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INTRODUCTION

In this paper, we study the solvability of initial boundary value problems for parabolic equations when
one of the coefficients of the equation is unknown. As a rule, in such situations it is assumed that the
unknown coefficient has some special form. Here, we assume that the unknown coefficient is a function
of the time variable only.

In mathematics and mathematical modeling, the problems considered in this work are called inverse
problems (see [1, 2]). The presence of additional unknown functions in inverse problems makes it neces-
sary to impose some additional conditions: overdetermination conditions, in addition to the boundary
conditions that are natural for a particular class of differential equations. For inverse problems with an
unknown coefficient being a function of the time variable, the required overdetermination conditions are
either conditions of integral overdetermination, or conditions of boundary overdetermination, or condi-
tions of internal overdetermination. Conditions of integral overdetermination assume that additional
information is specified as the values of certain integrals of the solution over the domain of variation of the
spatial variables for all 7. In problems with boundary overdetermination, it is assumed that, in addition to
the natural boundary conditions, some additional conditions whose supports are certain manifolds from
the lateral boundary of the corresponding cylindrical region are specified for all 7. Finally, in problems
with internal overdetermination, additional information is specified as the values of solutions and (or) its
derivatives at certain interior points of the spatial domain at all 7.

Inverse problems, both linear and nonlinear, with an unknown coefficient depending only on the time
variable with integral, boundary, or internal overdetermination conditions have been more or less studied
for different classes of differential equations: second-order parabolic and hyperbolic equations, high-
order parabolic equations, pseudoparabolic and pseudohyperbolic equations, and equations with multiple
characteristics; for more detail, see [1—24]. At the same time, it is worth noting that, in most of these
papers and monographs, inverse problems with an unknown coefficient depending on the time variable
and with boundary overdetermination were studied either in the one-dimensional case or in special
domains such as a parallelepiped; only in [18, 19], inverse problems with boundary integral overdetermi-
nation and an unknown right-hand side for second-order parabolic equations in multidimensional
domains of arbitrary spatial geometry were studied.

The aim of this work is to study the solvability of new nonlinear inverse problems with the boundary
overdetermination. The method of study are based on replacing the inverse problem with a new direct
boundary value problem for a “loaded” [25, 26] differential equation, proving its solvability, and con-
structing the solution of the original inverse problem.

Below, we will consider some model situation. Possible extensions and comments will be given in the
end of the paper.
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PARABOLIC EQUATIONS WITH UNKNOWN TIME-DEPENDENT COEFFICIENTS 957
1. PROBLEM STATEMENT

Let Q be a bounded domain of space R” with a smooth compact (for simplicity, infinitely differentia-
ble) boundary I', Q be a cylinder Q x (0,7") of a finite height 7', S = I" X (0,7") be the lateral side of Q, and

c(x,1), f(x,1), up(x), N(x), and p(f) be given functions defined at x € Q, r € [0,7].
Inverse problem 1. Find functions u(x, ) and ¢(¢) related in the cylinder Q by the equation

u, — Au+qtu = f(x,1) (D)
under the following conditions for the function u(x, r):
u(x,0) = ug(x), xe 2)
WD _ o for (xp)e S: 3)
v,
IN(x)u(x, Hds, =u(t), 0<t<T (4)

T

(hereinafter, v, = (v,, ..., v, ) is the inward normal to I" at a current point x).

Xy

Inverse problem II. Find functions u(x,¢) and p(¢) related in the cylinder Q by the equation

pOu; — Au + c(x,u = f(x,1) (5)
under conditions (2)—(4) for the function u(x, 7).

In inverse problems I and II, conditions (2) and (3) are conditions of an ordinary initial (second)
boundary value problems for parabolic equations and condition (4) is an integral overdetermination
boundary condition. The inverse problems of finding the solution together with the unknown time-
dependent coefficient and with overdetermination condition (4) have not been studied earlier in the mul-
tidimensional case.

Inverse problems I and I have a simple physical interpretation (see [27]). The coefficients g(¢) and p(z)
in these problems are functions determining the loss (absorption) and specific heat capacity, respectively.
If the medium is isotropic, it is natural to assume that these coefficients are functions of time. Condition (3)
means that the medium is thermally isolated, and condition (4) gives information on the average surface
temperature of the medium; such information can be easily obtained using of a system of sensors.

2. SOLVABILITY OF INVERSE PROBLEM I

To avoid cumbersome computations and formulations, we introduce the following notation. Through-
out this subsection we shall assume that

@) =pe >0 for rel0,7] (6)

for the initial functions f(x,?), u,(x), etc., all the derivatives and integrals defined below exist (the exact
conditions for the initial data will be given below).

Define
fult) = [N fx ds,,
r

Jo(O) —W'(@®) 1
n=t"R0 gy =L
=" M=
Oy = vrai min 0(?),
0<t<T

vo(x) = Auy(x),  fi(x,1) = Af(x,1),
NO = ”N"LZ(F) ’ RO = [”fl"iz(g) + "VOHZ(Q))eT’

n
R, = ”fl"iz(g) + Z”VOX; "iZ(Q)'

i=1
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Let w(x) be a function from the space WZI(Q). By the embedding theorems (see, e.g., [28, Ch. II, Sec-
tion 2]), we have the inequality

Iwzdsx <k, jwzdx kY J.widx, 7)
r Q i=l Q
in which the constants &, and k, are determined by the domain € only. Define the number M, as
1
MO = NO(kORO + klRl )5.
Theorem 1. Let condition (6) and the memberships f(x,t) € L,(Q), Af(x,1) € L,(Q), N(x)e L,(I),
uy(x) e W; (Q), and \W(t) € W;([O, T]) be satisfied. Further on, suppose to be satisfied the matching conditions
Juy(x) _ dv(x) _
av ov,
[N G0, =)

r

0 for xelI,

X

and the condition
M =0 for (x,t)e S,
v,
oy >0, M, <oy,
Then, inverse problem 1 has a solution {u(x,t),q(t)} such that u(x,t)e W22’1(Q) N L., T ;WZI(Q)),

Au(x,1) € Wy"(Q) N L.(O.T;W,(Q), and q(t) € Ly([0,T)).
Proof. For a fixed number M, define the function G, (§), & € R:

& [<M,
Gy@© =M, E>M,
-M, E<-M.

Further on, for an arbitrary function w(x), define the function ®(w):

d(w) = J.N (xX)w(x)ds,.

r
Consider the following auxiliary boundary value problem: find a function v(x, 7) satisfying the equation
v, = Av + o) + BOG y, (Pv(x,0)))v = fi(x,1) (¢))
in the cylinder Q and the additional conditions
WD _ g for (x)e S, 9)
ov,
v(x,0) =vy(x) for xe Q. (10)

For brevity, we will denote by V|, the space W22’I(Q) N L_.(0,T; W21 (Q2)). Using the hypotheses of the the-
orem and applying the fixed-point method, we will show that problem (8)—(10) has a solution v(x,?)
belonging to the space V.

Let w(x,7) be a fixed function from the space V. Consider the following problem: find a function
v(x,t) satisfying the equation

v, = Av + o) + BO)YG y, (Pw(x, D) v = fi(x,1) 8y)

in the cylinder Q and conditions (9) and (10). According to the theory of parabolic equations (see [29,
Ch. II1, Section 6]), this problem has a solution v(x, ) belonging to the space V. In other words, bound-
ary value problem (8,), (9), and (10) generates an operator A mapping the space ¥V into itself: A(w) = v.
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Let us show that the operator A4 satisfied all conditions of the Schauder fixed-point theorem (see [30,
Ch. VIII, Section 35]).

Consider the equalities
t t
f j [ve = Av +[0(T) + BOG yy, (P(W(x, 7)) v} vdxd T = j I fivdxdr,
0Q 0Q
t t
—j j [v: = AV +[0(D) + BDG y (POW(x, ) Iv} Avdxdt = — J' j fAvdxdr,
0Q 0Q
which follow from Eq. (8,,). Integrating by parts, using the inequality o(t) + B(T)G M, (@W(x,7))) 2 0, and
applying Young’s inequality and Gronwall’s lemma, we find that all solutions of boundary value
problem (8,,), (9), and (10) satisfy the estimates

J.vz(x, Ndx < Ry, (11)
Q
> [vi Genax < R, (12)
i=1Q
j I(AV)Z(x, Tdxdt < R,. (13)
0Q

Estimates (11) and (12) and inequality (7) imply another estimate:

jvz(x, t)ds, < kyR, + k(R (14)
r
Using estimates (11)—(14), it is easy to estimate the derivative v, as

jjvidxdr <R (15)
0Q

where the number R is determined by the numbers R, R, k,, and k, and the function f(x,?) (the exact
value of R, is not important).

Inequalities (11)—(15) imply that all solutions of boundary value problem (8,)), (9), and (10) satisfy the
estimate

Vi), < Ko (16)
in which the constant K is determined only by the functions f;(x,?) and v,(x), the domain €, and the
number 7.

In turn, estimate (16) implies that the operator 4 maps a closed ball of the radius K, of the space V
into itself.

Let {w,,(x,1)},_, be a sequence of functions from this ball, converging in the space ¥, to a function
wo(x, 1), and v, (x,7) and v(x, ) be solutions to problems (8,, ), (9), (10) and (8,,), (9), (10), respectively.
Define v ,,(x,1) = v, (x,1) — vy(x, ). We have the equalities

Ve = AV, +[0U0) + PGy (PW, ) [V, = BOIG(D(W,,)) = Gy (P(wo)) Vo, (x,0) € O,
Va(x,0)=0, xeQ,
0V, (x,1) _

0, ((xness.
av. (x,1)
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Repeating the proof of estimate (16), it is easy to obtain the inequality
[7all,, < K [BOIG@W,)) = Gar, @WwoD ]|, (17)

The function G, (€) satisfies the inequality |GM0(Z;1) - GMO(E_,2)| <€, — &,|. Using this estimate and
applying the Holder inequality and inequality (7), we replace (17) with

n
— 2 2
[l < K j W, — wy) dxdt + Zj[(wm — o), Pdxdt}.
0 =lo
Since the right-hand side in this inequality tends to zero as m — oo, we have ¥,, — 0 as m — oo in the
space V. But this means that the operator A is continuous.

Now let us prove that the operator A is compact on a closed ball of the radius K, of the space V,.

Let {w,(x,?)},_, be an arbitrary sequence of functions from this ball. Since we have the embeddings
V, C W;(Q) c L,(S) and the second embedding is compact (see [28, Ch. 11, Section 2; 31, Ch. I, Sec-
tions 8, 11], we can choose from {w,,(x,?)}, _, a subsequence W, (x,1) }eo, strongly converging in the space
L,(S). Repeating the proof of the continuity for the sequence W, (x,1) Yoot » We conclude that the sequence
{A(w,, )} strongly converges in the space V. But this means that the operator A is compact.

Thus, the operator A maps a closed ball of the radius K|, in the space V,, into itself and is compact on
it. By the Schauder theorem, the operator A on this ball has at least one fixed point: A(v) = v.

At a fixed point v(x, ¢) of the operator A, Eq. (8) and conditions (9) and (10) are satisfied. Further on,
the function v(x, r) satisfies the inequality

1
|O()| < Ny(koRy + K R)>.

Therefore, we have G, (P(v)) = @(v). In other words, the solution v(x,7) of problem (8)—(10) is a solu-
tion of the equation

v, — Av +[a(?) + BOPW) v = fi(x,1).
It should be noted that the function v(x,¢) at all # from the interval (0, 7") satisfies the equality
[vixnax = 0.

Q
Hence, we can determine the function u(x, ¢) as a solution to the problem

Au(x,t) = v(x,1), (x,1)e O,

du(x,1) _

0, (x,pe S
av. (x,17)

(here, the variable ¢ is a parameter).
Define
w(x, 1) = u,(x,1) — Au(x, 1) + [o?) + BODPWV) [v(x, 1) — f(x,1).
We have the equalities
Aw(x,t) =0, (x,0)e O,

MWD _ o (xp)e S,
v,
jw(x, Ndx =0, te(0,T).
Q

Hence, w(x, 1) is identically zero in Q.
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Define
q(t) = alt) + BOYP(v(x,1)).
It follows from the aforesaid that the functions u(x, #) and ¢(¢) are related in the cylinder Q by Eq. (1).

The function u(x, ¢) obviously satisfies conditions (2) and (3). Let us show that u(x, 7) also satisfies con-
dition (4).

Multiply Eq. (1) by the function N(x) and integrate over the boundary I" of the domain Q. As a result,
we obtain the equality

9
< [ ! N()u(x, t)ds,

- J.N(x)Au(x, fds, + q(t)J.N(x)u(x, nds, = f(t).
r r

On the other hand, we have the equality
gOWr) = fo(t) — ' (1) + jN (xX)Au(x, t)ds,.
r

These two equalities imply the relationship

%[ '[ N(x)u(x,t)ds, — M(t)} +q(?) {"N (u(x,tds, — u(r)} =0. (18)
r r

Since we have the condition

jN(x)u(x, 0)ds, — p(0) = 0 (19)
T

and the function ¢(¢) is nonnegative, equalities (18) and (19) obviously imply

IN(x)u(x, fds, = ().
T

In other words, in addition to conditions (2) and (3), the function u(x,?) also satisfies condition (4). The
membership of the functions u(x, ) and g(¢) in the required classes is obvious too. The constructed func-
tions u(x, ) and ¢(¢) give the sought-for solution of inverse problem I. The theorem is proven.

Let us present another variant of the solvability theorem for inverse problem I.

Let §, be a fixed number from the interval (0,1). Define

' 1
B =5l ol

n
R = ”fl”sz(Q) + Z||V0xi||iz(ﬂ)'

i=1
Theorem 2. Let condition (6) and the memberships f(x,t) € L,(Q), Af(x,1) e L,(Q), N(x)e L,(I),
uy(x)e W;(Q), and \(t) € W;([O, T]) be satisfied. Further on, suppose to be satisfied the matching conditions

duy(x) _ dvo(x) _ 0
v, av,

[N G0, = n()

r

, xelT,

and the conditions

M =0, (xpnes,
av

1
oy >0, NolkoR) + ki R)? < (1-8p)0ghty.
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Then, inverse problem 1 has a solution {u(x,t),q(t)} such that u(x,t)e W22’1(Q) ~ L.0,T; W21 Q)),
Au(x,1) € Wy (Q) N L.(0,T;W5(Q)), and q(t) € L,([0,T]).
Proof. Theorem 2 is proven by analogy with Theorem 1; the only difference is that the equality
t t
j j Ve = Av +[0UD) + BOG 1, (P(w(x, 7)) IvivdxdT = j j fivdxdt

0Q 0Q

(M = Ny(koRy + klRl')%) is analyzed not with Gronwall’s lemma but with Young’s inequality and the
inequality ou?) + B(H)G my (@W(x, 7)) 2 8,0, -

Now let us discuss the uniqueness of the solution to inverse problem 1.

Theorem 3. Suppose that all hypotheses of Theorem 1 are satisfied. Then, for any two solutions
{u(x,1),q,(0)} and {uy(x,1),q,(t)} of inverse problem 1, we have u,(x,t) = u,(x,t) for (x,t)e Q and
q,(t) = qy(?) fort € [0, T].

Proof. Define w(x, 1) = u,(x, 1) — u,(x,1). We have the equalities

w, = Aw +q,()w = —B(t)IN Wy, Dds juy(x, 1), (x,1) € O,

r
w(x,0)=0, xeQ,
ow(x, 1) _
v,

Successively considering the equalities

0, (x,nes.

j.J.[WT — Aw + q,(T)wlwdxdt = —jIBIN w(y, vyds u,wdxdr,
00

0oQr

jj[wt — Aw + ¢,(DWAwdxdT = j [B[N Gywr, s urAwaxar,
0 0Q T

integrating by parts, and applying Young’s and Holder’s inequalities and inequality (7), we obtain the esti-
mate

j[wQ(x, 1+ Zn:wi(x, t)} dx < C”[wz(x, )+ Zn:wi(x, T)} dxdr,
00

Q i=l i=l
in which the constant C is determined only by the input data of the problem. This estimate and Gronwall’s
lemma imply that w(x, 7) is identically zero in Q.

Thus, the functions u,(x,#) and u,(x,?) coincide in Q. Therefore, the functions g,(r) and g,(¢) also
coincide for r € [0,T].
The theorem is proven.

3. SOLVABILITY OF INVERSE PROBLEM I1

Analysis of the solvability of inverse problem II is performed by analogy with the analysis of the solv-
ability of inverse problem I.

Suppose to be satisfied the following conditions:
W@ = >0, rel0,T} (20)
c(x,t)=2¢cy >0, (x,0)e 0,

_ 21
c(x,t) = c;(x) + (1), (x,0)e 0.
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Define

— M, b(t) = 'L, a, = vraimin a(?),
W' () W) 0<I<T

vi(x) = Aug(X) = e, (Xup(x),  fr(x,1) = Af (x,1) = ¢,(x) f(x, 1).

Hereinafter, we assume that g, is a positive number. Let §, be a fixed number from the interval (0,1).
Define the numbers R,, R;, and M, as follows:

n
B =5l + Zlvil o + Ve
i=1

R3 = [k] + IE] Rz,

Co

a(t)

2
L)’

1
Ml = N()R:;z.
Theorem 4. Let condition (20) and (21) and the memberships f(x,t) e L,(Q), Af(x,t)e L,(Q),

foe L(I0,T]), e(x) € C*(Q), e () € C'([0,T1), N(x) € Ly(T), ug(x) € W5 (Q), and w(t) € W (10,T1)
be satisfied. Further on, suppose to be satisfied the matching conditions

duy(x) _ dvy(x) _ 0
v, av

[N G0, =)

r

, xeIT,

X

and the conditions

I _,
v,

(1) 20, re]0,T],

, (x,DeS,

a, >0,
8, (0,1): M, < (1—=9y)agl,.
Then, inverse problem 11 has a solution {u(x,t),p(t)} such that u(x,t)eV,, Au(x,t)eV,, and
pt) e L.([0,T]).

Proof. Consider the following auxiliary boundary value problem: find a function v(x, ) satisfying the
equation

[a(®) + b()G y (P(V) v, — Av + c(x, v = fr(x,1) (22)
in the cylinder Q and the conditions
v _
av,
v(x,0) =vi(x), xe Q. (24)
The solvability of this problem is proven by the fixed-point method.

0, (x,nHess, (23)

Let w(x,#) be a function from the space V. Consider the boundary value problem: find a function
v(x,t) satisfying in the cylinder Q the equation

la(®) + b()G 4y, (PW)) [v, = Av + c(x,0)v = f5(x,1) (22,)

and conditions (23) and (24). This problem has a solution v(x,#) belonging to the space V|, (see [28,
Ch. II1, Section 6]). Therefore, it generates an operator A mapping the space V into itself: A(w) = v.
Let us show that the operator A4 has fixed point in the space V.

COMPUTATIONAL MATHEMATICS AND MATHEMATICAL PHYSICS Vol. 57 No.6 2017
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Consider the equality
t t
f j {[a() + BDG,, (PW) v, — AV + cv} v dxdt = H fovdxdt.
0Q 0Q

Integrating by parts, applying Young’s inequality, and using the hypotheses of the theorem, we find
that the solutions v(x,#) of boundary value problem (22,,), (23), and (24) satisfies the estimate

4 n
8oy j jvfdxd't + ZJVQ (x, 1)dx + ¢, j v2(x,f)dx < R,. (25)
0Q i=1Q Q

Using (25), is it easy to estimate the second derivatives of the function v(x, #) and obtain the total estimate

[vl,, < K, (26)

of all solutions of boundary value problem (22 ), (23), and (24), in which the constant K, is determined
by the functions c(x, ), f,(x,1), v,(x), the numbers §, and a,, and the domain Q.

Estimate (26) implies that the operator 4 maps a closed ball of the radius K, of the space V into itself.
Using estimate (26) and the compactness of the embedding WZI(Q) c L,(S), it is easy to prove that the

operator A is continuous and compact on a closed ball of the radius K, in the space V. Therefore, the

operator A in the space V, has fixed points. These fixed points give the solution v(x, ¢) of boundary value
problem (22)—(24).

Solutions v(x,#) of problem (22)—(24) have the same estimates (25) and (26). In particular, (25)
implies that v(x, ¢) satisfies the inequality

j v2(x,f)dx < Rs.
r
Hence, G, (®(v)) = ®(v) and the fixed point v(x, ) of the operator A is a solution of the equation

[a(®) + bEO)YD(V) v, — Av + c(x, )V = fr(x,1). (27)
Set
p(t) = a(t) + b(H)YP(v)

and define the function u(x, ¢) as a solution of the problem

Au(x, 1) — e, (x)ulx, 1) = 0, w 0.
It is easy to check that the functions u(x,7) and p(¢) are related on the cylinder Q by Eq. (5) and the

function u(x, r) satisfies overdetermination condition (4) (in fact, one has only to repeat the reasoning used
to prove Theorem 1).

The fact that the function u(x, ¢) satisfied conditions (2) and (3) and the membership of the functions
u(x,t) and p(¢) in the required classes are obvious.

The theorem is proven.

Theorem 5. Suppose that all hypotheses of Theorem 3 are satisfied. Then, for any two solutions
{u,(x,1),q,(t)} and {u,(x,1),q,(¢)} such that u,(x,t)e V, and p,(t) e L_(]0,T]), we have u,(x,t) = u,(x,1)
and p,(t) = p,(1).

This theorem is proven by analogy with Theorem 3.

4. COMMENTS AND ADDENDA

1. In general, similar results on the solvability of inverse problems I and II can be obtained in more gen-
eral situations than studied here: (a) for equations of form (1) or (5) in which the Laplace operator is
replaced with an arbitrary second-order linear elliptic operator and conditions (3) is replaced with the
condition of the second or third boundary value problem with the corresponding conormal derivative;
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(b) in the case of a function N depending on the variables x,, ..., x,, and . The corresponding solvability
conditions can be derived rather easily using the technique proposed above.

2. In the general case, the numbers k,, and k, in the inequality (7) depend in a very complicated manner
on the geometrical characteristics of the boundary of the domain Q. However, these numbers are easily
computed, for example, for star domains with respect to some interior point of the domain Q.

3. Let us present some examples demonstrating that the set of initial data in inverse problems I and II
for which the conditions of the existence theorems are satisfied is not empty.

A simplest example for inverse problems I is constructed as follows. Let u,(x) = u, = const for x € Q,
fx,t)= f@) for (x,f)e Q, N(x) =1forxe Q, u) =, > 0 forz e [0,T], and

W, =u,mesl, f@)=f,>0, te[0,T].

It is obvious that all hypotheses of Theorem 1 are satisfied and the solution of inverse problem I is
defined by the equalities

u(x,t) = iymesT, q(f) = J(tymesT
Wo

Now replace f(x,f) with a function A4 — f(x), where A is a positive number and f(x) is a
function with a support lying strictly inside the domain Q. Let N(x) =1 for x € Q, uy(x) =, > 0
1

for xe Q, and W) =u,mesI’. We have the equalities oc(t):_A, NO:mesil", and
Uo

1 1 1
M, =mes?T - (kee" + k)2 ||Af ||L2( o T2. The hypothesis M, < oy, of Theorem 1 is obviously satisfied

for sufficiently large numbers A.

In a similar manner, if f(x,f) = A— f(x), ¢,(x) =0, c;() = ¢, >0, N(x) =1, uy(x) =0, W) =z,
and W, > 0, the hypothesis M, < (1 — §,)ayu, of Theorem 4 will be satisfied for sufficiently large num-
bers A.

These examples demonstrate that the set of initial data in inverse problems I and II satisfying the con-
ditions of the existence theorems is not empty.

4. The condition (97 (x,?))/(dv,) = 0 for (x,7) € § is purely technical and was introduced to simplify
the computations.
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