN = 24+ 2BCYN < Cn,
<C

Lemma 11. Suppose that sequences of nonnegative coefficients {R,},-, and random vectors ('} ,», and {a'} 5,
are such that, foralll =1,...,N,

1 -1
SR <A utzol{n’,a’), (A.32)

a'”2 < Rid and R, = max{k;—l,R,} for all

t=>1, Ro = R,, and R depends only on no,...,nt. Additionally, suppose that a' is a function of no,...,nr_l

V21, a’ is a constant vector, and, foranyt > 0,

E [nf1 = 0, E[exo

o7l | < exorn,
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Then, with probability 1 — 20, the inequalities

-1
Ri<JR, and A+uy (w.a')< A+udDJG’g(N)NJR;
=0

hold forall | =1,..., N simultaneously, where D is a positive constant,

F =26°d’NQud)" (2A + udRo +12ud ln%GZN),

f=d6*Ro, g(N) =1In (%) + Inln (%) and

J = max{L,4-udD|o’g(N) + | Lu*d’Clo’g(N)+ 24!,
Ro R02 R;

Proof. The Cauchy—Schwarz inequality is applied to the second term on the right-hand side of (A.32):

1 /-1 _ d -1 ~ d -1
5R,2 <A +ud;Hn'“2 R <A +”7;R, +“7;

By Theorem 2.1 from [35], we have
N-1 ’Yz
> (V2+29),[Y o] <exp (—?]. (A.34)
) =0

2
¥ (A.33)

t
m

(VN =1, Vy=0): IP{

N-1
2
=0

Then, with probability at least

5 Y
l-—=1-exp|—*+|, A.35
N p( 3 j (A.35)
it holds that
ul s\/i(u /31n%jcsz f61n%6. (A.36)
Indeed, expressing y from (A.35) yields y = ,/31n % Plugging this expression into (A.34) and substituting

aunified ¢ € R, for the sequence G,, f = 0,..., N — 1, we obtain estimate (A.36).

Combining the resulting inequalities, we see that, with probability greater than or equal to 1 — 9, the
inequality

-1
IR < A+94N R +12udin Y 6%
2 2 & 5

holds forall/ =1,..., N simultaneously. Note that the last term in this estimate is a nondecreasing function

of 1. Define / as the largest integer for which / </ and Rs = R;. Then R; = Ri = Rin = ... = R, and,
hence, with probability >1 — §,

I-1 -1
IR <A+ 9N R v 12udin Yo < A+ Y9N R v 12udin o VI=1,.,N.
2 2 t=0 8 2 =0 6
As a result, with probability >1 — 8, we have the estimate
_ -1 _ N -2 s
Ri <2A+ud) Ri+24udn-0" < 2A(1+ud) + (ud +u’d’) Y R,

=0 —od BRI

-2
+24ud X 6?1+ ud(t - 1)) < 2ud| 24 +ud > RS +24ud X | vi=1,..,N.
5 5

<udl =0
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Applying this estimate recursively, we conclude that, with probability >1 — §,
R < Qud) (2A + udRo + 24ud 1n%021).

Next, consider the sequence of random variables &’:<n',a’>. Note that [F[E'|E°... .=
<[E[1|’ m’...n* ™" a’> = 0. Then, using the Cauchy—Schwarz inequality yields

_ ‘I] d Rt _
{CXP( (é )~2J|§ & I}S[E (28 22—2 |Tl, M ”
o’d’R cd R

2

t

| 0 7—1

=E|exp| =2 [I0,....,m " [ < exp(D).

Define 6,2 =o’d zkf Then, with probability > 1 — 9, it is true that

-1
< 6%d*1(ud) (2A +udRy + 24ud In %021)

t=0

< 6°d’NQud)" (2A + udRo + 24ud ln%ozN) = g

forall/ =1,..., N simultaneously, where
F = 26°d° NQud)" (2A +udRo + 24ud ln%czN).

Using Corollary 8 from [34] for b = 6(2), we see that, forany / =1,..., N with probability >1 — %,

Z <C1\/z ( ( )+1n1n(;j] (A.37)

where C, > 0 is a constant independent of F or f.

11
either Zétz >2F or
=0

Combining the resulting estimates, we conclude that, with probability >1 — §, estimate (A.37) holds for
all/ =1,..., N simultaneously.

Taking into account the choice of F, with probability >1 — 28, the estimate
< C,\/Z ( ( )+ 1nln(;D

For convenience in what follows, we introduce g(N) :=In (%) + Inln (?) = In (%), neglecting the

~2
constant. Using 6,2 = 6’d’R; , we find that, with probability >1 — 29, the estimate

-R; <A+uz<n a > < A+ udD\o’g(N) ZR, (A.38)

ZO;\K—“

holds forall/ = 1,..., N simultaneously.

holds for all / =1,..., N simultaneously. After choosing A = A , B =R—udC1\/G g(N), and r, = 1~€f,
Ro
Lemma 10 implies that, with probability 1 — 20,

R < JR,
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forall / =1,..., N simultaneously, where

s = maxh L e + [Lciotsm ).
0 RO

It follows that, with probability 1 — 29, the estimate

-1
A+uy <n’, a’> < A+ udCo g(N)J Ry < A+ udCc’e(N)NJ R
=0

holds for all / =1,..., N simultaneously.

Proof of Lemma 2. For A € R’

o - o

2
5

= - 2B(Vom'ENA 1)+ B’ [Veu. &)

i.e.,

2

b ol - ’ (A.39)
2 2

17 =)+ (Voo B -2 + %“Vq;(x’, &)

osi(

Adding (p(k’) to both sides of inequality (A.39), multiplying it by N, and summing the result from 0 to
N —1, we obtain

N-1 N—

2
2

{cpm + (Vo200 -1) + Blveare
(A.40)

4 i( AT x”z)
2B 2 )|
N-1
Since @(1.) is convex, for " = % L', we have
=0

N-1

NoAY) < 3 foi) +(Ver',g)a -0 )} + %“V@(x’,g’)

ol - ) aan

Setting A = A* and adding and subtracting Z:i: <V(p(k'), At — k'> on the right-hand side, we obtain

N-1
NoG™) < 3 {o) + (Vo) ax - 1)+ EHVq)(x’,g’) i
=0 2 2
o 2 2 (A.42)
1 gt ' t 1 0 N
+ ;{vm(x JENY) = Vo(h'), A% — & > +2—B(Hx - —Hx — ¥ 2).
The convexity of @()) implies that
N-1 N-1 N-1
Y {00+ (Vo) n* = 1) < 3 o) + 0% - 9} < 3 0h*) < No(u*).
=0 =0 =0
Substituting this estimate into (A.42) yields
L o < L - + §<V(p(kt,§') ~ V) AF 1)+ ﬁ”wp(x’,g’) g (A.43)
2B 2 2B = 2 2
Define R, = Hk’ —4¥ and R, = max{R.1, R}, where R, = Ro. Since .’ =0 and 4|, < R, we have
R, = R. Moreover, by construction, Aoe By (). In a similar manner, we define ”a’H2 =[r —a* , <R

Then (A.43) can be rewritten as

1 52 1 52 <« [ [N B t ey
2—BRN sz—BRH;W@(x,&)—V<p(x),a>+5HV<p(x,&)2.
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Definen’ = Vo(o',&) — Vo(1."). By Theorem 2.1 from [35],

N-1 N-1
P{ | = 2+, D o I{é’}ﬁa‘} <exp [—Q (A.44)
=0 ) =0

Using Lemma 2 from [34], we obtain

12

E|exp| 52 |{E )20 | < exp(D),

where nt depends only on &’_1, e g“. Using the new notation and (8), we have
I N-I
Ry < Ro + 2[52 <nt,a’> +B°M°.
=0
Then, by Lemma 11 with constants 4 = ké + BzM 2, d =1, and u = 3, we conclude that, with probability
1—29, where % =exp (—gj, the estimates

/-1

Ri<JR, and Y (n.a') < DJG’g(N)NIR; (A.45)
=0

hold forall / =1,..., N simultaneously, where D is a positive constant,

F =25 NP’ (2A +BRo +24 ln%ﬁczN),

f =6"Ro, g(N) = ln(%) + 1n1n(§), and

J = max{l~ BCo g(N)+\/~2[3C1(5 (N)+E}

Ro

To estimate the duality gap, we use (A.41), noting that this estimate holds for any A € R’'. Therefore, tak-
ing the minimum over all & from the set A,z = {k e RY :|f, < 2R} yields

Nl((p(x)+<V(p(x gk —1))+ I“x x”} + NBM®

A N _
No(h )Sg{{g{ 5

t=0

2
where the last term was estimated using assumption (8). Additionally, the inequality “xN - k”z > 0 was
taken into account. By virtue of (A.29), we obtain the estimate

o(h )<_mm{2((p(x)+<v(p(x EN A — x))} [231;;&71‘42.

Adding and subtracting z:\: <Vq)(k'), A— )f> from the expression under the minimum sign yields

min {N 1((p(k’)+<V(p(k’),k —x’>)} < min {

t=0

2

-1

(<p(x)+<V<p(x EN, . — x>)}

~

2
Lo

+max{NZi<V<p(x £y — ch(x)x>}+ (Voo &) - Vo), -1").

t= =0

~.
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Note that —-A* € A,g. Then we have

NZ_JI<V<P“"E-'>—V‘P(”>’—”> -3 I<V<P0» &)~ Vo ).k~ 1)

=0 1=0

¥ E{Vm £)~ Vo)) < maxf{vmx’,&’)—vw’xk}
t=0

+ Z<V(p(x’,§’) — Vo), 1 - 1),
t=0

It follows that

N-1

2R M’

(p()» )<—m1 { BN 5

(00) + (Vo' 3. - x’))} +
=0
<L min {VZI o) + <V<p(x LA — A > } % 101 <ch(x,§f) — Vo), h* _N>

N-1 2 2
t et t 2R BM
+N?3ff§{§ <V(p(l LY = Vol ),x>}+B—N+T.

The definition of the norm implies that

Z (Vo',€) - Vo)) . (A.46)

eArr

an{E<V(p(l E'Y — Vo), x)} <2R

2
Using (A.44), we conclude that, with probability 1 — 8,

N-1
D (Von'.&) - Vo) SGJW[H /31néj. (A.47)
=0 b

N-1
Substituting the values of @(1") and V(L") into the expression Z((p()f) + <V(p()f),k - k'>) in (A.46)
t=0

yields
3 (<k',b> + zn:(uk(xk(x’)) = (1, Cox ) + (b - X', - ;J)j

t=0
N n
Z[ (W (x, (1)) +< Cxt(k'),k>].

=0

Then, since the functions 4, (x, ) are concave, it holds that

%{gn{NZ((P(X)ﬂV(p(x)x 7~>)}<U(x )——ma{

Combining this inequality with (A.46) gives

R N-1 M
o) <UR"Y) - iglﬁm{z (ex'ay -, x)} L 2R BM”

N-1

=0

<CX’(x’) . b,k>}.

= BN 2
N-1 N-—
+ %R 2 (Vo',&) - Vo) NZ(ch(x &)= Vo)1 - 1),
=0 5 =0

From this, taking into account estimate (A.47) and result (A.44), we see that, with probability 1 — 39,

/ 1
< 2RG\/§(1 TP 8) +2—R2+ B’ +c S g(N)JRz. (A.48)
2 JN BN 2 ' IN
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By Theorem 2.1 in [35], for all y > 0, it is true that
N-1 2
P > (2432, Y oL e | < exp (—ng
2 =0

Setting y = ,/3 lnl, we conclude that, with probability 1 — 8,

Then, with probability 1 — J,

N-1

D (x(.g) —x()

1=

N AN
—X

W

N-1
D (xa,8) —xh)
=0

o Z
X N

1+ /3lnlJ.
0

-4

ex™ - ™| <c], [ - &"], < csM/M@ + 3 lnlj.
2 2 N 0
Note that
2RH[C)2N —~bl.| = {213\12)’5{<CXN —b, x> + <Cf<N —Cx¥ —b+h, x)}
< gﬁi{@ﬁ” —b, x}} + ng{e\lzlg{<Cf(N - c&N,x>} <2R|[cx" - bL| + 2RI K" - &™),
<2Rficx” -bL| + 2Rox,/”‘L(CTC)(1 + /31nl].
2 N o

Since the function U is Lipschitz continuous, we obtain

| SMUGX\/Z(1+ /31nlj.
2 N )
vg"y ="+ UV -vx" )y 2uEY) - MUGX\/%(I + /3 ln%j.

Substituting (A.49) and (A.50) into (A.48), we conclude that, with probability 1 — 49,

< c ONEWN)JR 2R* BM’
YUN

‘U(iN )— U()ZN)‘ < M, HXN -

Then

oMy -UEY) + QRH[CiN —b],

2 BN 2
5 1
+ 2(1+TM(MUGX +2R(0+ 6,4, (CTC)) ).

Proof of Theorem 3. Since ||Vq)(7u)||2 < M forany A € A, (see (5)), we have the estimate
sup <V(p(kl), A2 — xl> < M -4R.
Aa2e A,

Theorem 4.1 from [26] yields
N
t t t
max Zl)& (Vou.)n —2) <&y,

where €, = 32x4MRexp {— %} Then

Ve Ay E(Voi)a - k) < ia’ (Vo)1 1) <ey.
t=1

tely
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It follows that
le g <b - Cx’,)»’> + max <—Z E'(b - Cx), k> < ey,
tely rely

which can be rewritten as

Y& (p-oxa)sey - 2/CR" b,

tely

(A.51)

,
Next, by virtue of (3), foreach x > 0 and ¢ € [, we have
Ux'(\") - <0x’(x’) - b,k’> > U(x) — <CX - b,;J}.

Multiplying the ¢th inequality by &', summing the result over all indices from /,, and taking into account
that Zte] &tU x)<U ()ZN) and the functions u,(x;), k =1,..., N, are concave, we obtain
N

Ux)-UGEY)+ <b - CX,iN> <> <b - 0x’,x’>,
tely

where 1" = Z ﬁ'l’. Using estimate (A.51), we derive

tely

2RH[C>2N —b],

AU -URY) + <b - CX*,iN> <égy. (A.52)

Since ):NGAZR and, hence, AN >0, whence <b—Cx*iN>20, it follows from (A.51) that

Ux*)-UE") < €y . Furthermore, since, by the definition of A*, U(x*) > U(x) — <k*, Cx — b) for all
x > (0, we obtain

UGEY) < Ux*) - <x*,b - c&’v> <U(x*) - rxrelgzl{@»,b - c&”>}

5

= U(x*) + max {<x,c&” - b>} <UKX*) + R”[Cﬁ” —b),

Combining this relation with (A.52) yields RH[C&N —b),
of the method follows from the continued inequality

, < g, . Estimate (11) for the number of iterations

ey = 32x4MRexp{—L} L
2m(m +1) 2m(m +1)
< ln(;) S N> 2m(m+1)ln(w).
32x 4MR c
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