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1. INTRODUCTION

In the theory of multiresolution analysis (MRA), wavelets form a basis of the set that fills the gap
between the approximating spaces on a fine and coarse grids (see [1]). In the classical case of approxima-
tions on uniform infinite in both directions grids, such a basis is generated by dilations and displacement
of a single wave function that has the shape of a short rapidly damping wavelet. Due to dilation, the wave-
lets reveal to different degrees of detail differences in the characteristics of the measured signals, and due
to displacements, they are able to analyze the signal properties at different points in the entire interval
under examination. In the analysis of time-dependent signals, the locality property of wavelets gives them
a significant advantage over the Fourier transform, which can reveal only global properties of the signal
because the basis functions of the Fourier transform (sines and cosines) have an infinite support. Since
the wavelets transform the system of basis functions with distributed parameters to a system with lumped
parameters, the wavelet basis is much more effective from the viewpoint of conditioning and convergence.
The construction of wavelets is based on the existence of scaling (or calibration) relations such that each
basis function on a coarse grid can be represented as a linear combination of the basis functions on a fine
grid. In particular, such relations are satisfied by splines, which are smooth functions composed of seg-
ments of polynomials of degree m on a sequence of embedded grids. In the case of uniform grids on the
entire number line, these relations are well known, as well as some cases of approximation on a finite inter-
val. However, the practically important case of measurements given on a nonuniform grid is less well stud-
ied. Some recommendations on deriving a system of equations for finding the scaling coefficients and
methods for its solution can be found in [2]. In [3], the problem of adding nodes one-by-one for con-
structing a telescopic wavelet expansion was studied; in [4], another version—removing nodes one-by-
one—was proposed. In [5], a special rational identity was used to obtain scaling relations for the interior
grid points only. In [6], the scaling relations for cubic splines were formally obtained for all nodes. How-
ever, no explicit expressions for the scaling coefficients were written out. In the present paper, we propose
an elementary method for solving this problem based on the use of a local approximation that is exact on
splines and on the well-known de Boor—Fix lemma [7].

The second thing underlying any wavelet transform is a set of scaling relations for wavelets. Such rela-
tions are known for orthogonal and biorthogonal wavelets, which allows one to use an infinite iterative
procedure to obtain their graphical representation but does not give an analytical expression that could be
used as a trial function, e.g., in the Galerkin type method. In contrast, the semiorthogonal [8] and non-
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orthogonal [9] wavelets are determined explicitly by linear combinations of the basis splines on the fine
grid. A distinctive feature of semiorthogonal wavelets, which is sometimes used as a basis for the corre-
sponding numerical method (see [10]) for constructing the wavelet transform, is the fact that the wavelet
expansion gives the best root-mean-square approximation of splines on the fine grid using splines on the
coarse grid. This is a considerable advantage for compressing discrete numerical data. However, this
advantage is lost when the resulting spline-wavelet expansions are differentiated. A progress in solving this
problem was achieved by constructing nonorthogonal spline-wavelets for which a greater number of
moments vanish (see [11—14]); however, the wavelet supports increase in this case. In our opinion, the
optimal solution is to use spline-wavelets that provide the best root-mean-square approximation of the
spline derivatives on the fine grid by spline derivatives on the coarse grid. First, such wavelets were studied
in the case of cubic splines (see [15, 16]), where the cubic wavelets y(x — i) Vi were found for which the

orthogonality conditions to the corresponding basis splines @(x — j) Vj with respect to the scalar product

of the second-order derivatives are fulfilled: r ' (x — 0" (x — j)dx = 0 Vi, . It turns out that these

wavelets have a simple organization; in particular, their support is smaller than the support of the classical
semiorthogonal spline wavelets; namely, [0, 3] < [0, 7]. In addition, they proved to be useful in solving dif-
ferential equations (see [17]), and they were numerically implemented in a standard program in MatLab
(see [18]). A generalization of this construct for the case of a nonuniform grid was made in [6].

Finally, the last but not least problem in the theory of wavelets is the calculation of the coefficients of
the wavelet expansion for a given function. In the case of orthonormal and biorthogonal wavelets, the
solution is reduced to the application of averaging filters. In our opinion, this is a drawback because the
information for the calculation of each coefficient on the coarse grid is used incompletely. In contrast, the
coefficients of semiorthogonal (see [8]) and nonorthogonal (see [9]) wavelets are related by systems of lin-
ear algebraic equations; however, these systems are not guaranteed to be well conditioned. In the case of
the measurements specified on a nonuniform grid, these difficulties are aggravated by the problem of sta-
bility with respect to the location of the grid points (see [19]). In [6], it was proposed to use in the com-
putations the unique point value vanishing property of the constructed wavelets to obtain an algorithm for
the discrete wavelet transform that requires the coefficients of an interpolation spline to be computed at
each step. However, the resulting expressions turned out to be very cumbersome, and we did not found
references to using this construct in practical computations. We propose to use the odd-even splitting
technique (see [20]) based on finite implicit relating the basis functions of the set of splines on the coarse
grid, the basis functions on the fine grid, and wavelets. A similar idea of constructing intermediate implicit
finite spline schemes instead of implicit infinite (in the case of interpolation) and implicit finite (in the
case of local approximation) spline schemes was earlier used in [21] to justify computationally convenient
(decreased bandedness and diagonal dominance) spline approximation methods. In [22], the odd-even
splitting technique of the matrix of the wavelet transform was used to prove its invertibility; however, the
possibility to use this technique in practical computations was not explicitly mentioned.

2. CONSTRUCTING CUBIC SPLINE WAVELETS

Let V; be the space of cubic splines that are continuous up to the third-order derivatives, inclusive, on
the interval [a, b] with the nonuniform grid of points A a= Xg <X <X <..<x, =b of size 2" + 3.
To obtain the basis functions in the space V, , one should add the fictitious grid points x_; < x_, < x_; < X,

and Xyr < X1y <Xy, <X, 10 the grid A" and construct the fourth-order divided difference for the
function @5(x,7) = (X, — X;_5)(Mmax{x — 1, 0})3 given the values of the argument ¢ = x;, _ 5, X, _ |, X,
X415 Xk42- Then, the functions
L L
N (X) = Qs3[0 X 405 Xp_ps Xps Xpets Xp2) - K =—=1,0, ..., 27 +1,

are normalized B-splines (see [23; 24, pp. 18—23]). They are spline functions of degree 3 and defect 1.
They are distinct from zero on the intervals (supports) (x,_,, x,.,) and are identically equal to zero outside

these intervals. In other words, the derivatives N ,f (x) up to the second order vanish. This requirement
imposes six conditions on the parameters of the resulting spline, and one more free parameter is deter-

. . o o 2t . .
mined so as to satisfy the normalization condition Zk:IN kL (x) =1, a < x <b. Every cubic spline
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S L(x) € V, can be uniquely represented on the interval of the parameter x variation [a, b] by a linear com-
bination of B-splines:
2541
S'(x)= Y C/N/(x), as<x<b, (1)
i=—1
where C ,-L are constant coefficients.

We do not impose any continuity conditions at the endpoints of the interval under examination. This
corresponds to the fact that the basis consisting of B-splines ensures a valid representation of the elements

of V', only on the interval [a, b]. To take into account the defect v > 1, each point of the grid A should be
assigned the multiplicity equal to the spline defect at this point and the grid points should be renumbered
taking into account their multiplicity. For the further considerations, it is convenient to choose the first

and the last grid points such that ¢ = x_; = x, Xy =Xy, =b. Then, for C_L1 = COL = CZLL = CZLLH =0,
the defined functions satisfy the homogeneous boundary conditions

SHa) = (5" (@) =S"b)=(S") () =0.

Let us denote the space thus defined by VL0 . Let the grid A (L = 2) be obtained from A" by removing
every other grid point (apart from the fictitious points). Then, the corresponding space VLO_1 with the basis
functions N [L_l(x), which are distinct from zero on the doubled supports [x,;_4, X,;,4], is embedded in VL0 .

Fori =23, ...,2"" — 2, the two-scale scaling relation between the basis functions in VLO and in VLO_1 was
obtained in [5]:

4
L-1 L
NI = D PN ygi (), ()
k=0
where
_ O = Xi-a) (X953 — X9i-4) _ Xoi-1 — X0i—4
Dip = s D= ————
(X2140 = Xoi—a) (X9 — Xi-4) Xoi+2 — X2i-4
Py = (i1 = X9i49) (Xpig = X2i4) + (g1 = X9 9) (Xpi g = X2i44)
i, ’
(X940 = X2i0) (X912 — X9100)  (Xpn = Xoppa) (Xnipn — Xi22)
_ X2it1 ~ X2ita _ (gins = Xoiva) (Xpis1 — Xoi4a)
Diz = > Pia = .
X2i-2 — Xit4 (X9 = X9i44) (X212 = X3i44)

To obtain the scaling relation between the basis functions in ¥, and in ;| at the left endpoint of the

interval, we calculate the values of N lLfl(x) at the points of the fine grid x = x,, x,, x5, x, and substitute
them into the formula (see [7, 23]) that represents the coefficients of the local approximation spline in
terms of the values of the function to be approximated at the grid points

CiL(f) = f(x)+ %(xm = 2x; + x;) f(x;) _é(-xiﬂ = x;)(x; = x,) [ (x;).

Then, we obtain

_ X1~ X _ O —xp) (x4 —xp) | (xp — X)) (X3 — X¢)
P = sy P = 3 + ,
X4 — X (x() - X4) (xé - XO)(x4 - XO)
X3 — X Xs — X)) (X3 — X
Pis = 3 6 Pra = (x5 6) (X3 6)’
Xo — Xg (xy — x6) (X9 — X¢)
and
4
N7 = D puNi (). (3)

k=1
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The representation of the rightmost wide basis function is the mirror reflection of the above represen-
tation:

3
L-1 L
Nz"‘—l(x) = szL"—l,szL—4+k(x)’ 4)
k=0
where
_ (xzks _ xzks)(x2k3 _ xzks) _ Xty T X
Py = (x —x. )0 —x,0 ) P T X —X ’
2t 2b6/\ ot 2h-6 2" 2h-6
P = Oyey = X0 )y — xz‘-s) + (x,e — 'sz—l)('sz—3 — x2L—6)
2112 2 ’
(sz - sz_4) (-7(72L_6 - sz)(X2L_4 - sz)
_ X T X,
sz—l_l,3 = .
sz - sz_4

The set of wavelets W, _, is defined as the orthogonal complement of VLO_1 of VL0 in the Hilbert space

Hgla,bl = {f € Cla,bl; f" € L’[a,b], f(a) = f'(a) = f(b) = f'(b) = O},
in which the scalar product is defined by

b

(r.8)=[rg"

0

The characteristic property of the functions g € W, _, is that g(x,) =0 fori =12, ..., 2", which
immediately implies that the set of basis wavelets satisfies the following scaling relations (see [6]):

W (0) = @roN i (0 + Ny () + qeaNae(x),  k=2,3,.., 25" 1, (5)
Wi (x) = N (X) + q,N5 (), (6)
Wo(X) = gy N oo () + N i (%), (7)
where
Geo = _—NZLLk—l(ka—2), k=23 ..,2"",
Ny a(X2x22)
and

—M, k=12 .,2""-1.

N (x)

For the case of a uniform grid, such wavelets were independently defined in [25]. It is clear that the
support [X,;_4, X2142] M [, b] of these wavelets is fairly small—it is smaller than the support of the cubic
B-spline.

dip =

3. CONSTRUCTION OF THE WAVELET TRANSFORM
It is convenient to write the spline coefficients and the basis functions in VL0 asCh = [CIL, C2L yeers C2LL_1]T
and (pL = [NlL, N2L, e NzLL_l]. Then, for every function S(,L(x) € VLO, Eq. (1) can be rewritten in the form
SOL (x) = (pL(x)CL. Similarly, in the space W,, we write the basis wavelet functions as the row matrix

L b= [w IL Y 2L s U 2L . 1. The corresponding wavelet coefficients are written in the form of the vector D* =
D!, Dy, ..., D 2LL ]T. For the grid A“™ (L > 2), we can write the functions ¢*~' and wH as linear combina-

tions of the functions (pL because each wide basis function inside the approximation interval can be con-
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structed from five (respectively, three) and at the endpoints of the interval from four (respectively, two)
narrow basis functions ¢"~' = @"P* and y"~' = ¢*Q", where the elements of the columns of the matrix
Pt are composed of the coefficients of the scaling relations (2)—(4), and the elements of the columns of
the matrix QL are composed of the coefficients of the scaling relations for wavelets (5)—(7).

Since any function in VL0 can be written as the sum of a function in VLO,1 and a function in W, _,, we have
the equalities

(PL(X)CL — (pL—l(x)CL—l +\UL_1(X)DL_1 — (pL(x)PLCL—l + (pL(X)QLDL_l.

Therefore, the coefficients C L of the cubic spline on the grid A" can be obtained from the coefficients

C* " and D" of the wavelet expansion on the grid A asct = Pt + QLDL_1 or, using the block
notation for matrices (see [8]), as

L LA CF!
ct=[r'l0 ]{DH}' (3)
Here is an example of the matrix [PL |QL] corresponding to L = 3:
_pl,1 0O 0|1 0 0 017
P2 P 0 gy g0 0 O
Pz Py 010 1 0 0
[P3|Q3J =|Pia P Pao| O q2p g30 O )
0 Pr3 D3 0 0 1 0
0 Pra D3> 0 0 q32 dap
L 0 0 P33 0 0 0 1 i

4. AN ALGORITHM USING SPLITTING

The inverse procedure of decomposing the coefficients C " into the coarser version C*™" and the refin-

ing coefficients D" consists of solving the system of linear equations (8). For this purpose, system (8) can
be split with respect to the even and odd nodes. We prove the following result.

Teopema 1. Let the values of the spline coefficients C ,-Lil on the coarse grid A" be calculated by solving the
tridiagonal system of linear equations

N N 0 0 0
L-1 L-1 L-1 T, N . L—-1
Nio(xq) Ny o(xg) N3o(xy) . : : C, fi
0 Ny Ny 0 0 S I I
_ . _ : = : ’ i X2i)»
0 Ny'(xg) o NJD () 0 ' . (10)
. . . _ _ L-1
: LN () NPy ) |G W
0 0 0 CNYO () Nyni(x,,) |
i=1..2""-1.
Then, the values of the wavelet coefficients are
DI =Cf = pyClT, D =Ch = py Coi s (11)
D =Co = pisCH - paCH =23, 0,28 . (12)
COMPUTATIONAL MATHEMATICS AND MATHEMATICAL PHYSICS Vol.57 No. 10 2017



1582 SULAIMANOV, SHUMILOV

Proof. By construction, inside the interval [a, b], on the support of each wide basis function, two wave-
lets and five narrow basis functions overlap. Therefore, upon renumbering the nodes to make them

Xy, Xy, ..., Xg, We can write the following finite implicit relation on the interval [x,, x4]:

4 1
24N () = D b in) + Ny~ (). (13)
i=0 j=0

Since both sides in (13) involve cubic splines, for these sides to be identical, it is sufficient that the cor-
responding coefficients in the B-spline basis on the fine grid coincide. For calculating the unknown coef-
ficients in (13) using the scaling relations introduced above, we have for the corresponding numbers

i=0: ay=byg0 + CoPros

i =21 ay =byqy; +biqs0 +CoPans
i = 3: aa = bl + Cop2,3,

i=4: a4 =bqs; +copra

For ¢, = 0, the solutions to the system coincide with the coefficients of the scaling relations for the
basis spline wavelets \pf_l(x) forb =a;=a,=0,b, =1and \|13L_'(x) forby=a,=a, =0,b =1.

For ¢, =1, we try to find a system of equations relating the expansion coefficients for the even nodes
(the case when a, = a; = 0). It is easy to verify that the system has a unique nontrivial solution for which

_ N () o = Ny (x) o = Ny~ (xg)
Ny (xy) Ny(xy) N¢ (xg)
Thel’l, bo = _p2’1, bl = _p2’3, and Cop = 1.

0

By construction, at the endpoints of the approximation interval, on the support of each extreme wide basis
function two wavelets and four narrow basis functions overlap. In particular, at the left endpoint, we have

4 2
2N @) =D b @)+ N (). (14)
i=1 j=1

Then, for finding the unknown coefficients in (14) using the scaling relations derived above, we have for
the corresponding numbers

i=1:a,=b +cpy,

i=2: ay=bgq;+bygyo+cipy,
i=3: a3 =by,+cp;,

i=4: a,=byqy, +c¢py.

The solution to the resulting system of equations is

N () N ()
=T, o Y=7
Ny(x;) Ny(x4)
Then, b, = —p,;, b, = —p;3,and ¢, = 1.
There are two more solutions for ¢, = 0, which coincide with the coefficients of the scaling relations
for the basis spline wavelets \|11H(x) forb, =ay=a,=0,b =1and wzH(x) forb, =a, =0,b, =1.
The solutions at the right endpoint of the interval [a, b] are the mirror reflections of the solutions

obtained above. We have

L-1 L-1
Ny (650,) — Ny (e y)

a . L .
27-2 L ’ 2°-4 L
NZL—Z(XZL—Z) NZL_4(.x2L_4)
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Then, b, | ==pyi 3.0,00 ) ==p,ia,and ¢, | = 1. Furthermore, we have two scaling identities for
the basis spline wavelets WZL[,llfl(x) and w;[,l, (x).
Define sequences of matrices G" and R" whose blocks are composed, respectively, of the coefficients
of the left-hand and right-hand sides of the expansions obtained above:
! 0 0 0 0 0 0 0
NT) N )
Ny(xp)  Ny(xy)
0 0 1 0 0 0 0 0
NlL_l(x4) NQL_I(X4) NxL_l(x4) s
I 22 7 d30 P .
Ny (xy) Ny (xq) Ny(x4)
0 0 0 0 1 0 0 0
0 0 Moo, N
N6L(x6) ’ NsL(xe) ’

qi,2

0o 0 0o 0 0 0 0 1|
0 1 0 0 0 0 0 0 0 0
000 1 00 S
000 0 0 1 0 0 0 0
: 1 0 0 0
000 0 0 0 0 0 1 0

RE—|1-py0 0 0 0 0 0 0 O0f

0 0 0=py3l=py ™= 0 0 0 0
Dol PP P p 00 000
000 0 0 0 0 —pui,l=pu,0
0000000 « 0 0-p, 1

As aresult, we conclude that the basis functions of the space of splines on the fine grid, the basis func-
tions on the coarse grid, and the wavelets satisfy the equality

(pLGL _ I:(pL—l |WL—1JRL, L>2.

Hence, using the property of the complement of the space of wavelets, we find that

1

-1 a7 CF LL L1 L1 pL (L) ~L

[0 v ][F}@C =[o"" Iy R (¢")C".
Now, we can write the solution to system (8) in matrix form as (see [20])
ct! LiALT AL L({~L\ AL,
[DL_1}=[P 0" | ¢t = R*(G") ¢t

after splitting with respect to the even and odd nodes, we obtain the assertions of Theorem 1.
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The solvability of system (10) follows from the uniqueness of the corresponding interpolation spline
(see [24, p. 141]).

Let
p = max(h/hy.|i — jl =1),
where h; = X5;,5 — Xy
It is known (see [24, p. 143]) that, if p < (1 + «/E)/Z, then system (10) possesses the strong diagonal

dominance property, and it is recommended to solve it using the tridiagonal matrix algorithm. Otherwise
the non-monotonic elimination method, which is valid for any well-conditioned matrix, should be used.

Unfortunately, the well conditioning of the matrix in the case p > (3 + \/g) /2 cannot be guaranteed.
For this reason, in the general case we will solve the following interpolation system for the unknowns

S Y'(xy) =M, (i =0,1, ..., 2"7") (see [24, p. 100]):

hy
WM,  +2M, +AM,,, =d, i=1..,2""-1, (15)
Mi+2Mi+1=6—J;, i=2""-1.
h;
Here
A =h/h_ +h), W =1-A4, (16)
L= 6 f;'+l_fi_f;'_f;'—l ) (17)
b+ hy h; iy

The matrix of system (15) possesses the diagonal dominance property (see [26]). Such matrices are

nonsingular; therefore, the system of equations for the spline coefficients on the coarse grid A always
has a unique solution. The solution to the system of equations for M, is found by the tridiagonal matrix

algorithm (TDMA). After finding M, the coefficients C ,L_l of the spline are calculated as described above
using the local approximation formula, which is exact on the splines, but on the grid AMh

CiL_l =fi+ %(hi = hi_)m; — éhihiflMi’ (19

m.

1

Lo diBou, ) = LT B, o). (19)

i i-1

5. EXAMPLES OF THE CALCULATION
OF THE WAVELET DECOMPOSIYION BY HAND

5.1. The Numerical Differentiation Problem
Let L =3, and let the discrete signal be represented by nine values of the analytic function f{x) =

(x2 - 100)2 at the given points A ix=-1 0,1,2, ..., 7,10. At the points £10, all the homogeneous bound-
ary conditions that are required for constructing the wavelet expansion are satisfied; therefore, we can
investigate the application of the constructed algorithm for numerical differentiation. Note that, at the
first step of the wavelet expansion algorithm, the right-hand sides of Egs. (7) may be assumed to be equal
to the values of the interpolation spline; i.e., they are equal to the values of the given function at the even
nodes of the fine grid. In reality, the data are typically noisy—they can be the values of a smoothing spline
(see [27; 24, p. 154; 3]).
Recall that

NE(xy) = (x5 = Xo) (x4 — X5) " (g = X5) (X3 = Xo) _ [ 2 4 }Q _33

(X4 — X0) (X4 — Xg) (X6 —X) (x4 —X) 14 16]14 98’

COMPUTATIONAL MATHEMATICS AND MATHEMATICAL PHYSICS  Vol. 57 No. 10 2017
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L_I(X4)= (x6_x4)2 = 4 =L,
(xg —x0)(xg —x,) 16x4 16

—x)? 2
NPy = o= _ 12 o
(g —x0) (x4 — %) 16x14 14
L-1 (g = xp)(xg —xg) | (X3 —Xg)(Xg—Xy) _14%x2  6x2 _13
(x4) = + = + ==,
(g — x0) (X6 — X3) (x5 —X3)(x6 —x;) 16x4 8x4 16

TSR G S |
(g —x,)(xg —x4) 8%X6 3

(a-x)” 4 1
(X3 = X,)(x6 — x,) 8x4 &
N3L_l(x6) _ (X6 = X3) (x5 — X) + (x5 — x6) (X6 — X4) _ [4 2}4 §
(x5 —x3)(xg —x4) (x5 —x4)(xg—x,) L8 616 9
Thus, there is no diagonal dominance in the first row:

ﬁ — 2 = —1_5 < 0.
98 14 49
For this reason, we will use system (15), which is guaranteed to have the diagonal dominance property; for

this system, (16) and (17) have the form

3L_I(x4) =

Kl—x4 X2=l:l’ Ml_l_k _§
)C4—x0 14 7 7
h=XemXe 2 1 oy, =1
T —x, 4 2 1 )
=8N 4 20y, =1
xXg—x, 6 3 Hs 3

g —_6 (f(x4) SO) _ fxy) = f(xo)j © (105629216 _9216) _ 79,
x X, 14 ’

X4 — X, Xy — Xg 2 12
g =6 (f(xﬁ) [l _ S0~ J0)]| _ 6(4096 7056 7056 =9216) _ _gqy
2 x X, Xg — X4 X4 — X, 4 2 2
do=— 6 [fGe) = flxe) _ f(xe) = f(xa) ] _ ( —4096 _ 4096 — 7056) 456.
Tx Xy Xg — X Xo — X4 6\ 4
First, we find the elimination coefficients v,, u; (the forward course of the TDMA [24, p. 337]):
1 6x9216
Vg =—-—, Uy =——= 192,
T T ax2?
. -1/7 _-l6_ 1 _=792-6/7x192 _112.5 _ 6696
TR 6/=1/2) 34 11 T 26/ =1/2)  3/4 11’
. -1/2 _-l2_ 11, _—-600+6696/22 139 _ 6504
27T AL 23 43" 77 241/2)(-1/11) 273 43’
-2/3 _-1/2__86 456 —6504(-1/129) 139 _ 65328
V3 — T T Ll3 - — T T T _

2+ (1/3)(=11/43)  2/3 247 24 (1/3)(=11/43) 273 247

6x4096/4° — 65328/247 13086
2—86/247 o7

V4:0, Ll4=
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Itisclearthat M, =13086/17 = 769.765. The other unknowns are found using the backward TDMA
formulas:

= —86/247 x13086/17 + 65328/247 = —3.529,
M, = —11/43x(~3.529) — 6504/43 = —150.353,
M, =1/11x150.353 - 6696/11 = —595.059,
M, =1/2x595.059 + 192H9.529.

The auxiliary quantities m; are found by formulas (19):
m; =9216/12+12/6(489.529 + 2% (-=595.059)) = —633.178,
my; = —4096/4 —4/6(2 X (=3.529) + 769.765) = —1532.47.

For the level L = 2, we find the coefficients Ci2 using the formulas of the local spline approximation (18):
C} =9216+ (4 —4—-10)/x(—633.178) —2x12/6 X (=595.059) = 13707,
C? =7056 —2x2/6%(~150.353) = 7156,
C: =4096 + (10 — 12 + 4)/3%x (=1532.47) — 4 x 2/6 X (—=3.53) = 3079.

To calculate the odd coefficients C,.3 , we have to repeat the same operation for the original grid A’
Then, the wavelet coefficients DA2 are obtained by (11), (12):

D} =12025.21 -2 7%0513707 =12025.21 -11/14 13707 = 1255.56,
X4 — X
D} =8332.61 -3 "6 13707 - 237207156
Xog — Xg Xe — X

=8332.61-3/16x13707 —13/16 X7156 = —51.86,

D? =5642.324 -5 "% 7156 X" X0

X, — Xg x8 X,

=5642.324-5/8x7156 —3/8x3079 =15.03,

%3079

D4 =1559.6 - X8~ X7%3079 =1559.6 — 3079/2 =20.07.
x _X4

Following [6], we will not encumber the presentation by constructing the wavelets of level L =1.
We restrict ourselves to discarding three relatively small coefficients Dz2 s D32 , and Df of the wavelet expan-
sion thus compressing the input digital signal with the coefficient K = 9/4 = 2.25.

The coefficients of the approximation spline are reconstructed using the complete matrix of the direct
wavelet transform (9):

H 9 0 1 0o 0 o
14
243 143 ( _3 _13 0 |- - .
1568 224 62 62 13707 12025.21
c 3 13 45 0 1 o o |[7156| |9254.424
o 1616 3079 8384.471
2| = % ﬁ % 0 —i —i 0 || 1255 |=|7081.059].
3 5 3 0 5627.294
¢ 0 g g 0 0 10 0 4096.588
0 2 29 5 34 0 | [1539.529]
16 48 22 22
o 0o L 0o 0o o 1
L 2 ]
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Using the vector notation of the cubic spline, we obtain the filtered values
(P3(x|)
3
¢ ('xz) C’ = [9792.57,9216,8312.23,7056,5614.47,4095, 2593.99]T
(P3(x7)

and the resulting values of the second-order derivative at the endpoints of the interval

S3 " x.) = N3 " X C3 — 6 C3 :6X1202521 :5466,
(G0 = VD" (o = ) = X TR
()" (xg) = (N3)' (x)C3 = 6 ¢} =0x1539.529 _ 769 764,
(xg — x7) (x5 — X¢) 3%

which is only 1.3% less than the value 779.8 at the right endpoint obtained using the interpolation spline.
The root-mean-square deviation is

7 1/2
rms = GZ( Flx) - S3(x,.))2] ~ 4.96.

i=1

5.2. The Prediction Problem

In this section, we perform the wavelet analysis of the function f(x) = (x2 - 100)2 given on the interval

[0, 8] at the nodes of the uniform grid A x = 0,1,...,8. Since the homogeneous boundary conditions are
not completely satisfied (f(a) =10000, f'(a) =0, f(b) =1296, and f'(b) = —1152), we must subtract
from the given signal the values of the cubic interpolation polynomial f(a)+ (x — a)[f'(a) + t(B + tA)]
before processing, where (see [24, p. 59])

A==2f(b)- f(@)/(b—-a)+ f'(a) + (D),
B=-A+(f(b)- f(a)/(b-a)- f'(a)
t=(x-a)/(b-a).
After the wavelet analysis of the differences and the reconstruction of the cubic approximation spline
by the wavelet coefficients, the values of this polynomial are added to this spline. Note that there are no

computational difficulties in the case of the uniform grid; therefore, the direct matrix approach can be
used.

For the level L = 3, we find the coefficients c’ by solving the interpolation problem (see [24, p. 141]):

Z1 90000 427
126 147
c} 121490 o [9801-9752 534
cl (638, . . 9216-9072| _|
: 121 : 234
s looool 21 _
c: 6 5 6| L2601-2552) |7
00000 lZ 42
I 6 12 L
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For the level L = 2, the coefficients Cf and Di2 are found by the forward course of the wavelet trans-
form:

L0010 0 0
4
c?] %é 0 ‘i ‘i 0 01 427 r1607
czl |11, o ol [147] |304
czl |22 234| | 160
Dﬁ=é%é0—i—io 267[=| 2
D2 L 234| | 2
p| (03500 10l
22| g1l o 11| [42] [2]
816 4 4
00i 0 0 0 1
T T g ]

In this case, all four wavelet coefficients are equally insignificant. In the backward course of the wavelet
transform, we obtain

H 9 01 0o 0 o
14
S43143 0 3 13 o o | . .
1568 224 62 62 1607 [ 40
| |18 1o 160| 232
el S B0 b oo |aes),
.3 5 3 0 232
G 0 s 3 0 0 1 0 0 148
o 2 29 5 34 0] |40
16 48 22 22
o o1 o o o 1
i 2 |

Then, the reconstructed values of the approximation spline are

%éooooo (48
==22000 0]CG 224
6 3 C3
2=|256].
0000121y s (224
6 3 6 |L-7 144
00000 LlZ 48
i 6 12 Lo

Taking into account the corrections by the values of the cubic polynomial, we obtain the filtered values

[9800, 9216, 8280, 7056, 5624, 4096, 2600]T and the resulting rms = 0.286.

In the wavelet analysis of actual discrete signals, the homogeneous boundary conditions required for
constructing the wavelet expansion are known to be unsatisfied. Therefore, the above algorithm can be
interpreted as the solution of the problem of the point forward and backward prediction given a time series
of the measured values of the quantity to be predicted (see [28]).
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For the above example, consider an alternative hypothesis that the homogeneous boundary conditions
are fulfilled on the interval [0, 8] but only the zero value of the first-order derivative at the left endpoint is
actually true; in this case, the input data are processed without corrections. For the level L = 3, we find

the coefficients C*:

éé 00000 [14507.325]
11121000 rosory | 8030360
c3 6 3 6 9216 8667.231
2=l o . . |=]6986.714 |.

121 5721.912

] [200 055 6] 1260 | s s
0000017 3351.532

i 6 12 L -

For the level L = 2, we find the coefficients C; and D; using the forward course of the wavelet transform:

- 41

Too 1 0 0 o0

4
TS R U BPSS I o _
¢l lies ) "4 4 14507.325] [14172.5715
2l |11y o 1 o ol 8030361 | 5691.9997
cz| |22 8667.231 5395.4287
prl=| 131 o L. L1 16986714 |=|10964.1821.

8§48 4 4
D2 L 5721.912 | |-1265.0546
p| |0535 0 0 T 0113875639 178.1978
D2 oLl g o _1_ 1| |3351.532] | 2002.6749 |

8 16 4
00l 0o 0 0 1
I |

In the backward course of the wavelet transform, we can try to eliminate the minimal wavelet coeffi-
cient D32 =178.1978 and obtain in this case rms = 14.925. The attempt to eliminate the next (in the

absolute value) wavelet coefficient D22 =—1265.0546 givesrms = 109.074. The relation between the pre-
diction error and the number of discarded wavelet coefficients immediately shows that the alternative
hypothesis is not true.

If we subtract from the input data the values of the linear function 10000 — 1088x thus making an error
only in the satisfaction of the zero condition for the first-order derivative at the right endpoint, then the
algorithm yields the following results:

C’ = [1122.318,1405.887,1606.135,1439.571,1083.679, 616.113, 195.968]T,

C? =[1970.2862, 1455.9994, 653.7142]",

and
D’ = [629.7465, —107.0078, 28.7222,32.5395]T.

In this case, we may neglect the two insignificant coefficients D32 and Df , which yields the reconstructed
coefficients

C’ =[1122.318,1405.887,1606.135, 1446.752, 1054.857, 631.428, 163.429]",
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the filtered values [9801, 9216, 8282.197, 7056, 5609.601, 4096, 2584.572]", and rms = 3.221. The

attempt to eliminate the next (in the absolute value) wavelet coefficient 022 =-107.0078 yieldsrms = 9.826.
The relation between the prediction error and the number of discarded wavelet coefficients shows that this
solution is also significantly inferior to the solution obtained by substituting into the prediction all the
exact values of the function and its first-order derivative. The choice of the prediction step size and the
development of a numerical method for finding the best predicted values of the function and (or) its first-
order derivative at the points x = g, b require further studies.

6. CONCLUSIONS

The procedure for constructing the spline wavelets that are semiorthogonal with respect to the scalar
product with the derivatives proposed in this paper and the corresponding procedure for obtaining for
them implicit relations for the expansion with splitting with respect to the even and odd modes provides
new capabilities for creating computationally efficient algorithms of constructing and using spline wave-
lets on nonuniform grids. The numerical results confirm the existence of the optimal prediction values of
the constructed spline wavelets.

ACKNOWLEDGMENTS

The work of Shumilov was supported by the Russian Foundation for Basic Research and by the Tomsk
oblast, project no. 16-41-700400r_a.

REFERENCES

. 1. Daubechies, Ten Lectures on Wavelets (SIAM, Philadelphia, 1992).

I. V. Oseledets, “The use of divided differences and B -splines for constructing fast wavelet transforms on non-
uniform grids,” Mat. Zametki 77, 743—752 (2005).

3. A. A. Makarov, “A version of spline wavelet expansion of the spaces of B-splines,” Vestn. St.-Petersb. Univ.,
Ser. 10, No. 2, 59—71 (2009).

4. A. V. Zimin, “A wavelet scheme based on the approximation by cubic B-splines on a nonuniform grid,” in
Metody Vischisl. 23, 56—73 (2008).

5. Yu. K. Dem’yanovich, “A scaling relation for B-splines on a nonuniform grid,” Mat. Model. 13 (9), 98—100
(2001).

6. J. Wang, “Interpolating cubic spline wavelet packet on arbitrary partitions,” J. Comput. Anal. Appl. 5, 179—193
(2003).

7. C. De Boor and G. Fix, “Spline approximation by quasi-interpolants,” J. Approx. Theory 8, 19—45 (1973).

8. E. J. Stollnitz, T. D. DeRose, and D. H. Salesin, Wavelets for Computer Graphics: Theory and Applications
(Morgan Kaufmann, San Francisco, 1996).

9. K. Koro and K. Abe, “Non-orthogonal spline wavelets for boundary element analysis,” Eng. Anal. Boundary
Elements 25, 149—164 (2001).

10. T. Lyche, K. Mérken, and E. Quak, “Theory and algorithms for non-uniform spline wavelets,” in Multivariate
Approximation and Applications, Ed. by N. Dyn, D. Leviatan, D. Levin, and A. Pinkus (Cambridge University
Press, Cambridge, 2001), pp. 152—187.

11. A. Cohen, I. Daubechies, and J.-C. Feauveau, “Biorthogonal bases of compactly supported wavelets,” Com-
mun. Pure Appl. Math. 45, 485—560 (1992).

12. K. Bittner, “A new view on biorthogonal spline wavelets,” Preprint No. 2005-03, Universitit of Ulm, 2005.

13. D. Cern4 D. and V. Finék, “Construction of optimally conditioned cubic spline wavelets on the interval,” Adv.
Comput. Math. 34, 519—552 (2011).

14. D. Cernd D. and V. Finék, “Cubic spline wavelets with complementary boundary conditions,” Appl. Math.
Comput. 219, 1853—1865 (2012).

15. J. Wang, “Cubic spline wavelet bases of Sobolev spaces and multilevel interpolation,” Appl. Comput. Harmonic
Anal. 3, 154—163 (1996).

16. W. Cai and J. Wang, “Adaptive multiresolution collocation methods for initial boundary value problems of non-
linear PDEs,” SIAM J. Numer. Anal. 33, 937—970 (1996).

17. V. Kumar and M. Mehra, “Cubic spline adaptive wavelet scheme to solve singularly perturbed reaction diffusion
problems,” Int. J. Wavelets, Multiresolut. Inform. Proc. 5, 317—331 (2007).

18. M. Mehra and K. Goyal, “Algorithm 929: A suite on wavelet differentiation algorithms,” ACM Trans. Math.
Software 39 (4), Article number 27 (2013).

N —

COMPUTATIONAL MATHEMATICS AND MATHEMATICAL PHYSICS  Vol. 57 No. 10 2017



19

20.

21.

22.

23.
24.

25.

26.

27.

28.

A SPLITTING ALGORITHM FOR THE WAVELET TRANSFORM 1591

T. Lyche, K. Mérken, and F. Pelosi, “Stable, linear spline wavelets on nonuniform knots with vanishing
moments,” Comput. Aided Geom. Design 26, 203—216 (2009).

B. M. Shumilov, “A splitting algorithm for the wavelet transform of Hermitian cubic splines,” Vest. Tomsk. Gos.
Univ., Ser. Mat. Mekh, No. 4, 45—55 (2010).

B. M. Shumilov, “Spline approximation schemes that are exact on polynomials,” Zh. Vychisl. Mat. Mat. Fiz.
32, 1187—1196 (1992).

D. Cern4a D. and V. Finék, “Cubic spline wavelets with short support for fourth-order problems,” Appl. Math.
Comput. 243, 44—56 (2014).

C. De Boor, A Practical Guide to Splines (Springer, New York, 1978; Radio i Svyaz’, Moscow, 1985).
Yu. S. Zav’yalov, B. I. Kvasov, and V. L. Miroshnichenko, Methods of Spline Functions (Nauka, Moscow, 1980)
[in Russian].

R.-Q. Jia and W. Zhao, “Riesz bases of wavelets and applications to numerical solutions of elliptic equations,”
Math. Comput. 80, 1525—1556 (2011).

A. A. Samarskii and E. S. Nikolaev, Numerical Methods for Grid Equations (Nauka, Moscow, 1978; Birkhiuser,
Basel, 1989).

V. A. Morozov, “The theory of splines and stable computations of the values of an unbounded operator,”
Zh. Vichisl. Mat. Mat. Fiz. 11, 545—-558 (1971).

B. M. Shumilov, “Splitting algorithms for the wavelet transform of first-degree splines on nonuniform grids,”
Comput. Math. Math. Phys. 56, 1209—1219 (2016).

Translated by A. Klimontovich

COMPUTATIONAL MATHEMATICS AND MATHEMATICAL PHYSICS Vol. 57 No. 10 2017



