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Abstract—A periodic boundary value problem for a nonlinear evolution equation that takes the form
of such well-known equations of mathematical physics as the Cahn—Hilliard, Kuramoto—Sivashin-
sky, and Kawahara equations for specific values of its coefficients is studied. Three bifurcation prob-
lems arising when the stability of the spatially homogeneous equilibrium states changes are studied.
The analysis of these problems is based on the method of invariant manifolds, the normal form tech-
niques for dynamic systems with an infinite-dimensional space of initial conditions, and asymptotic
methods of analysis. Asymptotic formulas for the bifurcation solutions are found, and stability of these
solutions is analyzed. For the Kuramoto—Sivashinsky and Kawahara equations, it is proved that a two-
dimensional local attractor exists such that all solutions on it are unstable in Lyapunov’s sense.
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INTRODUCTION
We consider the nonlinear partial differential equation

U + ’Yuxxx_x + Buxx + o+ Ylux + ’YZuxxx + YSuxxxxx

0.1
+ ay ) + by (U)o + a3 + by(U) = 0, -

where B,7v,, V>, Y3 &, by, @3, b, € R,7y, and o are nonnegative constants and u = u(z, x).

For various combinations of coefficients, Eq. (0.1) occurs in many branches of mechanics and math-
ematical physics. For example, inthe case Y = 3 = o0 = y; = b, = b; = a; = 0, we obtain the Korteweg—de
Vries equation. If y> 0, oo =2 0, and b, = a; = b; = 0, then Eq. (0.1) is called the Kuramoto—Sivashinsky
equation [1-3]. In [2], the corresponding equation was obtained in the analysis of the two-dimensional
Navier—Stokes system of equations in Kolmogorov’s modification after introducing the stream function
and some additional assumptions about the parameters of the problem. In [4—8], the version of Eq. (0.1)

witho =0, v > 0(y=1), and b, = a; = b; = 0 was studied. This version is called the Kawahara (or Kawa-
hara—Benney—Lin) equation. The Kawahara equation describes the evolution of long waves in hydrody-

namics.
In applications to hydrodynamics, Eq. (0.1) was considered for y=1, =0, and y, =y, =7v; = 0.
When a, = a; = b, = 0 and b; # 0, this version is known as the Cahn—Hilliard equation [9].

In many practical cases, the equation derived in [10] for describing the formation of relief on the sur-
face of plates under the action of a flow of ions and as a result of laser or electrochemical processing
(see [11]) can be reduced to Eq. (0.1). A number of mathematical problems for the Bradley—Harper equa-
tions and equations derived from it were studied in [12—14].

In many studies mentioned above, Eq. (0.1) is considered subject to periodic boundary conditions
(e.g., see [2, 3, 10, 11]). In this paper, we consider Eq. (0.1) subject to boundary conditions

u(t,x + 2m) = u(t, x), 0.2)

and we assume that y =1 (if Y > 0, then we can make y = 1 by the normalization with respect to time).
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LOCAL BIFURCATIONS IN THE CAHN—HILLIARD 631

We supplement the boundary value problem (0.1), (0.2) with the initial condition
u(0, x) = f(x). (0.3)

Let f(x)e H, where s = 5ify;, # 0 and s = 4 if y; = 0. Here H, denotes the Sobolev space [15] con-
sisting of 2r periodic functions with square integrable derivatives up to the order son an interval of the
period length. For such functions f(x), the results obtained in [16, 17] imply that the mixed problem (0.1),

(0.2), (0.3) is locally well resolvable and its solutions in the phase space (the space of initial conditions H,)
generate a local semiflow [ 18]

S(x) = fi(x) = u(t, x).

These remarks provide reasons to assume that the boundary value problem can be analyzed using
dynamical systems theory techniques with an infinite-dimensional phase state (e.g., see [18]).

1. LINEARIZED BOUNDARY VALUE PROBLEM

Let us analyze the stability of the trivial equilibrium state of the boundary value problem (0.1), (0.2);
for this purpose, we consider the auxiliary linear boundary value problem

u, = Au, (1.1)
u(t,x + 2m) = u(t, x). (1.2)
Here, the linear differential operator (LDO) A4 is defined by

Ay = —yI") _ By — o — Y’ — v — Y3V(V)7
where v = v(x) is a smooth 27 periodic function. The LDO A has a countable set of eigenvalues
A, =1,+iC,, T,=-n'+Pn’—o0, O,=—-Yn+ym —ym, n=0+x1%2 .

The corresponding eigenfunctions exp(inx) form a complete orthogonal system of functions in the
space L,(—m, ). Therefore, the solutions to the linear boundary value problem (1.1), (1.2) are asymptoti-
cally stable if T, < 0 for all » (in the case under examination, Illim T, = —oo), and these solutions are unsta-

n|—oo

ble if t, > 0 for a certain k. In turn, the zero solution to the nonlinear boundary value problem (0.1), (0.2)
is asymptotically (exponentially) stable if T, < 0 for all #, and it is unstable if there exists an integer k such
that t, > 0. For the boundary value problem (0.1), (0.2), there is a critical case if 1, < 0 and t, = 0 at cer-
tain integer k.

Let us identify all possible critical cases in the stability problem of the zero solution of the boundary
value problem (0.1), (0.2). First, let oo > 0. Then, the inequality n* - Bn2 + oo > 0 and the corresponding
equality nt - an + o = 0 at integer n imply that there are two critical cases in the case o # 0.

The first critical case. There exists a natural m such that t,, =1_, =0 for n=1m and 1, <0 for

n # +m. This case occurs if p =B, = m” + (m +3)’, a. = o, = m*(m +3)’, and § € (—1,1), which follows
from Viéte's formulas. For such a choice of o and 3, the linear boundary value problem (1.1), (1.2) has two
linearly independent ¢ periodic solutions

. . — 3 5
qn = eXp(lmx + le’)? qdm = 9n> c5m = Y2m - Ylm - Y3m ’ G,m = _Gm'

The second critical case. There exists a natural m such that 7, =0 occurs when n=1m and
n = x(m+1). For other n # tm and n # £(m + 1), it holds that t, < 0. This critical case occurs when
o=o, =m(m+1) andB =, = m’ + (m + 1)>. Then, the boundary value problem (1.1), (1.2) has the
t periodic solutions
Gn = eXpUMX +iG,t), Gy =q,p  qun = XPU(M + DX + 00,10, G 11y = Qi1
Gy = 'Yzm3 —Yhm - Y3m5: Opi1 = Yolm + 1)3 =Yi(m+1) = y3(m+ 1)5-
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632 A. N. KULIKOV, D. A. KULIKOV

A special critical case in the analysis of stability occurs when o0 = 0. Then, the LDO A has a zero eigen-
value (A, = 0), and the corresponding eigenfunction is e¢,(x) = 1. For = 3; =1 (o = o; = 0), the LDO
A has the eigenvalues A, = +ic, where 6 = 7, — Y, — V;. If n # 0, %1, then 1, < 0.

In the following sections of the paper, we analyze the bifurcation problems arising in the cases that are
close to the three critical cases listed above. This allows us to find the solutions that branch from the equi-
librium state u = 0.

2. BIFURCATION PROBLEM IN THE CLOSE TO CRITICAL CASE
WITH A SINGLE PAIR OF PURELY IMAGINARY EIGENVALUES

InEq. (0.1),setf =B, + vieand o = o, — v,€, where v,,v, € R, € € (0,€,),and 0 < g, < 1. Rewrite the
boundary value problem (0.1), (0.2) in the form
u, = Au+eBu+ F(u), 2.1)
u(t,x + 2m) = u(t, x). 2.2)
Here
A = Uy — Bilhy — O — Yithy — Volhr — Vallxooeor  Bilt = Vol = Vi,
Fu)= @+ W), B =-a@), —b@)g  FW) =00, ~ b))
The assumptions made in Section 1 imply that the LDO A(g) = A4, + €B, has the eigenvalues
Ai(€) = 1(e) tio(e), o(e)=0,, 1e)=¢T,, T,= vlm2 +V,.

This pair of eigenvalues is associated with the eigenfunctions exp(zimx). For the other eigenvalues of

A(e), we have the inequality Re A, (¢) < —y, < 0, where v, is a sufficiently small positive constant indepen-
dent of ¢ if| € | is sufficiently small.

These properties allow us to conclude that the boundary value problem (2.1), (2.2) satisfies the
Andronov—Hopf bifurcation theorem (e.g., see [18]). According to this theorem, the analysis of the
dynamics of solutions with sufficiently small in the norm of the phase space can be reduced to the analysis

of dynamics of an auxiliary two-dimensional system on a two-dimensional central manifold M,(g) [18—

20]. The other solutions with sufficiently small initial conditions u(0, x) = f(x) approach M,(€) at an
exponential rate. Such an auxiliary system is called normal form (NF). In complex form, the normal form
can be written as a single differential equation for an auxiliary complex-valued function z = z(¢)

2 =g, + (U, +ig (2.3)

if the first Poincaré—Lyapunov constant /,, # 0 and € # 0. This is the “principal” part of the NF, and the
omitted terms have an order o(€).

In applications to partial differential equations, the algorithm used to construct the NF (i.e., the algo-
rithm for calculating the NF coefficients) is important. Below in this section, we describe such an algo-
rithm, which can be interpreted as a modification of the well-known Krylov—Bogolyubov method.

We will seek the solutions of the boundary value problem (2.1), (2.2) lying in the central manifold
M, (¢) in the form
u(t, x,€) = € *u(t, x,2,7) + euy(t, x,2,7) + € u5(t, X, 2,7) + O(E”). (2.4)
Here z = z(z) is the solution to the differential equation (2.3) and
u(t,x,2,2) = 24y + 2G5,  q = eXp(imx +iG,t).
The functions u, and u; smoothly depend on their arguments. At fixed ¢, z, and 7, these functions

considered as the functions of x lie in H, and have period 271t/G,, in the variable ¢. Finally,

21/G,, 21

O j jujqkdxdt =0, j=23 k=*m q,=q,
0 0

@mny’

The class of such functions will be denoted by V.

Mk(uj) =
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LOCAL BIFURCATIONS IN THE CAHN—HILLIARD 633

We can substitute sum (2.4) into the boundary value problem (2.1), (2.2) and equate the coefficients of

the terms € and €”'* to obtain inhomogeneous boundary value problems for determining the functions

u, and u;. For u,, we obtain the boundary value problem
Uy — Ay = D51, x, 2,2), (2.5)
uy(t, x + 21) = u,(¢, x), (2.6)

where ®,(t,x,2,7) = —a2(u12 ), — bz(ul2 )x- The boundary value problem (2.5), (2.6) has a unique solution in
the class of functions V', which can be written as

“2(t, X,2,2) = T]m(qu)z + ﬁm(ﬁm)za
where
_ 2(2b2m - iaz)

= . Cp=3m—2md -8, d,=57m -7,
3m(c,, + 2id,m) L

m

For u;, we have the similar inhomogeneous boundary value problem

uy, — Az = D51, x,2,7), (2.7)
us(t, x + 2m) = uy(t, x),
@31, X,2,7) — ay(u;), — by(W) g — 20, (uitty), — 2By (uitty) . — B, (2.8)

— (T, + (U, + ig e )2qm — (X + (L, — ig 2T

When writing the right-hand side of Eq. (2.7), we should take into account that the derivative of 7 = z(¢)
with respect to ¢ is calculated along the solutions to Eq. (2.3). The solvability conditions of problem (2.7),

(2.8) in the class of functions V' (M,,(®5) = 0) imply that
_ e, Qbym’ — a3) — 6ab,d,m’]
3(ch +4m’d))
_ 8md,(2b;m’ — ay) + 12maybyc,,
e +4m’d)

/

m

+ 3bym’,

Em = —3(13111 ’
which once more confirms the superecriticality of T, = vlm2 +V,.
Lemma 2.1. The NF (2.3) has a periodic solution P,

. T T
2,(1) = p,, eXPUEW, L), P, = ,/—l—’”, W, = —gml—’”,

which exists if T,,1,, < 0. The solution P, is stable if ], < 0 (t,, > 0) and unstable ifl,, > 0 (t,, < 0).

Lemma 2.1 is easy to verify in the standard way. For example, the existence of the exact solution is ver-
ified by the straightforward substitution.

Lemma 2.1 and formula (2.4) for the solutions on the invariant (central) manifold M,(€) imply the fol-
lowing result.

Theorem 2.1. There exists an €, > 0 such that, for all € € (0,¢€,), the periodic solution P, of the NF (2.3) is
associated with the family of periodic solutions P(Q,,) of the boundary value problem (2.1), (2.2)
(1, X,€) = €, [exp(i@,,) + exp(=ip,,)]
+ £p,, [N, eXP(2ig,,) + T, exp(2i9,,) ] + O€™),

where @,, = @,,(t,x) = mx + (0,, + €W,,)f + Q, and ¢, is an arbitrary real constant. Each solution (2.9) is sta-
bleifl, < 0 and unstable if [, > 0.

2.9

In other terms, the family of periodic solutions in the phase space H, generates the cycle C,,, which is
orbitally asymptotically stable if /,, < 0 (and unstable if /,, > 0).
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Note that the solutions u,,(#, x, €) have the structure of the travelling wave u,, (¢, x,€) = u,,(0,,,€), where
0, =mx+(c, +em, +o(e))t.

From the physical point of view, the case when the cycle C,, is stable is more meaningful because the
corresponding solutions are physically realizable. This situation occurs when the version of the Kura-

moto—Sivashinsky equation with b, = a; = b; =y, = y; = 0 is considered. In this case,
B 4022

33m’ = 2md - &%)
independently of the natural m and & € (—1,1).

L, =

<0 (2.10)

If we consider the generalized Cahn—Hilliard equation [9] (@, = b, =a; =Y, =7V, = ¥; = 0), then

G,, = 0, = 0. Inthis case, we obtain a family of equilibrium states .S,, rather than a family of periodic solu-
tions. This family of equilibrium states generates a one-dimensional invariant set, which is asymptotically

stable if b; < 0 (/,, < 0) and unstable if b, > 0 (/,, > 0).

Here we examined the version with o0 > 0. The conventional version of the Cahn—Hilliard equations
assumes that oo = 0. This version should be analyzed separately.

3. THE CASE OF TWO PAIRS OF PURELY IMAGINARY EIGENVALUES
THAT IS CLOSE TO THE CRITICAL CASE

In Eq. (0.1), set
oa=0,—-V,e, PB=PB,+vie, v,v,e€R, €€ (0,g)),

where 0 < g, < 1, and the constants a.,,[3, > 0 were chosen in Section 1. Consider the resulting boundary
value problem

u, = Au + eBu + F(u), (3.1)

u(t,x + 2m) = u(t, x). (3.2)

Here Au = —u,.. — Byt — Ot — Vit — Vollyrx — Valhoxrrx> aNd B, = B, (see the definition of B, in Section 2).

The nonlinear operator F(u) was also defined in Section 2. The LDO A(g) = A, + €B, has the eigenvalues
Aip(®) = T,(8) £06,(8),  Ai(iny(€) = Tpi(€) £0G,,4(8),

T,(6) =T,8 T, =Vm +V,,
Al Al 2
Tpi1(€) = Tpi& Ty = Vi(m+ 1) +v,,
3 5
0,(€) =0,, O,="Y,m —Ym=—"y;m,

0,41(€) = Opyis Oy = Yolm + 1)’ - Yi(m +1) = y3(m + 1.

These eigenvalues are associated with the eigenfunctions exp(+imx) and exp(Zi(m + 1)x), respectively.

For the other #, it holds that Re A, < —y, < 0, where n # £m, n # £(m + 1), and v, is a positive constant,
which is independent of €.

In this case, the boundary value problem (3.1), (3.2) has a four-dimensional smooth invariant (central)

manifold M,(¢) [18—20], on which the dynamics of solutions to the boundary value problem is deter-
mined by the solutions to the auxiliary system of four ordinary differential equations (or the system of two
such equations written in complex form).

In this section, we first consider the situation of generic position. We assume that either m # 1 or
Y, # 5Y; if m = 1. Otherwise, in addition to the “resonance” of modes, the resonance of eigenfrequencies
1: 2 in the linearized at € = 0 boundary value problem (3.1), (3.2) is realized. The assumption that m =1
and vy, = 5y, gives the NF of a different structure.

We will seek the solutions belonging to M,(€) in the form that is similar to sum (2.4):
U(t, x9 8) = 8l/2u1(ta xy Z17 E]a Zz, Zz) + 8”2(t5 x7 z1a Z]a z29 22) + 83/2“3(t7 x9 z17 217 Zz, 22) + 0(82) (33)
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LOCAL BIFURCATIONS IN THE CAHN—HILLIARD 635

The functions z(#) and z,(¢) on the right-hand side of (3.3) are solutions to a system of differential
equations that is called the NF. This system is written below. In addition,

ul(t7 X, Z]azl, Z27 z2) = zlqm + zlam + Zqu-H + z2‘7m+17
q, = exp(imx +ic,t), g, =exp@i(m+1)x+ic, )

Finally, the smooth functions u;(#, x, 21,71, 25, 2,) (J = 2,3) considered as functions of x belong to Hj;
they are trigonometric polynomials of ¢ and satisfy the identities

2n
ju Jexp(ikx)dx =0, k=+m, k=+(m+]).
0

In the nonresonance case (we assume that G, : 6,,,, # 1;2;1/2;3;1/3), the principal part of the NF is

7 =eglt, + () + ig11)|z1|2 +( + iglz)|zz|2], (3.4)

' ' . 2 . 2
2 = €[ Tyu + (b + i)zl + (b +ign)lzl')

Here T), = v;m’° +V,, T,..; = Vy(m + 1)’ +v,. The other coefficients Ly, gy € R are determined when the
algorithm for constructing the NF is implemented.

Substitute sum (3.3) into the boundary value problem (3.1), (3.2) and equate the coefficients of the

identical powers of e’ Asa result, we obtain inhomogeneous boundary value problems for determining
the functions u, and u;. When making up these problems, it must be taken into account that the derivatives

of the functions z;(¢) and z,(¢) with respect to ¢ are calculated along the solutions to the system of differ-
ential equations (3.4). As a result, we obtain the following two problems:

Uy — Aty = Oy (1, X, 21,715 22, 20 )s (3.5)
u,(t, x + 21) = u,(t, x), (3.6)
Uy, — Asuy = O5(1, X, 2,21, 225 ), 3.7)
uy(t, x + 2m) = u,(t, x). 3.8)

Here

— — 2 2
(I)Z(ta X, 215 %15 225 Z2) = _a2(ul )x - b2(u1 )xxa

D (1, X, 21, 71, 22: T2) = —a3(U;) — byt ) — 205 (uitty) — 2B (i)
+ Bu, — 24, |:T'm + (), + igll)‘zlz‘ +( + igl2)‘z22‘:|

— ZGm |:T'm + (- igll)‘zlz‘ +(hy - iglz)‘zzzﬂ

. . 2 . 2

— 24mi1 |:Tm+l + (L + 1321)‘11 ‘ + (I + lgzz)‘zzﬂ
—_ , . 2 . 2

— 04 m [Tmﬂ + (- ngI)‘Zl ‘ + (L — lgzz)‘zzu-

The solutions to the boundary value problems (3.5), (3.6) and (3.7), (3.8) should be sought in the form
of trigonometric polynomials of the variables # and x that are orthogonal to the functions

exp(timx) and exp(Li(m + 1)x) in the sense of the scalar product in the space 1,(0,2mr) at all . The cor-
responding solution to the boundary value problem (3.5), (3.6) has the form

_ 22 2 2
Uy (1, X, 21,21, 22, 22) = MZ D + Mot + 322G mGmnt

_ — 22 2.2 —— — (3.9)
+ MNuZ1229m9ma1 T iz G + M2 G + N32Z2G 1 + NaZ109mG -
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By substituting sum (3.9) into the boundary value problem (3.5), (3.6), we find that

_ 2Qbym — ayi) _2Qb(m+1) — ayi)
" 3mie, + 2imd)” 3(m+ 1) (e, + 2i(m + D)dy)
_20maB@mi—ia) o 2Abia) g0 o
m(c; + id;) m(c, + idy)

¢ = 3m® + 8m +4, c=(m+ 1)(9m2 +9m + 2),
€y = (m2 -D(m+2), d = 5m273 =Y dy=5m+ 1)2'Y3 — Y2

dy = 57;(6m* +15m° +14m* + 6m +1) — 3y,2m" + 3m + 1),
d, = 3y,(m + 1) = 5y5(m’ + 2m* + 2m +1).

The coefficients of the NF (3.4) are found from the solvability conditions of the boundary value prob-
lem (3.7), (3.8) in the class of trigonometric polynomials. To this end, the coefficients on the right-hand

side of Eq. (3.7) must vanish for ¢,,, q,,, ¢,,..1» and g,,,,. Hence, we find that

L, = 3bym’ 4(c1(2b2m —a3) — 6aybyd,m’ )
3(c, +4m d, )
g1 = —3aym— 4mQ2d,2bsm’ — a2) + 3byac;)

3¢ +4m’d?)

2 2 2 5
Iy =3by(m+1)" + ey (b, (m + 12) —&) 6§lzb22dz(m + 1) )’
3(c; +4(m+1)"d;)

4(m + 1)(2d2(2b2 (m+1)° — az) + 3bzazcz)

g&»n =-3a;(m+1)—
. ’ 3(c2 + 4(m + 1)°d2)

4(2m + 1)[

Cs+3

hy = 6b3

2 2
(BEm2m + 1) — @) — 3m + Da,byds] + 4 {C“(bz’” +a)—(m— 1)“21’2"4},

2 2
c, +d,

2 2
81, = —6asm —4(2m + 1) [d3(b2 @m+Dm—a) + (3m + l)csbzaz}

G +d;
d4(b2m + a2) + (m - 1)02b204
c4 + d4

2 2
by = 6(m +1)b, + 4™+ 1[04(b2 (m+1)—ay)—(m+ 2)d4a2b2}

2 2
c, +d,
44 (m+1)2m+1) c3(b2 QCm+1)(m+ l) az) a,b,d,(3m + 2) ’
m c3 + d3 )

d4(b2 (m+1)— a2) +(m+ 2)a2bzc4

€21 = —6ay(m +1) — 4”’“{
m

c4 + d4
4(m +1)(2m+1) d3(b2 QCm+1)(m+ 1) az) +(Gm+ 2)c3b2a2 ‘
m c3 + a’3 ]

In the system of differential equations (3.4), we set
7 = P exp(iQ)), 2 = P, exp(iQ,);
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LOCAL BIFURCATIONS IN THE CAHN—HILLIARD 637

then, we obtain the following system of ordinary differential equations (NF) for the real functions
pl(t)a p2(t)9 (pl(t)a and (p2(t)

p, = ¢€T, + 111912 + llZp;]pl,
P, = €lT, + 121P12 + lznglpz,

¢, = S[gnplz + glng],

¢, = e[g,P1 + 8P3 )
In system (3.10), (3.11), the key role is played by the closed subsystem (3.10) for the amplitude variables
p, and p,. It certainly has the zero equilibrium state p, = p, = 0 corresponding to the equilibrium state
u = 0 of the boundary value problem (3.1), (3.2); however, it also can have nonzero equilibrium states.
Lemma 3.1. System (3.10) has the following nonzero equilibrium states:

Siipn = \[_T'm/lna Pn =0 if 1,4, <0,
S :pn=0, pp= \[_T'm+1/122 if Tuuln <0,

Sy P =JA/A, Py =AJA if  AA>0and AA > 0.
In the last two formulas,

(3.10)

(3.11)

A=1lby = by, A =0T — 6Ty Ay =5T, = § T

The equilibrium state S, is asymptotically stable if I, < 0 and A, < 0, and it is unstable if at least one of the
numbers I, or A, is positive. The equilibrium state S, is asymptotically stable if I,, < 0 and A, < 0, and it is
unstable if at least one of the numbers ,, or A, is positive.

Finally, S, is asymptotically stable if
A>0and I|)A + 1A, <0.

IfA<Qorl A+ 1A, >0, then S; is unstable.
The coordinates of §; are found by solving the algebraic system of equations

2 2 1} 2 2
hpi + 10,05 = =T, Lipi +10p5 = =T
The stability conditions of these equilibrium states are checked in the standard fashion. For this pur-

pose, the system of differential equations (3.10) should be linearized at the corresponding equilibrium
state.

The results obtained in [21—24] imply the following theorem.

Theorem 3.1. There exists a positive constant €, such that, for all € € (0,€,), the nonzero equilibrium state
S, (8,) is associated with the cycle L, (€) (L,,,,(€)) of the nonlinear boundary value problem (3.1), (3.2). The

corresponding cycle L, (€) (L,,.,(€)) is orbitally asymptotically stable (unstable) if the corresponding equilib-
rium state is asymptotically stable (unstable).

The cycle L, (€) is generated by the family of periodic solutions

(1, %,€) = €"7p) (exXp(iy,,) + eXP(=iy,,)) + €PN, exp(2iy,,) + T, exp(=2iy,,)] + o(e),
where \y,, = mx +(C,, + ®,&) + Y, W, € R.
For the periodic solutions generating the cycle L,,,,(€), we have the asymptotic formulas
(1 X,€) = €D (€XDEW141) + EXD(—Y,11)
+ P30l eXP(2iY,,.) + T, eXP(=20,1)] + 0(®),

where ., = (m + D)X + (G, + 0, ,€) + Yo, Yy € R.
At the same €, the equilibrium state S; is associated with the two-dimensional invariant torus T,(€), which

is asymptotically stable if S, is asymptotically stable. The torus T,(€) is a saddle one if the equilibrium state S,
is unstable.
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The torus is filled with solutions each of which satisfies the asymptotic formula

ur (t, x,€) = €°[p,3[exp(iys) + exp(=iy;)] + Paslexp(iyy) + exp(—iy,)]] + elpin, exp(iys;)
+ PoM, €XP(21W,) + Pr3PasTls XP(Y; + iW,) + PysPssTle Xy, — i) + e+ o(e).
Here y; = mx + (0, + €0, +0(€)) + Vs, W4 =(m+1)x+(C, +EW,, +0(E) + Wy, V3o, Wy € R,

0, = g“plz3 + gl2p§3, and ®,,,; = g21p123 + g22p§3. The letters c.c. in the second pair of square brackets denote
the terms that are complex conjugate to the explicitly written terms. The corrections to the frequencies

G,, and ©,,,, are found by analyzing the system of differential equations (3.11).

Theorem 3.1 is formulated for the generic position. If 6,, = 6,,,, = ®,, = ®,,,; = 0, then the family of
solutions u; is independent of ¢ and the two-dimensional invariant set 7,(¢) is filled with the family of

inhomogeneous equilibrium states. The equilibrium states .S} and .S, are associated with one-dimensional
invariant manifolds filled with inhomogeneous equilibrium states. This fact can be confirmed if we con-

sider the Cahn—Hilliard equation (i.e., Eq. (0.1) with v, =v, =v; =a, =b, =a; =0, and a > 0) if
by, < 0.

If Eq. (0.1) is considered with v, =y; = b, =a; = b, =0, 7y, #0, a, # 0, and o > 0, then the situation
is different. At such a choice of the coefficients, we obtain a version of the Kuramoto—Sivashinsky equa-
tion (see [2]). Let, in addition, o, = 36, B, =13 (m = 2), and v, > 4v, > 0. The check of the conditions of
Theorem 3.1 shows that there are two cycles L,(€), L;(€), and the torus 7,(€). The torus is stable and the
cycles are saddles. Therefore, from the physical point of view, two-frequency oscillations are realized,
which fill the two-dimensional invariant torus (in the situation of generic position).

Now, let m =1 and vy, = 5y,. In this case and at € = 0, there is the resonance of “eigenfrequencies” 1 : 2,
i.e., 6, = 20, in the bifurcation problem. Below, we restrict ourselves to a special case of the bifurcation
problem. In its more general version, y, — 5y; = Y,€, where v, € R and € is a small parameter.

In this case, the normal form techniques is applied in a different form. The solutions belonging to
M ,(¢) should be sought in the form (see [25, 26])

u(t, x,€) = €u(X, 2130 20, %) + € Ur(X, 21y Tps 200 T) + 0(E), (3.12)
where
Ll](t, xa sz], Zzyzz) = Z]Ch + 3151 + quz + 22627 Zj = zj(t)a ./ = 17 29
q, = exp(iot +ix), g, =exp2ict+2x), O, =0=%-Y —"Y;-

Note that ¢, = ql2 , q1q; =1, and ¢,g, = 1. Finally, the complex-valued functions z;(f) and z,(¢) satisfy
the system of ordinary differential equations (NF)

Zl = 8W1(Z15217Z2922)+0(8)7 Zé = 8W2(z1921’z2722) +0(8) (3'13)
The right-hand sides of the NF (3.13) will be determined later. By substituting sum (3.12) into the

boundary value problem (3.1), (3.2) and collecting the terms proportional to 82, we obtain an inhomoge-

neous boundary value problem for determining the functions v, = u,(t, x, z;, 7, 23, 25)- The boundary value
problem is

ty = Aty + €Byuy — ay (1)), — by (U)o — Wi — UG, — Vot — ol (3.14)
le(f, X+ 2TC, < Zla 225 Z2) = le(t, X, 2y, Zl’ <25 Z2) (315)

The conditions of its solvability in the class of 2/ periodic functions in the variable # imply that

. . = . N
W, =15+ (5 +i8)%2, Vo =T + (U +ig)z.
In the case under examination,
T; = V] + Vz, T’z = 4V1 +V2, 13 + lg3 = 2(b2 - iaz), 14 + lg4 = 2(2b2 - iaz).

Below in this and in the next section, we consider only the equations with b, = 0. If, additionally,
a; = 0, and b; = 0, then we obtain a version of the Kawahara equation; and in the case y, = y; = 0, a; = 0,
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and b, = 0, we obtain a version of the Kuramoto—Sivashinsky equation. Under such additional assump-
tions, the truncated normal form (a, # 0) takes the form

4 =€tz —2a55) %4 = €dus - 2iag )
The changes z; = v,/(2a,), 2, = —v,/(2a,) reduce this system of differential equations to the system

v, = e[ty +iv,], v, = €Ty, +ivi) (3.16)
In (3.16), we set

vi =p1exp(i@), v, =p,exp(ig,), PP 20, @,9,eR
As a result, it can be rewritten in the real form

P =elTip —pip;sinyl P, = [Ty, +p; siny]
¢, =ep,siny, @, =&(Pi/py)cosy, W =@, — 20,
In turn, we can separate the following closed subsystem of three equations from the last system of dif-
ferential equations:

p, = €ltp —pipysinyl P, = elTop, +prsinyl,
2
= E{p—l - 2p2}cosw;

2
it has the coarse equilibrium states

Sl :Ur!:g’ P1 Z\I_T'IT'L P2 ZTVI’
3 Al Al Al
Sty = ?TC’ P = \,_Tlrb P =—T.

The equilibrium state S, exists if T} > 0, T, < 0, and S, exists if T} < 0, T, > 0. The first of these equilib-
rium states is asymptotically stable, and the other one is unstable.

Letin Eq. (0.1) b, =0, v, =5y;, 0 =0, —=V,& B =P, —vi&, o, =4, B, =35, and a, # 0. The reasoning
above and the results obtained in [25, 26] imply the following theorem.

Theorem 3.2. There exists an €, > 0 such that, for all € € (0,¢€,), the boundary value problem (0.1), (0.2)

has a limit cycle if 17, < 0. This cycle is stable if T, < 0 and 27} + T, < 0. The solutions forming this cycle sat-
isfy the asymptotic formula

u(t, x,€) = 31/—1:'11:'2 cos(ot + x + @) + 51'1 sin(267 + 2x + 29,) + O(€>), @, € R.
a, a,

Recall that T} = v, + v, and T, = 4v, + v,.

4. A SPECIAL VERSION OF THE BIFURCATION PROBLEM

In this section, we consider the boundary value problem (0.1), (0.2) for oo = 0. We additionally assume
that a; = b; = b, = 0. Under these assumptions, we obtain the Kawahara (Kawahara—Benney—Lin equa-
tion) [4, 5]. If additionally v, = y; = 0, then we have the Kuramoto—Sivashinsky equation.

LetusalsosetP =1+¢, €€ (0,g,),and 0 < g, < 1. Then, we obtain a special version of the critical case

in which the stability spectrum includes A, = 0 and A, = +iG,, 6, = —, + ¥, — 75 (see Section 1). Rewrite
the boundary value problem (0.1), (0.2) in the form similar to that used in Sections 2 and 3:

u, = Asu+eBu — az(u)i, (4.1)
u(t, x + 2m) = u(t, x), 4.2)

WhereA3Ll = Uer — Ux = Vil = Volhioe — Valbioes BSLl = Uy
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Any solution to the boundary value problem (4.1), (4.2) can be represented by the sum

2n
I/l(t, x) = uO(t) + V(ts x)5 uO(t) = MO(u) = L Iu(ty x)dx9
2ny

2n
_ . _ 1 .
v(t,x) = E u,(t)exp(inx), u,(t) = Zc v([u(t, Xx) exp(—inx)dx.

n#0

Itis clear that M (v) = 0. Note that the right-hand side of Eq. (4.1) has a zero spatial mean. Therefore,
the boundary value problem (4.1), (4.2) may be replaced by the equation

uy(r) =0, uy(r) =c,
where ¢ is an arbitrary real constant, and the boundary value problem for v(z, x)
v, = Al + eBy — a,(vY),, (4.3)
v(t,x +2m) =v(t,x), Myv)=0, 4.4)
where A(c)v = Av — 2a,¢v,. Therefore, the LDO A(c) has the eigenvalues
Ai(g,c) =etiole), o(c)=7,—" - —2ac o0)=o0,
and the other A, (g, ¢) satisfy the inequality Re A, (€,¢) < —y, < 0. Moreover v, is independent of ¢. The
phase space of the nonlinear boundary value problem (4.3), (4.4) is the space Hio c H;, which consisting

of the functions f(x) € H>u(0,x) = f(x)) satisfying the equality M,(f) = 0.
The bifurcations of the nonlinear boundary value problem (4.3), (4.4) can be analyzed using the tech-

niques described in Section 2 of this paper. Recall that the analysis of the neighborhood of the boundary
value problem (4.3), (4.4) can be reduced to the analysis of the NF:

t=¢l+( +ig)ld (4.5)
In this case,
4a3 2dda’
=——=—<0, g=——, d=5;—-1Y.
34+ d°) 34+ d°) P

The differential equation (4.5) has a stable periodic solution

1) = poexpliewy), py =+-1/1, ) =-g/l,
which is associated with the family of periodic solutions having the travelling wave structure

v.(t, x,€) = 2pe"* cos(y,) + O(), Y, = x +0(o) + 0,
where ¢ is an arbitrary constant. In this section, we have written out only the principal term of the asymp-
totics in real form. It is clear that formula for v.(z, x, €) can be refined using the calculations described in

Section 2. The periodic solutions v, (¢, x, €) form a cycle L (€) in the phase space of the solutions of the aux-
iliary boundary value problem (4.3), (4.4). All its solutions with sufficiently small (in the norm) initial val-

ues lying in a neighborhood L (€) approach this cycle at an exponential rate with an exponent K(Yy,) < 0
that is independent of c.

Now, return to the boundary value problem (4.1), (4.2). It has the family of periodic solutions

u, (1, x,€) = ¢ + 2p,e"* cos(y,) + O(e), (4.6)

which depends on two arbitrary parameters ¢ and ¢,. Moreover, this family of solutions forms a two-
dimensional invariant set Cil(g) for the solutions of the boundary value problem (4.1), (4.2) (the local
attractor of its solutions). This invariant set may be called a cylinder because geometrically it is the Carte-

sian product of the closed trajectory L (€) and a straight line.

Note that all solutions to (4.6) are periodic functions of # with the period depending on the choice of c.
Indeed,

1. =2n/o(c), o(c)=Y,—Y—Ys—2ac¢ (a #0).

COMPUTATIONAL MATHEMATICS AND MATHEMATICAL PHYSICS  Vol. 59 No.4 2019



LOCAL BIFURCATIONS IN THE CAHN—HILLIARD 641

The proof of the fact that all solutions of the two-parameter family of periodic solutions (4.6) are
unstable in Lyapunov’s sense in the norm of the phase space of solutions is fairly standard. Select two solu-
tions of this family

u, = ult, x,¢,,04) = ¢ + 2p,€"” cos(x + (et + o) + o(e"?),

Uy = u(t, X, ¢y, 0,) = ¢, + 2P cos(x + 6(c,)t + aty) + o(e"?).

Denote the “principal” parts of these formulas by w, and w,, i.e.,

1/2 .
w; =w(t,x,¢;,0;) = ¢; +2p€ " cos(x +o(c;)f+a;), j=12.

Then, trigonometric calculations give

|Aw,| = [wi, — W] = 4p,e"*[sin ©,(F)]| cos O, (#, x)|
where

0,(1) = 0.5[(c(c)) —o(e))f + A, O,(f,x) = x + 0.5[(5(c;) + 0(c2)) + Ay,
A1=Ocl—062, A2=OC]+062.
The elementary computations show that
2n
1AW oo = j(wa)zdx = 16mplesin’(©,(r)).
0
The above reasoning implies three remarks:

(1) [|Aaw, | Lo = 41'%p,e"? if t = 1,, where 1, is the solution to the equation
OS[(G(C]) - G(CZ))tk] + Al = §+ nk,

where ke Z, ie., t, = w A proper choice of k ensures the validity of the inequality 7, > 0.

2ay(¢; — ¢1)

In addition, |1l<|im |t,| = oo.
(2) Therefore, we have

1/2

”AW”H; 2 ”wanzq(o,zn) 2 4 pog”2

ifs=4or5andr =1,.

(3) Finally, for # = 0 we obtain the inequality [Aw| uy S0 ifle — ey <&y, loy — 0| < §. In this case,
6=09(8,) > 0ifd, — 0.

Similar remarks hold for the solutions # and u, and not only for their “principal” parts if g, is a suffi-

ciently small positive constant and € € (0, €;).
A similar result was obtained in [27], where a different boundary value problem was studied.

CONCLUSIONS

The boundary value problem for Eq. (0.1) was studied. For various sets of coefficient values, this equa-
tion includes such well-known equations as the Kuramoto—Sivashinsky, Cahn—Hilliard, and Kawahara
equation. For the boundary value problem (0.1), (0.2), we studied the local bifurcations in the cases when
the stability of homogeneous equilibrium states changes at small variations of the parameters of the prob-
lem. Note that the local bifurcation problem for the boundary value problem (0.1), (0.2) was earlier stud-
ied for certain specific cases and often under additional conditions imposed on the class of solutions.
In most cases, the local bifurcations for the simple Kuramoto—Sivashinsky equation subject to periodic
boundary conditions and additional assumptions about solutions of the boundary value problem were
considered. For example, these were assumptions of evenness (oddity) with respect to the spatial vari-
able x (see [28, 29]). The boundary value problem was reduced to a finite-dimensional system of ordinary
differential equations using the Galerkin method with a small number (e.g., four) of basis functions.
Often, the detailed analysis of bifurcations used the computer analysis of the corresponding bifurcation
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problems. Note that many studies use the seminal paper [30], in which a theorem on the existence of a
global attractor for the mixed problem

U + Vi + Uy, +%(ux)2 =0,

u(0,x) =uy(x), xe R,
ult,x + L) =u(t,x), u(t,—x) = u(t,x)

or

U + Vi, +u, + (uz)x =0,
u(O’ x) = uO(x)9 X € R’
Ll(t,X + L) = Ll(l, X), u(ta —X) = —Ll(t, X),

was proved; these are the periodic boundary value problems for the basic version of the Kuramoto—Siv-
ashinsky equation with additional conditions about the evenness or oddity of solutions. In a number of
studies in situations similar to studies [28, 29], the analysis of the basic version of the Kuramoto—Sivash-
insky equation was based on the Lyapunov—Schmidt technique (e.g., see [31]).
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