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Multi-staged fuel injection is a good choice for hydrogen fueled scramjet engine to overcome the restriction 
of thermal choke and over-temperature. From a thermodynamic perspective, the multi-staged fuel injection is the prac-
tical application of reheat cycle. A parametric performance model has been developed for the hydrogen-fueled scramjet 
with multi-staged fuel injection to analyze its performance. The key parameters which affect the engine performance 
of scramjet with multi-staged fuel injection are total combustor area expansion ratio, reheat times and distribution ratio 
of area expansion. These parameters were carefully analyzed to provide some direct and transparent results for engine 
designers. The results showed that the specific thrust of scramjet can be greatly improved by increasing the total com-
bustor area expansion ratio and reheat times, and/or choosing an appropriate distribution proportion of area expansion 
ratio. The effect of increasing the total combustor area expansion is most obvious for performance enhancement. 
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Introduction  

Supersonic combustion ramjet (scramjet) engines are expected to be most suitable for use 
as propulsion systems of trans-atmospheric vehicle applications, and thus many studies on such 
engines have been conducted in a few countries like USA, Russia and China [1–8]. Hydrogen 
fuel possesses superior characteristics to any other hydrocarbon fuel in terms of ignitability, 
low ignition delay and higher flame stability. These inherent advantages turn the hydrogen 
fueled scramjet engines received increased attention [9–12].  

Such a propulsion system must operate under a wide range of Mach numbers, it requires 
more regulation methods to make the engine work efficiently and safely throughout the whole 
flight envelope. It was found that there is sufficient preponderance in multi-staged fuel injec-
tion [2, 6, 10, 13–15]. In the work [6], an expression was derived for the maximum admissible 

∗  This work was supported by China National Natural Science Foundation (Nos. 11372092, 91216105, and 51121004). 

  R.F. Cao and  D.R. Yu, 2021 

583 

                                                                        



R.F. Cao  and  D.R. Yu  

increment of entropy in a steady gas flow in a variable-section channel with energy supply and 
dissipation of kinetic energy. A condition of the transition through the velocity of sound was 
obtained for a quasi-one-dimensional flow. After that, publications [2,10] described a one-
dimensional functional mathematical model of a hydrogen-driven combustion chamber for 
a scramjet considering fuel injection in three cross sections of the channel consisting of seg-
ments with weak and strong expansion. It was found that the angle between the velocity vec-
tors of the gaseous hydrogen flow and the main gas flow can be fairly large in the case of dis-
tributed injection of the fuel and it allows effective control of the mixing process. A staged 
supersonic combustor with a strut for the first-stage injection and second-stage wall injectors at 
its divergent section was introduced in [13]. It was studied experimentally in a directly con-
nected wind tunnel facility and it was found that the maximum thrust increment was augment-
ed by 120 %. A scramjet engine with two-staged hydrogen injection by one-dimension numeric 
method within the acceleration from Mach 4 to 7 was simulated in [14]. It was found that 
better thrust performance can be achieved as more fuel injected at the upstream fuel injector 
as possible, while ensuring the engine safety. It was found in [15] that better pressure distribu-
tions and higher thrust can be attained in a staged supersonic combustor.  

One benefit of multi-staged fuel injection is that it can mitigate or avoid the combustor-
inlet interaction and thereby prevent the inlet from unstarting. Another more notable and sub-
stantial benefit of multi-staged fuel injection is that it can improve the thrust performance with-
in the restrictions of thermal choke and over-temperature caused by intense heat release. 

From a thermodynamic perspective, the multi-staged fuel injection is the practical appli-
cation of reheat cycle. The concept of reheat cycle was first introduced into the steam power 
cycle system to remove the moisture carried by the steam at the final stages of the expansion 
process and further increase the output work of steam power cycle system under the restriction 
of turbine inlet temperature. Similar situation also was encountered in the operation of turbojet 
engine. The highest gas temperature in the turbojet is always at the first stage of the turbine and 
the ability of high-temperature resistance for the turbine is one of the primary restrictions 
on total engine thrust. To avoid the blade being burnt, the fuel injection must be restricted 
in a certain range. In this manner, the air captured by the inlet will not be fully utilized and 
it still has a great potential to improve the engine performance. Thus, the reheat cycle was in-
troduced into turbojet and implemented through an afterburner. In a turbojet with an afterbur-
ner, more fuel is injected again downstream of the turbine to increase the temperature and pres-
sure of airflow and engine performance. But it should be noted that the influence of reheat cy-
cle on the cycle thermal efficiency is completely different for the steam turbine (Rankine cycle) 
and turbojet engine (Brayton cycle). For a Rankine cycle, reheat cycle increases the average 
temperature of heat addition and improves the cycle thermal efficiency, whereas for a Brayton 
cycle, reheat cycle increases the average temperature of heat rejection and lowers the cycle 
thermal efficiency. 

A physical model of scramjet typically includes an inlet, an isolator, a combustor and 
a nozzle. A detailed description about the thermodynamic cycle of scramjet engine had been 
advanced in the work [16]. The results showed that for a hydrogen fueled scramjet with single-
staged fuel injection, the maximum amount of heat addition is limited due to the restrictions of 
thermal choke and over-temperature. Because the calorific value of hydrogen fuel is much 
higher than for other hydrocarbon fuel, the maximum equivalence ratio of scramjet is limited to 
far less than one. To further utilize the captured airflow and improve the specific thrust perfor-
mance under these restrictions, the reheat cycle should be employed for the scramjet according 
to the experience of its application on the turbojet. Thus, the maximum amount of fuel injec-
tion can be further increased and the thrust can be further improved without needing to capture 
more airflow.  

This study was, therefore, motivated by the desire to establish a performance model for 
the hydrogen fueled scramjet with multi-staged fuel injection from the viewpoint of reheat 
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cycle analysis and further to provide some direct and transparent results to help the scramjet 
engine designer improve the engine performance and broaden the operation range. In this arti-
cle, hence, a parametric performance model of multiple reheat cycle was presented. The key 
parameters which affect the engine performance were discussed respectively and their basic 
design principles were given.  

Limitations analysis of single-staged fuel injection  

Inlet unstart limitation for low flight Mach number  

For a certain design level of scramjet engine, there is an inlet unstart boundary for the com-
pression system (including inlet and isolator), which means that there is a maximum value 
for the pressure ratio between the exit and entrance pressure of the compression system. 
For a given flight Mach number, if the combustor entrance pressure (backpressure for inlet) 
is too high and the pressure ratio exceeds the inlet unstart boundary, inlet will unstart and 
the performance of engine will dramatically drop. The inlet unstart boundary is determined by 
many factors and it is found that as the flight Mach number decreases, the maximum allowed 
value of the pressure ratio decreases [17]. This means that it is easier to unstart for a scramjet 
at a low flight Mach number. 

For a scramjet with single-staged fuel injection, the fuel is mostly injected at the entrance 
of the combustor. As the fuel increases, a shock or shock train will appear in the isolator and 
move forward due to the backpressure. When the fuel equivalence ratio reaches a large enough 
value, the high backpressure caused by the strong heat release will push the shock out 
the throat of the inlet and thus an inlet unstart occurs. When the scramjet works at a high flight 
Mach number, the allowed maximum fuel equivalence ratio is high enough to reach the stoi-
chiometric value. However, when the scramjet works at a low flight Mach number, the inlet 
will unstart at a low fuel equivalence ratio. This means that due to the inlet unstart, the fuel 
equivalence ratio for a scramjet with single-staged fuel injection is far less than its stoichio-
metric fuel equivalence ratio at a low flight Mach number. It will result in the underutilization 
of the air captured by inlet and the loss of the thrust. 

Over-temperature limitation for high Mach number  

Due to the temperature limit of the material, the maximum temperature of a thermal cycle 
is limited, and so consequently, the heat quantity which can be added into the cycle is also limi-
ted. For a scramjet operating at a high flight Mach number, the total temperature of incoming 
flow is very high. After the strong compression by the inlet, the combustor entrance tempera-
ture becomes high enough. For a scramjet with single-staged fuel injection, the fuel is mostly 
injected at the entrance of the combustor. The localized strong fuel combustion causes a loca-
lized high temperature zone near the downstream of the fuel injectors, which may lead to 
the temperature excess. This means that due to the over-temperature limitation, the fuel equiva-
lence ratio for a scramjet with single-staged fuel injection cannot reach its stoichiometric fuel 
equivalence ratio at a high flight Mach number. It also will result in the underutilization 
of the air captured by inlet and the loss of the thrust. 

Performance model of multiple reheat cycle  

Scheme of multiple reheat cycle  

Figure 1 shows the basic physical model of multiple reheat cycle for a scramjet engine 
with multi-staged fuel injection. For the basic thermodynamic cycle of a scramjet with the sin-
gle fuel injection, the heat addition is limited due to the restrictions like thermal choke and 
over-temperature. So, for a multiple reheat cycle, the combustor is divided into several seg-
ments and the fuel is added into each sub-combustor separately. Some divergent ducts connect 
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the sub-combustors and are used as diffusers. In the diffuser, the heated supersonic airflow 
accelerates. Its temperature decreases and Mach number increases. After that, the airflow 
enters the next sub-combustor to absorb heat further with supersonic combustion. Thus, 
the whole heat addition process is split into multiple stages. Like the multiple reheat gas tur-
bine cycle, the heat absorption for per unit of airflow will increase with the number of reheated 
times increasing, and more heat can be converted to thrust without needing to increase the air-
flow. 

From the basic physical model of multiple reheat cycle shown in Fig. 1, the total fuel 
equivalence ratio can be defined as  

t
0

,
N

j
j

ϕ ϕ
=

= ∑                                                                (1) 

and the total combustor area expansion ratio can be defined as  

t
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j
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σ σ
=

=∏                                                             (2) 

where N is the number of reheat times. 
As an example, the T-s diagram and H-K diagram for the multiple reheat cycle 

of a scramjet are shown in Figs. 2 and 3 separately. The H-K diagram can reflect the change of 
the enthalpy and kinetic energy of the airflow and hence, is a productive tool for the analysis 

 

Fig. 1. The basic physical model of multiple reheat cycle. 

 

Fig. 2. T-s diagram for multiple reheat cycle  
of a scramjet. 

 
 

Fig. 3. H-K diagram for multiple reheat cycle  
of a scramjet. 
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of the thermodynamic process of supersonic flow [1]. In this example, M0 = 6, N = 3, ϕ t = 0.39 
and σt = 1.59 were used. It can be seen from the figures that the first two heat addition proces-
ses were limited by the thermal choke and the last two were limited by the over-temperature. 

Basic assumptions  

In most cases of thermodynamic cycle analysis, some assumptions must be made to simp-
lify the analysis process. In this study, some basic assumptions were given in the following. 

1. For the physical model, it was assumed that the sub-combustor was a constant cross 
section duct [13, 18]. Under this assumption, the combustion process becomes constant area 
heating and the Rayleigh flow could be easily used to model it. Besides, it was assumed that 
the heat was added only in the constant cross-section combustor and in the divergent section 
the total enthalpy of airflow kept constant. 

2. The compression and expansion processes were isentropic and adiabatic. 
3. No mass addition, no heat transfer loss and no friction loss were considered. 
4. Calorically perfect gas conditions of constant specific heat were used.  

Performance model  

The mathematical analysis presented here followed and developed from the basic app-
roach presented in detail in [19 –22]. 

1. Compression process. 
For a scramjet, the Mach number of the compressed airflow is an important parameter 

and is determined by the engine inlet. For a specified M1, the compression static temperature-
rise ratio can be written as 
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The maximum of compression static temperature-rise ratio can be given as 
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2. Heat addition process for sub-combustor. 
According to the Rayleigh flow, the entropy increase for a sub-combustor can be given by  
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The local Mach number at the termination of the heat addition process can be obtained 
using the energy conservation equation between stations b and c. 
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Static temperature ratio Tc,j /Tb,j can easily be obtained through analysis of Rayleigh flow 
model. Substitute it into Eq. (6) and we get 
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Consequently, the total entropy increase throughout the multiple heat addition process 
can be written as 
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3. Expansion process for divergent duct. 
The expansion processes in the divergent duct is isentropic. Thus, according to mass con-

servation equation, the exit Mach number can be expressed as 

( ) ( ),
,

M
M , 1, 2, ... , .a j

b j
j

q
q j N

σ
= =                                       (9) 

4. Performance parameter. 
The cycle thermal efficiency ηth can be written [13] as  
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Once the cycle thermal efficiency ηth is known, more traditional uninstalled performance 
parameters, such as specific thrust Fs and specific impulse Isp can be further determined. 
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Results and discussion  

The motivation for introducing multi-staged fuel injection into a hydrogen fueled scram-
jet is to broaden the operation range of the engine under the restrictions of thermal choke and 
over-temperature. Hence, for the performance analysis of reheat cycle of scramjet, more atten-
tion should be paid to the maximum performance of the cycle. In the previous studies, it was 
found that the specific thrust of scramjet is the function of ϕ t and ψ for a constant M0 [13]. As 
mentioned in the Introduction, the restrictions determine the maximum amount of heat addition 
and further determine the maximum specific thrust. It should be noted that in this study, there 
are two maximum values of specific thrust which were analyzed. The first one is the maximum 
value of Fs for a given ψ corresponding to the maximum total fuel equivalence ratio. It was 
defined as the maximum specific thrust and denoted by Fs,ψ. The second one is the maximum 
value of Fs,ψ corresponding to the optimum compression static temperature ratio and maximum 
total fuel equivalence ratio. It was defined as limit specific thrust and denoted by Fs, lim. 

For a reheat cycle, there are a few factors influencing its performance mainly: total com-
bustor area expansion ratio σt, reheat times N, and distribution ratio of area expansion χ =  
= (σ1 –1)/(σt –1) (for N=2). They were discussed separately in the following sections.  
In the following analysis, the values for HPR=140000 kJ/kg, T0=217 K, Tmax=2500 K, 
Cp=1.004 kJ/(kg∙K), M0 = 6, and k=1.4  were used. 
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Variation of area expansion ratio σt  

As shown in Figs. 4–7, the performance of thermodynamic cycle with different σt were 
compared. In this analysis, N = 1 was chosen and so σt = σ1. As shown in Fig. 4 and presented 
in [13], the maximum specific thrust Fs,ψ increases at first as compression static temperature-
rise ratio ψ increases for any σt. When compression static temperature-rise ratio increases to 
a certain degree, the maximum specific thrust decreases due to the limitation of the over-
temperature limitation. This means that there is an optimum compression static temperature 
ratio ψopt for a given M0, N, and σt. 

It can be seen in Fig. 4 that maximum specific thrust Fs, ψ increases with σt for any ψ. 
The main reason is that the greater the area expansion ratio is, the lower entrance static temper-
ature and/or the high entrance Mach number can be obtained for the sub-combustor. So, more 
heat can be added to the cycle and this result can be apparently seen in Fig. 5. Besides, it can 
be found from Fig. 4 that ψopt increases with σt. This takes place because a bigger combustor 
area expansion ratio leads to a lower temperature for the sub-combustor and allows more heat 
to be added in it. The results shown in Figs. 6 and 7 indicate that increase of area expansion 
ratio σt has little influence on the thermal efficiency and specific impulse of scramjet. This 
means that the increase of area expansion ratio is beneficial for scramjet engine.  

 

Fig. 5. Variation of fuel equivalence ratio  
with compression static temperature-rise ratio  

for different area expansion ratio. 
σ = 1 (1), 1.2 (2), and 1.4 (3). 

 
Fig. 4. Variation of maximum specific thrust with  

compression static temperature-rise ratio  
for different area expansion ratio. 

σ = 1 (1), 1.2 (2), and 1.4 (3). 

 
Fig. 6. Variation of thermal efficiency  

with compression static temperature-rise ratio  
for different area expansion ratio. 

σ = 1 (1), 1.2 (2), and 1.4 (3). 

 
Fig. 7. Variation of specific impulse  

with compression static temperature-rise ratio  
for different area expansion ratio. 

σ = 1 (1), 1.2 (2), and 1.4 (3). 
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As shown in Fig. 8, with a large area expansion, the limit specific thrust can be improved 
by 50 percent. However, the trend for increase of limit specific thrust Fs,lim becomes slow with 
increase of area expansion ratio σt. Furthermore, the increase of combustor area expansion 
ratio will lead to a great increase of the windward area of the scramjet engine, which will cause 
a great deal of flight drag. Therefore, an appropriate area expansion ratio should be determined 
in the design process of the scramjet with multi-staged fuel injection.  

Variation of reheat times N  

As shown in Figs. 9 –12, the performances of thermodynamic cycle with different N were 
compared. In this analysis, σt = 2 was chosen. The area expansion ratio is divided equally 
among all of reheat section and hence σi =σt

 1/N. It can be seen in Fig. 9 that maximum specific 
thrust Fs, ψ at first increases and then decreases as compression static temperature-rise ratio ψ 
increases for any N. It can also be found that the maximum specific thrust Fs, ψ increases with N 
for any ψ and ψopt also increases with N. The corresponding maximum fuel equivalence ratio 
was shown in Fig. 10. The results shown in Figs. 11 and 12 indicate that the thermal efficiency 
and specific impulse of scramjet slightly increase with increasing reheat times N. This means 
that the increase of reheat times is favorable for improving the performance of scramjet with 
multi-staged fuel injection.  

 
 

Fig. 8. Variation of limit specific thrust  
with total area expansion ratio. 

 
 

Fig. 9. Variation of maximum specific thrust  
with compression static temperature-rise ratio  

for different reheat times. 
N = 1 (1), 2 (2), 3 (3), and 4 (4). 

 
Fig. 10. Variation of fuel equivalence ratio  

with compression static temperature-rise ratio  
for different reheat times. 

N = 1 (1), 2 (2), 3 (3), and 4 (4). 

 
Fig. 11. Variation of thermal efficiency  

with compression static temperature-rise ratio  
for different reheat times. 

N = 1 (1), 2 (2), 3 (3), and 4 (4). 
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As shown in Fig. 13, with large reheat times, the limit specific thrust can be improved by 

about 17 percent. However, the trend for increase of limit specific thrust Fs, lim becomes slow 
with increase of reheat times N. Furthermore, the increase of reheat times N will lead to a great 
increase of the length and weight of the combustor. Therefore, an appropriate reheat times 
should be determined in the design process of the scramjet with multi-staged fuel injection. 

Variation of distribution proportion of area expansion χ  

As shown in Figs. 14 –17, the performance of thermodynamic cycle at different χ were 
compared. In this analysis, σt = 2 and N = 2 were chosen. As in the previous case, the maxi-
mum specific thrust Fs, ψ increases at first and then decreases as compression static tempera-
ture-rise ratio ψ increases for any σt. 

According to the performance model of reheat cycle, the case χ = 0 is identical with 
the case χ = 1. So as shown in Fig. 14, maximum specific thrust Fs, ψ increases at first and then 
decreases with χ for any ψ. It means that there is an optimum distribution proportion of area 
expansion χopt that makes Fs, ψ maximum. This trend can also be apparently found in Fig. 18. 
Figure 15 illustrates the maximum fuel equivalence ratio as a function of ψ. It can be seen that  
 

 
 

Fig. 13. Variation of limit specific thrust  
with reheat times. 

 
 

Fig. 12. Variation of specific impulse  
with compression static temperature-rise ratio  

for different reheat times. 
N = 1 (1), 2 (2), 3 (3), and 4 (4). 

 
 

Fig. 14. Variation of maximum specific thrust  
with compression static temperature-rise ratio  

for different distribution proportion. 
σ = 1.0 (1), 1.2 (2), 1.4 (3), 1.6 (4), 1.8 (5), 2.0 (6). 

 
 

Fig. 15. Variation of fuel equivalence ratio  
with compression static temperature-rise ratio  

for different distribution proportion. 
σ = 1.0 (1), 1.2 (2), 1.4 (3), 1.6 (4), 1.8 (5), 2.0 (6). 
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The increase of Fs,ψ is mainly caused by 
the increase of heat addition. The results 
shown in Figs. 16 and 17 indicate that the 
alteration of distribution proportion of area 
expansion has little influence on the thermal 
efficiency and specific impulse of scramjet.  

Depicted in Fig. 18 is the limit specific 
thrust Fs,lim as a function of χ with σt as a pa-
rameter. It is seen that χopt decreases as σt in-

creases. Hence, for a scramjet engine with two-staged fuel injection, though the area expansion 
ratio for the first-stage should also be increased as the total area expansion ratio increases, 
the percentage of area expansion for the first-stage should be reduced for performance consid-
eration. With an appropriate distribution of area expansion ratio, the limit specific thrust can be 
improved by about 10 percent.  

As analyzed above, the specific thrust performance of scramjet can be improved by in-
creasing the total combustor area expansion ratio and reheat times, and/or choosing an appro-
priate distribution proportion of area expansion ratio. The effect of increasing the total combus-
tor area expansion is most obvious for performance enhancement.  

Conclusion  

The performance of hydrogen fueled scramjet engine is limited by the restrictions of 
thermal choke and over-temperature. Multi-staged fuel injection is a good choice to overcome 
these restrictions. From a thermodynamic perspective, the multi-staged fuel injection is 
the practical application of reheat cycle, which is a mature technology applied in the steam 
turbine and turbojet engine. In this paper, a parametric performance model has been developed 
for the hydrogen fueled scramjet with multi-staged fuel injection to analyze its performance. 
The thermal efficiency, specific thrust and specific impulse of scramjet engine can be obtained 
using this model. 

 
 

Fig. 17. Variation of specific impulse  
with compression static temperature-rise ratio  

for different distribution proportion. 
σ = 1.0 (1), 1.2 (2), 1.4 (3), 1.6 (4), 1.8 (5), 2.0 (6). 

 
 

Fig. 16. Variation of thermal efficiency  
with compression static temperature-rise ratio  

for different distribution proportion. 
σ = 1.0 (1), 1.2 (2), 1.4 (3), 1.6 (4), 1.8 (5), 2.0 (6). 

Fig. 18. Variation of limit specific thrust  
with distribution proportion. 
σ t = 1,5 (1), 2 (2), 2,5 (3), 3 (4). 
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The key parameters which affect the engine performance of scramjet with multi-staged 
fuel injection are total combustor area expansion ratio, reheat times, and distribution ratio of 
area expansion. These parameters were carefully analyzed to provide some direct and transpar-
ent results for engine designers. From analysis results, the following conclusions can be draw. 

1. The specific thrust of scramjet can be greatly improved by increasing the total combus-
tor area expansion ratio and reheat times, and/or choosing an appropriate distribution propor-
tion of area expansion ratio. The effect of increasing the total combustor area expansion is most 
obvious for performance enhancement. 

2. The limit specific thrust can be improved by about 50 percent for an area expansion 
ratio large enough. The increase of combustor area expansion ratio will lead to a great increase 
of the windward area and flight drag. Therefore, an appropriate area expansion ratio should be 
determined in the design process of the scramjet with multi-staged fuel injection. 

3. The limit specific thrust can be improved by about 17 percent for reheat times large 
enough. The increase of reheat times will lead to a great increase of the length and weight 
of the combustor and the appropriate reheat times should be determined in the design process 
of the scramjet with multi-staged fuel injection. 

4. With an appropriate distribution of area expansion ratio, the limit specific thrust can be 
improved by about 10 percent. 
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