ISSN 0965-5425, Computational Math ics and Math ical Physics, 2017, Vol. 57, No. 12, pp. 2005—2016. © Pleiades Publishing, Ltd., 2017.
Original Russian Text © A.1. Egorov, L.N. kaya, 2017, published in Zhurnal Vychislitel’noi M ki | M icheskoi Fiziki, 2017, Vol. 57, No. 12, pp. 2053—2064.

Control of a Heat Conduction Process
with a Quadratic Cost Functional

A. 1. Egorov* and L. N. Znamenskaya**
Moscow Institute of Physics and Technology, Dolgoprudnyi, Moscow oblast, 141700 Russia
* e-mail: egorov@4unet.ru

** e-mail: znamenskaia.ln@mipt.ru
Received October 5, 2016; in final form, March 27, 2017

Abstract—Two control problems with a quadratic cost functional for a parabolic equation with Robin
boundary conditions are investigated.

Keywords: parabolic equation, elliptic operator, quadratic functional, torque ratios, optimality condi-
tion, control with minimal energy.

DOI: 10.1134/50965542517120090

1. INTRODUCTION

We consider two optimal control problems for a process described by a boundary value problem for a
linear parabolic equation with a linear Robin boundary condition involving the control p. One problem
is concerned with minimum-energy control. It was previously studied in various special cases (see, e.g.,
[1—3]). However, its complete solution was not obtained even in those special cases. In the other problem,
ausual quadratic functional is used as an optimality criterion. This problem has been addressed in numer-
ous publications (see, e.g., [1—3]), but it has not been studied to a full extent either.

In this work, we perform a fairly complete analysis of both problems and analyze the relation between
their solutions.

1.1. Description of the Process

Let D be a bounded domain in the n-dimensional Euclidean space E”, d.D be the boundary of D, and
D=DudD. A bounded cylinder in the (n+ 1)-dimensional Euclidean space is denoted by
Or ={(t,x): 0<t < T, xe D}, and its lateral surface, by H, = {(t,x) : 0<¢t < T, x € dD}.

On D we define the differential operator

n
0 Jdu
Pu=>» —|a,(x)=—|—-c(x)u, (1)
Z ox;\ 7 ox;
i,j=1 J
where a;; and ¢ are given functions and ¢ is a nonnegative function. Assume that the operator & iselliptic,
i.e., the following conditions are satisfied: (i) a; = a;; forall i, j =1, ..., n; and (ii) there exists a positive

constant vy such that
n n
> a(xou0o; 2 vy af, xe D,
i,j=1 i=1

for any real numbers o; (i =1, ..., n) satisfying 0(12 + -+ ch, #0.

2005



2006 EGOROV, ZNAMENSKAYA

Assume that the surface d D is continuous and piecewise smooth, the functions a;(x) and c¢(x) are con-

tinuous in D, and da;, /ax € L,(D),i=1,..,n. Let n denote the outward normal unit vector to the
boundary 0D of D. Defme

Pu = Za,j(x) cos(m, x;) + A(x)u. 2)

i,j=1 Xj

Here, 4 is a given nonnegative function from L,(d D).
Under the indicated conditions, the boundary value problem (see [4])

Po=-ANw xebD,

3
Pw=0, xe€dD, ©)

has an orthonormal system of eigenfunctions {®,}_, that is complete in L,(D) and {A,},_, is the corre-
sponding sequence of eigenvalues such that A,,, > A, and A, — o as n —> oo.
Consider a thermal process described by the boundary value problem

=QLu(t,x), (t,x)e Oy,

u©0,x)=0, xe D, (4)
@)Ll(t, X) = p(t)g(X), (ta X) € HTa

du(t,x) _
ot

where g is a given function and the operators &£ and & are defined in (1) and (2), respectively.

1.2. Weak Solutions

Definition 1. The weak solution (see [1, 4, 5]) of the boundary value problem (4) is a function
u = u(t,x) € L,(Qr) having generalized derivatives du/dx; € L,(Qr) foralli =1, ..., n that (i) satisfies the
identity

j(u\P)

dx — J‘J‘{ua—\y— i’jn . 88;1 S;P cu¥ |dxdt — ;':av[)[pg hulVYdédt =

for all functions ¥ € WZI’I(QT) and any #,,¢, € [0,7'] and (ii) obeys the initial condition #(0, x) = 0 in the
sense that

j u(t, )O(x)dx — 0, £ —> +0,
D

for any function ® € L,(D).
The weak solution of problem (4) can be represented in the form

ut,x) = Y u,(H0,(x). 5
n=l1
Here, {®,},, is the complete orthonormal system of eigenfunctions of problem (3). Since
au ou 0w,
Fuw,dx = ; a | —a;— dx — |cuw,dx
-[ {;{ax(j X; ] Y ox; ax} -£
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CONTROL OF A HEAT CONDUCTION PROCESS 2007

du 0w,
I[@’u—hu]co dE — IZ ”au a‘;’ dx — £cum,,dx

Di,Jj=l

= I@umndﬁ - J@mnudi + JSanudx - kf,J.uO)ndx + p(t) I gm,d¢&,

for the functions u,, = u,(t), n = 1,2, ..., we obtain the Cauchy problem

i) + M, (1) = ¥,0(0), 1, (0)=0
Here,

= [ s®0,@)0t (©)
oD

Thus, the functions u,, = u,(¢) in (5) are given by

u,(0) = 7,[e " p(ar )

0

2. APPLICATION OF THE MAXIMUM PRINCIPLE
2.1. Formulation of the Control Problem
Let us set up the first optimal control problem.

Problem 1. Given a process described by problem (4) and admissible controls p = p(¢) belonging to the
space 1,[0,7T7], the task is to find a control p = p(¢) that minimizes the functional

T
J1pl = {1l %) - o) Pdx + B p(t)dr. ®)
D 0

Here, B > 0 and ¢ € L,(D) is a given function.

Since functional (8) is strictly convex, it is easy to show that the formulated control problem cannot
have more than one solution. The existence of at least one optimal control follows from [1].

2.2. Computation of an Increment of the Functional

Let p = p(#,B) be an optimal control and Ap = Ap(¢) be an admissible increment of p. Denote by
u = u(t, x, ) the solution of problem (4) at p = p(¢,B), and let u + Au = u(t, x, 3) + Au(z, x) be the solution
of problem (4) at p = p(,3) + Ap. Then the function Au = Au(t, x) solves the boundary value problem

JdAu(t,x) _

Fy = PAu(t,x), (t,x)€ Oy,

Au(0,x)=0, xe D, 9
PAu(t,x) = Ap(t) - g(x), (t,x)e Hp.

The solution of problem (9) satisfies the identity

n 153
j (A dx - j j a\{' a, 2849 _ Au | dxdr - [ [18p - g - nawrvdtar=0 10y
ox; ox;
t oD
for all functions ¥ € Wz1 1(QT) and any ¢,,¢, € |0,7]. Here, the initial condition is understood in the sense
that lim J‘ Au(t, x)¥(x)dx = 0 for an arbitrary function ¥ € L,(D).

t—+0
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In identity (10), we set #, = 0 and #, = T'. Then, in view of problem (9),

jAu(T )T, x)dx — j j [Au a‘P a, 98U _ Ay dxa’t—jj[Ap~g—hAu]‘Pd§thO. (11)

L ox; 0x,
i,j=1 09D

The increment of the functional J[ p] defined by (8) is calculated as

AJlpl = J1p@t,B) + Apl - J1p(t,B)] = ZI[M(T ,%,B) = 0(x) JAu(T', x)dx

r ? (12)
+ 2[3_[ pt,B)Ap(t)dt + o(Ap,Au), Ap — 0, Au — 0.
0

As ¥ = Y(¢, x) in identity (11), we use a function satisfying the condition
\P(T’ x) = 2[”(Ta X, B) - (P(x) ]
Then the increment of J in (12) is determined as

T
AJ[p] = jAu(T, X)W(T, x)dx + 2Bj P(BAP(D)E + o(Ap, Au). (13)

D 0

Assume that the function ¥ = W(, x) satisfies the identity

I.[ B IV IO _ po | dxar —]i J.h(&)‘f'(f, E)axt, E)ddt = 0, (14)

: “ ox; 0x;
i,j t 0D

where 0 < 7, <, < T. This identity holds for any function ® = o7, x) such that w e L,(Qr), o, € L,(Or)
fori =1, ..., n,and oXt, x) € L,(H;). Moreover, we have the limit relation

lim I[T(t, &) — 20u(t,.&,p) — @) 1(E)dE = 0 15)

t—>T-0
oD

for an arbitrary function y € L,(dD).

If the function ¥ belongs to W2"2(QT), then identity (14) becomes

153

153 n
b d 0 oY _
j I{E + Z g(a,, a_x,.j - c‘{’} wdxdt — j j PPt E)at, E)dEdt = 0. (16)
) ij=1""/1 1, 9D
Therefore, it follows from (15) and (16) that ¥ = W(¢, x) solves the boundary value problem
WD 4 pven =0, @xe 0.
W(T,x) =2u(T,x, B) - ¢(x), xe D, (17)
PY(tx)=0, (t,x)e Hy.

If¥Ye W;"(QT), then W satisfying identity (14) is called a weak solution of problem (17).

COMPUTATIONAL MATHEMATICS AND MATHEMATICAL PHYSICS  Vol. 57 No. 12 2017



CONTROL OF A HEAT CONDUCTION PROCESS 2009

In identity (14), we set ® = Au, t, =0, and ¢, = T. Then (11) and (14) imply that

T

jAu(T, X)W(T, x)dx = j I ApgWdEdt. (18)
D 00D

Combining (13) with (18) and using the Taylor formula yields

T

AJ[p] = j { j gWdE + 2B, B)} Ap()dt + o(Ap, Au). (19)
0 LoD

Define the function

H=HY,p)= {sz + pjg‘l’dﬁ}-
oD

Then it follows from (19) that

T

AJlp] = —IA SHCY, p(t,B))dt + o(Ap, Au).
0

Therefore, an optimal control p = p(¢,3) minimizes the functional J if p = p(¢, ) maximizes H.
Thus, the following result is true.

Theorem 1. An admissible control p = p(t,B) in the boundary value problem (4) minimizes functional (8)
if and only if it maximizes the function

H(Y,p) = —[Bf + pf g‘Pdé}, (20)

oD

where Y is the solution of the boundary value problem (17).

2.3. Integral Equation for the Optimal Control

The optimality condition obtained above is used to construct an optimal control. For this purpose, we
first derive an integral equation for this control. Then we prove the uniqueness of its solution and, finally,
describe methods for constructing the optimal control and its approximations.

Theorem 2. Let

=

=1, K=Y ron@, f0 =Y ¢,n0, @)

n=1 n=l1

where the numbers vy, are given by (6), @, are the Fourier coefficients of ¢ = O(x) expanded in terms of the
complete orthonormal system of eigenfunctions of problem (3), and A, are the eigenvalues of this problem. Then
the optimal control p = p(t,P) satisfies the integral equation

T
Bo(B) + [ (T BYK(E, DT = £() (22)
0

Proof. The stationary point of the function H = H (YW, p) defined by (20) is determined by the equation
2Bp + LD gV dg = 0. Therefore,

p=pep) == [ s@¥E00E (23)
oD
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Substituting function (23) into (4) yields the boundary value problem

% = Lu(t,x), (@, x)e Oy,
u(0,x)=0, xe D, (24)
Putt,x) = -5 [ g@W(E0E (1 x)€ Hy.
B 5

The function u = u(t, x,) corresponding to the optimal control p = p(z,) is a weak solution of this
problem. Problem (24) is solved together with problem (17).

The solution of problem (24) has the form of (5), where the functions u, = u,(¢) are given by (7) and
{®,},—, is the complete orthonormal system of eigenfunctions of problem (3).

To solve problem (17), the function ¥ = W(¢, x) is represented as a series: ¥(¢, x) = Z: Y, (), (x).
In view of the obvious identityJ- [aa_‘l’ + L‘I‘} ,dx = 0 and the terminal conditions, the following Cauchy
D ot

problems are obtained for V' ,:
VO -A¥,0=0, ¥, D)=2Au,T)-9,, n=12 ...

Thus, we find the functions ¥ ,(¢):
¥, (1) = 2u,(T) - (pn]e“"‘”, n=12, .., (25)

where @(x) = z:;l 0,m,(x).

Next, from equality (23) and expressions (25) and (7) for ¥, and «,(T'), respectively, we derive an inte-
gral equation for p = p(z,P):

w | T -
BB+ [ J. Pt B)Vnek'z'(”)dm] y,e T~ D 0.y, T,

n=l| g n=1

Combining this relation with (21) yields Eq. (22).

2.4. Existence and Uniqueness of a Solution to the Integral Equation

Let us prove that Eq. (22) is uniquely solvable in L,[0,7]. Straightforward calculations show that

TT TTT o 2 TT o 0
j K, v)ddt = ”{Z rn(t)rn(r)} dtdt < J' J' > RO K@didt
00 00 Ln=l 00 n=l k=1
w T 2 o, 2
- [Z:' { rj(z)dz] = {22‘427—7%(1 - e”ﬁT)} < oo,

The last inequality follows from z: y,zq < oo (see [4]) and the fact that A, — o0 asn —> co.

For any function p = p(¢,) from L,[0,7], we have

n

TT T o 2
[[ k@000, Bp(x Brard = { [ nww B)dt] > 0.
0 0 n=l1

0
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The operator A = B.$ + H defined by the formula

T
sp(t,B) = (BI + I0)p(t,B) = Bp(t,) + [ K(t, 1p(x, BT
0

is positive definite, since the equality (sdp, p),, = 0 holds if and only if p = p(z,) vanishes for almost all
t from the interval [0, T'].

The following result is well known in functional analysis (see, e.g., [6]).

Theorem 3. [f A is a linear symmetric operator mapping an element p € L, to an element f € L, and o
is positive definite, then, for any function f € L,, the equation slp = f has a unique solution p in L,.

Therefore, for any function f from L,[0,7], Eq. (22) is uniquely solvable in L,[0,T].

2.5. Reduction of the Integral Equation to an Infinite Linear System of Equations

Integral equation (22) can be written as
T

B B>+Zc 0= £, ¢, = [rppur (26)
0

Multiplying both sides of Eq. (26) by r,,(t) and integrating the result from zero to 7', we obtain the system
of equations

T
Be, + Z Ir @), (D)dt = J"' @ f(dt, =12, ... (27)
n=1 0
Since (see (21))
T
J-r (t)l’ (f)dt — YnYm (1 (7»,2,+)»f,,)’r),
) kn +A
we introduce the notation
Mo =757 0= (8)

Obviously, M,,, = M ,,,. Therefore, system (27) can be represented in the form

Be,, + iMnan = iM"m(pn, i=12 ... 29)

n=1
Setting ¢ = {¢,¢,, ...}, O = {0, 0,, ...}, and M = (M ,,,), we write system (29) in operator form:
Be + Mc = M. (30)

The operator B$ + .l is linear and symmetric; moreover, as before, it can be proved that it is positive defi-
nite in the space /,. It is easy to show that ¢ belongs to /,. Therefore, system (30) has a unique solution

cB) = {c,B),c,(P), ...} € [, for any ¢ € /, and a positive [3.

3. CONTROL WITH MINIMAL ENERGY

The second optimal control problem is stated as follows.
Problem 2. Given a process described by the boundary value problem (4) and admissible controls
p = p(t) belonging to L,[0,7], the task is to find a control p that minimizes the functional

T
JIpl = J.o pz(t)dt and such that the corresponding solution u = u(z, x) of problem (4) satisfies the condition
uT,x)=0¢(x), 0<x<1. (31)

In Problem 2, the given object is driven from the initial state u(0, x) = 0 to the given state u(T', x) = ¢(x)
by applying a boundary control p having the minimal energy J]| p].
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Problem 2 was completely solved in [2]. Let us describe the main results of [2], which will be used in a
comparative analysis of the two problems considered in this paper. It was shown in [2] that the following
theorems hold for controls with minimal energy.

Theorem 4. A control with minimal energy (if any) can be represented in the form

POy =Y, y,e 7, (32)

m=l

where the constants vy, are defined by (6) and a.,, (m = 1,2, ...) solve the system of equations

D M,0,=0, n=12 .. (33)

Formula (32) implies that the optimal control belongs to L,[0,7] if and only if the sequence
o = {d,,0,, ...} satisfies the condition

i M,,0,0, <oo. (34)

m,n=1

This follows directly from

T oo
jp (Hdt = J.|:Zocmym Al ’)} dt = Z M, 0,0,.

0 Lm=1 mn=1
System (33) is rewritten in the operator form
Mo = o, (35)
where the operator Jl is defined by the matrix M with elements M ,,,, o = {¢.;,Q.,, ...}, and the element
0 = {0, 0,, ...} belongs to /, since z::l (pz < oo, Therefore, the following result is valid.

Theorem 5. System (33) has a unique solution satisfying condition (34) if and only if there exists a con-
stant N such that an arbitrary sequence ¢ = {c,,¢,, ...} from [, satisfies the inequality

|(C, ¢)| <N z an(pn(pm7 (36)

n,m=1

where q) = {(pla(PZ’ }
This theorem implies a key result that can be stated as follows.

Theorem 6. The control problem with minimal energy has a solution if and only if there is a constant N
such that any element ¢ = {c,,c,, ...} from [, satisfies inequality (36).

Let p, (n =1,2, ...) be the sequence of eigenvalues of the matrix M and v" = {v/,v3, ...} be the corre-
sponding set of orthonormal (in /,) eigenvectors, i.e.,

k k k__i .
Mv* =pvt, Y vev, =8, Lk=12 ...

Remark 1. For the eigenvalues p,, of the operator Jl, Vieta’s theorem yields Sp M = z::l p, (the trace
of M is equal to the sum of its eigenvalues). For ., by virtue of (28), we have

SpM = an 227& e—zxir).

The series on the right-hand side of this equallty converges (see the substantiation in Subsection 2.4).

Therefore, Z P, converges andp, > 0asn — co.
n=

COMPUTATIONAL MATHEMATICS AND MATHEMATICAL PHYSICS  Vol. 57 No. 12 2017



CONTROL OF A HEAT CONDUCTION PROCESS 2013

Let H ; denote the set of sequences {o}, 0.,, ...} satisfying condition (34). On this set, we define the Hil-
bert space H , (energy space of the operator .l ) by introducing the inner product and the norm

o, 0’1 = Y M0, =@, Ma®), [of = (0, Ma).

n,m=1

Theorem 7. If

*° 2
Z% < (I),, = (q)a Vn)’ (37)

then Eq. (35) has a unique solution in the energy space H , of sequences {Y,,Y,, ...} satisfying condition (34).
It is of interest to determine the conditions on the right-hand side ¢ of Eq. (35) under which (35) is
unsolvable in the space H ; of sequences {Y,,Y,, ...} satisfying condition (34).

Theorem 8. [f the sequence {Q,\,},_, is unbounded, then Eq. (35) has no solution in the space H , of
sequences {Y,,Y,, ...} satisfying condition (34).

4. APPROXIMATE SOLUTION METHODS

All the theorems presented above were taken from [2]. They are proved by applying variational methods
of mathematical physics (see, e.g., [6]) to the linear operator equation (35) with a positive (but not positive
definite) operator. For a more complete comparative analysis of the optimal control problems under
study, we state another two theorems. They are also proved by applying variational methods (see [1,
pp. 201-202]).

Together with Eq. (35), we consider the equation
Mo =", (38)
where 0" = (@, ..., 9,,)-

Theorem 9. Under condition (37), the solution of Eq. (38) converges, as m — oo, to the solution of Eq. (35)
in the metric of the energy space H ;.

Theorem 10. The solution of Eq. (35) is unstable in H , with respect to small (in [,) variations in ¢. Specif-
ically, if the right-hand sides ¢ and (T)m of Eq. (35) and

Mot = ¢" (39)

satisfy condition (37), then the fact that Hq)—é’”

, — 0 as m — o does not necessarily imply that
2

[0t —&"] = 0 as m — oo, where 0. and &." are the solutions of Egs. (35) and (39), respectively, in the energy
space H .

However, if there exist \y and y" from I, such that ¢, = \Jp W, and ¢"" = \/aﬁf:, then o — o] — 0 as

m — oo as soon as H\u -y"”

/ —0asm — oo.
2

This theorem states that the constructed control with minimal energy is unstable with respect to small
variations in the objective function ¢ in condition (31). An issue of much greater interest is to construct
an approximate solution of Eq. (35) with the help of the equation

M 00 = 0. (40)
Here, the following two cases have to be considered.
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1. M, is the projection of Al onto the subspace generated by the first m eigenelements of ..

2. M, is the same projection, but calculated with some error.

Consider the first case. Let v’ be the ith eigenelement of the operator Jl (i.e., Mv' = p ,-vi) and l; be
the one-dimensional space generated by this element. The operator P. defined by the formula
Pc = (c, v')v' for arbitrary ¢ € 1, is called the projector of [, onto lé. The following properties of this oper-
ator are obvious: (a) PP; = 9, ; and (b) M = z; p,;P.

Therefore, .l ,, can be represented in the form

‘/‘A’m = Zm:pnpn’
n=1

and the condition A — AL | — 0 is satisfied if

D p, <o (41)
n=1

Under this condition, the solutions of Egs. (35) and (40) are obtained in the form

0= g, =30
2o Oy,

The sum of the series in (41) is equal to the trace of the matrix M . Therefore, in view of Remark 1, we find
that [a0 —o,,] > 0asm — oo,

Now, let .l ,, be obtained by approximately computing the projector onto the subspace spanned by

v, v, Le., m =N, +%,,where N, is the projector and 4 ,, is the operator determining the com-

putational error made in the construction of N ,,. If the right-hand side of Eq. (35) is also calculated with
an error 9,,, then, instead of Eq. (40), we solve the equation

N +9,)00=0,+95,. (42)
Accordingly, it is natural to examine how far the solution g, of this equation differs from the solution o,
of Eq. (35). In doing this, we will use the following definition (see [7]).

Definition 2. The computation of solutions to Eq. (42) is called o-stable if the following conditions are
satisfied: (a) ||Gm|| / ||8m|| tends to zero as m — oo, which ensures the existence of an operator (N ,, + %4 ,,)""
(at least, for sufficiently large m); and (b) |G,,||/[8.]| and [3,,||/ |¢., + 8.,/ tend to zero, which ensures that
ot — @,/ |6.] tends to zero as well.

Below is the main result concerning this method for finding an approximate solution of the considered
equation (see [1]).

Theorem 11. A process of finding {0.,,0.,, ...} is o-stable if and only if the sequence (N ,,)} = {||J\f ul/ “N ;}H}
is bounded.

To conclude, we analyze the relation between the optimal control problems under consideration. In the
first problem, the optimality criterion is the quadratic functional (see (8))

T
J1pl = [T, = o0 dx + B[ p (),
D 0

where @(x) is a given function from L,(D) and B is a positive parameter. No constraints are imposed on
the state of the system at the terminal time 7 = T". A unique optimal control exists and is the solution of
the integral equation (see Theorem 2)

T
Bo(,B) + [ PLBK (0T = £(1).
0
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It can be represented in the form (see (26))

Bp(t.B) + D c.r(t) = [,

n=1

where the constants ¢, are uniquely determined by solving the system of equations

Be,, + iMnmcn = iMnm(p,,, i=12,...

n=l1 n=1

Since f(¢) = Z(p,,ynr,,(t) (see Theorem 2), the control p(z,) can be represented in the form

peB) =D y,0,Be ™, a,@) =2 —Bcn(m

It has the same structure as the control with minimal energy (see (32)). However, the latter belongs to
L,(0,7T) only under additional conditions (see Theorem 4). The sequence {o,(3),o,(B), ...} is determined
by the system of equations

n=l1

Bo,B)+ > M,,0,B) =0, n=12 ..

m=1

By using the notation introduced in Eq. (35), this system can be written in operator form:
BI + MyauB) = ¢; (43)

here, $ denotes the identity operator and o) is the sequence {o,,(B), o, (B), .. }.
Thus, for sufficiently small B, Eq. (43) can be treated as an approximation to Eq. (35).
Theorem 12. If Eq. (35) satisfies the conditions of Theorem 7 and, hence, has a unique solution in the
energy space H y, then the solutions of Egs. (35) and (43) satisfy the condition
lim [o(B) — o] =

B—0

Proof. The condition of the theorem implies that the solutions of the indicated equations can be rep-
resented in the form

=)

I _ 0y (6 o
a—anv, oy =g v 0, =@V,

n=l1

where v" (n = 1,2, ...) is the complete orthonormal system of eigenelements of the operator .{ and p, are
the corresponding eigenvalues. Therefore, in view of p,, = p,,,,, We obtain

(0= aB)T” = (0 — aB), (o — o B)) = | ,,(i—#j "
D = o -y = oL

n=1

mz;q)mpm[__mj mJ_Bi 1 0n zd)n Z%'

m nl(pn+B) pn (pN+B) n= N+1
Let € be an arbitrarily small number. We choose NV so large that

24)

n= N+1

I\JICO
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Fixing N, we choose [3 small enough to satisfy the inequality

Z¢n<8

Pw +B)

whence [ou3) — al’ <e.
To analyze the o-stability of finding an approximate solution of the problems in the case under consid-

eration, we use Theorem 11. Specifically, the operator %, is specified as $3,,, where B, is a sequence of
numbers vanishing as m — oo (which is used in the computations).
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