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The study is aimed at determining the position of the laminar-turbulent transition in subsonic and transonic two-
dimensional boundary layers with the use of a novel software package LOTRAN 2.0 developed by the authors. 
The package is based on the eN-method and employs numerical data of numerical simulations of the laminar flow 
performed by standard gas-dynamic software systems based on the Reynolds-averaged Navier–Stokes equations. 
As an example, the flow past a flat plate is considered. The good agreement of the computed and experimental data on 
the laminar-turbulent transition location is demonstrated. New data on the laminar-turbulent transition in the boundary 
layer on a flat plate for transonic flow regimes are obtained. 

Keywords: numerical simulation, subsonic and transonic flows, laminar-turbulent flow, laminar-turbulent 
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Introduction  

The cost efficiency of flying vehicles depends to a large extent on the ratio of the lengths 
of the laminar and turbulent parts of the boundary layer and on the length of the laminar-
turbulent transition (LTT). Other conditions being identical, the laminar flow is preferable. 
The LTT process also exerts a significant effect on flow separation and heat transfer in the boun-
dary layer, which largely determines the requirements to various structural elements of the fly-
ing vehicle and to localization of equipment. Therefore, the determining factor of adequate 
simulation of the flow around flying vehicles is a correct computation of the LTT position and 
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length. If they are computed incorrectly, there may be significant errors, e.g., in determining 
the drag force of the vehicle. 

Both specialized software products [1−3] and general gas-dynamic CFD software, in par-
ticular, the ANSYS Fluent system [4], are widely used for solving various problems of heat 
and mass transfer. Various approaches based on LTT prediction can be used for modeling 
the laminar-turbulent flow within the framework of the Reynolds-averaged Navier–Stokes 
(RANS) equations implemented into such software systems. At the moment, the most popular 
empirical model for LTT prediction in academic research and industry is the model developed 
in [5], where two additional differential equations (for intermittency and Reynolds number of 
the transition beginning based on the momentum loss thickness) are added to two transport 
equations of the k-ω SST turbulence model (for the turbulent kinetic energy and specific rate 
of turbulent energy dissipation); moreover, the model is closed only by empirical relations.  

The LTT model implemented in ANSYS Fluent was called “Transition SST.” It includes 
three proprietary dependences derived for subsonic flows. The model [5] can be implemented 
in various software systems: in the modern commercial CFD system STAR-CCM+, version 3.0 [6], 
DLR TAU code actively used in German aerospace industry [7], and in the RANS code elsA 
(ONERA) specially developed for turbine flows [8, 9]. It should be noted that the Transition 
SST model in all CFD systems mentioned above was calibrated only for subsonic incompressi-
ble flows; therefore, this LTT model requires validation for transonic and supersonic flows [10]. 
Moreover, the presence of proprietary dependences significantly constrains applications of this 
LTT model.  

Currently there are specialized industrial software systems that accurately reproduce 
the propagation of small perturbations in comparatively simple flows. They are aimed at com-
puting the LTT position in the boundary layer based on criteria of reaching certain threshold 
amplitude (eN-method). The most well-known systems are the Graphical Transition Prediction 
Toolkit (GTPT) [11] and NOnLOcal Transition analysis (NOLOT) [12]. The wide use of this 
approach in aerodynamic applications is caused by the fact that it is based on a physically 
grounded linear theory of hydrodynamic stability, which is valid for both two-dimensional 
and three-dimensional incompressible and compressible flows up to hypersonic velocities if 
the free-stream turbulence level is sufficiently low as, e.g., in flight conditions or in test sec-
tions of quiet wind tunnels. It should be also noted that this method is still under development 
for more complex flows [13–15]. 

In 2013, the authors of the present paper developed and registered a LOTRANxx soft-
ware package for computing the LTT position in boundary layers of viscous incompressible 
fluid flows past low-curvature surfaces [16, 17]. Then much effort was applied for further de-
velopment of this software package for computing the LTT position in compressible boundary 
layers [18], resulting in the development of two new packages called LOTRAN 2.0 and 
LOTRAN 3.0, which are designed for basic academic research of stability of two-dimensional 
and three-dimensional boundary layers of viscous compressible flows, respectively, and for 
determining the LTT position by the eN-method. 

The present paper describes the operation of the LOTRAN 2.0 package combined with 
the ANSYS Fluent 18.0 CFD software for computing subsonic and transonic laminar-turbulent 
flows past a flat plate. Comparisons are performed of 2D and 3D results with each other, with 
available experimental data found in non-classified publications, and with results on the LTT 
position computed by LOTRAN 2.0 and the Transition SST model. These comparisons were 
aimed not only at verification of numerical data against experimental results, but also at deter-
mination of the area of applicability of the Transition SST model and eN-method for flows in 
the considered range of Mach numbers, in particular, for transonic flow regimes. 
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1. Numerical simulation of the laminar flow  
The laminar flow without perturbations was computed by means of solving two-

dimensional Navier–Stokes equations with the use of the ANSYS Fluent CFD software. 
Numerical simulations of a 2D gas flow on a flat plate with a blunted leading edge were 
performed for subsonic and transonic velocities of the external flow. The model had 
the following parameters: length of 3 m and leading edge bluntness radius of 0.3 mm (Fig. 1а). 
The fluid was air under normal conditions at a zero altitude above the sea level. 

The computational domain consisted of a rectangle and a quarter of a circle with a radius 
of 7 m; the plate was located at the center of the lower boundary (Fig. 1а). The x distance from 
the trailing edge of the plate to the output boundary was 7 m. This size of the computational 
domain was chosen to avoid possible influence of the domain boundaries on the computation 
results on the one hand and excessive reduction of the turbulence intensity on the plate surface 
on the other hand. As the problem implied determination of the LTT position on one side of 
the flat plate only, only one half of the symmetric configuration was considered for simplicity. 
The computational domain was divided into two subdomains: subdomain of the near-wall flow 
with a height of the order of several thicknesses of the boundary layer for detailed resolution of 
the boundary layer and satisfaction of the condition y+ < 1 near the plate surface and subdomain 
of the far field with a coarser computational grid. The computations were performed on a block 
quadrangular regular grid (Fig. 1b) refined toward the plate surface and the leading edge 
(Fig. 1а, 1b). The total number of cells of the computational grid was 114000. 

The two-dimensional Navier–Stokes equations were solved by using a density-based 
solver; an implicit scheme of the second-order accuracy in space with the Roe-FDS method 

 
 

Fig. 1. Schematic image of the computational domain with division into zones and directions 
of grid refinement (а), fragment of the computational grid near the rounded leading edge of the model (b), 

and pressure distribution on the model surface for M∞ = 0.146 (1), 0.3 (2), and 0.5 (3) (c). 
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of convective flux splitting was used. The upper and right boundaries were subjected to 
the free-stream conditions, namely, p∞, M∞, and T∞, which are the free-stream pressure, Mach 
number, and temperature, respectively (see table 1). The no-slip condition and constant 
temperature (Tw = 291 K) were prescribed on the plate surface; the left (upstream of the plate) 
and right (downstream of the plate) parts of the lower boundary of the computational domain 
were subjected to the symmetry condition. Computations on a sequence of nested grids showed 
that the solutions for the sought variables (in particular, velocity, density, pressure, and skin 
friction) computed on a grid with the doubled number of nodes in both directions differ by less 
than 1 %. 

Two series of computations of the laminar compressible flow were performed for dif-
ferent Mach numbers M∞ and constant unit Reynolds number Re1 (see Table 1) and for differ-
ent values of Re1 (see Table 2). The change in the Mach number and, correspondingly, free-
stream velocity for a constant unit Reynolds number was reached by changing the free-stream 

pressure. In the second series of computations, we had 1Re c U
c

ρ
µ
∞ ∞ ∞

∞ ∞
= ⋅ =Re1c∞ M∞, where 

the unit Reynolds number Re1c∞ was calculated based on the free-stream sound velocity c∞  
(by analogy with [19]) and was constant for all computation variants, while Re1 changed 
in proportion to the change in the freestream Mach number. Thus, we obtained data on 
the laminar boundary layers for the flat plate model (distributions of velocity, temperature, 
and pressure normal to the model surface). Figure 1c shows the pressure distributions cp on 
the model surface normalized to the freestream pressure for different conditions in the external 
flow. It is seen that the change in pressure is less than 1 % in all cases beginning from the cross 
section x = 200 mm, which testifies to an almost zero streamwise pressure gradient. 

Ta ble  2  

Flow parameters at variable values of Re1 and T∞ = 288 K 

M∞ U∞, m/s P∞, Pa Re1, 1/m 
0.146 50 98374 3.3⋅106 
0.3 102 98374 6.78⋅106 
0.4 136 98374 9.041⋅106 
0.5 170 98374 11.3⋅106 
0.6 204 98374 13.56⋅106 
0.7 238 98374 15.82⋅106 

0.75 255 98374 16.95⋅106 
0.8 272 98374 18.08⋅106 

0.85 289 98374 19.21⋅106  

Ta ble  1  
Flow parameters at constant values  
of Re1 = 3.3⋅106 1/m  and T∞ = 288 K 

M∞ U∞, m/s P∞, Pa 
0.146 50 98374 

0.3 102 47768 
0.4 136 35910 
0.5 170 28700 
0.6 204 23917 
0.7 238 20505 

0.75 255 19200 
0.8 272 17945 

0.85 289 16895 
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2. Determination of the LTT position  

The LTT position was determined by the LOTRAN 2.0 software package (in what fol-
lows, the LTT module), which involves the full three-dimensional equations of heat and mass 
transfer and also original specialized matrix algorithms for stability analysis. A detailed 
description of these equations and algorithms can be found in [18]. The data on the 2D laminar 
flow were converted into an internal representation of the LTT module with the use of a special 
data export module developed for the ANSYS Fluent CFD software. The LTT module includes 
multi-stage pre-processing and analysis of the boundary layer characteristics for increasing 
the accuracy of the subsequent stability analysis. The LTT position was determined by  
the eN-method based on analyzing the growth of low-amplitude disturbances in the streamwise 
direction. 

In the course of its operation, the module determines the boundary layer characteristics 
(displacement thickness, momentum thickness, surface, pressure, etc.) for qualitative evalua-
tion of the result of assimilation of data obtained from ANSYS Fluent and shows the points 
of the onset (1) and breakdown (2) of the time instability domains (Fig. 2а), the curves of 
the N-factors, their envelope, the threshold values of the N-factors, and the corresponding posi-
tions of the LTT beginning and end (Fig. 2b). 

At moderate degrees of free-stream turbulence, a typical feature of the flow on a flat plate 
is the transition to turbulence associated with the Tollmien−Schlichting waves [20]. Therefore, 
the following formulas were used for calculating the threshold values of the N-factors for 
the LTT onset (Nc ) and breakdown to turbulence (Nt ) [4, 20]: 

Nc = 2.13 − 6.18 lg Tu,   Nt = 5.00 − 6.18 lg Tu                               (1) 

(Tu is the free-stream turbulence). At Tu < 0.1 %, it is recommended to use the threshold val-
ues of the N-factors [20] calculated for Tu = 0.1 %. 

3. Comparisons of results  

Results of an experimental study of the LTT on a flat plate in a subsonic flow with 
the free-stream turbulence of 0.03 % were reported in [21]. The LTT onset and breakdown 
were determined from the behavior of intermittency of the laminar and turbulent regions 

 
 

Fig. 2. Points of the onset (1) and breakdown (2) of the time instability domains (а), 
curves of N-factors, their envelope (black curve), threshold value of N-factors  

and LTT positions (straight lines) (b) computed in the course of LTT module operation. 
M∞  = 0.146, Re1 = 3.3⋅106 1/m, T∞  = 288 K, Tu = 0.03 %. 
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in oscillograms of the velocity fluctuations obtained by means of hot-wire measurements 
in the boundary layer, and the skin friction coefficients were obtained by processing the digit-
ized profiles of the main flow velocity in the LTT region (see Fig. 3а). The figure also shows 
the computed skin friction coefficients Cf = ( )2

w 2 Uτ ρ∞ ∞  (here τw is the shear stress, gradient 

of velocity along the normal, on the plate surface) as functions of the local Reynolds number 
Rex = ,U xρ µ∞ ∞ ∞  which were obtained for the flow past the plate under the same external 
conditions by the ANSYS Fluent software for the laminar flow regime and by the Transition 
SST model for the free-stream turbulence of 0.03 % with the use of the LTT module with data 
on the laminar flow computed by ANSYS Fluent. It is seen that the LTT region computed by 
the LTT module agrees well with the experimental data; the difference between the results along 
the streamwise coordinate is smaller than 10 %, which is a good result for modern models of 
the transition to turbulence. The computations by the Transition SST model demonstrate a sig-
nificantly narrower LTT region than that observed in the experiments and computed by the LTT 
module. The difference in the values of Cf in the computations of the fully turbulent flow and by 
the Transition SST model in the turbulent region is apparently associated with the history of 
boundary layer evolution (the turbulent boundary layer starts to develop from the leading edge 
in the first case and only from the middle of the plate in the second case). Similar patterns are 
also observed in computations of the flow past the flat plate for different values of M∞ and Re1, 
as is shown in Table 2 (see Fig. 3b). 

Figure 4 shows the skin friction coefficients Cf for transonic flow regimes computed for 
the laminar flow by the Transition SST model with a prescribed free-stream turbulence level 
of 0.03 % and by the LTT module. The predictions of the LTT module testify to a significant 
delay of the LTT, which is consistent with the available data on the transition to turbulence 
in flat-plate boundary layers at transonic velocities [22]. At the same time, the data predicted 
by the Transition SST model reveal an earlier LTT breakdown and a significantly smaller 
length of the LTT region for the transonic flow regime as compared to the data computed by 
the LTT module. It should be also noted that the skin friction coefficients predicted by 
the Transition SST model for different Mach numbers of the external flow are also identical, 
which contradicts the available data on the transition to turbulence on flat plates at transonic 
velocities [22]. This can be explained as follows: first, the Transition SST model developed 
for LTT computations in flows with a high degree of free-stream turbulence (in particular, 

 
 

Fig. 3. Skin friction coefficients versus the Reynolds number Rex. 
a: M∞ = 0.146, Re1 = 3.3⋅106 1/m, T∞ = 288 K,  b: M∞ = 0.3, Re1 = 6.78⋅106 1/m, T∞ = 288 K; 

1  data computed for the laminar flow, 2  data computed by the Transition SST model for Tu = 0.03 %, 
3  data computed for the turbulent flow; regions I and II show the transition regions obtained  

on the basis of the experimental data [21] and computed by the LTT module (present work). 
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in the flow around turbine blades) does not provide adequate results for low-turbulence flows; 
second, the Transition SST model integrated into the ANSYS Fluent 18.0 software does not 
properly take into account the flow compressibility typical for transonic flow regimes. 

Variations of the transition onset as a function of the free-stream Mach number predicted 
by the LTT module are shown in Fig. 5а. As the Mach number increases, while the unit Rey-
nolds number remains constant, the LTT onset is first shifted downstream and the LTT region 
length significantly increases (see Figs. 3а, 3b, and 4). As it also follows from Fig. 5а, 
as the Mach number increases from 0.146 to 0.5 with a simultaneous increase in the unit Rey-
nolds number, the LTT onset is naturally shifted upstream, i.e., toward the leading edge of 
the flat plate. With a subsequent increase in the Mach number simultaneously with an increase 
in the unit Reynolds number, the flow becomes turbulent immediately downstream of the lead-
ing edge of the plate. However, recalculation of the data obtained to the Reynolds number of 
the LTT onset Rexb

 shows (Fig. 5b) that both series of simulations yield similar results: Rexb
 

increases with an increase in the Mach number. These data are consistent with the theoretical 

 
 

Fig. 5. Effect of the Mach number on the LTT onset (а) 
and on the Reynolds number of LTT onset (b). 

1  data computed for constant Re1 (Table 1) and LTT region I, respectively;  
2  data computed for varied Re1 (Table 2) and LTT region II predicted by the LTT module. 

 
 

Fig. 4. Skin friction coefficients versus the Reynolds number Rex. 
a: M∞ = 0.5, Re1 = 3.3⋅106 1/m, T∞ = 288 K,  b: M∞ = 0.7, Re1 = 3.3⋅106 1/m, T∞ = 288 K; 

1  data computed for the laminar flow,  2  data computed by the Transition SST model for Tu = 0.03 %; 
region II is the LTT region predicted by the LTT module (present work).  
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calculations of the influence of the Mach number on the transition Reynolds number presented 
in [22], where it was demonstrated that the transition Reynolds number increases with an in-
crease in the Mach number from zero to unity. 

Conclusions  

A two-dimensional laminar-turbulent flow past a flat plate at subsonic and transonic ve-
locities of the external flow was numerically simulated with the use of a novel software pack-
age LOTRAN 2.0 based on the eN-method. The computations were performed in the Mach 
number range from 0.146 to 0.75, and new data were obtained on the LTT position for a tran-
sonic flow past a flat plate at low degrees of free-stream turbulence (Tu = 0.03 %). These new 
results can be used for validation of the data on the transition to turbulence obtained by other 
numerical methods.  

It was demonstrated that the LTT positions for transonic flows computed by the Transi-
tion SST model incorporated into the current versions of ANSYS Fluent are noticeably differ-
ent from the data predicted by the LTT module and from the data of [22], which can be associ-
ated with the fact that flow compressibility effects are ignored in the Transition SST model 
integrated into the current versions of ANSYS Fluent.  

Comparisons with experimental data on the LTT position in subsonic flows and with data 
for transonic flows available in publication [22] showed that the LOTRAN 2.0 software pack-
age is able to provide an adequate prediction of the LTT onset and breakdown; therefore, it 
also ensures an adequate prediction of the LTT region length in two-dimensional subsonic and 
transonic flows on a flat plate. In the subsonic flow considered in the present study, the error 
was smaller than 10 % along the streamwise coordinate. This fact also testifies that it is possi-
ble to ensure sufficient accuracy of computing the laminar boundary layer by the ANSYS Flu-
ent CFD software for obtaining velocity profiles to be used in the LTT module developed 
based on the LOTRAN 2.0 software package. 
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