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INTRODUCTION

Processes concerning the influence of moving sources on various physical media have long been a sub-
ject of interest in physics, engineering, and mathematics. Practical examples of moving action sources
include electron, laser, and ion rays; electric arcs; and currents induced by moving inductors. Additional
types of moving action sources are ions, protons, and other high-speed particles; electric currents (electric
arcs, conduction and induced currents); plasma flows; chemical and nuclear reactions; substance sources
(in diffusion); oscillation sources (mechanical, acoustic, and electromagnetic); and sources of pressure.
These sources are used in many processes, such as metal melting and refining in metallurgy; heat treat-
ment, welding, and microprocessing in mechanical engineering and instrument making; the manufactur-
ing of semiconductors and resistors in microelectronics engineering; and activation, exposure, and drying
in biology, medicine, and agriculture.

Classical results concerning the optimal control of distributed systems can be found in [1—5]. Although
problems with controlled moving sources are of applied importance, they have received the least attention
thus far (see [2, 5—7]). For the first time, the problem of optimal control of moving sources for distributed
parameter systems was theoretically formulated in [2, 5], where numerous examples of systems with mov-
ing sources of various natures were given and the basic features of such systems that prevent addressing
them with well-known methods were indicated.

A major feature of control systems for moving sources is that they are nonlinear with respect to the con-
trol determining the law of source motion. This is especially clear when the control problem is formulated
in terms of moments. The moment problem becomes nonlinear. Accordingly, the method of moments,
which is widely used to find optimal controls in linear systems with distributed and lumped parameters,
becomes unsuitable for systems with controlled moving sources.

Note that only distributed parameter systems were addressed in the indicated practical examples. At
the same time, numerous dynamic systems involve auxiliary elements with lumped parameters that are
essential to control processes. The behavior of such systems is described by a set of ordinary and partial
differential equations with initial and boundary conditions.

In [5] the optimal control of point sources was studied assuming that the control functions are only the
intensities of fixed sources. A variational method for the optimal control of moving sources in the case of
systems described only by the heat equation was considered in [6]. The optimal control of source motion
for systems governed by the heat equation and a system of ordinary differential equations was addressed
in [7]. Specifically, the problem of the most accurate heating was studied; i.e., the task was to find admis-

396



ON A CLASS OF OPTIMAL CONTROL PROBLEMS 397

sible controls O = (p(¢),0(¢)) that, over a fixed time 7, drive the system from its initial state u(x,0) = ¢(x)
to one that deviates least (in a certain sense) from the desired state u(x,7T) = y(x). The right-hand side of
the system of differential equations involved only s, (7).

In this paper, a variational method is applied to the problem of optimal control of moving sources for
systems governed by a parabolic equation, in conjunction with sets of ordinary differential equations. The
rms deviation of the system’s state from its desired state at any moment of time is used as an optimality
criterion. For this problem, we prove an existence and uniqueness theorem, establish sufficient conditions
for the Fréchet differentiability of the cost functional, find an expression for its gradient, and obtain nec-
essary optimality conditions in the form of pointwise and integral maximum principles.

1. FORMULATION OF THE PROBLEM
Let/>0and T > 0begiven numbers, 0 < x </, 0<¢<T,Q, =(0,/)x(0,7), and Q = Q. In what

follows, we will need the function spaces WQI’O(Q), Wzl’l(Q), V,(€), and VZI’O(Q), which are introduced, for
example, in [5].

Let the state of a controlled process be described by functions u(x,#) and s(f). Assume that, inside the
domain Q, the function u(x, ¢) satisfies the parabolic equation

du(x,’) _ 29°u(x,1) é
=a + HO(x — s,()), 1.1
> o gpko( ) (L.1)
with initial and boundary conditions
u(x,0) = o(x), 0<x<I, (1.2)
wO0.0) _ o ulbd) o ogci<T (1.3)
ox ’ ox ’ ’

where a > 0 is a given number, @(x) € L,(0,/) is a given function, () is the delta function, and p(r) =
(p, @), py(0), ..., p,()) € L,(0,T;R") is the control function.

Assume also that the functions s, (#) € C [O, T ], k= I,_n, are the solution of the Cauchy problem

PO f60.80.0. 0<1ST. 50 =50 k=1ln (9

where s,, € [0,/] is a given number; the functions f, = f,(s,0,¢) (k = I,_n) are assumed to be given;
Y = N) = (0,(1),0,(7), ..., 9,.()) € L,(0,T; R") is a control function such that the following constraint on

the position of the moving action is satisfied: s, () = s, (#; 9): 0 < 5, (t) < [, k = I,_n

The pair of functions § = (p(¢),9(¢)) is called a control. For brevity, let H = L,(0,T;R")x L,(0,T;R")
denote the Hilbert space of pairs & = (p(f),9(¢)) with inner product

T

(3.9%), = [[(P'®.0°0) + (3'0), 9 0) ] ar

0
and the norm ”5"11 ={J<0,9>, = ./||p||2L2 + ||131|2Lz, where 8 = (p*,0%), k =1,2.

The set of admissible controls is defined as
V=A{(pOe H:0< p, < A,|<B,i=1nj=Lr}, (1.5)

where 4, >0 (i = I,_n) and B, >0 (j = I,_r) are given numbers. Consider the functional

IT n T , T
J® = [ [lute.n = acenVaxdt + 00y [0 = B0V dt +05 Y [19,(0) =D, 0 dr, — (1.6)

00 k=1 g m=1
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where o, 0, 20,0, +0, >0 are given parameters and o= (p(), ) e H, i(x,1))e L(Q),
() e Ly(0,T;R"), and }(r) € L,(0,T;R") are given functions.

Let us formulate the following problem: find an admissible control & = (p(¢),9(¢)) from the set V and
a corresponding solution (u(x,?), s(¢)) of problem (1.1)—(1.4) that minimize functional (1.6).

2. WELL-POSEDNESS OF THE PROBLEM

Before analyzing the well-posedness of the optimal control problem (1.1)—(1.6), we state an auxiliary
theorem from [8].

Theorem 1 (see [8]). Let H be a uniformly convex Banach space, V be a closed bounded subset of H, (1)
be a lower semicontinuous functional that is bounded below on V, and o, > 0 and B > 1 be given numbers. Then

there exists a dense subset K of H such that, for any w € K, the functional J ,(0) = 1(9) + 0(||13 - (u||f;] reaches
its least value on V. If B > 1, then the minimum value of J ,(0) on V'is reached at a single element.

Definition 1. The weak solution of problem (1.1)—(1.4) with control 9= (p(?),%¢)) € V is a pair of
functions (u(x,?), s(¢)) from (V21’0(Q), C|0,T]), where u = u(x,?) satisfies the integral identity

IT ! n T
m w4+ a* S Ldxai {cp(xm(x, >x+;£pk(t)n(sk<t),r) ‘ 2.1

foranyn =n(x,7) e W;"(Q) with n(x,T) = 0, while s,(t) = s,(#;0) satisfies the integral equation

s,.(f) = j Fu(s(D), %), DdT+ 5,0, 0<t<T, k=1Ln (2.2)
0

It follows from the results of [9] that, for each fixed control deV , the boundary value problem (1.1)—(1.4)

has a unique solution from (VZI’O(Q) ,C[0,T1]). Let the conditions stated in the formulation of problem
(1.1)—(1.6) be satisfied. Then problem (1.1)—(1.6) has at least one solution. Note that problem (1.1)—(1.6)

witho;, =0, j = 1,_2, is ill-posed in the classical sense [10]. Nevertheless, the following result holds.
Theorem 2. There is a dense subset K of H such that, for any we K, problem (1.1)—(1.6) with
o; > 0,i = 1,2, has a unique solution.
Proof. Let us prove the continuity of the functional

Jo(9) = |luCx, ) — d(x, t)"iz(g)‘

Let AD = (Ap,AD) e V be the increment of the control at an element 9= (p,9) € V such that
9+ A0 e V. Define

Au = Au(x, 1) = u(x, ;0 + AD) — u(x,;9),

As, = As (1) = 5,50 + AD) — 5,(£;9).
It follows from (1.1)—(1.4) that the function Au is a weak solution of the boundary value problem

2 n
Bt g aaA;‘ + 3 [y + Ap)B(x = (5, +As)) = pdx — s (D)€ 2.3)

x k=1
dAuO.0 _ o 9Ault) _ o o<, (2.4)

ox ox
Au_, =0, xel01], (2.5)
while the functions As,,k = L_n, are the solution of the Cauchy problem

PO a7 0,300, A @ =0, k=T 2.6)

where Af, (s(t),0(?),1) = f,.(s + As, O+ AD 1) — f,.(5,0,1).
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Let us prove that Au(x,?) satisfies the estimate

”A“”Vz‘*”(sz) <S¢ "ABHH J 2.7)

where ¢, > 0 is a constant. Multiplying both sides of Eq. (2.3) by | = n(x,#) and integrating the result by
parts, we obtain the relation

w T
JI[ A” a’ 9Audn xdt = ZI[(P/{ +Ap (s, + Asy, 1) — pn(se, Hldt. (2.8)
t ox ox g

Let #,,¢, € [0,T] with #, < ¢,. Setting

Au(xat)v te (t17t2],

n(xs t) = {0’ te [O’tl] W) (tz: T]

in (2.8) yields the integral identity
| I It AL
2 U
3| [
0 00

By applying the mean value theorem to Au(s, + As,,?) in the form

t=t, t=t,

n T
dxdi] =Y [[(p + ApON(se +Asi0) = pnseDldt. (2.9)

k=1 ¢

1=t t=t

Au(s, + As;, 1) = Au(s,, 1) +WAS,€, S, =S, +0As,, 0¢€]0,1],
X
the right-hand side of (2.9) can be represented as
n b
> [1(i + Bp)AUCs, + Asy, 1) = pubutsy )t

-y j [(pk + 8p) (Bus,, ) + S0

k=1

n b _
= ZI[W (i + ApAs, + Au(sk,t)Akadt.
X

k=l 4,

t)A )~ pkAu(Skvt)j|

Taking into account (2.9), we obtain the following energy balance equation for problem (2.3)—(2.6):

1=t 1=t

2
2
+a
1=t

= 3| o+ g, PS04 g s |

k=1 [

ox

LZ(QI) 1=t

where 5, =5, +0As,, 0 € [0, 1].
Applying the Cauchy—Schwarz inequality to the right-hand side of the equation produces

1 _ =
—||Au(x, t)"iz(o,z) ::;12 +a’ x iy ;:;12
0Au(s,,t
& S0 1804 i s, P20 g st ,] @I
P Ly(1,17)
0Au(s,,1)
= Z[(”pk”Lz(t,,tz) + "Apk”Lz(n,tz))"Ask(t)”C[tl,tz] p) £ + ||Apk||L2(t],t2) ||Au(sk’t)|L2(t1,tz):|'
X Ly(1,12)

k=1
Since As(r) is the solution of Cauchy problem (2.6), it follows from the properties of f(s,,¢) that, for
a sufficiently small € = #, — ¢, [11, Section 6.3]

”Ask(t)"cp,,rz] S 6 ”Aﬁ"Lz(t,,tz) , Isksn
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Moreover, it is easy to show that
”Au(sk’t)”Lz(rl,rz) & ”Au”Vzl’O(Q)’

”Aux(fk ’ t)

|L2(tl,t2) S ¢y ||A””V2"°(Q)’

where ¢, > 0, ¢; > 0, and ¢, > 0 are constants. Then the right-hand side of (2.10) can be bounded from
above:

=t
< e

1=t

2.11)

Ly(1y fz) "VZLU(Q)’

t=t, 5
+a
t=t,

- ox |

L(Q))

where ¢; > 0 is a constant. Similarly [12, pp. 166—168 of the Russian edition], for an arbitrary ¢ € [0,7],
we divide the interval [0,7] into a finite number of subintervals with inequality (2.11) satisfied on each of
them. Then, summing up the resulting inequalities for all subintervals, we obtain

ox Ly(Q) =G HAﬁ”H ”A””VZI’O(Q),

which implies inequality (2.7). Then [Au], — 0 as ||A1§||H — 0 as

29, — o

The increment of the functional J,,(\9) can be represented as

IO(Q)

1T
Jo(B + AB) — J (D) = 2j j [u(x, ) — (x, D) ) Au(x, t)dxdt +|

00

— 0 as ||A1_3”H — 0, we conclude that J () is
continuous.

The functional J (5) is bounded below and, by what was proved above, is continuous in V. Moreover,
H is a Hilbert space that is a uniformly convex and reflexive Banach space [13]. Then Theorem 1 implies
the existence of a dense subset K of H such that, for any w = ( ﬁ(t),fS(t)) e H, problem (1.1)—(1.6) with

o; > 0,7 = 1,2, has a unique solution. The theorem is proved.

3. NECESSARY OPTIMALITY CONDITIONS

Let y = y(x,7) be a solution from Vzl’O(Q) of the adjoint of problem (1.1)—(1.3), namely,

2
N 2 9Y - e —annl, (e Q, (3.1)
ot ox
WO _o NED o e 0.1y, (3.2)
ox ox
Y, T)=0,0< x <1, (3.3)

and let ¢, (¢) be a solution from C[0,T’] of the adjoint of problem (1.4), namely,

dq, () _ Jf; a\|l(sk(t),t) _ _—=
i Zak GO +== =), 0<1<T, gD =0, k=ln (3.4)

Definition 2. The weak solution of problem (3.1)—(3.4) with a control 9= (p(®),8(t)) € H is a pair of
functions (y(x, ), ¢(¢)) from (VZI’O(Q),C[O, T1), where y = y(x,?) satisfies the integral identity

1T
f I[ om, , 23‘113“1}1 di =2 [ [ux.0) — e,y Cr. et (3.5)
ox 0x .0
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for any M, = M,(x,7) € W,"(Q) such that 1,(x,0) = 0, while the function ¢, () satisfies the integral equa-

tion
T
a0 = {

1

z%‘]z(@ -V (s (D), D |dT, 0<¢t<T, k=Ln (3.6)
=1 ok

The function

H(t,5,y,q, 5>={Z Lfe(5(0),0(0) . g, () =W, (8), D) pi (1) = 0 (P (D) = Br())*] =0, D~ 9,,(0) —éma)f} (3.7)
k=1 m=1
is referred to as the Hamilton—Pontryagin function of problem (1.1)—(1.6).
Theorem 3. Let the following assumptions hold.

(1) The functions f,(s,0,t),k = I,_n, are continuous with respect to their arguments and have continuous
bounded partial derivatives with respect to s and O for (s,9,t) € R" x R" x[0,T].

(2) The functions f,(s,0,t), fi, = w, and fis = &%, k= I,_n , satisfy the Lipschitz con-
s

dition with respect to s and 0, i.e.,

fi(s +As, 0+ AD 1) — fi.(s,0, t)| < L(|As| + |A19|),
|fks(s + As, 0+ AV, 1) — f,(5,0,0) < L(|As| + |A131),
| fio(s + As, 0+ A1) — fro(s,0,0)] < L(|As| +|AD])

Jorall (s + As,d + A, 1),(s,0,1) € E" x E" x[0,T], where L = const > 0.

If (W(x,1),q(t)) is the solution of adjoint problem (3.1)—(3.4), then functional (1.6) is Fréchet differentiable
and its gradient is given by

@) = (aJ(ﬁ)’aJ(ﬂ)) _ (_a_H ,_8_Hj. (3.8)
dp 00 dp 99
Proof. Consider the increment of J:
' T 1T
AT = J@+AD) - J®) =2 J' J.[u(x, 1) — ii(x, 1) JAu(x, )dxdt + j J' |Au(x, 1) dxdt
00 00
n T T
2 {ml [[pc®) = B Ap, it + o, [|Ap, 0 dt} (3.9)
k=1 0 0

- T T
+> {2% j [0,,(6) = B,,(1) | AD,,()dr + a2I|Aﬁm(t)|2 dt},
m=1 0 0

where 9 = (p, ) e V, 0+ A0 e V, Au(x,T) = u(x,T; 0 + AD) — u(x,T;0), and u = u(x, T;V).

Setting 1, = Au(x,?) in (3.5) and n = Y(x,?) in (2.8) and subtracting the resulting relations from one
another, we obtain

IT n T
2 j j [u(x, 1) — 8,0 Aux, Ddxdt = Y| j [(px + APOW(S, + Asi,t) — pow(s,, 1)t (3.10)
00 k=1 ¢

It follows from (2.6) that the function As, (¢) satisfies the integral identity
T

I[%Ask(t)+Afk(s(t),ﬂ(t),t)6k(t)}dt =0 (3.11)
0

forany 0,(f) € C'[0,7] with 0,(T) = 0,k = 1,n.
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It follows from (3.4) that the function ¢, (¢) satisfies the integral identity

T
[ {—degt(’)qkm—(Z i g - —a"’(gf’”)m(t)}elk(t)}dt=0 (3.12)
0 i=

for any 0,,(r) € C'[0,T] with 0,,(0) = 0,k = 1, .

Setting 0,, () = As,(¢) in (3.12) and 6,(¢) = g,(?) in (3.11) and summing up the resulting relations, we
obtain

T
[Ase g 0] 2 = | H ea - wpk(t)JAskm—Afquk(r)}!t.

0x
0
By the assumption of the theorem, the function Af, = Af,(s(r),8(¢),f) can be represented in the form

Af, _ngk.A +z

i=1

af"Aﬁ + R,

where R, = o(\/ ||AS”2LZ(O,T) + ||A131|2LZ(O,T)). From the last equality, it follows that

[As g, 0125 = | H Fran- Wmmjmk(r)
X

afk Aﬂ afk :|
nDq () = ) == As(D)q, (1) |dt + Ry,
2 a0, - S Lo 00+ &

which, in view of (2.6) and (3.4), is equivalent to the equation

T
JROD s,y = - j e, 0, 0
X
0 = (3.13)
- Zj{ c g, (s, 1)~ s q,(r)Ask(t)}dH R.

i=l o
Clearly, under the assumptions made above, the Taylor formula yields

aW(Sk:t) AS
ox «

Y(sy + As, 1) = Y(s, 1) + + o(|Aslero.rp)-

In view of this expansion, it follows from (3.10) that
/T n T 3
2 j I [uCx, 1) — @Cx, )] Au(x, ndxds =Y. I [M DA (F)
00 k=10 ox

(s (1), DAL () + memsm +o <||Ask||qo,n>} dr.

Since

ZZ{ Je g s 0 - 2L q,(r>Ask(r>} -

k=1 i=l
combining the last equality and relation (3.13), we find

2j j [u(x, 1) — d(x, £)] Au(x, H)dxdt = Z j { Z U g (OVAD, (1) + (s HAD, }z +R,, (3.14)

k=1 ¢ ml
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n T oy(s,(¥),¢
where B, = 3" [ [% AP OAS () + o<||Ask||qo,n>J dt + R,
Following the standard scheme [11, p. 94], we can prove the estimate

"As"qo,n S ¢ "Aﬁ”Lz(o,T) ’ (3.15)

where ¢4 > 0 is a constant.

From this, we have R, =o0(|A||,;). On the other hand, estimate (2.7) implies that
||Au(x, t)|| L@ = O(|AY]|;). Substituting the resulting relations into (3.9) yields

AJ D) = Z(Jl(k) + ZJz(k,m)J +o(|Adl5) as [AD], — 0,

k=1 m=1

where

T

Jy(k) = [ W00+ 204 (1) = pi(®)] Apy (o),
0
T
Tk = | {——af L0200 ,0)+ 20, (3,0 - éma))}mmmdz.

0

Combining this result with the expressions for the Hamilton—Pontryagin function, we obtain

AJ(®) = (—%—%’AE)H +o(|ad],) as |Ad], — 0,

which implies the Fréchet differentiability of functional (1.6) and the validity of formula (3.8). The theo-
rem is proved.

Theorem 4. Let all the conditions of Theorem 2 hold. Then a necessary condition for the optimality of a con-
trol 0% = (p*(t),0%(t)) is that

T n
(@8 -5), = [ 2| W 620, + 200 = 5:0), p0) = PEO)
0 k=1

N Z’:(_afku*(t),ﬁ*(r),r) )
=1

(3.16)
=5 GE() + 200, (0% (1) = D,,(2)), 0,,(1) — ﬁ:‘;(t)ﬂ dt>0

for any 9= (p(1),9(t)) € V. Here, y*(si:(t),1) and qj (t) are the respective solutions of problems (3.1)—(3.3)
and (3.4) with O = B (p*@) ,9*(¢)).
Proof. By the well-known theorem [11, p. 28], a necessary condition for the optimality of
O* = (p*,0%) € V is that
(J(),0-0%), 20 forall veV.

Using relation (3.8) and the expressions for the Hamilton—Pontryagin function, we calculate the gra-
dient of functional (1.6) and, substituting it into the above inequality, conclude the validity of inequality (3.16).
The theorem is proved.

Theorem 5. Let all the conditions of Theorem 2 hold and the pairs of functions (u*(x,t),s*(t)) and
W*(x,1),q*(@t)) be the solutions of problems (1.1)—(1.4) and (3.1)—(3.4) with O = O* € V', respectively. Then
a necessary condition for the optimality of the control % is that

H(t, sy, g%, %) = max H(t, s*,y*,q*, V) V(x,1)e Q.
Sev
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Proof. Let (,0) be a Lebesgue point inside € for all the functions included in the conditions of prob-
lems (1.1)—(1.4) and (3.1)—(3.4). Let

E{(x,t):G—§<x<6+§,6—§<t<6+§1CQT,
2 2 2 2l

where € > 0 is a sufficiently small number.

The impulse variation of the control is defined as

58 ( e 198) ﬁ, (x,t) € He,
=(p5,0°) =4_
¥, (x,0) e [T,

where © is a constant vector. Let Au®=u®(x,f)—u*(x,f), where u®(x,f)=u(x,t;0) and
u*(x,t) = u(x,t;9). Then the function Au® satisfies the identity

j j[ A, + @ st <Y j [P} + ApDIN(s; + Asi,) = pin(si,D]dr (3.17)
k=1 ¢
foranyn =n(x,7) e WZI’I(Q) withn(x,7T) =

Proceeding as in the proof of estimate (2.7), we show that Au®(x,) satisfies the estimate

HAu8

where ¢, > 0 is a constant and AD = (Ap®,AD%). From this and the fact that (c,0) e Q, is a Lebesgue
point, we conclude that Au® — 0 in VZI’O(Q) as ¢ — 0. Moreover, it follows from (3.15) that the function

<c ‘
=7
Q)

As® = As®(¢) satisfies the estimate

HASE

where ¢y > 0 is a constant. From this, we conclude that As* — 0 in C[0,7] as € — 0.

<cg HA@S

10,71 Lo’

Let y® = y*(x,7) € ¥,"(Q,) be the solution of the integral identity

' T
H( aantl 238‘4; %?Cde gt = QH[M (e =) + 5 Lautx, t)}r]l(x fdxdt (3.18)

foranym, =n,(x,7) € W, (Q) withn,(x,T) = 0. The difference y® — y* satisfies an integral identity sim-
ilar to (3.18). Combining this result with the fact that Au® — 0 in Vzl‘O(Q) as € — 0, we conclude that
ve = y*in 1, (Q) ase — 0.

Let ¢° = ¢°(t) € C[0,T] be the solution of the identity

T n e
g, (t) = I{Z%qf(t) - pZ(T)\IIi(Sk(‘C),‘C)}d‘C, 0<t<T, k=1n (3.19)
(Li=l Ok

Since the difference g° — ¢* satisfies an identity similar to (3.19) and since As* — 0in C[0,T] ase — 0,
we obtain g° — ¢* in C[0,T] as € — 0.
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The increment of functional (1.6) is computed as

1T
AJ(¥) = J(O) = J (%) = 2 j j [u*(x, 1) — ii(x, 1) + %Aus(x, r)} Aut(x,1)dxdt
00

n T T
+Z{2a1j[p}i(t) — BOEO) = pEOIr + 0, [ [pF() - pz(t)]zdt} (3.20)

k=1 0 0

r T T
+Z{2a2 [ 1950 =B, O1103,) = D5O1de + 00, [ 193,0) - ﬂf;(r)fdt}.
0 0

m=l1

Proceeding as in the proof of (3.14) and using identity (3.18), we obtain

1T n r €
2j j [u*(x, 1) — ii(x, 1) + %Aus(x, r)} Auf (x,0)dxdt = Y j {WS(SE,I)A[)Z - Z%’f")’%;(mﬁ;}d;_
00 k=1 11° m=1 m

Combining this relation with (3.20) yields

M) = J@) - @) = {wg(s,f,t)ApZ - Z—qaf k (sggf(’)”) ,i(z)Aﬁ;]dr
k=1 11° m=1 m

+Z{2ocl [ 1o = BO1PiO - pi@E + 00, [ 1P - p;(,)]zd,}
o

k=1 ¢

+2 {2% [ 1950 =3, 1105,0) - D50 1de + [ 19,0 - ﬂ;‘;(r)]zdr}.
m=l1 ¢ nt
Then it follows from the form of the Hamilton—Pontryagin function (3.7) that
AJ@) == [ [H(E, 55,9, q",0) = H(, 5% 0", 09 1d
HE
Since y* — y* in ¥,°(Q) and ¢° — ¢* in C[0,T] as € — 0, we derive the following formula for the vari-

ation of functional (1.6):

— _*
8J (% = 1im 2L _
e—0
The optimality of the control eV implies that & J (1_‘)*) > 0. From this and the fact that Lebesgue
points are dense everywhere in ), we obtain the assertion of the theorem. The theorem is proved.

—[H (6, 5%y, %) — H(D, 5% y* g* 0%)].

4. CONCLUSIONS

The optimal control of processes governed by a parabolic equation and a system of ordinary differential
equations was studied. For this optimal control problem, we proved an existence and uniqueness theorem,
established sufficient conditions for the Fréchet differentiability of the cost functional, derived an expres-
sion for its gradient, and obtained necessary optimality conditions in the form of pointwise and integral
maximum principles.
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