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Abstract—A finite-difference TVD scheme is presented for problems in nonequilibrium wave dynam-
ics of heterogeneous media with different velocities and temperatures but with identical pressures of
the phases. A nonlinear form of artificial viscosity depending on the phase relaxation time is proposed.
The computed solutions are compared with exact self-similar ones for an equilibrium heterogeneous
medium. The performance of the scheme is demonstrated by numerical simulation with varying par-
ticle diameters, grid sizes, and particle concentrations. It is shown that the scheme is efficient in terms
of Fletcher’s criterion as applied to stiff problems.
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1. INTRODUCTION

A continual description of the wave dynamics of nonequilibrium heterogeneous media is based on
equations of motion for the phase components with different velocities and temperatures, but with iden-
tical pressures [1] and also on models in which each phase has its own pressure, temperature, and velocity
(see [2—5]). In the latter case, the system of equations is hyperbolic and, in the general case, nonconser-
vative. High-order accurate shock-capturing solutions can be produced by applying, for example, modi-
fications of Godunov’s method [3], the Harten TVD scheme [4], etc. The nonconservative of equations
in the solution of the Riemann problem in a nonequilibrium heterogeneous medium was addressed in [6, 7].

A feature of numerical simulation of nonequilibrium wave dynamics of heterogeneous media with
identical phase pressures is that the equations of motion are not hyperbolic (see [1]). As a result, the dif-
ference schemes of [3, 4] cannot be applied, because the components of characteristics have imaginary
parts. TVD schemes that do not require the hyperbolicity of the equations of motion were proposed as
applied to geophysical fluid dynamics [8] with reconstruction of functions [9]. A TVD scheme for simu-
lating the dynamics of a mixture of reactive gases and inert particles was proposed in [10]; in that scheme,
the interphase interactions in the time approximation were computed at the lower time level.

There is also a class of stiff problems with widely different characteristic phase relaxation times [11—
14]. In this case, a severe restriction is imposed on the Courant number (admissible time step), and the
computation of interphase interactions [10, 15] at the lower time level can be not efficient. To overcome
this stiffness difficulty, in the case of two-velocity and two- or three-temperature media, first-order accu-
rate difference schemes [12, 16] and a second-order accurate TVD scheme [17] have been implemented,
in which the admissible Courant number can be increased by one order of magnitude or more.

The goal of this paper is to construct a difference scheme that provides a high resolution for shock, con-
tact, and combined discontinuities in heterogeneous nonequilibrium wave flows with identical phase
pressures and applies to stiff problems with dominated convection (of hyperbolic and nonhyperbolic

types).

2. WAVE DYNAMICS EQUATIONS FOR A HETEROGENEOUS MEDIUM WITH DIFFERENT
PHASE VELOCITIES AND TEMPERATURES AND IDENTICAL PHASE PRESSURES

The dynamics of a heterogeneous medium with different phase velocities and temperatures and iden-
tical phase pressures is described using the Euler approach. Within the framework of a continual descrip-
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tion under well-known assumptions without allowance for added mass forces, the system of equations can
be written in the following equivalent form (see [1]):

9.
% +V-(p;v;) =0, %(plvl) +V(pvyvy)+o,Vp = —F,,

J (P2v2) + V(pavavy) + 0,Vp = F,

3 88 (P262) + V- (psesv,) = 0,

ot
2.1
%(911?1 +0,K,) + V(P Ew, +p2Kyv,) + V- [poyy, + a,v,)] = -0,

p,=pio;, i=12 o,+0,=1 E =e+vi/2, K,=vi/2, E,=K,+e,.

Here and below, the subscripts 1 and 2 denote the parameters of the gas and the particles, respectively;
the superscript ° denotes the true densities; V is the Hamiltonian operator; a.;, p;, v;, E;, and e; denote
the volume fraction, reduced density, velocity, and total and internal energies per unit mass of the ith
phase; p is the gas pressure; F, is the viscous component of the phase interaction force; Q is the intensity
of heat transfer between the gas and the particles in a unit volume; and 7 is time.

Closure relations. System (2.1) is closed by applying the equations of state of an ideal calorically perfect
gas and incompressible solid particles:

b= (Yl - l)p;)ela e = Clea € = C2T23 {’Yl’cv’cbp;} = const.

Here, 7} and T, are the temperatures of the gas and the particles, respectively; v, is the ratio of specific

heats of the gas; c, is the specific heat capacity of the gas at constant volume; and ¢, is the specific heat
capacity of the particles.

The intensities of interphase friction and heat transfer, F, and Q, are specified using well-known
empirical criteria relations previously tested for the class of problems under consideration [1, 18, 19].

3. DIFFERENCE SCHEME
3.1. TVD Condition for a Stiff Scalar Transport Equation with a Source

The approach proposed is illustrated by considering the Hopf equation with a source term, which is a
model gas dynamics equation with friction and heat transfer on the phase boundary [12]. Following
Harten [20], we prove a sufficient condition for diminishing the total variation of the numerical solution
to the Cauchy problem

%—?+%=—bu, aw =" 5>0 ux0)=0(, —o<x<te

In the domain of the problem, we introduce a uniform Euler grid with a spatial step # and specify time
levels t* with a step T. Consider an arbitrary one-parameter difference scheme of the form

K+l k + k - k K+l k
Uy, =uy +Coy Attt = ColyppAy ot — bT[V”n +(1=V)u, ], (3.1)

where 0 < v <1 is a parameter of the scheme, A, ,u = u,,, — u,, n is the spatial index, and k is the time
level index.

Proposition. Let the coefficients C * and the time step T in (3.1) satisfy the inequalities
Crup 20, Cpyp 20,
bT(l _V) + C;’:_]/z + C,,_+1/2 S 1.

Then difference relation (3.1) is a TVD scheme.
Proof. Rewriting (3.1) in the form

3.2)

k+1

Lln = [u: (1 - bT (1 - V)) + C;‘:_]/zA,H_l/zuk - Cn_—l/ZAn—l/Zuk] (1 + Vbt)_]
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Fig. 1. Domains of an admissible time step as a function of the scheme parameter.

yields
Ayt = [(1 = bT(1=V) = Croijo = Crija) Ayt
+ CiypB syt + Coy o, /2uk](1 +vbr)
Since all the coefficients are nonnegative, we have
= [(1 ~bt(1-v) = Cppp — C;+1/2)
An_l/zuku (1+vbt)™".

k+1
An+1/2u

k
An+1/2u ‘

.
+ Chizp

k —
A 30U ‘ +Cip

Summing this over —eo < 1 < +oo gives

n=—co Nn=—co

+oo +oo
v (”kH) = Z An+1/2”k+1 S [ Z (1 -bt(1-v)- C:zr+1/2 - Cn_+l/2) An+1/2”k‘

oo +o0
+ k -
+ z Cori3p2 |Ansaatt “"Z Crap

A, /Wﬂ(l +vbr)”

oo +oo
< z l_llfﬁ Anﬂ/zuk‘ < Z Anﬂ/zuk‘ <TV (uk).

Inequality (3.2) can be rewritten as a time step constraint
+ _
T, < 1=Chip = m2 oy 2, (3.3)
b(1-v)
For difference scheme (3.1) to be stable, it has to satisfy the Courant—Friedrichs—Lewy (CFL) condi-
tion

cs—n
max a(u)

Vn
Remark. In Fig. 1, the domains of admissible time steps determined by conditions (3.3) and (3.4) are
shown as functions of the scheme parameter v. The first case corresponds to a fine grid with 1, < 1, Vv.
The time step is determined by CFL condition (3.4) (see Fig. 1, line /), and the sufficient TVD condition
(line 3) always holds. In the second case, T > T, for v < v,. For example, the stiffness of the problem is
exhibited when the cell size or the source intensity » > 1 is increased (Fig. 1, line 2). Asv — 1, the time
step determined by (3.3) can be arbitrarily large. It does not depend on the grid sizes or the source intensity

(3.4)
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and is restricted by the stability condition (by the well-posedness of the difference problem [21]); i.e.,
scheme (3.1) is K-stable [14].

3.2. TVD Scheme for the Equations of Heterogeneous Wave Dynamics with Identical Phase Pressures

Consider a multiparameter family of difference schemes with parameters v,, v,, €,, €, € [0, 1] and

two-stage splitting. At the first stage (time level indexed by k + 1/2), the convective terms are dropped.
The difference relations are given for the one-dimensional case, since the scheme is easy to generalize to

several dimensions. The quantities associated with F, and Q are linearized about the point (xn,tk) by

applying a semi-implicit scheme [16] with coefficients bf and bIT‘, respectively:

~k ~k
k Vv, -V k Pn+1/2 — pn—1/2 k+1/2 k k+1/2 k
L n+OCI h b (Vl ln +(1 V )Vln_V2V2n (1_V2)V2,n),

K+l k ~k ~k
k Von — Vo, k Put1/2 — Pu-172 _ k+1/2 k k+1/2 k
p2,n T +O(‘2 h b (Vl 1n (l_vl)vln V2Vv2n (1_V2)V2,n)a

2 2 k k ~k Kk
. E1I,{:1/2—E1I,€n L (Vf;l/z) —(vf’") Pm/z(alvl )n+1/2_pn—l/2((xlvl )n—1/2
pln +p2n +
’ T ’ 2T h
=—bT(81(Ek“/2—( Gy’ /2)/c +(1- )(Ef,, (vh) /2)/ (3.5)
- 82‘3;;1/2/5’2 -(1- Sz)ein/cz)z
okH/2 _ ok
Plzcn 2 : 2,n=b (Sl(EkH/Z ( k+1/2) /2)/

+ ((1 - 31)(E1n (vln) /2)) /ey = Szeé{:l/z/‘fz -(1- 82)e§,n/c2)7 i’:ﬂ/z = prlz{il/Z + qfl’l{il/Z'

Here and below, the half-integer indices n = 1/2 denote cell boundaries and q,’fﬂ /2 is the artificial vis-
cosity.
Scheme (3.5) is represented in matrix form:

A,-U,=B, A -U,=B8B,, 3.6)

e

where

U V]Ile/zj _ (1 + Vlbxljt/pf,n)n _Vbe,;T/pf,n

v k+1/2 k k k k ’
v2,n _Vlbvr/pZ,na (1 + v2va/p2,n)

k k
Vi, + —af%—bﬁ (1 =v) v, = (1=vy)v3,) [t/pt,
B, = = pk _pk -
vg,n + _O(‘I; % + bxlj ((1 _Vl)vllin - (1 _VZ)vg,n) T/pIZC,n

; _(EI%;I/ZJ L _[rebreeie.). —ebre/pie;

e | —ebbvpt e, (1+ebivpk,/e)|
(#)
Be = b
Be2
B = Efy + (=05 (v5272) = (v4)) 20 (a0 ) | = Bhaa (b))
= b (e (vh ) 24 (1= ) (B = (vh) 12)) . = (1= 22)eb/ca)) /L
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Boy = b+ 0 (e (vh2) 24 (1= ) (Bl = (vh) 12))fes —(1= e)ed/ea) /4

Ek+1/2 §:1/2+( k+1/2) 1.

At the first stage, the desired parameters are found explicitly by solving the systems of linear algebraic
equations (3.6) with the help of Gaussian elimination.

The nonlinear artificial viscosity is determined by the formula

q,’fwz = —[B(1 - min(max(0,r,),1)) + B, min(max(0,r,),1)]
X \/71P5+1/2 (P{inﬂ/z + ng,n+1/2)An+1/2V1-
The parameter r,, is computed so as to satisfy the conditions

Avpvi/Awapvi if Ay pp <0 and A, v <0,
A,i30Vi/Ap vy Otherwise.

(3.7)

r. =

v

Here,

A Kk k A Kk k
n+3/2V1 = Vins2 = Vip+l n+1/2V1 = Vint1 = Vi

A Kk k A Kk k
n-1/2V1 = Vin = Vip-1» n-3/2V1 = Vin-1 = Vin-2,

1= (T T®) =1-(d/ds)” if  d < du,

0 otherwise,

D=

where B, B, = 0 are the artificial viscosity coefficients: nonlinear B — B, and linear B,; T ® and 7Y are
the phase relaxation time and its characteristic value; and d and d,, are the diameter of the dispersed par-
ticles and its characteristic value.

The artificial viscosity (3.7) provides a nonlinear (adaptive) mechanism of smoothing the numerical

solution. The transition from the second-order accurate difference scheme O(hz) on smooth solutions to
the scheme with nonzero artificial viscosity of order O(%4) in regions of high gradients and extrema is per-
formed depending on the slopes of the velocity projections at the first stage.

At the second stage, the convective terms of system (2.1) are approximated by upwind schemes with
reconstruction of functions (see [9]):

+ k+1/2
(pk _ {(pi,nJrl/Z’ Vinsi2 2 0,
in+l/2 — _ k+1/2
Qinvij2r Vipnpn <0, @= {Pisvi,Ejey},

(p?:n+l/2 - Ii(ptn + - W( 1n+l/2)(1 1n+1/2)((pt n+l (pf(,n)i|’

Qiniij2 = |:(pzl‘€,n+1 - %W("i;/Jrl/Z) (1+ iniy2) (q)f‘{,nﬂ - (P,/'(,n )} )

k412 T + _ (Pz{c,n — (P,]'(,n—l - _ (Pll‘(,n+2 - (Pll‘(,n+1
Cint1/2 = Vinr1)2 7 Vinvi2 = % x> limnpp=—7F% — 5 >
h Qi1 = Qi Pint1 = Pin
0, Upwind,
1, Lax—Wendroff,
max|[min(2r,1),min(r,2),0], Superbee,
V(r)=1(r+ )/ (1+7), Van Leer, (3.8)
min (r,1), MINMOD,
max[min(2,2r,1';r),0}, MUSCL,
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k+ k k k k k+1/2
p; =p; t (Mi,n—l/Z - Mi,n+1/2)/h= M, = pzn+1/2V, a2

K+l k+l k+1/2 k+1/2 A k+1/2
Pin Vin = pln in +( Vin12Mini)2 — 1n+l/2M1n+l/2)/h’
K+l k+1 k+1/2 k+/2 ~k k+1/2
Prn€rn = p2ne2n +(e2n 1/2M2n 1/2 e2n+l/2M2n+1/2)/ha

k+1 K+l k+1
E2,n = e2,n ( ) /2
2
K+l k+1 k+1/2 K+l o k+1 k+1/2 k+1/2 F k+1/2
pi EyT = PlE (pz E, sz ) Z(Ezn 12M i) E: a2 M; n+l/2)/h‘

i=1

The time step is variable and is determined by the condition

h

max ‘Vl n
Yn

1=CFL

+ay,)

where CFL is the Courant number and afn is the speed of sound in the gas at the point (xn, tk).

4. NUMERICAL EXPERIMENTS
4.1. Test Problem

When the velocity and thermal relaxation times are small, a linear combination of Egs. (2.1) yields the
limiting equilibrium schemes

%Ft) V.-(pv) =0, aE‘;V+V(pvv)+Vp 0, IpE

wherev=v, =v,,p=p,+p,,and pE =pE, +p,E,.

In the region of smooth flow, the energy equation of system (4.1) is equivalent to the quantity
S' = p((l —C(x,)p)/ p)Y preserved along the trajectories of mixture particles dS'/dt = 0 (see [22, 23]).
The quantity y = {y,,v,} is equal to the ratio of specific heats y, of the gas in the case of heat-insulated
phases and to v, = (x,c, + x,¢, + X,R,) /(x,¢c, + x,¢,) in the case of thermal interphase equilibrium

(see [1]), where R, is the gas constant and x; = p,;/p are the mass fractions of the phases. Taking into
account that dx,/dt = 0 along the trajectories of mixture particles, if the initial phase distribution is uni-

+V.-(pEV)+V - (pv)=0, 4.1)

form, then y, = const and C(x,) = x,/p; = const do not vary with time ¢ > 0.

As atest problem, we considered the initial stage of a two-phase flow from a plane channel of length L, with
transverse size R, to the axis of symmetry. The mixture consisted of an ideal gas (air, y, = 1.4) and incom-

pressible solid particles (pg =2500 kg/mS). The origin was placed at the bottom of the channel on the
axis of symmetry.

The initial conditions were specified as piecewise constant. Specifically, in the channel (for 0 < x < L,
and 0 < y < R,), we set uniformly distributed phase parameters v =0, p(') =10° Pa, TA(I) =293 K, and
Oc(zl) = 0.01; in the domain L2 X < oo and 0 £ y < oo, there was a gas suspension with uniformly distrib-

uted phase parameters v =0, p =10 Pa, T(z) =293 K, and oc(z) =0.01; and the parameters

1

v§°) =0, p =10 Pa, T(O) =293 K, and Oc(o) 107" were specified in the rest of the domain, i.e., for
L, < x < L,and 0 £ y < oo. The particle sizes varied. Their values are given below. Impermeability con-
ditions were set on the walls and the axis of symmetry, and “soft” boundary conditions of free flow were
specified on the outer boundaries.

To compare numerical solutions produced by scheme (3.5)—(3.8) in the case when the observation
time is much greater than the phase relaxation times, we used exact one-dimensional self-similar solutions
of the Riemann and Hugoniot problems for an equilibrium two-phase medium (see [17, 22, 23]).
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The Riemann invariants and the self-similar solution for rarefaction waves are given by

s = V—%CIOC], r=v +L1a0c1, o, =1-C(x,)p,

, &zl_ﬂM, (4.2)
a0y O

2 (@g

(ocmocl)w __outw M _
Y+ 20, —

00 o, (1 F o&) Ol

/@ v/®
_PO‘H):(I_QMJ ﬁz(l—ﬂMj 0):_7_1 E=—*_ M:M
P00 O Po O 2 ayOjof a

where M is the Mach number, a = \/Yp/(p0.,) is the speed of sound in an equilibrium two-phase medium,
and the index 0 denotes the initial parameter values.

The Hugoniot adiabat centered at ( p,, V;, 0;¢) and the discontinuity relations for limiting schemes of
interphase heat transfer have the form

£:X00(2—OC20 :’Y+20(]—1 0:Y+20(10—1
Do X0y — 0y v-—1 v-1
2
K _ % é _ (XOO(Q — O(’20)(X20a10 (V — V'O)2 — M2 [az — (x20j (4 3)
- ’ - > =Myl ————| , .
Vo o, ag (X 0tap = OLy) OLy0 ag o,
Mé:%(xo"'l)ob_(x"'l)aw o ’ M0:|V0—Do|_
Y A0y — Oy Ol — Oy ay

Here, V' = 1/p is the specific volume of the mixture and D, is the velocity of the shock wave.

The solution of the test problem in the one-dimensional flow region was constructed by matching sim-
ple waves (4.2) and (4.3), assuming that the velocity and pressure at the interface are continuous.

4.2. Numerical Results

Below are some numerical results obtained for the test problem described above. The parameters of the
difference scheme were specifiedasv, =v, =¢, =¢, =1,CFL=0.5,8=1,B,=0,andd, =1 um.

The one-dimensional computations were executed on a grid containing N = 500 cells with step
h=0.00lm at L,/Nh=0.4 and L,/Nh=0.8. In Fig. 2, the distributions of the relative velocity

v'= v/a(o) and the relative density p' = p/p(l) along the axis x' = x/Nh produced by scheme (3.5)—(3.8)

with Superbee limiter (circles) at d = 0.1 um are compared with the exact self-similar limiting (d — 0)
solution in the case of thermal interphase equilibrium y = v, (4.2), (4.3) (solid line): (a) and (b) incident
wave at#, = 0.3 ms; (e) and (f) shock waves transmitted and reflected from the gas mixture at#, = 0.6 ms.

The computed profiles of the relative particle velocity v, = v,/ a” at the corresponding times are shown

by dotted curves. Figures 2c and 2d present the numerical results at ¢, = 0.3 ms obtained with various lim-
iters: (0) Upwind; (1), (2) Superbee; (3) Van Leer; (4) Minmod; and (5) Muscl. The nonlinear artificial
viscosity (3.7) with B =1 and B, = 0 was used in all versions, except for scheme (7), where usual linear
artificial viscosity (B =1 and B, = 1) was applied. It can be seen that the computed shock wave profile is
smeared to a substantially higher degree in the last case.

Figure 3 shows the two-dimensional results obtained at various times: (a), (b) #, = 0.3 ms; (c),

(d) 1, = 0.5 ms; and (e), (f) #; = 0.7 ms, namely, lines of equal relative gas density p} = p,/p\" depicted
with a contour interval of 255 from 0.1001 to 0.999. The computations were conducted in a Cartesian

coordinate system on a uniform grid with step # = 0.001 m and resolution R,/h = 200 by applying the
scheme with Superbee limiter, CFL =0.4,v,=v, =¢, =¢,=1,B=1, By =0.2,and dx =1 um. The
geometric conditions of the problem were specified as L,/R, = 2 and L,/R, = 4. The numerical solutions

were obtained for a dispersion medium with particle sizes d = 0.1 um (Figs. 3a, 3c, 3e) and d = 50 um
(Figs. 3b, 3d, 3f).
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Fig. 2. Equilibrium flow (d = 0.1 um): (a—d) incident wave, (e) and (f) the shock waves transmitted and reflected from
the gas suspension.

Figure 3 shows some of the characteristic features of the heterogeneous flow detected in the computa-
tion: (/) the shock front after the decay of the initial discontinuity, (2) the contact discontinuity (jump in
the gas density), (3) the rarefaction wavefront, (4) the front of the shock transmitted into the gas mixture,
(5) combined discontinuity of the gas suspension (porosity discontinuity), (6) the front of the shock
reflected from the gas suspension, (7) the contact discontinuity inside the gas suspension, (&) the front of
the shock reflected from contact discontinuity (2), and (9) the transmitted shock front after the interac-
tion of shock (6) with contact discontinuity (2). The dotted line marks the position of the combined dis-
continuity in the mixture flow; for fine particles (d = 0.1 um), it nearly coincides with the contact dis-
continuity (Figs. 3a, 3c, 3e). In the case of nonequilibrium heterogeneous flow (d = 50 um), the general
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Y/Rq (a) Y/Rq (b)

0 1 2 3 4  x/R, 0 1 2 3 4 x/R,

¥/Rq © ¥/Rq (@)
3 V

0 1 2 3 4  x/R, 0 1 2 3 4  x/R,

0 1 2 3 4 x/R, 0 1 2 3 4 x/R,

Fig. 3. Lines of equal relative gas density for (a), (c), (¢) d = 0.1 um and for (b), (d), (f) d =50 um.

flow pattern is preserved (see Figs. 3b, 3d, 3f). Due to the considerable slip of the phases, the initial shock
splits into contact (2) and combined (dotted) discontinuities.

The computational efficiency of difference schemes was compared by applying the criterion from [24],
which combines two properties: the accuracy of the numerical solution in some norm € and the running
time ET of the algorithm on the same computer:

e,ET,

CE™' = .
enETy

4.4
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Fig. 4. Admissible Courant number vs. the volume particle fraction.

According to (4.4), scheme I is more efficient than scheme ITif CE > 1.
Given a problem with a characteristic length L, suppose that the task is to determine the efficiency of
scheme I against scheme II at the time 7 for given numerical accuracy €, = €,; < €. Then criterion (4.4)

can be represented in the form

_ Ay, N["'CFL,
Aty N 'CFLy,

Here, At is the CPU time required for computing the parameters within a single grid cell in the tran-

sition to an upper time level; N is the number of cells along a single axis; and ¥ =1, 2, or 3 is the dimen-
sion of the problem.

CE™' (4.5)

Criterion (4.5) shows that, for N; = N, and Ar; = At;;, the computational efficiency of a difference
scheme is determined by its stability margin (admissible Courant number CFL,). We compare scheme |

withv, =v, = ¢, = ¢, =1andscheme Il with interphase interactions taken into account at the lower time

level (v = v, = ¢, =&, =0). Figure 4 displays CFL, as a function of the volume particle fraction 00(2') for
various cell sizes and particle diameters as obtained in the numerical solution of the one-dimensional test
problem. The computations confirm that the stability margin of scheme I is independent of the volume
particle concentration, the spatial mesh size, or the particle sizes (line 7). In the case of scheme 11, CFL,

is reduced with increasing oc(zl) and decreasing particle diameter: (2) d =10 um, (3) d =5 um, and
(49 d =1um for h = 0.01 m; additionally, it depends on the cell size: (5) d =1 um for 2 =0.001 m.

Let us estimate the efficiency of the proposed scheme, for example, with Superbee limiter as compared
with the first-order Upwind scheme in (3.8) for various problem dimensions x in the case of identical

parameters v, = v, = g, = €, = 1 and the Courant number CFL. To achieve the prescribed (identical for
both schemes) resolution for the contact discontinuity (see Fig. 2d), Upwind must be implemented on a
grid that is finer by more than five times; therefore, N,/N, = 1/5. At the same time, the scheme with
Superbee limiter requires roughly five times more CPU time for the computation in a single grid cell in
the transition to an upper time level. Accordingly, the estimated efficiency of the difference scheme as
applied to the one-, two-, and three-dimensional problems is 5, 25, and 125, respectively.

5. CONCLUSIONS

The difference scheme represented is applicable to heterogeneous flow problems with dominated con-
vection (of hyperbolic or nonhyperbolic type). The stability of the scheme is independent of the grid size
or the interphase interaction intensity, which can be useful in multidimensional computations or, for
example, when it not known beforehand about the formation of solution singularities (discontinuities) or
stiffness manifestation.
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