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Abstract—The multidimensional quasi-gasdynamic system written in the form of mass, momentum,
and total energy balance equations for a perfect polytropic gas with allowance for a body force and a
heat source is considered. A new conservative symmetric spatial discretization of these equations on a
nonuniform rectangular grid is constructed (with the basic unknown functions—density, velocity, and
temperature—defined on a common grid and with fluxes and viscous stresses defined on staggered
grids). Primary attention is given to the analysis of entropy behavior: the discretization is specially con-
structed so that the total entropy does not decrease. This is achieved via a substantial revision of the
standard discretization and applying numerous original features. A simplification of the constructed
discretization serves as a conservative discretization with nondecreasing total entropy for the simpler
quasi-hydrodynamic system of equations. In the absence of regularizing terms, the results also hold for
the Navier—Stokes equations of a viscous compressible heat-conducting gas.
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INTRODUCTION

A wide variety of numerical methods for gasdynamic simulations has been developed to date (see, e.g.,
[1, 2]). An original class of methods is associated with the construction of quasi-gasdynamic (QGD) sys-
tems of equations and their subsequent discretization. A detail description of this approach can be found
in [3—5]. One of its advantages is the simplicity of parallel implementations of corresponding algorithms.
Additionally, a number of important issues in the mathematical theory of QGD systems were investigated
in [6—9].

The law of nondecreasing entropy plays a key role in both physical and mathematical theory of gas
dynamics equations, namely, the Euler equations for an inviscid non-heat-conducting gas and the
Navier—Stokes equations for a viscous heat-conducting gas (see, e.g., [10—14]). In numerical methods
intended for gasdynamic simulations, the control of total entropy behavior is also an important issue of
theory and practice. The interest in it has been growing in recent years (see [15—22] and earlier works [23—25]
for various one-dimensional Navier—Stokes systems of equations written in Lagrangian mass coordi-
nates).

At the same time, the discrete law of nondecreasing entropy is rather frequently overlooked in the
development of numerical methods. This is caused both by the complexity of its derivation, which requires
special nonlinear transformations of discrete equations (in contrast to other conservation laws) and by
rather specific requirements imposed on the methods to be constructed.

Both these points are vividly manifested in the present paper, which continues to develop a rigorous
mathematical theory of discretizations of QGD systems. Previously, this subject was addressed in the con-
text of one-dimensional QGD systems [26—30] and a simplified barotropic QGD system in the multidi-
mensional case [31]. Note that successful numerical experiments with new discretizations were presented
in [29, 30].

In this paper, the discretization approaches used in [27, 31] are extended to the multidimensional
QGD system written in the form of mass, momentum, and total energy balance equations for a perfect
polytropic gas with allowance for a body force and a heat source. We construct a new conservative sym-
metric spatial discretization on a nonuniform rectangular grid with the basic unknown functions—density,
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ENTROPY-CONSERVATIVE SPATIAL DISCRETIZATION 707

velocity, and temperature—defined on a common grid and with fluxes and viscous stresses defined on
staggered grids (following [4, 5]). Primary attention is given to the analysis of entropy behavior: the dis-
cretization is specially constructed so that finally the total entropy does not decrease. This is achieved by
substantial revision of the standard discretization and applying numerous original features, including a
new discretization of the Navier—Stokes viscous stress tensor, new representations for diagonal elements
of the regularizing stress tensor and the heat flux, a new approach to averaging the regularization param-
eter T as a multilplier, special “logarithmic” averages of the density and internal energy (in mass and total
energy fluxes), a special role of temperature in discretizations of the viscosity coefficient and the regular-
izing stress tensor, the introduction of correcting terms/factors with small coefficients 42 in the mass and
total energy fluxes within the total energy equation and the body force approximation, a new discretization
of the heat source, etc. Note that, in the one-dimensional case, the discretization is not identical to the
one constructed in [27].

An important feature is that, in the absence of regularizing terms from the system, the results hold for
the Navier—Stokes equations for a viscous compressible heat-conducting gas.

Along with the QGD system, the quasi-hydrodynamic (QHD) system of equations is used in practice
[4, 5]. Mathematically, it is convenient to treat the latter formally as a simplification of the former. As a
result, a conservative discretization with nondecreasing total entropy for the QHD system can easily be
specified as a corresponding simplification of the discretization constructed for the QGD system, which
is performed at the end of this paper.

Note that, in addition to its practical importance, the possibility of constructing a conservative discret-
ization satisfying conservation laws, including the one of nondecreasing entropy, can be of significant the-
oretical importance. Relying on this possibility and the method developed in [32] (which can be referred
to as the method of reference difference schemes), fairly strong results could be derived in the future con-
cerning the properties of a large family of discretizations, including structurally simpler ones, for which
conservation laws are satisfied only with an error.

This paper is organized as follows. In Section 1, we recall the QGD system of equations and the corre-
sponding internal energy and entropy balance equations. Some of the terms are written in a form more
convenient for the subsequent discretization. In Section 2, we first introduce the necessary notation and
present auxiliary results from difference analysis. Then the discretization of the QGD equations is
described in the early stages of construction. For this discretization, we derive total (over the domain)
mass and energy conservation laws (Theorem 1) and obtain kinetic and internal energy balance equations
(Lemma 2). In Section 3, we complete the construction of the discretization and analyze the behavior of
the total entropy. Generally, the argument underlying the derivation of the law of nondecreasing total
entropy follows the differential case, but is more complicated. It is divided into several steps, namely,
Lemmas 3—7. Note that the discretization is elaborated to a higher degree of detail in parallel with the der-
ivation procedure in order to demonstrate the role of its structural elements in the validity of the law.
A direct consequence of these lemmas is the main result of the present work—Theorem 2 on a lower bound
for the derivative of total entropy and the law of nondecreasing total entropy. In the two-dimensional case,
part of the constructed discretization is written in expanded form. The discretization chosen for off-diag-
onal terms of the regularizing stress tensor is discussed at the end of Section 3. More specifically, we show
how to modify the discretizations from [31] so as to reduce the stencil for such terms. Finally, Section 4 is
briefly concerned with the QHD system of equations. Specifically, we consider a corresponding conser-
vative discretization that is a simplification of the one constructed in Sections 2 and 3 and prove Theorem 3
(similar to Theorem 2) on the properties of total entropy.

1. QUASI-GASDYNAMIC SYSTEM OF EQUATIONS AND ENTROPY BALANCE

The QGD system of equations in the form of [4, 5] consists of the following mass, momentum, and
total energy balance equations:

9,0 +divd =0, (1.1)
9,(pu;) +div(Ju,) + 9,p = 0,11, + p.F), (1.2)
0,E + div[(E + p)(u—w)]=9,(—q; + H,-juj) +J,F. + 0. (L.3)

The unknown functions—the density p > 0, velocity u = (4, ..., 4,)), and the total energy of the gas £ =
0.5p|u]> + pe— depend on (x, f), where x = (xy, ..., x,,) € Q, Q is a bounded domain in R” (n = 1, 2, 3) with
a boundary 0Q2, and 7 > 0. Here and below, summation from 1 to # is implied over repeated indices i and j
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708 ZLOTNIK
(and only over them), the indices / and k range from 1 to #, and the operators div and V are taken with
respect to x.

We use the equations of state of a perfect polytropic gas:

p=(—-Dpe, €=¢0 (1.4)

with constantsy > 1 and ¢, > 0. The first of these equations is also applied in the form p = Kp0, where K =
(y — ey The functions p, €, 6 > 0 are the pressure, internal energy, and absolute temperature. Let
F(x, 1) = (F,, ..., F,) denote the body force density and Q(x, f) = 0 be the heat source strength (both are
given functions).

The regularized mass flux J = (J, ..., J,) and the regularized density p, are given by the formulas
J=pu-w), w= I[div(pu)]u +W, W, = T[(uV)uk + lékp - Fk}, (1.5)
p p
psx = p —1tdiv(pu). (1.6)
Here, w= (w, ..., w,) and w = (W,, ...,w,,) are auxiliary regularizing vector functions, T = T(p, u, 0) > 0 is

a regularization parameter, and uV = u,d,. Note a possible and sometimes useful formula
J =p.u—pw. (1.7)

The viscous stress tensor IT = IT"S + IT* consists of the Navier—Stokes and regularizing terms

1,7 =2u0,u, + (x —%u)divu, 1 =u@u +ou), k#I, (1.8)

My = pupy + d@V)p +ypdivul =y =10, Ty, =pub, k #1, (1.9)

where L= W(p, u, 0) >0 and A = A(p, u, 0) > 0 are the dynamic and bulk viscosity coefficients (in contrast

to [4, 5], we consider the more general case A # 0). The second of the terms in IT}, is rewritten in a mod-
ified form suitable for the discretization constructed below:

W((V)p + ypdivu) = tdiv(pu) + (y — 1) pdivu]

= Ko[tdiv(pu) + Tp(uV)In 6 + (y — )tpdivu]. (1.10)

The heat flux q = (g, ..., g,) is given by the formula

—q=%xVO0+ ’C{p {(uV)S — %(uV)p} - Q}“
p

with the thermal conductivity coefficient ® = »(p, u, 0) > 0. This formula is rewritten in another form used
also for the discretization below:

—q :%V6+TG{ch(uV)lne—Kp(uV)lnp—%}u. (L.11)
Note that, although U, A, and % are usually independent of u, such a dependence may arise when the

QGD equations are used.

The indicated system of equations is a special regularization of the Navier—Stokes equations for a vis-
cous compressible heat-conducting gas.

Equations (1.1)—(1.4) and the formula J = p(u — w) imply the internal energy balance equation
d,(pe) +div(Je) = —divq + I1,0,u; — pdiv(u —w) + (WV)p — pw,F; + Q. (1.12)
It is well known that the entropy of a perfect polytropic gas is given by
S=8,-KInp+c,In6, (1.13)
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where S, is a constant. The mass and internal energy balance equations imply the entropy balance equa-
tion (see [4, 5])

3,(pS) + div(JS) = div (—g) +EM 4P |w| + 8 [dlv(pu)]
T

+ TP {(Y —Ddiva+ (uV)In 0 - w} + Q(l _wy - I)Qj
2p 0 4p

(1.14)

(see also [8] for Q # 0), where

- , Ve’
=N = 2%[[])0.[]),1. + (%—%%)(dlvu)2 + x—| 62| 20, n=123 D;= %(aiuj +0 u;).

Combining Eq. (1.14) with the boundary conditions J - n|;, = 0 and q - n|,, = 0, where n is the out-
ward normal to d€2, we immediately derive the total entropy balance equation

d jdex I{ p W Pdx + K [d1v(pu)]
e , (1.15)
+ TCVpI:(Y —Ddiva + (uV)1n6 - M} + Q(] Ay = DQ}} t=0.
2p 0 4p

Its right-hand side represents total entropy production. More specifically, the integral of the sum
=N + (/0 is the Navier—Stokes entropy production, and the other terms involve the multiplier T and rep-
resent relaxation production. All terms under the integral sign are nonnegative, except for the last one,
which contains Q twice and is nonnegative provided that T(y — 1)Q < 4p. Thus, under the indicated con-
dition, we have the law of nondecreasing total entropy

a,jdex > ().

Q

Note that the penultimate terms on the right-hand sides of (1.14) and (1.15) are written in a somewhat
modified form that is most suitable for deriving discrete analogues.

Note also that, under the standard boundary condition u|, = 0, the above-mentioned boundary con-

le—F)n
p

ditions for J and q can be rewritten in a simpler equivalent form as [ = 0 and

0Q

2. NOTATION, EARLY STAGES OF SPATIAL DISCRETIZATION OF THE QGD SYSTEM,
AND ITS FIRST PROPERTIES

2.1. Following [27, 31], we introduce the notation necessary for constructing a discretization and recall
a few formulas. In what follows, let Q = (0, X,) X ... X (0, X,). For k=1, ..., n, on [0, X,] we introduce an

arbitrary nonuniform grid ®,,, in x, with nodes 0 = x;y <x;; <... < x;y = X,. Let @y, consist of its interior

nodes x,,, | <m < N, — 1. Additionally, let x;_;) = —x;; and Xy, .1y = Xy, T (kak = Xk, - 1)). The steps
are Ay, = Xim — Xigm — 1)-

We also introduce an auxiliary grid (T):h with nodes X, + 12 = Xm T Xgm +17)/2, —1 Sm < N, and steps
ﬁkm = Xictm + 172) = Xk(m — 172) = Piem + g + 1))/ 2. Let (Dk,, consist of its interior nodes X, + 12, 0 <M< Ny _,.
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710 ZLOTNIK

The set of functions defined on a grid ® is denoted by H(w). For the subsequent analysis, it is natural

to assume that #, € H(®),) and ﬁk e H®,,). For ve H(®,,) and y € H(®;,), we introduce the grid
averages and difference quotients

. h h v, -V,
V)1 = 0.5V + v, V) oy = == v+, 8ka—l/z =-m __ml
2hk(m—l) hkm hkm
* hy Ry mn) * Ym+12 = Ym-1/2
S ="V + < Yms1/25 Oy, = ="
2hkm 2hkm hkm

Clearly, s, 5,, 8, H(@®,,) — H(®y,), while s}, 8;: H(®,,) = H(®,,) and H(®,,) — H(w,). Let
(Vi) m12 = Vi and (Vi) pyoga = Ve

Let ¥ € H(®,,). The following difference analogues of the product rule and one more formula hold:

S (rsiv) = BV + 5, (18, v), (2.1)
811 (s, %)s,v — 0.25h(8,)8,v] = (8,5, ) + 8,5,v, (2.2)
5, (V) — (5,V)s, 7 = 0.25h(8,v)S 7. (2.3)

The last two formulas are used not only in the analysis, but also in the construction of the discretiza-
tion.

The inner products in H(®,,), H(®w,,), and H((;)’Zh) are defined as

(V, "7)@“‘ = O 5V0T70/’1k1 + (V, ﬁ)mkh + 0 Ska.‘?Nk hka N

Ny -1 Ny
(V,V)mk,, = Z V¥ P (y,f’)m;h = Zym—l/zf’m—l/zhkm
m=1

m=1
with the help of the composite trapezoidal and midpoint rules.
Below, we repeatedly use the summation-by-parts formula

By Vg, = ~1h8) . + (5 n, Vi, — (50P)oVa, (2.4)
where the substitutions are zero (for example) for (s,f V)= (s,ik Ny, = Oorvy=v N = 0, and the formula
(519 Vs, = 5V) . +0.25850)w, Vv, iy, = 0.25857)ovohis 2.5)

where the substitutions are zero for (8:y)0 = (6: y)y, =0orv,=v, =0.Theindicated conditions on y
k k

are equivalent to the fact that y is an odd/even function, respectively, with respect to x, = 0, X,. For v, =

vy, = 0, the inner products on left-hand sides of the formulas can be simplified to (), -

Lemma 1. Let ae H(®y,), where a > 0. Any ye H ((1):,,) that is an even function of x, with respect to
x, = 0, X, satisfies the inequality

~ 2 * 2
(S¢a,y )w}lh 2 (a,(¢¥) ey,

This result is a strengthening of Lemma 1 in [31]; its proof remains nearly the same. Recall that the
derivation of this inequality dictates the form of the operator §, , which is not standard. It is also shown
in [31] that, under suitable conditions on the grid ®,,, the coefficients of the operators §, and s; are close

(for a uniform grid ®,,, they coincide). Note that §, (ﬁka) = hsa and, in principle, this formula can be
effectively used when the parameter 7T is chosen depending on the spatial grid.

We introduce the multidimensional grids ®, = ®,, X ... X ®©,;,, ®, = ©;, X ... X O®,,, 00, = ®,\®,, and

(D: = o)T,, X .. X of:h. Let the grids ®;: , and ®;: , be obtained from ®, by replacing the multiplier ®,, with
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®;, and w;,, respectively, and let ;. , be obtained from w, by replacing the multiplier ,, with ;,. The
multidimensional averages are defined as

_ _ * * _ * * . .
S =8...5,, s;—Ilsk, s;—llsk, Si}_llsk’ slfj—llsk, where i # j.

k#i ki k#i,j k#i,j
The spaces H(®,,), H(®,), and H(o):) are equipped with the inner products

VP, = (. Dg oeosDg s (V) = (v, P)g, = (. (v D 5o Dy s

B = 0Py = . OFD D)

®,°

Let the inner product (v, 7)g. , be obtained from (v, ¥)g, by replacing (,1)g, with (,1) - , and (v, %)
be obtained from (v, V) in a similar manner.

2.2. The equations of QGD system (1.1)—(1.3) are discretized in space as follows:

0p+8J,=0 on ®, (2.6)
3 (pu) +8; (Jisu) + 8/ s,p = 8T, + s (pY'F) on (2.7)
O,E + 8, [(E® + 5,p)(su; — w;) — 0251 (8, p)d.u;) = 8, (~q; + T ;s.u,) 2.8)
+ 5, [(sip) (st = w)F ] +[s; (R F)B+Q  on @,
where, recall, 1 </< n. The boundary conditions are specified as
u|8(n,, =0, S:Jklxk=0,)(k =0, S:Qk|xk:0,xk =0, l<sk<n (2.9)

Here, the basic unknown functions p(x, ) > 0, u(x,#), and 6(x,7) > 0 are defined for x € ®, and ¢ > 0.
As before,

E=0.5u’+pe, p=Kpb e=c,0. (2.10)
Additionally, u, is sequentially extended as an even function of x; with respect to the points 0, X, ..., X,
with respect to the points 0, X, (except for x;) and as odd function of x; with respect to the points x;, = 0,
X, (for all 1 £k < n), while the functions p, 0, and T are extended evenly in all x;, 1 <i< n.
The functions F) are given on ®;. , and are assumed to be odd in x, with respect to the points x;, = 0,
X, and even in x; with respect to the points x; = 0, X, for all / # k. The function Q is defined on ®,,.

By generalizing the formulas from [27], J, and £® are defined on @;.  as:

To = p O, —wy),  E® =0.50%u;, u, ., +pPe®. 2.11)
The averages p® and e® for p and € on @;. , are chosen in a special manner below. In the following

theorem and lemma, they, together with pﬁf), Wi, [y, i, and Ry, are also defined on ®;. ;,, and are as yet
arbitrary. Here, the functions w, (and, hence, J}), R, and g, are assumed to have the same evenness/odd-

ness properties as u;. Assume that the functions pfkk) and I1,, are even, while I1,, with k # / are odd in x;,
with respect to x;, = 0, X,.

Note that the second and third boundary conditions in (2.9) are equivalent to the fact that J, and g, are
odd functions of x; with respect to x;, = 0, Xj.

It should be emphasized that Egs. (2.6) and (2.8) are written not only on ®,, but also on dw,. For exam-
ple, the first (simpler) of them at x;, = 0, X, takes the form

2 2
9Ply, =0 + h_Jklxk=0.5hk1 =0, 9, -x, __Jk|xk—0.5hka =0,

k1 kN,
since J; is odd in x, with respect to x, = 0, X; and in view of the property J/|,, - x, = 0 for all / # k; specif-
ically, on grid edges, 9,p|, _g x,.x-0x, =0 forall/# k, 1 <k <n.
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Note that the subsequent analysis simplifies noticeably if boundary conditions (2.9) are replaced by the
periodicity of the solution in x; with period X, ..., x,, with period X,,.

Theorem 1. The total (over £)) mass and energy conservation laws hold.
at(pal)(oh = Oa
d(E g, = ((sp)(su; —=w), g, + (R F,50)5, +(0,1)g,.
Proof. Taking the scalar product of the mass and total energy balance equations (2.6) and (2.8) with 1

in H(®,) and using formulas (2.4) and (2.5) and the fact that J,, (E® + s0) (s, — W), i (8,0)Strs G,
and IT;s,u; are odd functions, while (s;p)(s,u, — wy) Fy, and Ry, F) are even functions of x; with respect to
x;, = 0, X;, we derive the required conservation laws.

Lemma 2. For the indicated discretization, the following kinetic and internal energy balance equations on
®,, are valid.:

0,(0.5plul® + 8,057, u,,.)) + (s, pyu; = (8, T )u, +[s: (Y Flu,, (2.12)

,(pe) +8;(J.£") = =8, q; + 5] (I1;8,u,;) — p8; (s,u; — w;) + 5, (W8, ) 013
T ST 1y — w)F =157 0L F) u; + 57 (R F) 10 + 0. '

Proof. The momentum balance equation (2.7) is multiplied by u,, and the second term on the left-hand
side is transformed with the help of formulas (2.1):

0.50,(pu;) + 0.5 0 + & [ (s,u)°1 = 5 1 (su)du,) + ) s,pyuy = [8, T + s, L F)y  (2.14)

on ®, (with the boundary condition “/|amh = ( taken into account). The mass balance equation (2.6) is

multiplied by u,2 and is also transformed with the help of formulas (2.1):

@ Py =~ = =81, 1+ 571 8, )],
Substituting this expression into (2.14), using the elementary formulas
(spa)” = 0.5, ) + 0.5ty 8(u)) = 2s,)8,
replacing the index / by j, and summing the result over j, we obtain Eq. (2.12).
According to formulas (2.11), we write
(E(k) + 5, p) (St —wi) =(0.5u;, u;p, + 8<k>)Jk + (DSt — (S PIWy,

and, with the help of (2.1) and (2.2), Eq. (2.8) can be rewritten as

J.E + ST[J,‘(O-SL‘/‘,[—”/‘,H +e)]+ (6?‘5:‘17)”1‘ + Ps;ksi”i - 5,‘*[(61‘[7)“’,‘] - stwi
= =8/q; + G Ty, + 57 (M8 ) + 5 1(s:p) (sitt; = w)F 1+ (R F) 1B + 0.
Subtracting (2.12) from this equation yields Eq. (2.13).

Note that Eq. (2.13) is a natural discretization of differential equation (1.12) (anyway, for F = 0), which
is not only important in itself, but is also used heavily below to derive the law of nondecreasing total

entropy. This is achieved by using the nonstandard discretization of |uf? in the form of Ujp Uiy in (2.11)

and by introducing the correcting divergent terms 87[—0.25}1,»2 (8, p)d,u;] (containing the small multipliers hiz)
into the total energy balance equation (2.8). Note that Eq. (2.8) in system (2.6)—(2.8) can be equivalently
replaced by Eq. (2.13).
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3. COMPLETING THE CONSTRUCTION OF THE DISCRETIZATION
AND ANALYSIS OF THE TOTAL ENTROPY BEHAVIOR

3.1. Applying the formulas from [27], for p and €, we introduce nonstandard “logarithmic” averages
over x;:

*) _ 1 (ky

s € = 8k—£k+ ln(ek_;€k+) on (T)k*,h- (31)
In(P,_;pi+)

Note that

e% =¢,0, 0,,1n(0,:0,.) = ¢, ln(i ij
O,

Here, In(o; B) is the divided difference for the logarithmic function:

In(oy B)_lngﬂ for o=, 1n(oc;oc)=l, oa>0, B>0.
- o
The functions p(k) and £ are assumed to be even in x, with respect to x, =0, X}, 1 £k <n. Recall that,

in order to avoid the loss of numerical stability for small |(B/c) — 1|, it is recommended that In(o; ) be
calculated using an approximation of its integral representation [29].

Lemma 3. The following equality holds on ®,:

a,<pS)+62"<J,-siS)=[a,<pe>+6§"(J,-e<">)1é—s?‘[l<<s,-u,-—w,->6,-p1+6[[ (vcy es, é)] (3.2)

Proof. By entropy definition (1.13) and the mass balance equation (2.6), we have
8,(pS) = (B,p)S + p(_fatp + %atej = (a,p)S (K + CV)arp + [ar(pe)]é

= (SIS + Yo, 80T, + [&(ps)]é.
Therefore, with the help of formula (2.1),
3,(pS) +8,(J,5,5) = Ye, 8.4, + [&(pe)]é +57(J3,5).

(k)

Furthermore, applying formula (2.1) withy = J,&"’ and v = l, we can write

3,(pS) + 8, (J,5,5) = [9,(pe) + 63"(1,e<">)]é + s [J,. (6,.S +e78, é)} +5 [J,- (ch _ e, é)} (3.3)

According to entropy definition (1.13),
8,8 =—K08,Inp+¢,0, Ine = —KIn(p,_;p )P + ¢y In(€,_5€4,)8,;
additionally, we have the elementary formulas

1 5,0

1 5,0
, Sp== , 34
o 0,0, ‘0 0.0, 54

which imply that

Iy (SkS + £<k>8k é) = _p(k)(sk”k —w)KIn(p,_;pi)0.p

+J, (cé In(e,_;e.) —e% jske = —K (s, — w8,

k=Y k+
where the fulfillment of the second equality is ensured namely by the choice of averages (3.1). Combining
this equality with (3.3) yields (3.2).

Lemmas 2 and 3 are proved by generalizing the corresponding arguments in [27] to the multidimen-
sional case.
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For the subsequent analysis, we note that, by virtue of the second formula in (3.4), it holds that

2 2 2 2
1 —-1= 000 — (2sk9) = _hk(5k9)2 <0, (s5,0)s 1_ (59 >1. 3.5)
(ske)ské (59) 4(s,9) 0 0,6,

The following lemma gives a preliminary expression for total entropy production, so it begins the der-
ivation of the law of nondecreasing total entropy. Recall that this derivation is based on the mass and inter-
nal energy balance equations.

Lemma 4. The following formula holds for the derivative of the total entropy:

9,(p, ), = (QiaSi l) + (Hij8iu/ +wdp,s; l)

’ 0 @« py . 0 [0
o ‘ (3.6)
t(emoa-wrist) (p0RsS] o, (0]

[0}

Proof. Taking the scalar product of either side of Eq. (2.13) with 1/0 in H(®,) and of Eq. (3.2) with 1
and applying formulas (2.4) and (2.5), we derive

©p,

(8,(p8)+8;k(,][8<">),é)7 :(q,.,é‘)ié)i +(Hg5iu,- +wi6ip,sié)

1) ( 0 Uij
+((s;,p)(s;u; —w)F,, s, — - F,s,—+
(( p)( ) ol P o

+ (s,-u,. - w,»,5,~£)
i 0

@+

+ Ry F)a, + (03]

@y,

®;

9,(p,S)e, = (a,(pe) + ST(Jig<i>)’é) — (K(su; = w,),8,0),. -

a)h
Here, we took into account that g, su, — wy, and Jk(yc,, - £<k>sk é) are odd functions of x;, while IT,d,u, +

=0

X =0,Xy

WD, (sip)(Sety — wi) F, and R, Fy, are even functions of x, with respect to x; = 0, X, and Yl

forall 1<k<n.

Substituting the first of these equalities into the second one and combining like terms with the help of
the formula p = Kp6, we obtain formula (3.6).

Let us construct special discretizations of I, w, and q ensuring that the total entropy production (i.e.,
the right-hand side of (3.6)) is nonnegative. First, we discretize the viscous stress tensor IT, see (1.8)—(1.10).
Let 1l = /06 and A= /0. Note that, in solving the Euler equations with the help of the QGD equations,

one usually sets L = o5, Tp (see [4, 5]), where o5, > 0 is the Schmidt number; then simply 1 = Ko Tp.
Let

-1
I, = (s "O0y +1I},  with 50 = (ské) :—e"*%’”. 3.7)
Sk

Define I1;;° and I}, on @;. , by the formulas

ﬁI/{\;(S — |:SZ< (431!1 + X):| Sk”k + (l _ S(kj))sj< |:(SZ:J (7\, - %ﬂ)) Sjskuj:l, (3.8)
7 = ({8, + 5/ [(spDS, s, ], k # 1, (3.9)
I, = (St ) (5P
(Y N (9] (k) . (k) 10 (3.10)
+ (s 9)[K(Td1v) (pu) + K(tpuV)"'In 0 + K(y — D (tpdiv)"'u — (y — )5, (?):',
I, = (Skuk)(skp)wl(k)a k#1, (3.11)
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where [1 = [i(sp, su, s8) and A= X(sp, su, s0) (or 1 = s{i(p,u,0) and A= s?l(p, u, 0)) are defined on 0):: , while

(69

T = T(p, u,0) is defined on ®,. Here, 8" is the Kronecker delta. It is assumed that lzl,Z(S and I}, are even,

while f[,iv,s and I}, with k # [ are odd in x, with respect to x, = 0, X,.

An essentially new element is the extraction (in (3.7)) of the multiplier s,(;l) 6, which approximates 6.
Discretizations (3.8) and (3.9) are identical to those successfully used recently in [31] (with L and A in the

role of [i and A).
Formula (3.10) also involves nonstandard approximations of 0 and tTQ, namely, s,({_l)e and
(s,(c_l)e)sk (%), respectively.

Let us also construct such discretizations for the components of the vectors w and w (see (1.5)):

(=1

_ % 9 (tdiv)® (pu)s,u, + Wy, (3.12)
(5,0)s,p
- _
w, = Sk 9{(51{@){(5,614,()6,(”,{ +L8kp—Fk}+(1_5(kj))sk |:TP *[(s )Sjuk]}}, (3.13)
Sp 0 Sip
A _ ( 1)9 P o* 1 - TP
Wy S = Sk | (Spty )0ty +——=0,p — Fy |+ + |5, ==)(s,u,)0,u
SiP 0 Sk 8 (3.14)

+S1{e kl[(skl kl)skluk]}} on ®yy, k=#I

The first two of these quantities are defined on ®,. ;. The last term in (3.14) is nonzero only for n = 3;
moreover, in this term, uy, = u,, and 6, = 9,,, where (k, /, m) is a permutation of (1, 2, 3). All these for-
=1

mulas contain correcting multipliers depending on 6, including S"—e = |; moreover, the corresponding
Sk

difference involves the small multiplier h,f (see the first formula in (3.5)). The difference expressions on

O, applied here and in (3.10) are given by

(1div)®(pu) = 5,(tp) =8, (puy) + (1 - 8)s, {rps;’-‘ Fs"(p”")}’ (3.15)
SiP ;P
(tpdiv)“u =[5, (tp) Bty + (1 = 8“5, (1psd ;). (3.16)

Clearly, these formulas approximate (in the same manner) the respective quantities

rdiv(pu)=<rp>[ k(puk)}(l 6“‘”><rp>[ d,(pu, )} tpdiva = 1pd . + (1 - 8“) (1p)d ju,,
p

which are independent of k, on n different grids ®; ,, 1 <k <n. Note that, in (3.13)—(3.16) and below, the
averages of T are not extracted as multipliers (in contrast to more traditional discretizations [4, 5]); instead,
T is averaged in complexes with other unknowns.

Since w, is discretized not only on the grid ®;- ,, but also on ®; , with / # k according to (3.13) and
(3.14), the stencil of formula (3.11) does not expand (see the discussion below). Such a technique was used
in [4, 5], but the corresponding discretizations were substantially different.

The constructed functions w, and w, are assumed to have the same evenness/oddness properties with
respect to all variables as u, does (see above).

The expression (IpuV)(k) In 6 in (3.10) is specified below as a term of q (see (3.28) below). Its form, like
the form of (tp div)(k)u, is of no importance up to Lemma 7.
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Recalling definition (1.6) and generalizing the formulas from [27] with the 6-dependent multiplier
in (3.12) taken into account, we define

(71
oW = 5,p - L S 9 divy®u), R, = 0.25h,fp£,f"(8kuk)8ké on By, (3.17)
k
These quantities are assumed to have the above-mentioned evenness/oddness properties. Once again, p(k)

(G2Y)
contains the correcting multiplier % = 1, while Ry, is itself a correcting term with a small multiplier h,f .
Sk
Lemma 5. The Navier—Stokes terms in the total entropy production satisfy the lower bound

i jeni [/

( 58, sl) = (125 8 ,u,),
05, (3.18)
2 Qs Gu)’T+ (1= 8715307, + (2= 20) @ivw?), 20,

where D, (u) = 0.5(8,s,u; + 8,5,u1,) for k # [ and divii u = §,5:u; on ;.

The equality in (3.18) follows from the property &, u j|x1=0, x, = 0forall k # [ and,. The inequalities fol-
low directly from [31, Lemma 3]. Note that they can be slightly strengthened, but we do not go into more
detail about this issue.

To write the total entropy production, for w, and div(pu), we introduce the discretizations

W =15, |:(Skuk)6kuk + Lskp - Fk} +(- S(kj))rsj[(sj”j)sj”k] on (3.19)
Sk
div,(pu) = ps; |:L6i(pui):| on M (3.20)
Sip

they are not used for the discretization of the QGD equations. In (3.20), p is factored out of the averaging
operators, so this formula is also not standard.

Lemma 6. The regularizing terms and terms with F in the total entropy production satisfy the lower bound

H,;Siuj +w;0,p,s; é) + ((sip)(s,-ui —w,)F,s; é) (pﬂ)F S 6) + Ry, F)g,.,

i h Wi py

(2 o)
70 ®

where w” = (", ..., ) and

(3.21)

+ (K—T,[divh(pu)]zj + KA™ - A%,
p

h o))

= (Y- D((tpdiv)”u,8,1,) - + ((tpuV)” In6,8,1,) .+ + ((rdiv)“‘kpu),(s,-u,»>L96,-e] . (322
S; i

¢ =(v—1)( (TQ) 8, ) (3.23)

Proof. To transform the first term on the left-hand side of (3.21), we use formulas (3.10)—(3.12) and
extract terms with components of w and F:

(H;Siuj+wi3,-p,sié) = 8w + ((sp)( )w,,F) + A", (3.24)

@+

where (combining the terms with discretizations of w, )

W= (a0 5w @ute) + Wildep = (sp)Fsi &)
P (3.25)

+(1-38%) ((s s ,)(s.,p)?vij)a,uk, s é), ,
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A" = K@div)”(pu) + K(tpuV)? In 0 + K(y — ) (tpdiv)Pu — (y - s, (%) , Siu,)

s 0
-{(s Osp (tdiv)" (pu) (s;u;)d;p, s e]i*.

Here, we used the fact that s,u,, _o x, = 044y, —ox, =0 forall k # /.

Rearranging the multipliers in the terms of I//I>; , introducing shortened notation, and using formulas (3.13)
and (3.14), we obtain

Sk

I/}}Z = ((Sk é) (Skp)v/i\)k, (Sxtt)d gty

@+

+(1- S(kj))((sj é) (sjp)v;g),(sjuj)ﬁjuk)i

®j

)(skp)wk,(xkk + Bk) +0- S(kj))((s —) (sjp)wi ),ocjk)m

Wpx % h

=l

(~ o (0 +B,) )m +1- S(kj))( (9 s (X,k) O gk +Bk)

<" c1>|>—

k*,h s py

j ~ T T
+(1_8(kj)){(s‘|igsk(akk +B) } jk) +(Sjgp=0°§k) +(Sj(5ps/3a/?jk)=0‘jk) }
(,l) * h (Dj*.h (,\)/-*‘h
Applying Lemma 1 and formula (2.5) several times yields the inequality

~1
Wi 2

%,[Sj(akk + Bk)]2

+(1- (k/)){(s Otjk)sk((xkk +B) + [55 (O +Bk)]s O + (8 0‘/k) +(Sk/ kjk)sjajk})

= (%2157 o + B+ 1 8“‘”>s;‘-‘oc,-k]2)mh - (2. ) .

It should be emphasized that the sum over in the penultimate expression is taken inside square brack-
ets. Here, we used the property o, _o x, = 0 for k # / and the fact that oy are even functions of x; with

respect tox; =0, X, fork # j.
Now formula (3.24) implies that

(H?,-S,-uj +wd,p,s; é)w (rpe WP )m ((s p)( )w,,F )w + A" (3.26)

In view of definitions (3.12) and (3.17) and formula (2.3), the other terms on the left-hand side of (3.21)
are transformed as

((Sip)(siui —w)E,s; l) (p(l)F S; _j + (Ryis F))g,.
0 - 0 - o

(me s; ——(SLI )S; ) +(RhiaFi)®,-*.h

={eplsgmen),

i*,h

~ 1)
== i iE’ i~
(pwiFiss :

®;«

here, we took into account the formula (s,p) (s, — wy) = pf,f)skuk — (Skp)\'/i\)k (cf. (1.7)). The terms with R,
appearing in Eq. (2.8) and their form (3.17) are explained by the necessity of satisfying the last equality.
When it is added to (3.41), the term with F; on the right-hand side cancels out.
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Applying the formula

Ol _ k9P g4 k5,6
SiP SiP
to the last term A" and rearranging terms, we obtain the decomposition
A" = KA™ + KA™® — A™°

where

[(tdlv)(’)(pu) —Esu; + du; j ,

1 i*

while A%® and A% are given by formulas (3.22) and (3.23). Setting d, = LfS,{(puk) and applying defi-
s

nition (3.15), Lemma 1, and formulas (2.5) and (3.20), we write the chain ]E)frelations
A™ = ([5,(p)Idd)) e + (1= 87)(s,(tps]d ). d));e
> (1p,s; (d}))g, + (1= 87)(ps;d,,57d,)g, = (I,Idivh(punz]

(0;,
Here, we took into account that d, are even functions of x; with respect to x; = 0, X, and used the equality
d||, —o.x, = 0 forall /# k. The lemma is proved.

Note that the discretizations of the terms with components of F in Egs. (2.7) and (2.8) and the manip-
ulations with them performed in the analysis of total entropy are direct generalizations of the correspond-
ing ones presented in [27].

It remains to discretize the heat flux q written in form (1.11). Specifically, for 1 £k < n, let
g0 = (598,0— a7, —af = (s."0) [cmpuV)‘“ In6 - K(tpu¥)* Inp — s, (%)} s (327)

on O ,, Where the coefficient » = »(p, u,0) is defined on ®,, and let

(tpuV)® Inv = [5,(tp) | (5,4, )—— 8, + (1 = §¥)s, {Ips [(s )La,v}} (3.28)
sV .

kV

for v e H(gy,). In these formulas, we used the same nonstandard approximations for 6 and tQ as before,

while the derivatives d,Inp and 0,In0 were approximated as 6 P and 1 8 0.

The functions g, and ¢, are assumed to be odd in x, with respect to x;, = 0, X,.

To write the total entropy production, we introduce the following discretizations for divu and (uV)1n 6
(they are not used for the discretization of the QGD equations):

div,u = s8u;, (uV),In0 = s {(s,-u,)ie&ﬂ} on ®, (3.29)
Clearly, div,u = div,(pu)|y=-

Note that the discretization of the QGD equations constructed for » = 1 is somewhat different from
the one proposed in [27].

Lemma 7. The total entropy production terms containing © and Q satisfy the lower bound

2
(qi’si l) + KA™® — 4™ + (Q,l) > | 5%, (3,6)
0 , 0 o e el+ -

*,h

(3.30)
+ey [rp,[(y—l)div,,qu(uV)hme (72 ”Q} } (Q 1— r(v—l)Qj
P o

0 4p

Wy,
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Proof. According to definition (3.27) and the first formula in (3.4), we write

1 3,9)’ ( . 1)
i’8i_) = i 51— + [,8,‘_ 5 3.31
(f] 0)a.. (s % 0.6, ), 9,9 ¢ - (3.31)

where, in view of the relation

—(s;‘”e)zské - Skieake (3.32)

(following from (3.4)) and the boundary condition ul,, = 0, we have

(47,6,-1) =¢, | tpuV)? In0,(s) =80 | — K| (tpuV)? Inp,(s.4) 5,0
0/a., 5,0 i* 5,0 -

! (3.33)
_(Sz (Q)’(Siux)Lstej
S; -
Formula (3.32) explains the choice of the approximations used for 6 and d,In0 in (3.27).
For convenience, let
a, = (Y=D0,uy, b= (Skuk)LSke'
5,0
Then (rpuV)(k)lnG =[5, (tp)1b, + (1 — S(kf))sk(’cpsfbj) according to definition (3.28), so
(qf,Si (19) = ey ([5TP) 1By, b, + €, (1 = 8P) (s,(TpsTh,), by) e
" (3.34)

i

—(K(‘cpuV)(i) Inp,b;) — (Si ( 0

’bi) .

Since (Y — 1)(tpdiv)®u = [§, (tp)]a, + (1 — S(kf))sk(’tpsfaj) according to definition (3.16) and K =
c(y— 1), we can write
KA™ = cy[([s:(tp)las,a;) i+ + (1 — 6(”))(si(1psjaj):ai)i* (3.35)
+ (15,1, a)- + (1= 8V)(s,(tpsb)),a),- + (¥ = D((1div)(pu), b)) 1.
By definitions (3.15) and (3.28) and the formula

LEBk(puk) - (Skuk)LSkP = 8y,

SiP Sk

we derive
(v - D((tdiv)”(pu),b,)» — (y = D ((tpuV)? Inp,b,),«
= (I5,(tP))a;, b)) + (1 = 8P (s(tps;a;), b,),e.
Therefore, it follows from (3.34) and (3.35) that
(458, é) + KA™ = A% = ¢, [G(1p).a] + 2apb, + b):
i * i *
+ (1= 87)(s,(tps;a;),a; + b + (1 =8V (s,(1ps;b,),a; + b))l
—(s,- (g),ai + b,-) ;
0 i*
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By virtue of formula (2.5),
(q,-T,S,» é) + KA — A =¢, [(gi(rp),(a, +5))a,.,

# (1= 8)(3ps @, + by).5 (@, + 80, |~ [2.57(a, +5)

,

Here, we took into account that a, + b, are even functions of x; with respect to x, = 0, X, and

(a, + b, )|X,:0, x, = 0forall /# k. Applying Lemma 1, rearranging the terms twice, and recalling defini-
tions (3.29), we obtain

(q;casi é) + KA™ — 4% > cy [(‘cp,si*[(ai + bi)]z)mh

@y,

+(1=8D)(tps™(a, +b,),5 @ + b,~)>m,,} - (%),s?‘ (a, + bi))

_ CV(Tp,[S(H)S;k(a[ + b,-)]z)a),, — 2c,, (’Cp,[s;k(a,- + bi)]—(y; DQJ
14 o,

2 2
=cy {Tp, {S(ii)s,'* (a; + b;) — (V;ﬁ} ] —cy (‘cp, [(Y ; 1)Q} J
P ®, p o,

2
=¢, (rp, {(v — Ddiv,u+ @V),1n6 - M} j _ (Q = 1)Qj
2p 5, 0 4p

Wy,

It should be stressed that the sum over / in both terms with 8¢ is taken inside square brackets. Estimate
(3.30) is proved.

Combining Lemmas 4—7, we obtain the main result of this paper.

Theorem 2. The spatial discretization of the QGD equations consists of Egs. (2.6)—(2.8), together with for-
mulas (2.10), (2.11), and (3.1), where 11, w, and q are given by formulas (3.7)—(3.16), (3.27), and (3.28) and
p= and R, are given by formulas (3.17).

For this discretization under boundary conditions (2.9), the derivative of the fotal entropy satisfies the lower
bound

(@)

(o)

2
af(P,S)mh 2> (ﬁNS Siuj)i* + [S[%,(S’ﬂ] + (%,|vf\v(0)|2)
T

. 2
Ty pra {(Y— Ddiv,u+ (uV),In0 - w} J + (Q,l _ Wy - ])Qj
2p 0 4p

®* h

(3.36)

[an

where the quantities W, div,(pu), div,u, and (uV),In® are defined in (3.19), (3.20), and (3.29). The first
four terms on the right-hand side of this bound are always nonnegative (in view of Lemma 5), while the last
term is nonnegative provided that 7(y — 1)Q < 4p on ®,,.

Under the indicated condition, this bound implies the law of nondecreasing fotal entropy

at(p’ S)(TJ,, 2 0

Inequality (3.36) is a discrete analogue of the total entropy balance equation (1.15) (the transition from
the equality to the inequality was used for illustrative purposes with several specific nonnegative difference
terms dropped).

The properties indicated in the theorem remain valid for T > 0. To show this, the third term on the right-
hand side of (3.36) has to be rewritten as

2
{% & {si“ {(s,-u»&-u,- +L5,p- F,} +(1 - 6<”)>rs;’f[(s,u,->6,-ui]} J
P

1
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(the sum over is taken inside curly brackets). Specifically, for T = 0, the result holds for the Navier—Stokes
equations for a viscous compressible heat-conducting gas (in which case only the first and second terms,

[0)

together with (Q, 1) , are retained on the right-hand side of (3.36)); the second boundary condition dis-
appears from (2.9) (i’f holds automatically by virtue of the above-mentioned extension of the components

of u), while the third boundary condition becomes s} [ (s,%)d Ol ox, = 0.

3.2. For illustrative purposes, the part of the constructed discretization involving summation over
repeated indices (or containing several indices) is written in expanded form for the two-dimensional case
(n =2). Equations (2.6)—(2.8) become

9p+8J,+8:J, =0,

9,(puy) + 8, (Jysy + 5,p = T,)) + 85 (Jys5uy —I1y)) = 57, (Y F),

3,(puy) + 8, (Jysyuy = T15) + 85 (Josotty + 5, — T1y) = 55 (L' F),

J,.E + é\)T[(E(l) + 51p) (S — wy) — 0-25h12(81P)81”1 +q — Iy 50y — 115800,
+ 8;[(E(2) + 5,0)(Syuy —Wy) — 0~25h22(8219)82”2 + gy — Ty 850 — I y,8u,]
= 51 1(sp) (sit; = W1+ 831 (5:0) (5314, = w) Byl + s (R F) + 55 (R F2) 10 + Q.
Formula (2.11) for E® and formulas (3.13), (3.14) for w are
o1, @1,

o _ O @ _ @
E™" =p 0. 5(uy by gy + oy Uyy) + € E™ =p 700 5uyp typy +Upy tpy,) T E

~ (=1
wi = u{(51 m) |:(slu1)61”1 + Lpall’ - F1:| + 5 [%5;[(52“2)82”1]}},

§1

~ =1 "
w2 = 52_9{(52 m) {(Szuz)szuz + #821’ - Fz} +5, [% S [(51”1)8#‘2]}},

2

D

0
{m 51* [(51”1)81% + LSM’ - Fli|} + (52 m) (52”2)82%},
p

~@ sé_l)e{

w = A
S2p 0 51 0

~ =1

w(21) =3 e{sl @s;‘ [(szuz)ﬁzuz + L821) - Fz:l} + (51 m) (51”1)81“2}~
5P SHP 0

Formulas (3.15), (3.16), and (3.28) become
(tdiv)" (pu) = s1<rp>si81<pu1) + 5 {rpsé‘ Li 52(9”2)}} (tpdiv)Pu = [5,(1p) By + 5,(TPsy 1),
1 2
puV) Inv = [5,(tp) | (s1t) = 8,v + s, {rps;“ [(szmiszv},

v S,V

(tdiv)?(pu) = s{rps?‘ [i &(pul)} - 52(Tp>SL52<pu2), (tpdiv)®u = s,(tps;duy) + [5,(1p) 18,15,

S 2

V)@ Inv = s, {rpsf" [(slul)ialv} F15,(1p) | (5,7) =8,
v

S S,V

Here, the quantities with upper or lower indices 1 correspond to the grid . ,, while the quantities with
indices 2 correspond to @, , (if there are two indices, priority is given to the upper one).
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Formulas (3.8) and (3.9) for components of stress tensor (3.7) are written as

oy = [Sz ( + 7‘)} Sy + 55 [(X _gﬂ) 62&“2} T = (Y8, + 57 (18,5,1,),
ﬁévzs = 51* |:(7~" - %ﬂ)slszul:i + |:51>l< (gﬂ + X):i st ﬁll\;S = S;(ﬂazslul) + (S;a)SIuZ'
The first and fourth of these formulas correspond to the grid ®;: ,, while the second and third, to @, .

3.3. Let us discuss the discretization of I}, and w, (see (3.11), (3.13), (3.14)). Instead of discretizing
W, on n grids, we can use the single grid ®,: , and apply the simpler formulas

W = (5,7) {(uV)(k)uk + L p- Fk}, (3.37)
Sk
@V) v = (58, v + (1= 85 s71(su)d vl for  ve H@®,). (3.38)

The quantity (uV)®v discretizes
@Vyv =u v+ (1 =80 v

on 7 grids ®;- ;,, 1 <k < n; there is an obvious analogy between formulas (3.38) and (3.28). However, here
we need to use the formula

IT;, = (s "0) (s )ses; |:(Slp)(sl ) } k#1, (3.39)

where the operator s ks,* maps a function from the grid ®;. , to ®,. ,. Unfortunately, this leads to a consid-
erable expansion of the stencil used.

For the indicated discretizations, differences in the derivation of Theorem 2 arise only in the proof of
Lemma 6. Transforming the first term on the left-hand side of (3.21) with the help of formulas (3.10),
(3.39), and (3.37), extracting terms with components of w, and applying formula (2.5) twice (with respect
to x; and x;), we obtain

(H;’Siuj +w;9,p,5; é) - ((si”i)(sip)wi(siuf) WD, é) oA

r- Sm)uiz;ui)sisjf [(s » (s ; é) W j} S j) " (3.40)
((s p)( )w,,(s u)du; + ,_ps pJ +(1- 6“'f'>)((sjp)(sj é) wj,sjfs,[(s,‘u,‘)s,‘uj])m‘m + A"

with the same term A4". Here, we again take into account that s,u,|, _o x, = 0,1, -y, = 0 and use the fact
that (suu,)O,u, is even in x, with respect to x, = 0, X, (both properties hold for all k& # /).

In formula (3.40), interchanging the indices / andj in the last term with multiplier (1 — @) and apply-
ing formula (3.38), we derive

I;8u; +w,~5,~p,s,~l) ((s p)( )w Kj ((s p)( )w F) + A" (3.41)
0 @;= it O ;=
Therefore, Lemma 6 and Theorem 2 both remain valid when the term

(£,|W(O)|2) is replaced by _p .l W2
Te O, e

O py
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3.4. For the multidimensional QGD system with a potential body force, discretizations of type (3.39),
(3.37), (3.38) were recently used in [31]. Let us describe how they can be replaced by discretizations of

type (3.11), (3.13), and (3.14) in order to reduce the stencil for IT,, k # /.

For the first of the spatial discretizations proposed in [31], we use the formulas

MM, = () (s@w! on By k21,
Wi = %{ 5P (5208t + B, (Py(p) = D)1} + (1 = 8“P)s,[tps (s u )8 111} on  Bpe s

k

Wi = (s, (tps (s )yt + 8 (Py(p) — D)1} + [5,(tp) | (5,4))8 14

Y
+s{tps(squs)dsudy) on @y, k#L
The first of these formulas is identical to (3.11), while the other two can be viewed as simplifications

of (3.13) and (3.14). Then in [31] there appears a sum 6(”)1//17:, where I//I>Z (see (3.25)) is given by
~T A [ A
Wi = ((siPIWi, 0 (Py (P) — D)), + ((skuk)(skp)wksSkuk)(ok%
+H1 =8 ((s,u;) (5,9, 8 1),

In a similar manner to the proof of Lemma 6, we have the chain of transformations

~T ~ ' i ~()
Wk = (5ePW (5, (i)t + 8 (Py(p) = @), + (1= 8V ((s,pWi (5, )8 1),
= (5,(1p), (O +Bi) e, + (L= ) (s(Tps]0), 0 + B,
+ (1= 8" (s, [tpsy (0t + B0, + G (TP) 00, + (5, (TPSFOS,), 0L )}

2 (tpulst o + B+ =857, ) = (R.i’y)

o T h

where the sum overj in the penultimate expression is taken inside square brackets. Finally, Theorem 2
from [31] remains valid when the term

2

SO A

/f_pwj
T

s; o

W = il (s )8ty + 8 (Py(p) = @)1+ (1 = 8"t (s u)8,u ] on @

2
(@)
oW ,

(3.42)

is replaced by H\ﬁ W
T

Wy,

where now

For the second of the spatial discretizations proposed in [31], we can use the formulas
. ~ (k) _
I, = (spup) (s ,PIwi on Wy, k#I,

Wi = L{m(rpn[(skuk)skuk +—L8.p(p) —Skcb} +(1 =85 [tpst [(s,u,->6,ukn} on Wy,

Skp Skp

‘;5:) = L{51 {TPSZ |:(Sk”k)6kuk + Lésk[’(p) - Skq):|} + [5,(Tp) 1 (55,0 1,

Slpp skp

+s,{’tps5[(sl;lu,;l)5@uk]}} on @, k#I,

where 5,0 is a special average of p. Similar arguments lead to the validity of Theorem 3 from [31] with sub-
stitution like (3.42), where s;p is replaced by s,p.
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4. ENTROPY CONSERVATIVE DISCRETIZATION OF THE QUASI-HYDRODYNAMIC
SYSTEM OF EQUATIONS

Asbefore, the QHD system of equations (see [4, 5]) consists of mass, momentum, and total energy bal-
ance equations of form (1.1)—(1.3), but with a number of substantial simplifications. Specifically, the reg-

ularizing terms tdiv(pu) are omitted from the expressions for w and p,, (see (1.5) and (1.6)) and only the

first terms are retained in the expressions for IT;, and q (see (1.9) and (1.11)), so now
w=W, p.=p, I}, =puw, forall kI, —q=x%V6,

while w, and IT"S are given as before by formulas (1.5) and (1.8). The QHD system can be regarded as
another regularization of the Navier—Stokes equations for a viscous compressible heat-conducting gas.
Some of its basic mathematical properties were investigated in [33].

For the QHD system, the total entropy balance equation is much simpler than (1.15):

a,jdex=j(ENS+%|W|2dx+% dx>0 for ¢>0. (4.1)
Q Q

To obtain a spatial discretization of the QHD system, as before, we use Egs. (2.6)—(2.8), together with
formulas (2.10) for E, p, and &, (2.11) for J, and E®, and (3.1) for p® and £*’. However, now we set
w=w and

Pikk) = 5Py gy = () (5P, g = ~(5,0)8,0  on O -

Formulas (3.7)—(3.9) and (3.11) for I1, f[NS, and lzlz,; (3.13) and (3.14) for w, ; and (3.17) for R, remain
valid.

Theorem 3. For the indicated spatial discretization of the QHD equations with boundary conditions (2.9),
the derivative of the total entropy satisfies the lower bound

2
az(p,S)(o,, 2 (ﬁNS 61‘”/)1* + (si}fa (09) j + (£,|VAV(0)|2) +(

2,1)7 >0, (4.2)

v 0,0, 70 0

Proof. Indeed, neither the formulations nor the proofs of Lemmas 2—5 change in the case of the QHD
equations. In Lemma 6, we now have A% ® = A% 2 = (, and its proof simplifies considerably, since, addi-
tionally, A = A% " = 0. Therefore, the right-hand side of bound (3.30) in Lemma 7 contains only the first

h

term plus (Q, 1) . As a result, its proof is reduced to formula (3.31) with g;” = 0. The theorem is proved.
o,

Inequality (4.2) is a discrete analogue of the total entropy balance equation (4.1).
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