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The paper presents a theoretical study for a supersonic boundary layer over a flat plate in a stream of air at 
Mach number M = 2 under the conditions of surface sublimation. The sublimation-prone material is naphthalene 
(C10 H8 ). Calculations demonstrated that at a higher surface temperature the mass flowrate of naphthalene evaporation 
is increasing. This reduces the wall temperature in comparison with a similar flow without sublimation. The high mo-
lecular mass of naphthalene (vs. air) and reduction of wall temperature due to the wall material evaporation creates 
a higher density of the binary gas mixture (air and naphthalene vapor) near the wall. This modification of the boundary 
layer profiles induces a significant reduction of instability growth rate. This fact was confirmed by calculations based 
on the linear stability theory. It was found that boundary layer stabilization occurs for growing sublimation surface 
temperature; it becomes a maximum near the triple point temperature of the coating material. The eN method gives 
the estimates of the Reynolds number for laminar-turbulent transition. This shows a theoretical possibility of extension 
of the laminar boundary layer above a model with sublimation coating.  

Keywords: supersonic boundary layer, laminar-turbulent transition, hydrodynamic stability, binary gas mixture, 
sublimation. 

Introduction  

Today, a need for studying at a boundary layer under conditions of surface ablation re-
mains a topical problem. This is dictated by practical applications aimed at flight vehicle ther-
mal protection (e.g., for a reentry space probe) by using air-thermo-chemically decaying pro-
tection coatings. The monograph [1] was focused on this subject: authors wrote that this kind 
of thermal protection for the pioneering series of space vehicles had been overestimated at 
those years because of insufficient knowledge about the thermal aspects of fluid dynamics. 
Onset of turbulence in a boundary layer is a significant factor for those aspects.  

The problems related to a laminar-turbulent transition have been studied intensively world-
wide in recent years. It is a common knowledge that for a situation of low external noise, this 
laminar-turbulent transition is caused by instability of the boundary layer. The foundations of 
the stability theory for a compressible boundary layer were formulated in 1950s. [2]. Further 
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evolution of research in the field of supersonic boundary stability was reflected in papers 
[3−5]. They were focused on boundary layers of a single-component gas. 

The stability of a boundary layer with occurring chemical reactions was studied in papers 
[6, 7]. Those papers considered the stability of a boundary layer of nonequilibrium dissociating 
gas (like oxygen and nitrogen). Results were also discussed in book [8]. In more general form, 
the problem of stability of a hypersonic boundary layer with chemical reactions was studied 
in [9−14]. The flow stability and laminar-turbulent transition under conditions of material abla-
tion was poorly studied yet. Up to now, only papers [15, 16] are known that deal with the sta-
bility of a hypersonic boundary layer (past a conical body) under the condition of mass ablation 
from the surface. These papers considered the case of only two-dimensional (2D) disturbances 
at very high Mach numbers: M = 16 and M = 20. However, these simulation results lacked 
a proper experimental validation. Therefore, further elaboration of a theoretical study initiated 
in those papers, but for the case of three-dimensional (3D) disturbances and moderate Mach 
number, would be important progress (here the theory can be proved by experiment).  

The existing analytical and simulation studies indicate a possibility of qualitative predic-
tion of flow stability and laminar-turbulent transition using simple features of the base-flow 
velocity and temperature profiles. Therefore, as the first step, our paper presents results of 
the sublimation influence on the parameters of a supersonic boundary layer. Then, these results 
are used for calculation of linear stability. 

The high temperature ablation (typical of a real flight in atmosphere for a reentry vehicle) 
is a challenging phenomenon for reproduction under laboratory conditions. However, mode-
rate-temperature sublimation can be realized in modern wind tunnels. This option enables 
studying of physical process of ablation under simplified conditions (no chemical reactions and 
other high temperature gas dynamic phenomena). In the present paper, we offer calculations of 
a laminar boundary layer and its linear stability for the case of naphthalene (C10 H8) sublima-
tion which occurs at moderate temperatures. As an example of using naphthalene in airflow 
physical experiments for a model with surface ablation, we can reference the paper [17]. It was 
demonstrated in [18] that using sublimation of naphthalene coating for visualization of lami-
nar-turbulent transition in a swept-wing boundary layer is a robust experimental method. Visu-
alization by means of laser-induced fluorescence of sublimating naphthalene vapor was used 
for the case of a turbulent boundary layer with the Mach number 5 [19] and it offered the 2D 
distribution of vapor concentration in the boundary layer. 

The surface sublimation provides an injection of a foreign gas (sublimation vapor) into 
the boundary layer. Therefore, the boundary layer is no more component layer: this should be 
considered as a binary-mixture gas flow. The early papers of the authors on the subject of sta-
bility of a supersonic boundary layer for binary-mixture gas flow [20−24] demonstrated that 
injection of a heavy foreign-gas (with molecular weight higher than for the air) into a near-wall 
sublayer of the boundary layer through a permeable (porous) surface is beneficial for sustain-
ing of boundary layer stability. These theoretical findings were confirmed later in experiments 
on stability and transition. The tests were performed at Т-325 supersonic wind tunnel (available 
in the ITAM SB RAS) [25, 26]. Meanwhile, the permeable porous coating on the model sur-
face cannot avoid natural roughness [27]. This roughness declines the positive effect from 
heavy gas injection (normally roughness destabilizes the boundary layer flow). Therefore, 
the further development of theoretical approach [20−24] in studying of possibility and feasibi-
lity in application of a sublimating coating (with low roughness) for control of flow stability 
and transition in the boundary layer looks logical and promising. This paper presents the first 
results of a theoretical study on stability of a supersonic flat-plate boundary layer in conditions 
of surface sublimation.  
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1. Boundary layer equations  

Here we consider a model of a flat plate in a compressible gas (air) flow. It is assumed 
that the model surface is coated with a substance capable for sublimation at moderate tempera-
tures (i.e., a solid-gas phase transition occurs skipping the melting stage). In this situation, 
the vapor of sublimation material with molecular mass m2 (which is an admixture to the main 
gas with molecular mass m1) travels from the model surface into the boundary layer of 
the main gas stream. We assume that the process of sublimation occurs rather slowly, hence 
the surface geometry remains unchanged while modeling. Under conditions, the boundary layer 
flow is not a single-component flow anymore: it becomes a binary mixture boundary layer 
flow. The time-dependent dynamics of that kind of binary mixture of viscous heat-conducting 
gases can be described by a set of partial differential equations (see paper [8]). The study [20] 
took these general equations in approximation of local self-similarity and derived a set of equa-
tions for a steady 2D supersonic boundary layer of a binary mixture flow (with zero chemical 
reactions) (see also [23]). Those equations take into account diffusion of sublimating material 
vapor across the boundary layer and take the following form:  

 0,d dU dUF
dy dy dy

µ
 

+ = 
 
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where * y y δ=  is a coordinate normal to the wall, e e ex Uδ µ ρ=  is the Blasius length 
scale (it describes the boundary layer thickness over a flat plate), x is a streamwise coordinate 
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= is the diffusion-based mass flowrate of gas mixture across the layer, 
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= ⋅  is the streamwise velocity (in the freestream direction), F is the stream function, 
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eT T T= is the temperature, 2 1,p pC C  are 

the specific heats of the primary gas (air) and the foreign vapor, correspondingly, *
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the viscosity coefficient for the binary mixture, ( )*
e 2pCλ λ µ=  is the thermal conductivity coeffi-

cient, *
12 e 12 eD Dρ µ=  is the binary diffusion coefficient. Here the superscript asterisk stands 

for dimensional variables, while the symbols without asterisk are dimensionless variables. 
The subscript “e” describes the (dimensional) values taken at the boundary layer outer edge.  
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where wG  is the mass flowrate for vapor from the sublimation surface, sg wQ H G=  is the energy 

consumed for coating evaporation, sgH  is the sublimation enthalpy (solid→gas), 

e e e 1Re ReU xρ δ µ= =  is the Reynolds number calculated from the Blasius scale. The sub-
script “w” describes the parameters taken for the solid surface.  

The boundary conditions at the boundary layer outer edge are the following:  

 ( ), 1,U T →    1 0c →   at  .y →∞    (3) 

The mass flowrate of vapor from the surface can be calculated with the Knudsen-
Langmuir equation [28]: 
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Obviously, the rate wG  depends on the difference between the saturation pressure for subli-

mant vapor sat
1P  at wall temperature wT  and partial pressure of substance vapor directly above 

the surface 1P  ( )0 .y → +  Here 1a  is an accommodation coefficient.  
The saturated vapor pressure as a function of coating temperature can be found from 

the Clausius–Clapeyron equation [28]: 
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where TP,1,P  and TP,1T  are pressure and temperature for the triple point of the sublimating ma-

terial. The partial pressure of vapor is calculated by formula 1 2
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It was shown in papers [21−24] that the key parameter affecting the properties of a binary 
gas boundary layer is the dimensionless injection coefficient wf  (2). To provide the self-
similarity of the boundary-value problem (1)−(3), we have to satisfy the condition of a constant 
injection coefficient over the streamwise coordinate: ( )w const .f x=  In a case of a slow de-

pendency ( )w wf f x= , the concept of local self-similarity is applied to the system (1)−(3) for 
every step on the streamwise coordinate x. To provide a large value for the control coefficient 
fw in formula (2), the temperature of the sublimating coating should be kept close to the triple point 
(see equations (4) and (5)). In the present study, this heating of surface is ensured by the in-
crease of the flow stagnation temperature 0.T   

The key coefficients (viscosity coefficient, thermal conductivity of components, diffusion 
coefficient for foreign vapor) were calculated using the model of Lennard−Jones in the frame-
work of kinetic theory [29]:  
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where id  are the collision diameters for molecules, i = 1, 2; (1,1) (2,2)andΩ Ω  are the collision 
integrals. The dimensions for the coefficients are as follows: µi [kg/(m·s)]; λi [W/(m·K)]; 
D12 [m2/s]. Viscosity and heat conductivity for the binary mixture are calculated by formulas 
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from [30]. The Euken correction factor was considered in calculating the thermal conductivity 
of polyatomic gases.  

In the present paper, the boundary-value problem for boundary layer equations for 
the case of a binary mixture flow (1)−(3) was numerically integrated using the Runge–Kutta 
method with the fourth order of accuracy. The shooting method and the nested Newtonian iter-
ations were applied to satisfy the boundary conditions. All the boundary layer equations, 
boundary conditions, and numerical methods have been presented previously in paper [31].  

2. Linear stability equations  

The linear stability theory for the boundary layer of the binary gas mixture was developed 
and presented in [23]. After linearization of dimensionless equations of motion for a viscous 
heat-conducting binary gas mixture written for wave-like disturbances q (x, y, z, t) = 

( ) ( )exp ( )y i x z Ctα β α= + −q  in the approximation of locally parallel base-flow, we derive 
the following set of ordinary differential equations: 
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where ( , )α β  are the streamwise and spanwise wave numbers, *
eC Uω α ω δ= = =  

e2 f Uπ δ=  is the dimensionless frequency of disturbance, f is the frequency (Hz), which is 

related to the reduced frequency Ω through the formula 2
e e e2 ,f Uπ µ ρΩ =  Pr = pCµ λ  is 

the Prandtl number, 12Sm Dµ ρ=  is the Schmidt number, ( )y =q T, , , , )( ,u v w p h c      are 
the amplitudes of fluctuations for three velocity components, pressure, enthalpy, and foreign 
gas concentration, correspondently. For the analysis of the spatial stability problem, it is as-
sumed that ω and β are real numbers, and r iiα α α= +  is a complex number. The imaginary 
part of the streamwise wavenumber ( )i 0α− >  is the spatial amplification rate of disturbances. 
Obviously, system (6) can be transformed to a set of ten ordinary differential equation of 
the first-order. This system can be solved under ten uniform boundary conditions: 
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

     at  y = 0,   ( ), , , , 0u v w h c →        at .y →∞         (7) 

The integration of the eigenvalue problem (6) and (7) was performed using the orthonor-
malization numerical method [4, 8]. Here the wavenumber r iiα α α= +  is an eigenvalue of 
the problem (6) and (7) with the maximum value of i .α−  More details on stability equations 
and numerical methods are available in [23].  

3. Calculation results  

Calculations for the boundary layer were performed for airflow past a flat plate at 
the Mach number M = 2. It was assumed that the model surface is coated with a substance  
suitable for pure sublimation at a moderate temperature (no other complex phenomena, e.g., 
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chemical reaction, dissociation, and ionization). This pattern is typical for substances like dry ice, 
camphor, iodine. In this paper, we consider a supersonic boundary layer above a naphthalene-
coated (C10 H8 ) plate. This chemical substance has the following set of thermophysical proper-

ties: 1

2

128.17 4.4,
28.96

m
m

= ≈  1 165.7pC =  J/(mol∙K), sg 72.6H =  kJ/mol [32], TP,1 353.4T =  K, 

TP,1 1060P =  Pa [33]. Note that enthalpy for sublimation is a big value. By estimates based on 
those parameters, the solid-gas phase transition for one mole of naphthalene (sublimation at 
steady temperature) is equivalent to the energy required for heating of one mole C10 H8 by tem-
perature difference sg 1 438pT H C∆ = =  degrees. The collision diameter of naphthalene mole-

cules (needed for calculation of transport properties of binary gas mixture) is 1 6.45σ ≈  Å [34]. 
The choice of naphthalene in this study (except its favorable thermophysical properties) is 
the fact that this hydrocarbon is cheap and available. 

For all presented results, we take the stagnation pressure 0 0.5P =  bar, which is routine 
for boundary layer transition experiments performed at T-325 supersonic wind tunnel (owned 
by ITAM Siberian Branch of Russian Academy of Sciences) [25, 26]. In this study, we per-
formed calculations for a supersonic boundary layer above a flat plate and its linear stability 
while increasing the mass flowrate of naphthalene vapor wG . The flowrate was increased due 
to growth of coating temperature w ,T  which is achieved through the growth of flow stagnation 
temperature 0.T  The variants were calculated with the adiabatic-wall boundary conditions (2) 
and condensed into the Table. The column titles are the following: number of variant (the same 
numbers are used for denoting the curves in Figs. 1, 3−5), flow stagnation temperature 0 ,T  
surface temperature wT  (temperature of adiabatic wall obtained after numerical integration of 
problem (1)−(3) at a given value of 0 ),T  and unit Reynolds number 1Re .  

The presentation for computation results begins with the properties of the base flow. 
Figure 1 presents the calculated profiles for a boundary layer: dimensionless streamwise 
velocity U = U(y) (Fig. 1а), temperature ( )T T y=  (Fig. 1b), density ( )yρ ρ=  (Fig. 1c), and 

concentration of vapor C10 H8 ( )1 1c c y=  (Fig. 1d)  for different values of stagnation tempera-
ture 0.T  One can see that the growth of 0T  brings a slight decrease in the boundary layer thick-
ness in the dimensionless format (Fig. 1a). We also note that the growth in T0 leads to 
the growth of the viscosity of gas mixture and, hence, to a higher thickness δ. The temperature 
profile T = T(y) (plotted in Fig. 1b) demonstrates a significant decrease in the dimensionless 
temperature near the wall T(0) with a higher 0 ,T  although the dimensional value of wall tem-
perature increases (see Table). A moderate decline in the boundary layer thickness can be ob-
served in the temperature profiles also. The density profiles (Fig. 1c) demonstrate a significant 
change: while the growth of temperature 0T  from 290 to 580 K the gas mixture density at 

Ta ble   
Variants of parameters for calculating  
the boundary layer profiles (see Fig. 1)  

No T0, K Tw, K Re1, 106/m 
1 290 266 6.35 
2 315 290 5.67 
3 342 310 5.07 
4 361 320 4.71 
5 392 330 4.22 
6 450 340 3.53 
7 500 345 3.08 
8 580 350 2.56 
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the wall ρw =ρ (y = 0) increases more than twice. Figure 1d shows that the growth of mass 
flowrate from sublimation (induced by growth of T0) increases the admixture concentration 
at the wall c1,w= c1(0). However, concentration c1(y) decreases rapidly with distance from 
the surface. At the outer edge of the boundary layer (defined from the velocity profiles – see 
Fig. 1а), this concentration becomes negligibly low. Thus, the injection of vapor is low for 
the tested range of parameters – because the admixture (evaporated naphthalene) does not go 
beyond the boundary layer.  

Figures 2а and 2b demonstrate the dimensional mass flowrate of the sublimation sub-
stance wG  and dimensionless injection coefficient wf  as a function of streamwise coordinate x 
at different values of the unit Reynolds number 1Re .  The iterative solution of problem (1)−(3) 

 
 

Fig. 1. Profiles for a boundary layer of a binary mixture flow (air + C10H8  vapor):  
dimensionless velocity U = U(y) (а), temperature T = T(y) (b), density ρ = ρ (y) (c), 

admixture concentration  c1 = c1(y) (d) at different values of stagnation temperature T0. 
See descriptions for cases 1−8 in the Table. 

 
 

Fig. 2. Sublimation mass flow rate (dimensional) from the surface Gw (а)  
and dimensionless injection factor fw (b) vs. streamwise coordinate x  

at different values of unit Reynolds number. 
Re1⋅10−6 = 2.5 (1), 6.6 (2), 25.4 (3), 63.6 (4) m−1. 
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for the base-flow demonstrates that wG  is not a constant, but it declines downstream (Fig. 2а). 
The sublimation mass flowrate decreases with a growth of the unit Reynolds number. On the 
contrary, the injection coefficient  fw depends on coordinate x only near the leading edge 
(Fig. 2b), but further downstream it approaches a steady level (independent of the streamwise 
coordinate for the tested range of parameters). That is the boundary layer in the downstream 
motion reconfigures rapidly and approaches a self-similarity mode. Thus, Fig. 2b illustrates the 
justification for using the local self-similarity approximation (1) that is used here for calculat-
ing a supersonic boundary layer above the surface with sublimation. Here we take a typical val-
ue of injection parameter (Fig. 2b) as  fw ≈ 0.2. Then, using the definition for  fw from (2), we 
obtain that w w e e ,V Uρ ρ<<  since for the region of linear instability we have Re > 500. Taking 
the ratio w e 1ρ ρ ≈  (Fig. 1c), we have w e 1,V U <<  and this is a justification for the parallel 
flow approximation used here for calculation of flow stability.  

Figure 3 shows the results of calculation for linear stability. The plotting is a spatial am-
plification rate of two-dimensional (2D, β = 0) disturbances as a function of frequency for dif-
ferent values of flow stagnation temperature 0T  at x = 100 mm. The curves are labeled with 
numbers of simulation variants from the Table. Curve 1 corresponds to calculation of boundary 
layer stability for the case of the lowest stagnation temperature (influence of sublimation 
on stability is negligible). For this case, the unstable frequency range is 6 < f < 25 kHz, while 
the maximal disturbance amplification rate i,max 4.6α− ≈  m−1 belongs to the disturbance with 
the frequency  fmax≈ 16.5 kHz. At higher stagnation temperatures, we observe a steady decrease 
in the amplification rate for the entire frequency range and also a decrease in  fmax. Already 
at the temperature Tw = 330 K (T0 = 392 K, variant #5 from the Table), the boundary layer is 
completely stabilized. The disturbance growth rate becomes negative ( )i 0 .α− <  This means 
that linear two-dimensional disturbances are stable and their amplitude decreases in down-
stream direction. The further growth in 0T  causes a monotonous decline in amplification rate 
for the entire frequency range (curves 6−8 in Fig. 3). 

Figure 3 presents calculations for the disturbance growth rate only for 2D disturbances 
which are not the fast-growing disturbances for a boundary layer at Mach number M = 2. Now 
we address the characteristic of linear stability in a supersonic boundary layer for the case of 3D 
disturbances. Figures 4а and 4b present the diagrams of boundary layer stability as contour 
lines of spatial growth rates at the coordinate plane: angle of orientation of the wavevector 
χ = arctan (β /αr) − dimensional frequency f [kHz]. Here we have presented the results in di-
mensional format foreseeing their use in experiments. The corresponding dimensionless val-
ues Ω and Re (see notes to formulas (2) and (6)) can easily be calculated from the Table data. 

These computations were performed for the value of streamwise coordinate x = 100 mm 
and flow stagnation temperature T0 = 392 K (variant #5 in the Table). The region at 
the plane (χ, f), which is restricted by curve −αi = 0, is the instability range (−αi > 0). Am-

plitude of disturbances with parameters 
from this area grows downstream. Fig-
ure 4a presents the stability diagram for 
a boundary layer on a flat plate for the case 
of zero sublimation. Figure 4b shows a simi-
lar plotting, but for a plate with naphthalene 

 

Fig. 3. Spatial amplification rates  
for 2D disturbances vs. frequency f  

at different stagnation temperatures T0. 
See the legend for curves 1−8 in the Table. 
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coating. The color legends in the stability diagrams in Figs. 4а and 4b are identical to sim-
plify the comparison of computational results. One can see that the instability range 
shrinks due to injection of heavy naphthalene vapor into the near-wall sublayer. With zero 
sublimation, the maximum amplification of disturbances (−αi,max ≈ 15.7 m−1) occurs at fmax ≈ 
16 kHz and max 59χ ≈   (Fig. 4а). For the case of naphthalene sublimation, this parameter is lower: 

−α i, max ≈ 4.9 m−1 at max 14f ≈  kHz and max 57χ ≈   (Fig. 4b). The 2D disturbances (χ = 0), which 
are slightly unstable at zero injection, become completely stable under impact of naphthalene 
vapor injection into the boundary layer, as shown in Fig. 3. Here the original range of unstable 
frequencies 7 < f < 28 (Fig. 4а) shrinks to the range 9 < f < 19 (Fig. 4b)  due to stabilization at 
higher frequencies. Thus, the maximum value of amplification rate i,max 15.7α− ≈  at the cho-
sen coordinate x decreases by factor of 3.2 only due to sublimation of naphthalene coating. 
The depicted change in the boundary layer stability diagrams (transition Fig. 4а → Fig. 4b) due 
to surface sublimation at the adiabatic wall demonstrates benefits in stabilization of the bound-
ary layer. 

Figure 5 offers comparison of the rates of 3D disturbance growth at the chosen frequency 
f = 15 kHz (see Fig. 4) as a function of wavevector orientation χ (at different values of T0). 
The rates of fluctuation growth at the sublimation surface are depicted by dashed curves, while 
the case of zero sublimation is depicted by solid curves. One can see that at the lowest value of 
stagnation temperature, the effect of sublimation is minimal (dashed and solid curves almost 
coincide). The disturbance with 60χ ≈   has the highest growth rate i,max 21α− ≈  m−1and this 
is typical of a supersonic boundary layer. One can see that the growth of stagnation tempera-
ture causes a steady decline in the growth 
increment for all parameters 0 80 .χ≤ <   
Comparing the solid and dashed curves of 

 
 

Fig. 4. Instability map for a supersonic boundary layer with induced 3D disturbances: spatial amplifi-
cation rate contours −αi = −αi(x, f) [m−1] at the adiabatic surface at T0 = 392 K, x = 100 mm without 
sublimation (а) and for sublimation of naphthalene coating at Tw = 330 K (variant #5 in the Table) (b).  

 

 

Fig. 5. Spatial amplification rate −αi  for 
the case of 3D disturbance as a function of angle 
χ at different values of T0 (numbering according 

to Table) at f = 15 kHz and x = 100 mm. 
Dashed lines  for surface with sublimation, 

solid lines  no sublimation. 
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one color and with the same ordinal number from Fig. 5, we can judge about the influence of 
naphthalene coating sublimation on the growth rate of unstable disturbances. Here the growth 
in stagnation temperature from 0T  = 290 K to 0T  = 580 K at the absence of sublimation (solid 
curves 1− 8) reduces the maximum amplification rate down to i,max 10α− ≈  m−1, i.e., almost 
twice. Meanwhile, the boundary layer over a sublimating coating is stable completely 
( )i,max 0α− <  at the stagnation temperature about 0T  ≈ 420 K (in between the curves 5 and 6 

in Fig. 5). 
Figures 6а and 6b present the following stability maps: spatial amplification rate con-

tours for most unstable 3D disturbances (χ = 60°). These contours are plotted in coordinates: 
streamwise coordinate x and the dimensional frequency f [kHz]. As previously, calculations 
were performed for temperature 0 392T =  K (variant #5 from the Table). Similar to the data 
presented in Figs. 4а and 4b, the plotting in Fig. 6a demonstrates a map with zero sublima-
tion, while Fig. 6b shows a similar case for a plate with naphthalene coating. Comparison be-
tween Figs. 6a and 6b reveals that evaporation of naphthalene (and heavy vapor injection into 
the boundary layer) reduces the sizes of instability zone. The frequency range for instability is 
reduced almost twice due to suppression of high frequency disturbances. For the case of zero 
sublimation, the maximal growth rate i,max 18α− ≈  m−1 corresponds to the disturbance with fre-

quency max 30f ≈  kHz at x ≈ 40 mm (Re ≈ 430) (Fig. 6а). Meanwhile, the plate with naph-

thalene coating has the maximum increment −αi,max ≈ 5 m−1 for the disturbance with frequency 

fmax ≈ 10 kHz at x ≈ 150 mm ( )Re 800≈  (Fig. 6b). The critical Reynolds number that corre-

sponds to loss of stability (calculated from the Blasius length scale) increases from cRe 250≈  
to cRe 410≈  (Tw = 330 K, variant # 5 in the Table). The flow stabilization is obvious: the di-

mensional maximum amplification rate i,maxα−  drops almost triple for the case of a surface 

with sublimation. This is not the utmost limit: for a flow with a higher stagnation temperature, 
this gain in stabilization can be stronger. Thus, the stability maps calculated from the linear 
stability theory (Fig. 6а, 6b) demonstrate the cumulative stabilizing influence of sublimating 
naphthalene (C10 H8 ) coating on the stability of a supersonic boundary layer. Now we can illus-
trate this conclusion through calculation of the disturbance amplification curves.  

 
 

Fig. 6. Instability map of a supersonic boundary layer for situations of highly unstable 3D disturbances 
with χ = 60°: isolines for spatial growth rate −αi = −αi(x, f) [m−1] at the adiabatic surface  

at temperature T0 = 392 K without sublimation (а)  
and for sublimating naphthalene coating at Tw = 330 K (variant # 5 in the Table) (b). 
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The linear stability theory offers an opportunity of estimating the position of laminar-
turbulent transition using a well-known method eN [35]. According to this method, a position 
of laminar-turbulent transition is defined by controlling the disturbance amplification coeffi-
cient when it reaches a threshold value eN, where the N-factor calculated as the integral of local 

disturbance growth rate for chosen frequencies: ( )t

0

Re
t Re

2 Im Re.N dα= −∫  Initially, this meth-

od was developed for 2D boundary layers of incompressible fluid. After comparing the N-
factors calculated by the linear stability theory and experimental data for actual transition it 
was found that this transition occurs at t 10.N ≈  The benefit of using the eN method for theo-
retical estimation of transition position consists precisely in the assumption that t constN = . 
Numerous subsequent endeavor of using this method for boundary layer under different condi-
tions demonstrated that at low levels of external disturbances, this method works for estima-
tions and prognosis of this kind of transition.. However, the specific value of N-factor in vari-
ous situations (for different types of instability) was different: t7 11.N< <  In addition it was 
found that for super- and hypersonic boundary layers, this N-factor depends on the free-flow 
disturbance level in the test-section of a supersonic wind tunnel. For example, tN  decreases 
from 8.1 to 2.6 while the level of external disturbances increases from 0.1 % to 1 % [36]. Here 
we present calculations by eN method for illustrating the idea of stabilizing action of a sublima-
tion coating for control of position of a laminar-turbulent transition without assigning a certain 
value for t ,N (which depends on noise level in a specific experimental facility). 

Figures 7а and 7b present the calculations with the eN method: we plotted the amplifica-
tion curves for most fast-growing 3D disturbances ( 60χ ≈  ) with different frequencies as a func-
tion of Reynolds number. Calculations are presented for a plate without sublimation (Fig. 7а) and 
for a plate with naphthalene coating ( w 330T =  K, see variant #5 in the Table) (Fig. 7b). These 
amplification curves were calculated for two frequency ranges: 30 2f≥ ≥  kHz (Fig. 7а) and 
10 0.25f≥ ≥  kHz (Fig. 7b). Obviously, the N-factor, which actually is an envelope for those 
curves, increases monotonously in the downstream direction. Comparison of data in Fig. 7а 
and 7b demonstrates that the N-factor on the sublimating coating takes the same level as for 
the case without sublimation at the Reynolds numbers higher by the factor of 2.5. For example, 

tN  = 10 is reached at Re 4800≈  for a flow without sublimation (Fig. 7а) and at  Re 12000≈  
for a flow over the naphthalene coating (Fig. 7b). Note also a growing frequency range shift to 
the lower values on the sublimation coating.  

 
 

Fig. 7. Disturbance amplification curves calculated by eN method  
for adiabatic surface at T0 = 392 K without sublimation (а) 

and on naphthalene coating at Tw = 330 K (variant #5 in the Table) (b). 
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Finally, it is worth to note that the visualization of a boundary layer above the naphtha-
lene coating can be accomplished at the molar fraction of C10 H8 about 41 10−⋅  [19]. However 
our study has shown that a noticeable effect of sublimation on the boundary layer stability 
(under the described above conditions) can be obtained when the mass concentration of foreign 
vapors near the wall is by three orders of magnitude higher: 1,w 20 %c >  (see Fig. 4b and 

curves 5− 8 in Figs. 1d, 3, 5). This paper also shows that this is quite realizable at rather high 
(although moderate) values of wall temperature w .T  

Conclusions  

Base-flow and linear stability computations were performed for the boundary layer at 
Mach number 2 for the flat-plate with naphthalene (C10 H8) coating. It was demonstrated that 
heavy vapors injection into a near-wall sublayer of the boundary layer (due to evaporation of 
coating material) increases the density of the binary-mixture boundary layer (air + naphtha-
lene) near the sublimating surface. Calculation of linear stability for this modified flow has 
demonstrated the opportunity of reducing the local growth rates of linear wavy disturbances. 
This happens when the temperature of the surface increases up to the triple point temperature 
of C10 H8. The calculations of the disturbance amplification curves (carried out in accordance 
with the eN method based on the linear stability theory) have demonstrated the opportunity of sig-
nificant stabilization for the boundary layer through initiating of sublimation. In particular, the Rey-
nolds number for laminar-turbulent transition estimated by the eN method becomes more than 
twice higher on the sublimation naphthalene coating in the flow with stagnation temperature of 
392 K. This means a significant stabilization of a boundary layer and more than four-fold ex-
tension of the laminar flow span in a supersonic boundary layer over the naphthalene coating.  
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