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Abstract—From the Vlasov—Boltzmann kinetic equation for a collisional degenerate plasma, the elec-
tron distribution function is constructed in the quadratic approximation in the electric field strength.
A formula for calculating the electric current is derived. It is shown that nonlinearity leads to the rise
of alongitudinal electric current directed along the wave vector. The longitudinal current is orthogonal
to the known transverse classical current obtained in the linear analysis. When the collision frequency
tends to zero, all results obtained for a collisional plasma pass into the corresponding results for a col-
lisionless plasma. The case of small wavenumbers is considered. It is shown that, when the collision
frequency tends to zero, the expression for the current passes into the corresponding expression for the
current in a collisionless plasma. Graphic analysis of the real and imaginary parts of the current density
is performed. The dependence of the electromagnetic field oscillation frequency and electron—
plasma-particle collision frequency on the wavenumber is studied.
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INTRODUCTION

In this work, we derive formulas for calculating the electric current in a degenerate plasma.

When solving the Vlasov—Boltzmann equation describing the behavior of a degenerate collisional
plasma, we took into account quantities proportional to the square of the external electric field strength.
These quantities were taken into account in the expansion of the distribution function and the collision
integral.

In this nonlinear approach, it turned out that the electric current has two nonzero components. One
component of the electric field is directed along the electric field strength. This component is exactly the
same as in the linear analysis. It is the transverse current. Therefore, in the linear analysis, we obtain the
well-known expression for the electric current.

The second nonzero component of the electric current has the second order of smallness with respect
to the electric field strength; it is directed along the wave vector. It is the longitudinal current.

The longitudinal current is the result of the nonlinear analysis of the interaction between the electro-
magnetic field and a plasma.

The nonlinear effects in plasma have been studied for a long time (see [1-9]).

In [3], the nonlinear current was studied, in particular, in problems concerning the probability of decay
processes. It should be noted that, in [2], the existence of a nonlinear current along the wave vector was
mentioned (see formula (2.9) in [2]).

In experimental work [6], the contribution of the normal component of the surface current in the signal
of the second harmonic was found. In [7, 8], the contribution of the generation of the nonlinear surface
current on the interaction of a laser pulse with metal was studied. Nowadays, collisional plasma is used in
various issues [10—14]. In [15—17], the generation of a longitudinal current by a transverse electromag-
netic field was studied. In [15], the cases of a classical and Fermi—Dirac quantum plasma; in [16], the case
of a Maxwellian plasma; and, in [17], the case of a degenerate plasma were considered. In [18], the gen-
eration of a longitudinal current by a transverse electromagnetic field in a collisional Fermi—Dirac plasma
at an arbitrary temperature (i.e., at an arbitrary degree of degeneracy of electron gas) was studied.
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1. SOLUTION OF THE VLASOV—-BOLTZMANN EQUATION

Consider the Vlasov—Boltzmann equation describing the behavior of a collisional plasma with the
BGK (Bhatnagar—Gross—Krook) collision integral:

I 1 U o\ r®
at+var+e(E+c[v,H])ap Ny (L1)

In Eq. (1.1) fis the plasma electron distribution function; E and H are the components of the electro-
magnetic field; ¢ is the speed of light; v is the effective electron—plasma-particle collision frequency; /0 =
Jeo(r, v) is the locally equilibrium Fermi distribution; f,(r, v, 1) = O(€,(r, 1) —€), where O(x) is the Heavi-

side step function: O(x) = 1, x> 0, O(x) =0, x < 0; € (r, /) = mv(z, (r, 1)/2 is the perturbed electron energy

on the Fermi surface; v (r, 7) is the perturbed electron velocity on the Fermi surface; € = mv’ /2 is the
electron energy; and py(r, ¥) = mv,(r, ) is the perturbed electron momentum on the Fermi surface.

Let P = p/p, = v/v,, where P is the dimensionless electron momentum, p, = mv, is the electron
momentum on the Fermi surface, and v, is the electron velocity on the Fermi surface.

Assume that, in the plasma, there is an electromagnetic field corresponding to a running harmonic
wave: E = Epe/® —o) H = Hye'® ~ ) The electric and magnetic fields are coupled by the equality
H = —(ic/o)rot E.

Suppose that the wave vector is orthogonal to the electric field: KE = 0. We will assume, for definite-

ness, that the wave vector is directed along the x-axis and the electric field, along the y-axis, i.e., k =
k(1,0,0) and E = E\(x, 1)(0, 1, 0). Therefore,

H= %Ey -(0,0,1), [v,H]= %Ey (Vv 0),

e(E + l[v,H])a—f =¢E, {kvya—f + (- kvx)a—f},
c jp o p. dp

y

and v, H]% =0, because % ~V.
ap op
Let us transform the locally equilibrium electron distribution function in a degenerate plasma. We have

2 2
Salvit) = @[M} = 0 B'(x.0) = P*] = O[A(x.0) = P] = fug(P.x.0).
Vo
Here, Py(x, ) = py(x, 1)/py = vo(x, £)/v, is the dimensionless perturbed electron momentum (velocity).
Let us consider the linearization of the function f,,(P, x, 7) about the Fermi surface by setting Py(x, 7) =
P, + 8Py(x, 1) (here, P, = 1, because, on the Fermi surface, P, = p,/p, = 1):
feq(P’x) = ®[P0(x7t) - P] = 6[1 -P+ 6})O(x,t)] = fO(P) + 6(1 - P)SPO(xat)a

where 0(x) is the Dirac delta function and f;,(P) = ©(1 — P).
Now Eq. (1.1) can be rewritten as

/A +v, /A + ﬂ kv, 9 +(w— kvx)a—f +Vf = Vfy(P)+ vd(l — P)OPy(x,1). (1.2)
ot x © op, ap,
We will seek the solution of Eq. (1.2) in the form
f=hP)+ fi+ ) (1.3)

where
fl - Ey - ei(kx—wt)’ f2 - E}% _ eZi(kx—u)t).
We find 8 P(x, ) from the law of conservation of particle number:
2d°p
(feq = S) = 0.
I ¢ 72y’
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From this equation, we find that
-1
3R (x.0 = [If = fuP)ld’P| [ 81— P)a’P]
Note that I 81— P)d’P = 4n I: &(1 — P)P2dP = 4r. Therefore,

OPy(x,1) = ﬁcf[f — fo(P))d’P.

Now Eq. (1.2) can be transformed to the integral equation

f af+\/f va(P)—ﬂ{kvya—f+(o)—kvx)a—f}+v6(l—P)Lj.[f—fo(P)]d3P. (L.4)
at ® ap, ap, 4n

In this problem, we have two length parameters: /, = v,/® and /, = 1/k. Assume that, at both lengths /; and
l,, the variation in the electron energy under the action of the electric field £ is much smaller than the elec-

tron energy on the Fermi surface, €, = mv, /2, i.e., o, = |eElv,/(€,0) and o, = |eFl/(k€,) are considered
small parameters. We will use the method of successive approximation, assuming that o; < 1 and o, < 1.
Then, Eq. (1.4) by virtue of (1.3) is equivalent to the equations

b) b CeE[ 9 P) 1

a’;'+ afl HVfi= - _kvy£+(m—kvx)£_+v8(l—P)EJfIaJP (1.5)
and

o CeE L oo s py L[ g

2y, STy = _kvya x+(0) kvx)apy_+v6(1 P)4njf2d P. (1.6)

From Eq. (1.5), we find that

(v—im+ikvx)f1:—ﬂ{k Y 4 (- kv f}+v6(1—P)Al,
0} Y op

x py
where
_ L[
A = 4nIﬁd P. (1.7)
Introduce the dimensionless parameters

k

Q= =Y g=£

kovo Y kv I ky

Here, g is the dimensionless wavenumber, k, = —- is the Fermi wavenumber, and Q is the dimensionless

oscillation frequency of the electromagnetic field.
In the previous equation, let us pass to the dimensionless parameters:

. eE o, 12
igP, —2)f; =———2—|qP, =2 +(Q—qP + y3(1 — P)A,, 1.8
(g )i Qkopovo[qyaP (Q-gq )Pj yo( )4, (1.8)
where
Z=Q+iy=(o+iy.
kovy

Note that g% ~ P.and gﬁ ~ P,. Therefore,

X y

aafo +(Q )aafo — afO
P 8P
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From Eq. (1.8), we find that
- ieE, dfy/dP, iy 81— P)A
kopovo qPc—z2 qP, -z
Substituting (1.9) into Eq. (1.7) yields the equality
&(1 - P)d3Pj _ ek, J'af()/a v 3P,
qP. -z kopovo? qP. — 2

It is easy to see that the integral on the right-hand side of this equality is zero. Therefore, A, = 0 and,

according to (1.9), the function f; has been constructed and is defined by the equality

f= ieE, .afo/aPy. (110)
kopovy qP, -2

In the second approximation, substituting f;, according to (1.10), into Eq. (1.6) yields the equation

. 202
(v = i+ 2ikv,) f, = —ﬂ{kvy i(mj + (- )—(Mﬂ + V(- P)A,,
kopoyvo® op \qP, -z apy qP, -

(1.9)

A, (1 +iy

where

A
A, = 4njf2d P. (L11)

Passing in this equation to dimensionless parameters, we obtain the equation

. . 242
2U(pP, - x+ D), = &{ iP5 (afo/apjug P)—(af‘)/a

2 2 2 QPX—Z aP

+ y8(1 — P)A,.
Qkq pyvy ﬂ y M

z
Set

g=Q+¥o @ ;v _OFN/
2 kyvy  2kyvy kov

From the last equation, we find

’E; Ao/IP,) Q- qP, : _
S = % qui( fo/ j 4P.0%fy| 1 =P, (1.12)
2kg povo€2 an qP, -z qP, -z aP qP. -7 2 gqP.—z

To find A,, substitute (1.12) into (1.11). From the resulting equation, we find A4,:
ezE 2 J,
2k pévég 4n+ (iy/2)J

A2:

Here,

Jy = 8(1—P)d P_2 J‘ 27c1nz =4
q"c 4 Z+6]

dfo/0P,) Q-qP.3°fy| d’P
Ji=| qpyi( 0 j qP. 9" fy )
oP\gP.-z) qP.—z 0P} |qP. -z
Substituting A4, into (1.12), we find the function f, in the explicit form:

2.2 22
e'E df, /0P Q—gP.d? e’E, S1-P
fo= g on o (SO0 OB 0N Lyl D
2k povo€2 0P \qP, -z qP. -z dP; |qP. -z 2kypivoQ qP. —z
where
) (1)
4m + (iy/2)J
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2. ELECTRIC CURRENT DENSITY

Let us find the electric current density

2.1)

J=e (2 h)

From equalities (1.4)—(1.6), it is evident that the vector of the current density has two nonzero com-
ponents:

i=0xJ,,0).
Here, j, is the transverse component of the current density:

2d° 2d°
I f(2 hi’ j f1(2 ;—5

This current is directed along the electric field; its density is determined only by the first approximation
of the distribution function.

The second approximation of the distribution does not contribute to this current.

The transverse component of the current density is determined by the equality
_ die’ po )J‘(afo/ap WP, 3 P

(27£h) k

This current is proportional to the first degree of the electric field strength.
According to the definition of the transverse component of the current density, we have

=ejvxf 2d°p =efvxf2 2d°p _2ev0p0J‘  fd’

y

Qnn)’ Qrny  Qnn)’
Hence, by virtue of (1.6), we obtain
e’Em dfy/9P, —gP. 9°f,| Pd’P P3(1— P)d’P
J‘qu ( 0 x qry f;) x .+’YJ- x( )' . (2.2)
(2nh) kiQ dP\gP, —z qu -z 0P |qP, -z qP. -z

In the integral of the second term in brackets, the inner integral with respect to P, is zero:

a Py=too

fO Py _ fO — 0
BP P, ¥ oo

In the first integral in the brackets in (2.2), the inner integral with respect to P, is integrated by parts:

} 9 (afo/aPyJ PdP, _ Z'T 9fo/9P,
IP\qP.~2)qP.~2 7 (qP,-)(@GP, -7’
As a result, equality (2.2) is substantially simplified:
’Eym { 2 P0f/OP)I’P R0~ P)d3P} |
Qi) ko Q (qP. = 2P, - 2) qP. -7
The inner integral with respect to P, is integrated by parts:

Jx =

Py=too

j adeP PAf

j fo(P)aP, = j (PP,
As a result, the expression for the longitudinal current is reduced to

e’E’m fo(P)d’P P3(1—P) 3 }
Py x d’P |- 2.3
S (2nh>3k59{z | (qu—zqux—z')z+YI 4P, —7 @
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The inner integral in the plane (P,, P,) is calculated in polar coordinates:

[ PP :nj (- PaP,
(@P =)' @P =2 ° (aP—2)(qP, —2)

In addition,

'[PS(I—P )P J‘J'J'S(P—I)MP3dudde - I udu _27{2 i'lnz';q}.

gP, -7 guP -z’ =7 ¢ Z+q

-100
Equality (2.3) is reduced to a one-dimensional integral:

e’Elm 1 (- P))dP ¢ td
. y .TCI ')A P, + nJ‘ tdt

-

]x - !
Qn)’'kQ| Y @P. - @P. -7’ ¢4tz
or
e E ,mq
_—{ Ji, + Y= Joz},
Qnh) 'k Q
where
| ) ! , '
7 :J~ 1-17)dt o =J' rdr'=g+%lnzv—q.
Y @r-2)gT-2) L9t o4 ¢ Tty

Let us find the number density of plasma particles, corresponding to the degenerate Fermi distribution

2d° 2p; kg
N = j@a - pH) Ll - P j@a - PHd’P =20
(2rh)”  (2rwh) 3n

mv,
where k is the Fermi wavenumber, &k, = 70

In the expression preceding the integral in (2.4), let us separate the plasma (Langmuir) frequency @, =

\/4ne2N /m and the number density NV and express the latter via the Fermi wavenumber. As a result, we

obtain
eQ’ ) 3kE: 2
j)lcong — p y - (Z'le + l]ozj’ (25)
kopo )321Qq q
where
® 10
Q,= L =2

2
kOVO mv,

is the dimensionless plasma frequency.
The expression for y can be simplified by reducing the integrals entering into Y to one-dimensional
integrals (see (1.15)). Note that

1

47 + yJO —41t+myj - =21,
2 at- k4
where
1
Jo= [L=2r =2+ D nE=d,
Jat—1 9 Z+q
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In addition,

_ Ufo/IP,)  Q—qP. 3°fy| d’P /9P, d’P
Jy _J- qu _ — 2 I I y _ .
aP qP. -z qu z 0P, |qP. -7 BP qP. —z)qP. -z
P.[of,/OP,d’ P PP 1 _
_qzj [dfo/dP,] - qu‘ Jo(P) _ - chzJ‘ (1-1")dt _ - thz-flz-
(P = 2) (P — 7) (P = 2)(qP, — 7) Y @Tr-2)(gTt-7)
As a result, we find

:—(l’y/z).]1 :quh, ZJ]z +2_’YJ02 —|:Z +lyqﬂ:|'112
An+(iy/2J, 4 Jy q Jor

Represent equality (2.5) in the form
i = J(Qy,9)0,,kE;, (2.6)

where o, , is the longitudinal and transverse conductivity,

2 2 2
Gy = e, :@[m’)ﬁj -_¢ ( ©, j
Jtr 2 2 >
Poky  po \mvy kopo\kovy

and J(€, y, q) is the dimensionless current density,

J
J(Q,y, Q+ 1+ 02 11J,.,.
€9 =5 Q{ 2( Jﬂ 2

Here,
2q+(Q+Q)lnz';q anz';q
T g4+ Ppi=d 2g+2ini=4
2 Z'+gq 2 Z+gq

After introducing the transverse field

E, - E-KEO _p_aEq
q
equality (2.6) can be rewritten in the invariant form:

, kE. =%[E H],
C

§i°" = J(Q,9,9)0,KE;, = J(Q,9,9)0,,, [E, H].

Remark 1. It is evident from formula (2.5) (or (2.6)) that, at y = O (or v =0), i.e., when a collisional
plasma passes into a collisionless one (z — Q, 7' — Q), this formula exactly passes into the corresponding
formula from [15] from a collisionless plasma:

.long

./x _GltrkE A

Now let us consider the case of small wavenumbers. From expression (2.6) for small wavenumbers, we
obtain

.long 2 1
=—0, kE, ————.
Jx R SRQQ + 1)

Remark 2. For y = 0 (v = 0), this formula passes exactly into the corresponding formula (1.15) from
[15] for the longitudinal current in the case of small wavenumbers in a collisionless plasma.

Figure 1 shows the behavior of the real (Fig. 1a) and imaginary (Fig. 1b) parts of the longitudinal com-
ponent of the dimensionless current density for 2 = 1 as a function of the dimensionless wavenumber gq.
Curves I, 2, and 3 correspond to the values of the dimensionless electron—plasma-particle collision fre-
quency y = 0.04, 0.07, and 0.1. At small and large values of the parameter ¢, curves I, 2, and 3 approach

COMPUTATIONAL MATHEMATICS AND MATHEMATICAL PHYSICS Vol.56 No.9 2016
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one another and become undistinguishable. At first, the real part has the minimum and, then, the maxi-
mum. With an increase in the dimensionless electron collision frequency, the imaginary part of the cur-
rent density has one maximum.

Figure 2 shows the behavior of the real (Fig. 2a) and imaginary (Fig. 2b) parts of the longitudinal com-
ponent of the current density as a function of the dimensionless wavenumber ¢ for y = 0.05. Curves 1, 2,
and 3 correspond to the values of the dimensionless oscillation frequency of the electromagnetic field
Q=0.1,0.2, and 0.3. At first, the real part has the minimum and, then, the maximum. At large values of
the dimensionless wavenumber, curves I, 2, and 3 approach one another and become undistinguishable.

Figure 3 shows the behavior of the real (Fig. 3a) and imaginary (Fig. 3b) parts of the longitudinal com-
ponent of the current density as a function of the dimensionless wavenumber g for y = 0.05. Curves 1, 2,
and 3 correspond to the values of the dimensionless oscillation frequency of the electromagnetic field
Q =1, 1.1, and 1.2. At first, the real part has the minimum and, then, the maximum. The imaginary part
has one maximum. With an increase in the dimensionless wavenumber g, curves I, 2, and 3 approach one
another and practically coincide.

CONCLUSIONS

In this work, we have considered the influence of the nonlinear character of the interaction of the elec-
tromagnetic field with a degenerate collisional plasma. It turned out that the presence of nonlinearity of
the electromagnetic field in the Vlasov—Boltzmann equation leads to generation of an electric current
orthogonal to the field.
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