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1. INTRODUCTION AND STATEMENT OF THE MIXED BOUNDARY VALUE PROBLEM

In recent years, particular emphasis has been given to the study of fluid dynamic processes in domains
with the boundaries consisting of a number of parts with different physical properties. The mathematical
modeling of such processes requires the investigation of boundary value problems for the equation of fluid
dynamics and magnetohydrodynamics (MHD) under mixed boundary conditions for the velocity and
other components of the solution.

Beginning with the works [1, 2], the mathematical modeling of mixed boundary value problems for the
Stokes and Navier—Stokes equations was studied in a number of papers, among which we note [3—5] and
the references in [5], where the solvability of the corresponding mixed boundary value problems was
investigated. The MHD equations were studied beginning with [6, 7] subject to the “standard” boundary
conditions. These conditions correspond to the situation when the boundary is either a perfect conductor
or a perfect dielectric, or when inhomogeneous analogs of these conditions are specified on the boundary.
Ofinterest are the papers [§—12], where the solvability of the boundary value and control problems for the
MHD equations were studied under the Dirichlet conditions for the velocity. In [13—15], boundary value
problems under mixed boundary conditions for the velocity were studied. A number of studies were
devoted to the solvability of boundary value problems for the MHD equations under the Dirichlet condi-
tion for the magnetic field (e.g., see [16]) or under the interface conditions on the fluid—nonconducting
medium interface (see [7, 17]).

However, the more general case, which is often encountered in practice, when different parts of the
boundary of the flow region have different electrophysical properties has long remained unstudied in the
mathematical literature. The difficulty of investigating such problems is due to the fact that the solution
can have singularities at the points where the parts with different electrophysical properties described by
different boundary conditions meet. This considerably complicates the analysis of solvability of the cor-
responding problems. Due to these difficulties, the first results concerning the solvability of boundary
value problems for the MHD equations subject to mixed boundary conditions for the electromagnetic
field appeared only in 2014 in [18]. The mathematical apparatus developed in [18] considerably relied on
the new results for the solvability of mixed boundary value problems for the div—curl systems established
in [19-21].

The aim of this paper, which continues the study started in [18], is to analyze the global solvability of
the inhomogeneous mixed boundary value problem for the MHD model of incompressible fluid consid-
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ered in a bounded three-dimensional domain Q with the boundary ¥ = dQ subject to inhomogeneous
mixed boundary conditions for the electromagnetic field. Under the assumption that the boundary X con-
sists of two parts X and X, of which each has certain electrophysical properties, this problem is described
(in the SI system of units) by the equations

VAu+ (u-Viu+Vp—xcurlHxH =f, divu=0 in Q (L.1)
vicurlH-E+xHxu=v,j divH=0, curlE=0 in (1.2)
uy=g H-ny =¢, Hxny =q, Exn; =k (1.3)

Here u is the velocity vector; H is the magnetic field vector; E = E'/p,, p = P/p,, Wwhere E ' is the electric
field vector; P is the pressure; p, = const is the density of the fluid; » = u/p,, v, =1/p,6 = »v,,, where
o, U, and v orv,, are the constant coefficients of electric conductivity, magnetic permeability, and kine-
matic or magnetic viscosity, respectively; n is the unit vector of the outward normal to 0Q; g, q, q, and k
are functions defined on the boundary ¥ or on different parts X, and X, of . Below we refer to problem
(1.1)—(1.3) with the given functions f, j, g, ¢, q, and kas to problem 1.

Inthe special case wheng = 0, q = 0, and k = 0, the boundary conditions for the electromagnetic field
in (1.3) correspond to the situation when the part X of dQ is a perfect conductor and the other part
X, c 0Q is a perfect dielectric. The solvability of the corresponding homogeneous boundary value prob-
lem was proved in [18]. In another special case when X, = & and X, = X, the boundary conditions (1.3)
take the form

uy=g H-nz;=¢g, Exn;=k (1.4)

The boundary value problem (1.1), (1.2), (1.4) was investigated in [10, 11] and in [22], where a scheme for
analyzing its solvability was proposed; using this scheme, the global solvability and the local uniqueness
of the solution were proved under the condition that the vector field g is tangential.

The main difficulty in the analysis of problem (1.1)—(1.3) is due to the inhomogeneity of the boundary
conditions for u, H, and E in (1.3). For this reason, before investigating the solvability of this problem, we
construct vectors u,, H,, and E, from certain functional classes that satisfy the corresponding boundary

conditions in (1.3). Following the conventional terminology, we refer tou,,, H,, and E as to liftings of the
inhomogeneous boundary conditions. The main difficulty is in the construction of the magnetic lifting

H,, that must satisfy the inhomogeneous mixed boundary conditions for H in (1.3). The key idea used in

this paper for this purpose is to select the lifting H,, in the subspace of the space L3’(Q)3 consisting of har-
monic vector fields. Based on this selection of H; and the possibility to construct the hydrodynamic lifting

u, € H'(Q)’ with an arbitrarily small norm ([ «y» Which was proved in [11], we prove the global solv-
ability of problem 1 and the local uniqueness of its solution using the scheme described in [11, 22].

2. FUNCTIONAL SPACES: PRELIMINARY RESULTS
Below we will use the Sobolev spaces H'(D), se R, H 0(D) = L2(D), where D denotes Q, the bound-

ary ¥ = dQ, or a part of it 3", The corresponding spaces of vector functions are denoted by H S(D)3 and
LZ(D)3. The scalar products and norms in the spaces H*(D) and H S(D)3 are denoted by (-,-), p and || . ||5 b

The scalar products and norms in Lz(Q) and L2(§2)3 are denoted by (-,-) and || . || o- Along with the space

H 1/2(20), we will use the subspace H, 382(20) consisting of the functionsu € H 1/2(20) that, when continued

by zero on 2\20, belong to H Y 2(Z). By H _”2(2), we denote the dual space of H l/2(2) with respect to

L2(Z); H 0_01 /2(20) is the dual space of H, 562(20) with respect to the space L2(ZO). For an arbitrary Hilbert
space H, H* is the dual of H .

As in [18, 20], we assume that the domain Q and the decomposition of its boundary X~ = 0Q into the
parts X and X, satisfy the following conditions:

(i) Q is a bounded domain in R’, and its boundary dQ consists of m + 1 nonoverlapping closed C’-
surfaces X, %, ..., X,, of which each has a finite area, where X is the outer boundary of Q.
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(ii) X, is a nonempty open subset of dQ consisting of M + 1 nonoverlapping open components
{0,04, ..., Oy}, and there exists a positive number d,, such that the distance dis«(G;,6;) 2 d, > 0 fori # j

and M >1. The boundary of each component o; is either the empty set or a C"'-curve. Define
Y, =0Q\X,.

In the general case, 2 may be a multiply connected domain, and we denote by » = 1 the number of
“handles” of Q. Recall that these numbers # and m are, respectively, the first and the second Betti num-
bers of Q (e.g., see [22]).

Let 9(Q) be the space of infinitely differentiable functions with compact support on Q, H 5 (2) be the
closure of 9(Q) in H'(Q), V={ve H(Q) :divv=0}, H'(Q)’ = H)Q)*, L(Q) =
{pe L'(Q): (p,)) =0}, Hcurl,Q) = {ve LX(Q)’ :curlve L*(Q)’}, H(QX,) = {ope H(Q): ¢z =0},
and CZT()(ﬁ)3 ={ve Co(ﬁ)3 V- “|>:r =0, vX n|zv = (0}. In addition to the spaces introduced above, we
will use the space H () ={he H(curl,Q):divhe L2(Q)} equipped with the Hilbert norm

B[ <= I + |div | + [curth?. 2.1)

Any vector v defined on the boundary X = dQ (or on its part = 0dQ) can be represented by the sum
of its normal and tangential components v, and v; as v = v, + v;. These components are determined by
v,=(-mn=v,nand v; =v—-v, =(nxv)xn. Here, the scalar v, = v - n is the normal component of
the vector field v and v X n is the tangential vector that is orthogonal both to the normal n and to the

vector v;. It is clear that v, = 0 on " ifand only if v X n|zo = 0. Conventionally, the subscript 7" in the
notation of the spaces H IT(Q), H }/2(2), or LZT(ZO) indicates that the corresponding space consists of the
vector functions of H 1(9)3, H l/2(2)3, or Lz(ZO)3 that are tangential to the boundary X or to its part
.

Below we will use the following Green formulas (see [22, 23]):

jAuvdx - —jvu-vvchrjg—”vdc Vue HXQ), ve H\(Q), (2.2)
Q Q ) n
jv-grad(pdx +J.diVV(pdx = jv-mpdc Vve H'(Q), ¢e H'Q), 2.3)
Q Q z
J-(v-curlw—w~curlv)dx = I(VXH)-WTdG Vv, we HI(Q)s. 2.4)
Q X

Formulas (2.3) and (2.4) also hold in the case when v € H ;,-(€2) under the condition that the integrals on
the right-hand sides of (2.3) and (2.4) denote the duality relation (-,-), between #~"*(X) and H"*(Z) or
between #~"*(Z) and H"*(2)’. Ifpe H'(Q.X,) orwe Cy ((Q)’ N H'(Q)’, the right-hand sides of (2.3)
or (2.4) take the form va -nQdoc or J.ZT (vxn) - wydo. Using this fact and (2.3), we will say as in [20] that
the function v e H () satisfies the condition v - n = 0 weakly on X, if the left-hand side of (2.3) van-

ishes for every function ¢e H l(Q,ZT). Similarly, based on (2.4) we will say that the function
v e H(curl, Q) satisfies the condition v xn = 0 weakly on X if the left-hand side of (2.4) vanishes for

every function w CZT()(ﬁ)3 NH l((2)3.

Byuxn|y e Hy " (2. =[H,y) (E.) T, we denote the natural restriction of the trace u x n of the func-
tion u e H(curl,Q) to the part X _ acting by the formula (see [19])

(ux “liw")zt =(uxny¥), Vve Hy ()
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Here ¥ is the continuation of the function v e H (ET)3 by zero to dQ\ X .. This formula defines the oper-

ator of the partial tangential trace Yr|z, : H(rot,Q) — H 0_0”2(21)3 onto the boundary part £, which assigns

to each vector u € H(rot,Q) the restriction vy u =uxnly € H, o0 (2.)’ of its tangential trace to X .

It has already been mentioned that the solvability of problem 1 will be proved following the scheme
proposed in [11] and [22, Chapter 6]. This scheme includes the choice of the functional spaces corre-
sponding to the boundary value problem under consideration, the elimination of the pair (E, p), the der-
ivation of a weak formulation with respect to the remaining pair (u, H), which has the sense of the weak
solution of the problem, the construction of the required liftings of the inhomogeneous boundary condi-
tions, the proof of the existence of a weak solution and its local uniqueness, and the proof of the feasibility
of this weak solution. The feasibility of the weak solution implies that the eliminated pair (p, E) can be
uniquely reconstructed given the weak solution (u, H) using the weak formulation of the boundary value
problem. To describe the properties of the magnetic component H of the solution to problem (1.1), (1.2),
(1.4), the following spaces are used in this scheme:

H(m)=the Hp-(Q):divh=0,curlh =0in Q, h-n|z =0},
H(e)=the Hp-(Q):divh =0, curlh =0 in Q, hxn|y =0},

Here and in what follows, .§ + denotes the orthogonal complement of an arbitrary subspace .S L2(£2)3 in
LZ(Q)3. In particular, the space V; plays the role of test functions for the magnetic field.

It is well known (e.g., see [22, Section 6.1]) that, under condition (i), in which the condition X € C :
may be replace with the condition X e C M the space X, can be continuously embedded into the space
curlh||§2 > §, ||h||12Q holds for all h € V,with a constant §, that
depends on Q. In addition, the spaces #(m) and F(e) are finite dimensional and dim#(m) = n,
dimd#(e) = m, where n and m are the first and the second Betti numbers; furthermore, we have the fol-
lowing orthogonal decomposition of the space L2(§2)3 : L2(Q)3 =VH é(Q) @ curlV; @ H(e). These prop-
erties are used in [11, 22] in the proof of the solvability of the boundary value problem (1.1), (1.2), (1.4).

H 1(Q)3 such that the coercivity inequality

To apply the scheme described in [22] for the analysis of solvability of problem (1.1)—(1.3), denote by

H pcs (€2) the closure of the space CEIO(Q)3 N H'(Q)’ with respect to the norm || . || e defined in (2.1) and
define the following spaces:

Hs (Q)=the Hpc(Q):divh=0,curlh=0in Q h-nly =0, hxnly =0}
%5 (Q) =the Hpe(Q):divh =0, curlh =0 in  h-nly, =0, hxnly, =0}

Ve (Q) = {ve Hpey (Q):divy =0 in QN Hy (). (2.6)

In particular, the space # y (€2) consists of the vector fields h € H ,(€2) that are harmonic in € and for
which the normal component h - n and the tangential component h X n vanish (in the weak sense defined
above) on the boundary parts X, and X, respectively. A similar sense with X replaced with £, and vice a
versa has the space 95 (€2).

These spaces were defined and studied in [20, 21], and they were substantially used in [18] for the
investigation of the boundary value problem for system (1.1), (1.2) subject to homogeneous boundary con-
ditions in (1.3). In the case X, = J, the spaces ¥y (Q), ¥y (€2), and V5 (€2) turn, respectively, into the
spaces #(m), #(e), and V; defined in (2.5). It is important for the further consideration that in the general
case, when X # J and X, # J, the spaces H pex. (82), Vs (Q), ?CZ{(Q), and %ZV(Q) have the properties
similar to the properties of the spaces X, V., #(m), and #(e), respectively. This enables us to use these
spaces in the proof of the solvability of the mixed boundary value problem (1.1)—(1.3). For the further rea-

soning, it is convenient to formulate the main properties of spaces (2.6) in the following lemma. The
proofs of all its assertions can be found in [20].

COMPUTATIONAL MATHEMATICS AND MATHEMATICAL PHYSICS Vol. 56 No.8 2016
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Lemma 2.1. Let conditions (i) and (ii) be fulfilled. Then
(1) the spaces 3 5 (Q2) and 3 (L) have finite dimensions;,

(2) the continuous embedding H cs (€2) € H 1(Q)3 holds, and the norm || . || pe I8 equivalent to the norm
|| . ||1’Q in the space H ¢y (Q);

(3) there exist constants ,, C, and C, depending on Q and X with which the following inequalities hold
true:

[roth|, = &, [h];, Vhe Vs (Q) 2.7)

[

s SCofhf o, Jeurth|, <Cfhf, Vhe Vs (€ (2.8)

(4) the following orthogonal decomposition of the space Lz(Q)3 holds:
Q) =VH'(QX,) ® curl Hpes (Q) @ H s (Q); (2.9)
(5) Voxn =0 weakly on X forevery ¢ € H'(Q,ET), and it holds that
curlH pex () = curlVy (Q). (2.10)

Relation (2.9) implies that any vector h € L2(Q)3 can be represented in the form h = Vo + curlv + e,

where e H l(Q,ZI), ve Hpcy (Q), and e € ¥y (Q) are certain functions that are uniquely determined
by h.

In addition to the spaces H }(Q), H(curl,Q), and H (L), we define their subspaces
H}(Q,div) ={ve H}(Q) cdivv =0}, Ho(curl, Q) ={E e H(curl,Q) : curlE = 0},
Lye(@) = LN(Q) n{He Hyo(Q): divH = 0} N Hy (Q),
equipped, respectively, with the norms

Muoan =Mias  [Bliroe = [E

Q’ ”H”Li)c(g) = ”H”E(gf + ”CurlHng' (2.11)

These spaces will play the key role in the investigation of solvability of problem 1 in the sense that it is in
these spaces H }(Q,div), L3DC(Q), and H "(curl, Q) where the velocity u and the vectors H and E of the
magnetic and electric fields that form, together with the pressure p € Lf)(Q), the solution of problem 1 will
be sought. For the investigation of the properties of the electric lifting, we will also need the subspace

Hy (curl, Q) :={ee H'(curl,Q):exnls € L3(Z,)}

equipped with the norm ]| .o =[], +Jlexn

(curl,Q) pI

We pay special attention to the space L3DC(Q), where the magnetic component H of the solution to
problem 1 will be sought. By definition, it consists of the solenoidal vector functions of the space H ,-(£2)
introduced above that belong to the space L3(Q)3 and are orthogonal in the sense of L2(Q) to all the ele-

ments of the finite dimensional space € 5 (€2). The comparison with the space H. }(Q, div) in which the
velocity u will be sought shows that the magnetic component H of the solution has weaker differential
properties than the velocity. However, this weakening of the differential properties of H is feasible because

it will be proved in Section 3 that problem 1 has a weak solution (u,H) € H ;(Q, div) x L3DC(Q) and that
this solution is locally unique. At the same time, the idea of finding the magnetic component H in the

class L3DC(Q) makes it possible to considerably weaken the differential properties of the functions ¢ and q
that appear in the mixed boundary conditions for H in (1.3) by choosing ¢ and q in the corresponding

subspaces of L spaces (see conditions (iii) below.
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Recall that, due to the embedding theorems, the space H : (€2) is continuously embedded into the space
L' (Q) for r < 6 and, with a certain constant C,, which depends on Q and r > 1, it holds that

v C,/ Mo Vve H(Q'. (2.12)

L’(Q)3 S

Along with Lemma 2.1, we will use properties of the bilinear and trilinear forms related to the linear
and nonlinear terms in Egs. (1.1)—(1.3). We formulate them in the form of the following lemma. A proof
of all the assertions of this lemma follows from the results obtained in [22, 23].

Lemma 2.2. Under conditions (i) and (ii), there exist positive constants &, Yy, Yo, Yi» Yi» Y2, and P
depending on Q such that

Vv,V 28, v}, Vve HyQ’, (2.13)

(@ V%W < Yo ol ¥ ¥ < Vol MW Yuvowe @), @14

(rotws v, < il V¥l < Wl oWl Vuvowe 7@ @15)

(curl¥ x H,w) < [eurl¥|, [H] o o Jul 500 < 2 [H] 2 0] o feurt¥]l, .16
VHe L'(Q), uwe H'(Q)’, We H(curl,Q),

sup AV 5510 vpe £2(Q). @.17)

ve Hy(Q) ,v0 ||V||1,g

Here, in particular, v, = C¢, where Cy is the constant appearing in (2.12) for r = 6. Furthermore, the following
identities hold true:

((u-Vyv,w) =—((u-Vyw,v) Yue Hp(Qdiv), ve Hy)Q)’, we H'(Q), (2.18)
(Hxu,curl?) = (curl¥ x H,u) = —(curl?¥ x u, H)

V¥ e H(cur,lQ), ue L/Q)°, He L}Q)’. 2.19)
3. PROOF OF THE SOLVABILITY OF PROBLEM 1

In this section, we prove the solvability of problem 1. In the investigation of solvability, an important
role is played by the products of spaces X = H 3(9)3 XVy (Q)and Z =V X V5 (Q) c X (they will be used
as test spaces for the pair (u, H)) and by the dual spaces X* = H 71(9)3 X Vs (Q)*and Z* = V* X V5 (Q)*.
X and Z are the Hilbert spaces equipped with the conventional graph norm ||(u, H)|| v =
(||u||12’Q + %||H||ig)1/2. Recall that here % = ip,' = Vv,/v,, is a dimensional parameter appearing in the first

equation in (1.2). The parameter x is introduced into the norm |[(u, H)|, to equate the dimensions of both
terms appearing in the norm. The elements of the space X* (or Z*) have the form F = (f,q), where

fe H'(Q’, qe Vs (Q)* (orf e V*, q e V5 (Q)*) and, by definition,
((f,q), v, ‘P)> XX <f’ V>H"(Q)3><H(l)(9)3 + <q’ W)VZT(Q)*XVET(Q)'

Reasoning as in [22], it is easy to verify that

-1/2

Bl = I @l e <Ny + % lally, e 3.1
In addition, for any F € X*, it holds that [F| .. < |F|,..
Define the following bilinear form:
a((u,H),(v,'¥)) = v(Vu,Vv) + v,(curlH, curl¥) = v(Vu, Vv) + v, x(curlH, curl ¥). 3.2)

COMPUTATIONAL MATHEMATICS AND MATHEMATICAL PHYSICS Vol. 56 No.8 2016
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Due to (2.11), (2.7), and (2.13), the bilinear form a is continuous on the space H}(Q) X H(curl, ) and
coercive on the subspace X = H (1)(9)3 XVs () cH }(Q) x H(curl, Q). In addition, due to (2.7) and
(2.13), it holds that
a(v,'¥),(v¥) 2 V(v + % |¥})  VOLE) e X, Vi =min@ev.5v,,). (3.3)
Let the continuous bilinear form g : X x X — R satisfy the following “d smallness” condition on Z:
G ).V < 3V, + %[ F]1) VR e Z, 0<8<va (3.4)

For the arbitrary element F € X*, consider the variational problem of finding an element (u,H) € Z such
that

a((w,H),(v,'")) +a((w,H) V(v,¥)) =(F,(v,'¥)) V(v,P)e Z (3.5
The next lemma is a consequence of the Lax—Milgram theorem.

Lemma 3.1. Let under conditions (i) and (ii), the bilinear forms a and a which are continuous on X , satisfy
conditions (3.3) and (3.4). Then, (1) the bilinear form a + a is continuous and coercive on Z with the constant
Vi — 0; (2) problem (3.5) has a unique solution (u,H) € Z for any element F € X*, and the following bound
holds:

w )], < (v =8)'[F
Suppose that, in addition to (i) and (ii), it holds that

(i) fe H'(Q)', je L'Q), ge Hy (D), g€ (Z), g€ L1(Z,), ke (fiz )Hs, (rot, Q).

The investigation of solvability of problem 1 is considerably complicated by the inhomogeneity of the
boundary conditions in (1.3) both for the velocity and for electromagnetic field. As was mentioned in Sec-
tion 1, the analysis of solvability of problem 1 is preceded by the construction of the liftings of the inho-
mogeneous boundary conditions in (1.3). The construction of the lifting for the velocity is based on the
following lemma, which was proved in [11].

X**

Lemma 3.2. Under condition (i), for any function g € H IT/Z(Z) and any number € > 0, there exists a vector
functionu, € H }(Q, div) such thatu, = g on X and it holds that

”“8”1,9 <C ”g”1/2,>: ’ ||u£||L“(Q)3 < 8”g”wz,z' (3.6)

Here, the constant C depends on € and €.

Remark 3.1. It should be emphasized that Lemma 3.1 on the existence of the hydrodynamic lifting u,

satisfying bounds (3.6) holds in the case when ge H }/2(2), i.e., when g - n|y = 0. To my knowledge, the

issue of the existence of a solenoidal lifting u, satisfying bounds (3.6) for an arbitrary function

ge H'"(0Q)’ with .[ag g - ndo = 0 remains open.
The role of the electric lifting can be played by any vector E, € H. zot(curl, E) such that

curlE, =0in Q Eyxnly =k (in L3(Z,)). (3.7)

The existence of such a vector E, follows from the condition on k in (iii), which is close to the necessary

existence condition for the electric field appearing in model (1.1)—(1.3). Note that this lifting E, satisfies
the formula

(Eg,curl¥) = (Eg xnly ,¥r)y = (k,¥p):, YV¥e V5 (Q). (3.8)

To derive (3.8), it is sufficient to apply Green’s formula (2.4) to the pair E,, ¥, where ¥ € VZT(Q), and
use relations (3.7), the condition ‘PT|2V = 0, and the equality

(Eoxn,¥r); = (Egxnly,¥r)s + <Eoxnly ¥ > V¥e H' (),
which is true due to the results of [19] for the function E € Hzor(curl, Q).
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As for the magnetic lifting, its construction is considerably complicated by the specific features of the
mixed boundary conditions (1.3) for the magnetic field H. Typically, in the investigation of inhomoge-
neous mixed boundary value problems additional assumptions about the existence of at least one function
satisfying the given boundary conditions are made. This is often used in the analysis of solvability of mixed
boundary value problems for the fluid dynamics equations (e.g., see [3, 5]). In this paper, the role of this
hypothesis is played by the following assumption that is a generalization of the corresponding assumption
in [24]:

(iv) there exists a vector field H, € L%C(Q) such that
curlHy =0, Hy-nly =¢, Hoxnly, =q [Hy, o0 <M, =Cx(lg

s, T ”q”zV )- (3.9)

Here, Cy is a constant independent of ¢ and q.

Note that condition (iv), which has the sense of the regularity and consistency of the boundary data
g and q for the magnetic field H, is satisfied under certain additional conditions on the decomposition

of the boundary dQ into the parts X, and X,,. In particular, it holds when each part X, and X, consists of
a finite number of connected components of dQ2, i.e., in the case when

ML=y Uy,.3.N3, =9.

To justify this hypothesis, we use Theorem 4.2 in [25]. First, we introduce certain notation. Denote by
m + 1 the number of connected componentsof X,; andby X, (i =1, ..., 54, 5, < m), we denote the internal
connected components of X contained in X,,. It is clear that 7 < m, where m is defined in (i), and 1 = s,
inthecase £, c X, and m = s, — 1 if £, < X,. Similarly we denote by », (or n,) the number of handles of

X, (orX)). Itisclear that n, + n, = n, where n is the number of handles of the boundary X defined in Sec-
tion 2.

It is well known (e.g., see [25]) that, under conditions (i) and (v), the dimension of the space % 5 (€2)
is exactly 1 + n,, and the basis of the space # ; (€2) consists of the gradients V7 of the harmonic func-

tions 2, € H*(Q) (j =1, ..., m) satisfying the boundary conditions (0z,/0n)s_ =0, 2j|zv\2,- =0, and
z le,- =1 and the harmonic vector fields y, e #; (Q) (/=1,...,n,) satisfying the condition

L y, -ndo =, forany cycle {, (k =1, ..., n,) contained in £, and non homotopic to zero in Q.
k

Similarly, the basis of the space Hy (Q) consists of the gradients \4 j of the harmonic functions

%€ H*(Q) (j=rm+1,...,m) satisfying the boundary conditions (92,/0n)ls, =0, 25z, =0, and
2j|2, =1, and the harmonic vector fields y, %ZV(Q) (! =n,+1,..., n) satisfying the condition

L y, -ndo =9, forany cycle {, (k = n, +1, ..., n) contained in X, X, and non homotopic to zero in Q.
k

Consider the following mixed Dirichlet—Neumann homogeneous (with respect to the right-hand sides
of the div—curl system) problem:

curlu=0, divu=0inQ, wu-ny =g, uxnly =gq, (3.10)
(s, 1), =0, i=12 .., ju-y,dx:O, [=12, ..., . (3.11)
Q

Denote by divy g the surface divergence of the vector field q on the part X, of the boundary X (a detailed
discussion of this concept see in [22, 25]). Theorem 4.2 proved in [25] and the result of [26] on the regu-

larity of the solutions to the Maxwell equations in the case of I boundary data imply the following result.
Lemma 3.3. Let, in addition to conditions (i) and (v), the conditions

ge ’(Z,)., qe Li(Z,), divsa=0, @Yls)s, =0 [=nm+L..n (3.12)

be satisfied. Then, there exists a unique solution u € L3DC(Q) of problem (3.10), (3.11), which satisfies the
bound ||u| » @ S Cs(lally + |aly. ), where the constant Cs is independent of u.
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Set H, = u. This vector H, satisfies all the conditions in (3.9); therefore, it is the desired magnetic lift-

ing. Using the constructed liftings u,, E,, and H;, we now proceed to the investigation of the solvability
of problem 1.

Assume that the quadruple (u,H, p,E) e C 2(§_2)3 x(C 1(5_2)3 N 2I(Q)L) xC ‘(g‘z) xC 1(5_2)3 is a classical

solution to problem 1. Multiply the first equation in (1.1) by the function ve H (l)(Q)3, the first equation
in (1.2) by curl¥, where ¥ € Vs (Q), integrate the result over €2, and use Green’s formulas (2.2)—(2.4)
and relation (2.19). Since, due to the relations curlE = 0in Q, Exnly =k, ¥;[y, = 0, and (3.7), we have

(E, curl¥) = J' (Exn)-¥,do = (k,¥,);, = (Eg,curl¥) V¥e V; (Q),

Z;
we obtain the identities
viVu,Vv) + ((u- V)u,v) — »(curlH x H,v) — (divyv, p) = (f, V> Vv e Hé(Q)B, (3.13)
vi(curlH, rot ¥) + %(curl¥ X H,u) = v,(j,curl¥) + (k, ¥;)s. V¥ e Vs (Q). (3.14)

Sum the restriction of identity (3.13) to the space V ¢ H 5(9)3 with (3.14) to obtain the problem of
determining the pair (u, H) from the equation divu = 0 in Q, divH = 0 in Q, and the relations

v(Vu,Vv) + v, (curlH, curl¥) + ((u - V)u,v) + %[ (curl¥ x H,u) — (curlH x H, v)]

= (F, (v, ‘P)) Y(v,¥)e Z, (3.15)
uy;=g H-ny =g Hxnly =q. (3.16)
Here, F : X — R is the linear functional acting by the formula
(F,(v,'W)) = (£,v) + v (j,curl¥) + (k, ¥, )5 . (3.17)
Conditions (iii) imply that F € X*, and, due to (2.8) and (3.1), it holds that
[Bl. < M=o+ € i, + Colkl ) (3.18)

The simple analysis shows that all the terms in (3.15) are well defined and u and H satisfy the solenoi-
dality conditions divu = 0, divH = 0in Q ifu e H,(Q,div)andH e L}(Q). Hence, we define the weak

solution to problem 1 as a pair (u,H) e H IT(Q, div) X L3DC(Q) satisfying (3.15) and (3.16). In addition to
the definition of the weak solution, we also define the electric component of the solution to problem 1—

this is any vector Ee H 0(curl, Q) satisfying, together with the weak solution (u, H), the first equation in
(1.2) and the identity

(E X, ‘I‘T>)E =k ¥,)s, VYel;(Q. (3.19)

Identity (3.19) contains useful information about the boundary condition E X n|21 =k in (1.3). Moreover,

if we succeed in proving the inclusion E X n|>:r € L2T (Z,) for the electric component E, then (3.19) will take
the familiar form Ex nly_ = k in L}(Z,).

Note that (3.15) does not include the pair (p, E). However, the pair (p,E) can be uniquely recon-

structed from the pair (u,H)e H }(Q,div) X L3DC(Q), which satisfies (3.15), so that the identities (3.13),
(3.14), (3.19), and all the relations in (1.2) hold true. This is a consequence of the following lemma, which
proves the feasibility of the weak solution to problem 1.

Lemma 3.4. Suppose that, under conditions (i)—(iii), (u,H) € H ]T(Q, div) X LSDC(Q) is a solution to prob-

lem (3.15), (3.16). Then, there exist a unique pair (p,E) € L%,(Q) x H 0(curl, Q) such that the triple (u,H, p)
satisfies identities (3.13), (3.14), and E is the electric component satisfying identity (3.19) and, together with
(u,H), relations (1.2). Moreover, the following bounds on the norms || p|| o and ||E|| o in terms of the norms ||u||1 o

and ||H|| Lu@ hold true:

[P, < B7 vl o + ol + v HI o, + I 0 (3.20)
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"E”Q < \/g(vl + Y2%”u”l,§2)"H”L3DC(Q) TV ”J (3.21)

lo-
Here B3, v,, and v, = Cy are the constants defined in Lemma 2.2.

Proof. Assume that the pair (wH)e H }(Q,div) X L3DC(Q) is a solution to problem (3.15), (3.16).

As usual, the pressure p € L(z)(Q) is reconstructed (so as to satisfy identity (3.13)) using the de Rham the-
orem and the inf—sup condition (2.17) (details can be found in [22, 23]), while identity (3.14) is obtained
from (3.15) if we set v = 0 in (3.15).

To prove the existence of the electric component E € H 0(curl, Q) satisfying, together with the pair
(u, H), all the relations in (1.2) and identity (3.19), consider identity (3.14). Taking into account (2.10),
(2.19), and (3.8), we rewrite it in the form

(vicurlH+xHXxu—-v,j—Ej,curl¥) =0 V¥e Hpcs (Q). (3.22)

(3.22) means that the vector A = (vicurlH+xHXu-v,j—E|) € L2(Q)3 is orthogonal to the vector
curl¥, where ¥ € H ¢y _is an arbitrary function. Due to (2.9), this can be true if and only if

vicurlH+xHxu-v,j=E=E;+Vo+e. (3.23)

Here pe H 1(Q,ZI) is the scalar potential, e € %ZV(Q) is a vector (harmonic vector potential), and the
pair (¢,e) is uniquely determined by the vector A. Since ee€ ¥y (2) and o H 1(Q,ZT), we have

curl(e + V@) = 0 and, therefore, curlE = 0 in Q. This implies that E € A O(curl, Q). Now multiply (3.23)
by curl¥, integrate over €2, and apply Green’s formula (2.4) to the term (E, curl ¥). This yields the identity

v,(curlH, curl®) + »(curl¥ x H,u) — (E X, ‘I’T>Z =v,(jcurl¥) V¥e Vs (Q). (3.24)

Subtract (3.24) from (3.14) to obtain (3.19). Together with (3.23), this implies that E is the desired electric
component.

It remains to derive bounds (3.20) and (3.21) for the pair (p,E). In order to prove (3.20), we use the
inf—sup condition (2.17) due to which, for the function p Lé(Q) indicated above and any number § > 0,
there exists a function v, € Hy(Q) (v, # 0) such that the inequality —(div vy, p) = B Vo, ,|l7],, holds
with the constant B, =3 — 3 > 0. Set v = v, in (3.13). Then, we obtain ’

v(Vu,Vvy) + ((u- Viu,vy) — x(curlH x H, vy) — (div vy, p) = (f,v,). (3.25)
Using the preceding bound on —(divv,, p), (2.12), (2.14), and (2.16), we conclude from (3.25) that

Bollvoll o 12l < ~(divvo, p) < VIVl g Jull o + Yo Vol ol

(3.26)
+ YoxeurtH 8] s g Vol o + [, Vol o
Reducing this inequality by |[v,|| .o # 0 and applying the bounds
||cur1H||Q < ”H"ﬁnc(g)’ ||H||1,3(Q)3 = "H”L%C(Q) VHe LSDC(Q)’ (3.27)

which follow from the definition of the norm in L3DC(Q) in (2.11), we use (3.26) to derive the bound

[Pl < Bo' vl g + vollllig +vox MG, g, + ML, o) (3.28)

Since 6 > 0 is an arbitrary number, (3.28) implies bound (3.20) for p.
Next, using the first equality in (3.23) and Holder’s inequality, we have

B, = [1vicurlH + xH xu—v,j*Fdx
Q

<3 I|V1curlH|2dx + J|%H>< u/’dx + J‘|V1j|2dx)J
Q Q Q
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23 13
<3|v; ||curlH||§2 + U|H|3de (J‘lulsde + Vlzj‘|j|2dx
Q Q

Q
= 3(\)12 ||rotH||£22 +% ||H||i3(9)3 ”“”i"(gf + V12 ||J||§2)
Using the inequality Va’ +b* +c¢? <a+ b+ c for the numbers a, b, c >0, we hence obtain
"E"Q < \/3(\/1 ||cur1H||Q + %"H”E(gf ”u”ﬁ(gf TV "J”Q) (3.29)

Finally, using (2.12) for » = 6 and (3.27), we derive from (3.29) bound (3.21) for E.

Proceed to problem (3.15), (3.16). To prove that it has a solution (u,H) € H } (Q,div) x LSDC(Q), set the
number € mentioned in Lemma 3.2 equal to g, where

€0 = vamin(1/Yp,1/¥)/2|lg], x> Vi = min(8ev,8,v,,). (3.30)
Here v;, and 7} are the constants introduced in (2.14) and (2.15). (We assume that |gl| ., > 0.) Set
My =Co s, M= M+VMy+ YoM+ CyaM M, (3.31)

Here C,, is the constant corresponding to the number g, in (3.30), which was introduced in Lemma 3.1,
and M and M , are the constants introduced in (3.18) and (3.9). We now prove the following result.

Theorem 3.1. Under conditions (i)—(iv), there exists a weak solution (u,H) € H }(Q,div) X L%C(Q) of
problem 1, and the following bounds hold:

||u||1,Q <M,= \%*(M +VM, + yoMg2 + Clyzx/;Mqu) +Ce, ||g||1/2,2, (3.32)

2C, +Cy)
ViV

"H”ﬁbc(sz) S My (M+vM, + YoMg2 + Clyzx/;Mqu) + Cz(”q”zT + ||q||Z )- (3.33)

Proof. Based on the boundary conditions in (3.16) for the velocity u and the magnetic field H, we will
seek the desired solution (u, H) to problem (3.15), (3.16) in the form
u=u,+i, H=H,+H (3.34)

Here uy =u, € H }(Q, div) and H, € L%C(Q) are the liftings of the boundary functions g, ¢, and q,

appearing in Lemma 3.2 and in (3.9), whileiie V and H € Vs (Q) are new unknown functions. Substitute
(3.34) into (3.15) and use notation (3.2) to obtain the identity

a((i, H), (v, P)) + ((@- V)ug, v) + (@i - V), v) + (i - V)i, v)
— o (curlHxH,,v) + (curlHx H,v) ] + o (curl¥ x H,, ii) + (curl¥ x H, u,) (3.35)
+ (curl¥ xH,d)] = (F,(v,¥)) V(v.¥)e Z.

Here F, : X — R is the linear functional defined by the formula
(F,(v,')) = (F,(v,'¥)) = v(Vu,, Vv) — ((u, - V)ug, v) — x(curl¥ X Hy, uy). (3.36)
It is clear that F; € X* because, due to (3.36), (2.8), (2.14), (2.16), (3.9), and (3.1), we have

(F (v, 2)) < M B + eVl oz + 10C2, gl o) M
+ CIY2%”“0"1,Q ”HOHE(Q)3 ”‘P”m = M|(V’ \P)”X v(v.W) e X.

(3.37)

Here M and M are the constants defined in (3.18) and (3.31), respectively.
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To prove the existence of the solution (i, H) € Z =V x Vs (€2) to problem (3.35), we use Schauder’s
fixed point theorem. To this end, define the mapping G : Z — Z acting by the formula G(w, h) = (i1, H),
where the pair (i, H) € Z is a solution to the linear problem

a((@, H), (v, ¥)) + a,,,((5, H), (v, ¥)) = (F,(v,¥)) V(v.¥)e Z (3.38)
obtained by the linearization of problem (3.35). Here, the bilinear form a,, : X x X — R is defined by
ay (1, H), (v, ') = ((@ - V)uy, v) + ((uy - V)i, v) + (W - V)L, v) — o (curlHx H,, v)
+ (curlHx h,v)] + »f (curl¥ x Hy, ii) + (curl¥ x H,u,) + (curl¥ x h, ii)].

It is easy to verify that the mapping G is well defined. Indeed, the results of Section 2 imply that the
form a is continuous and coercive on X, and, for the bilinear form a,,; defined in (3.39), we have due to
(2.18), (2.14), (2.15), and (3.30)

@y w ((V,'F), (v, F))| = [(v - VIV, uy) + x(curl¥ x ¥, u,)|

(3.39)

=|((v- V)ug,v) + x(curl®¥ x ¥,u,)| < (v, ||v||12Q + y}x||‘P||iQ)||u0||L4(Q)3

< i gl os M + Vo el o 21 < (/D (Vg + 2 [¥Fy) VO ®)e 2.

Since F, € X* due to (3.37), Lemma 3.1 applied to problem (3.38) implies that, for each pair (w,h) € Z,
there exists a unique solution (i1, H) € Z to problem (3.38), and it satisfies the independent of (w, h) bound

|l |, = (||ﬁ||iQ + %||1P1||]2,Q]”2 <r=Q/ve)M. (3.40)

Consider the ball B, = {(v,'"¥) € Z :|(v,¥)|, < r}inthe space Z. It follows from (3.40) that the oper-
ator G' defined above maps this ball B, into itself. Reasoning as in [11], it can be shown that G is compact
and continuous on B,. Then, Schauder’s theorem implies that G has a fixed point (@, H) = G, I:I) € B,.
This fixed point (ii, H) € Z is the desired solution to problem (3.35), and it satisfies bounds (3.40). There-

fore, the pair (u,H), whereu =u, +tiiand H =H, + H, is the desired solution to problem (3.15), (3.16),
and bound (3.32) for u is an obvious consequence of bound (3.40) and the first bound in (3.6), where we

should set € = g,. Next, using (2.11), (2.8), (2.12), (3.9), and (3.34), we conclude that

||H||L30C @ < ||cur1ﬁ||g +[[H, + ﬁ||L3 @ S €+ c3)||ﬁ||LQ + M, (3.41)

Now, (3.41) and (3.40) imply bound (3.33) for H.

Let (u,H) be a weak solution to problem 1 the existence of which follows from Theorem 3.1. Recall
that, due to Lemma 3.4, there exists a pair the pressure p € L(z)(Q), the electric field Ee€ H 0(curl, Q),
which is uniquely determined by the pair (u, H), and the pair (p, E) satisfies bounds (3.20), (3.21). These
bounds and bounds (3.32), (3.33) for ||u||LQ and |HJ| L. imply the following bounds on |p|, and |E],, in
terms of the norms of the data of problem 1:

1Pl < M, =B7LOV + YoM OM, + v Mg +f]_ o) (3.42)

B, < My =V3[(v) + vt M )My + v, [} (3.43)
Now we formulate sufficient conditions for the data of problem 1 that ensure the uniqueness of its solution.

Theorem 3.2. Let, in addition to the conditions of Theorem 3.1, the functions f, j, g, q, q, and k be small
or the “viscosities” v and v ,, be large in the sense that

YoM, + v, (%jMH <OV, TIM,+ (%jMH <OV, (3.44)

Then, the weak solution (u, H) of problem 1 is unique in the class of functions for which the magnetic component

H can be represented as H = H, + H, where H,, is the magnetic lifting satisfying (3.9) and He Vs (Q)isa
Jfunction.
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Proof. Let (u,, H,), where H, = H, + H, for a certain function H, € V5 (£2), be aweak solution to prob-
lem 1 the existence of which was proved above. Denote by (u,, H,) another weak solution to problem 1 for
which H, = H,, + H, for a certain function H, € V (Q). Itisclearthatu =u, —w, e V,H=H, -H, =
I:I1 — I:I2 € VZT(Q), and the pair (u, H) satisfies the equation

v(Vu,Vu) + v,(curlH, curlH) + ((u - V)u,,u) — %(curlH, Xx H,u) + »(curlHx H,u,) = 0. (3.45)
Due to (2.14), (2.15) and bounds (3.32), (3.33), which hold for the pair (u;, H,), we have

(- Vyu,w) < v, ”“1"1,9 ”“”129 S YoM, ”u”?ﬁ’
w(curlH x H,up)| < yyx|uy, ”H”129 < 1M, ”H"‘29

curlHy x H,w)| < i [EL o [H], o ul, o < (vive/2)M Jul g, +2¢ I )
Using these bounds, (2.7), and (2.13), we derive from (3.45) the inequality

[0V — YoM, = (/DM ylul}, + 8.V, = 1M, — v\(Vx/ )My I [H]; , < 0. (3.46)

Under conditions (3.44), inequality (3.46) implies that u = 0, H = 0. Therefore u, = u, and H, = H,,
which completes the proof of the theorem.

We have proved the global solvability of the mixed boundary value problem (1.1)—(1.3) for the steady-
state MHD equations and proved the local uniqueness of this solution. To analyze the solvability of prob-
lem (1.1)—(1.3), an approach that made it possible to considerably weaken the differential properties of the

functions involved in the boundary conditions for the magnetic field H in (1.3) by choosing them from L’
spaces was used. This fact will play an important role in the solution of applied problems and, in particular,
boundary control problems for the MHD model under consideration. The investigation of these problems
and the analysis of unsteady-state analogues of problem (1.1)—(1.3) will be carried out in future works.
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