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Abstract—In the paper, we study a family of testing equivalences in interleaving, partial-order semantics, and
combined semantics in the context of safe time Petri nets (elementary net systems whose transitions are
labeled with time firing intervals, can fire only if their lower time bounds are attained, and are forced to fire
when their upper time bounds are reached). For this purpose, the following three representations of behavior
of safe time Petri nets are developed: sequences of firings of net transitions, which represent interleaving
semantics; time causal processes, from which partial orders are derived; and time causal tree, whose nodes
are sequences of transition firings and arcs are labeled by information about partial orders. We establish rela-
tionships between these equivalences and show that semantics of time causal processes and time causal trees

coincide.
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1. INTRODUCTION

Testing equivalences are used for comparing
behavior of systems and checking whether the specifi-
cation and the implementation obtained correspond
to one another, as well as for establishing satisfiability
of logical formulas. The concept of testing equivalence
was put forward by Hennessy and de Nicola in [1].
A test is a special process that is executed in parallel
with the process being tested. Such an execution is
considered to be successful if the test reaches a desig-
nated successful state, and the process passes the test if
every computation is successful. Two processes are
said to be test equivalent if they pass the same sets of
tests. To facilitate the study and the use of testing
equivalencies, alternative characterizations for them
have been found. For instance, comparison is per-
formed based on all tests, which are computations of
processes and sets of their possible continuations. The
notion of testing equivalence is intuitively appealing
and has led to a well-developed mathematical theory
of equivalences and preorders on the processes.

Originally, testing equivalences were thoroughly
investigated in the context of models of transition sys-
tems (see, for instance, [2, 3]), which are based on the
interleaving semantics, where the concurrency rela-
tion between system actions is represented as nonde-
terministic choice between executions of linearly
ordered atomic actions rather than directly. Interleav-
ing testing equivalences for elementary net systems
were studied in [4]. To overcome limitations of the
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interleaving approach, the concurrency relation is
modeled often as a lack of causality dependence
between system actions, which is presented, as a rule,
by a partial order. In [5, 6]), testing equivalences were
considered in partial order semantics in the framework
of event structure models. Moreover, testing equiva-
lences were actively studied in the context of event
structures models for the causal tree semantics (the
behavior of the system is represented as a tree in which
the arcs are labeled by actions and information about
their predecessors; i.e., information about causal
dependence is preserved). Relationships between par-
tial order and causal tree semantics for event structure
models have been thoroughly studied in [6—8]. Partial
order semantics of Petri nets is most often represented
by means of the so-called causal net processes, which
include events and conditions related by causal depen-
dence and concurrency (see [9—11] and references
therein). Comparison of various testing equivalences
in partial order semantics of Petri nets was carried out
in [4]. To the best authors’ knowledge, causal tree
semantics in the framework of Petri nets has not been
studied yet.

In verification of complex safety-critical systems, it
is important to study not only qualitative characteris-
tics of system behavior but also quantitative ones. For
these purposes, testing equivalences were applied in
the framework of a number of real-time models. For
discrete-time transition systems, alternative charac-
terizations of time testing equivalences were obtained
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in [12, 13] with the use of an extended concept of the
so-called admissible sets. In [14, 15], semantic theory
based on testing equivalences has been suggested for
algebras of processes with time constraints, and alter-
native characterizations of testing pre-orders have
been formulated in terms of the so-called refusal
traces. The authors of paper [15] have proved the pos-
sibility of discretization in the context of time process
algebra developed by them and, as a result, reduced
dense-time testing relations to discrete-time ones. In
[16], interleaving testing relations, as well as results
related to their alternative characterization and possi-
bility of discretization are extended to the Petri net
model with time characteristics associated with
tokens, and time intervals associated with arcs from
places to transitions. In [17], testing relations are stud-
ied for time and causal semantics of event structure
models. In addition, in [18—20], classification of
equivalences from the spectrum of linear/branching
time for interleaving, causal tree, and partial order
semantics is given in the framework of dense-time
event structure models. Partial order semantics was
put forward for timed Petri nets, where each transition
is associated with its firing duration [21, 22], and for
safe time Petri nets, where each transition is made to
correspond to a firing delay interval [23]. However, as
far as we know, no studies of testing equivalences in
semantics of causal net processes and causal trees have
been reported in the literature. It is only works [24, 25]
where relationships between the trace and bisimula-
tion equivalences in the interleaving and partial order
semantics of safe time Petri nets were studied.

The goal of this work is to define, study, and com-
pare testing equivalences in the interleaving, causal
net, and causal tree semantics in the context of safe
time Petri nets (elementary net systems whose transi-
tions are labeled with time firing intervals, can fire
only if their lower time bounds are attained, and are
forced to fire when their upper time bounds are
reached). We establish relationships between the
equivalences under consideration and show that they
coincide in the semantics of time causal processes and
that of time causal trees.

2. TIME PETRI NETS: SYNTAX
AND INTERLEAVING SEMANTICS

In this section, we define basic terminology con-
cerning the model of Petri nets with timing constraints
and its interleaving semantics. First, we recall defini-
tions of Petri net structure and behavior. Let Act be a
set of actions.

Definition 1. A (labeled over Act) Petri net (PN) is a
tuple N =(P,T,F,M,, L), where P is a finite set of
places, T'is a finite set of transitions (P N7 = & and
PuUT #D), F c(PxT)u (T x P) is aflow relation,
& # M, < Pisaninitial marking,and L: T — Act isa
labeling function. For an element xe PuUT, let
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‘x ={y|(»,x)€ F} and x" ={y|(x,y) € F} be sets of
input and output elements. For a subset X ¢ PU T,
these sets of elements are extended to the sets

X= Uxe){ xand X = UxeX x, respectively.

A marking M of a Petri net N is an arbitrary subset
of P. A transition t € T is enabled at a marking M if

‘tc M'. Let En(M) denote the set of transitions
enabled at M. If transition 7 is enabled at a M, then its
firing results in a new marking M' (denoted as

M L M) when M'=(M\'f)ut'. We will use the
notation M B M if O =¢...t, and M = M" 5 M ...

M<=1 2 MK = M (k > 0). In this case, © is a firing
sequence from M (to M') and M' is a marking in the
Petri net N reachable from the marking M. Let RM(N)
be a set of all markings in the Petri net N that are
reachable from M,,.

A Petri net N is called T-restricted it °t # & # t* for
all transitions ¢ € T; it is called contact-free if, for an
arbitrary marking M € RM(N') and any transition 7 that

is enabled at the marking M, condition M Nt = &
holds.

A time Petri net [23] is a Petri net in which each
transition is associated with a time interval that shows
possible moments of firing for an enabled transition
(transition that has a sufficient number of tokens at its
input places); the enabled transition can fire if and
only if its lower boundary is reached while the upper
boundary is not exceeded; if the transition is not fired,
it must fire when the upper boundary is reached.

The domain T oftime values is a set of nonnegative
rational numbers. We assume that [7,,7,] is a closed
interval between two time instants 1,7, € [. The

upper boundary may be equal to infinity. Let /nterv be
a set of all such intervals.

Definition 2. A (labeled over Act) time Petri net is a
pair TN = (N, D), where N is the underlying (labeled
over Act) Petrinetand D : T — Intery is a static timing
function that assigns a time interval to each transition.
The boundaries of the time interval D(¢) € Interv are
called the earliest firing time (Ef?) and the latest firing
time (Lff) of the transitionr e T.

The state of a time Petrinet I N isapair S = (M, 1),
where M is a marking of the Petri net N and
I : En(M) — T is a dynamic timing function. The
initial state of the time Petri net JN is a pair
Sy = (M, 1), where M, is an initial marking of the

! For convenience of subsequent definitions, we do not use the
classical definition: a transition ¢ € T is enabled at a marking M

if “tc M and M n¢* =. The second requirement will be
introduced in the definition of the contact-free property.
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Petri net N and /,(¢) = 0 forall r € En(M,). A transi-
tion 7 enabled at a marking M in the Petri net N is fire-
able from a state S = (M, 1) after a delay time 0 e T if
(Eftt) < I(t) + 0) and (J(F)+0 < Lf(r) for all ¥ €
En(M)). If transition ¢ is fireable from a state § =
(M, I) after a delay time 0, then its firing results in a

new state §' = (M',I') (denoted as .S R ) such that
ML M and, V¢ e To,

1) +0, if e En(M\"),

I'(t) =10, if f'e En(M\En(M\"),
not defined otherwise.

We write S5 if 6=(,0)..(4,0,) and S =

s —wh gt g wh) L ¢f — ¢ (k>0).
Then, © is a firing sequence of the time Petri net TN
from S (0o §") and §" is a reachable state of the time Petri
net N from S. Let FF(TN) be a set of all firing se-
quences from §; and RS(TN) be a set of all states in
the time Petri net J Nreachable from §,. For ¢ =
(1,0)) ... 4,0,) € FL(ITN), L(0) = (a;, 9)) ... (a,6,)
ifa, = L(¢;) forall1 <i < k. Letusdefine the inferleav-
ing language of the time Petri net I N as follows: L(TN) =
{L(0) € (Act x T)*|c € FL(TN)}.

A time Petri net TN is said to be T-restricted if the
base Petri net is T-restricted; contact-free if, for any state
S =(M,I)e RS(IN) and any transition 7 fireable from

the state S after some delay time 0, (M\'?) N t* = &2,
and time-progressive if, for any sequence of transitions
{ti,t,,...,t,} € T such that £ "' t,, 2D (1<i<n)
and 1, "' 1, # D, the inequality Z1<'< Efi(t;) > 03
SIsn
holds. In what follows, we consider only 7-restricted,
contact-free, and time-progressive time Petri nets.
Example 1. An example of a labeled over Act =
{a,b,c,d} time Petri net 7N is shown in Fig. 1, where
the places are represented by circles and transitions by
barriers; the names are depicted near the elements.
The elements included in the flow relation are con-
nected by arrows, and each place contained in the ini-
tial marking is that with a token (bold point). The val-
ues of the labeling and static timing functions are printed
next to the transitions. It is not difficult to check that #,
and #; are transitions enabled at the initial marking

M, = {p,, p,}; moreover, they can fire at the initial state
0, ifre {8},

not defined otherwise,
after a time delay 0 € [2,3]. Note that ¢ = (#,3) (#;,0)

So = (My, 1y), where Iy(1) = {

2 Note that, if the base Petri net N is contact-free, then the time
Petri net I N is also contact-free, but the converse is not true.

3 The time-progressive property guarantees correctness of the
modified definition of the contact-free property.
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Fig. 1. An example of a time Petri net.

(t,,2) (15,2) (1,0) (t5,2) (4,,0) is a firing sequence from
Sy in the time Petri net JN. Furthermore, JN is
T-restricted, contact-free, and time-progressive. []

3. CAUSALITY-BASED SEMANTICS
OF TIME PETRI NETS

3.1. Basic Definitions

We begin with definitions related to time nets.

Definition 3. A (labeled over Act) time net is a finite
acyclicnet TN = (B, E,G,I, 1), where Bis a set of con-
ditions, E'isaset ofevents, G  (BX E) U(E X B)isa
flow relation such that{e|(e, b) € G} = {e|(b,e) € G} =E,
| : E — Act is alabeling function,and t: £ — T isa
time function such that eG'e' = 1(e) < t(e').

Let us introduce additional notation for the time
net TN = (B, E,G,1,7). Let <= G*, <= G* and 1(TN)
= max{t(e)lee E}. Let us also introduce sets

*x={y|(y,x)e G} and x" ={y|(x,y)e G} for x € BUE;

X=J_ “xand x*={J _ x"for X c BUE;

TN =1{be B|'b=Q); and TN" = {be B|b" = D).
TN = (B, E,G,I,7) is referred to as a (labeled over Act)

time causal netif|’b| < 1 and |b°| < 1forall conditionsb € B.
Note that \(TN) = (E7y, =rn (Ezy X Epy ), by, Try) 18
a (labeled over Act) time partially ordered set (posef).*

Let us introduce notation and definitions for the
time causalnet TN = (B, E, G, [, 1):

cle= {x|x =X e} is a set of predecessors of an event
ec E, Earlier(e) = {¢' € E|t(e") < t(e)} is a set of time
predecessors of an event e € F;

« E'c E is a downward-closed subset of E if

l e nE c F forevery e € E'. For such a subset, we

‘A (labeled over Act) time partially ordered set (poset) is a tuple
N = (X, =, A, 1) consisting of a finite set of elements X; reflexive,
asymmetric, and transitive relation <; a labeling function A:
X —Act; and a time function T: X — 7T such that
e=e'=1(e)<1(e). Let 1(n) = max{t(x)|x € X}.
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use notation Cut(E')=(E° UTN)\'E'. E c E is
called a timely sound subset of E if 1(e') < 1(e) for all
ee EFandee E\F';

* Asequence p =¢,...¢, (k = 0) of events from £
is a linearization of a time causal net TN if every event
from E appears only once in the sequence and the fol-
lowing condition holds: (¢; < e; v 1(e;) < T(e;)) = i <

jforall 1 <i, j<k. Letus introduce the set E; =

Umg/e" (0 £/ £ k). Clearly, E; is a downward-closed
and timely sound subset of E, and, moreover,
Ue,) = TUTN).
From the definitions of the time causal net and its
linearization, we obtain the following assertion.
Lemma 1. Any time causal net has a linearization.

Time causalnets TN = (B, E,G,[,t)and TN' = (B,
FE,G,I,7)areisomorphic (denoted as TN = TN') if there
exists a bijective mapping B: B U E — B' U E' such that
(@) B(B) = B'and B(E) = E'; (b) xGy < B(x)G'B(y) for
all x,ye BU E; (c) l(e) = I'(B(e)) and t(e) = T'(B(e))
for all ee E. We say that TN is a prefix of TN'
(denotedas TN — TN') if B ¢ B', E is a downward-
closed and timely sound subset of E', E"\E = {e},
G=GCNBXEUEXB),l=I|z,andT="1.

Example 2. Figure 2 shows a time causal net
TN = (B, E,G,l,7t). Here, conditions are depicted by
circles, and events, by barriers; names of elements are
placed next to the elements; elements included in the
flow relation are connected by arrows; the values of
functions / and T are shown next to the events. Let the
time causal nets be TN' = (B, F,G,/[',t), where B' =
{b,b,,by,b,}, E =1e,e;}, G =GN (B'XE UEXDB),
=g, 1=1g, and TN"'=(B", E",G",[",1"), where
B ={b,b,b}, E'={¢}, G'=GCN(B"XE"UFE" X
X B, I" =g, T" = 1. It is easy to verify that TN" is
aprefix of TN'. ]

3.2. Time Causal Processes of Time Petri Nets

In this subsection, we discuss the concept of cau-
sality-based net processes of time Petri nets, which
was proposed in [23].

Definition 4. Let IN = ((P,T,F,M,,L),D) be a
time Petri net and TN = (B, E,G, [, 1) be a time causal
net. A mapping ¢: BOUE — PUT is a homomor-
phism from TN to I N if the following conditions hold:

QB P, 9E)CT;
« the restriction of @ to “e is a bijection between ‘e

and “@(e) the restriction of ¢ to e is a bijection

between e’ and @(e)’ foralle e E;
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« the restriction of @ to “T'N is a bijection between
‘TN and M,;

* l(e) = L(p(e)) forallee F.

A pair t = (TN, @) is a time causal process of a time
Petri net TN if TN is a time causal net and ¢ is a
homomorphism from 7N to T N'.

Let © = (TN, @) be a time causal process of a time

Petri net TN, B' C By, and t € En(¢(B')). Then, the
time of enabling (TOE) of #, i.e., the latest global time
moment when tokens appear in all input places is defined

as follows: TOE (B, ) = max({Ty('b)|be B,\"TN} U

{0}, where B}, = {be B'|@;y(b) € "1}.

In order that the values of time functions of time
causal processes of time Petri nets correspond to time
intervals of firing of net transitions, the concept of cor-
rect time causal processes of time Petri nets is intro-
duced.

Definition 5. A time causal process t = (TN, @) ofa
time Petri net I N is said to be correct if, for each
e € F, the following conditions hold:

* Ue) 2 TOEe, 9(e)) + Eft(g(e)),
. Vte En(((C,))t(e) < TOE (C,,1) + Lft(z),
where C, = Cut(Earlier(e)).

Let @P(T N') be a set of correct time causal processes
of time Petri nets TN. Let TPos(TN) ={TP|IAn =

(TN,p) € 6P(TN):TP => n(TN)} denote a set of
time posets isomorphic to time posets obtained from
correct time causal processes of time Petri nets TN'.

Example 3. Let @ be a mapping from a time causal net
TN (Fig. 2) to atime Petrinet J N (Fig. 1) defined as fol-
lows: b)) =p, (1<i<6), ¢b)=p_¢ (7<i<10),
and @(e;)) =1, 1 <i <5), ¢(es) =1, ¢(e;) = t;. For the
time causal net TN' defined in Example 2, we set
¢ =0|pup. It is easy to see that m = (TN,¢) and
' = (TN,@") are time causal processes of the time
Petri nets TN'.

For the set B = {b;,b,} — B and transition #, €
En((p(ﬁ)) , we calculate TOEH(E, t,) =max({t,y('b)|be
B, \'TN} U {0}) = max({t(e;) =3, () = 3} U {0}) =3,

It is easy to check that the time causal processes
= (TN,o) and ' = (TN, @") are correct. []

We say that © = (T'N,) and ©' = (TN, ') from
CPITN) are isomorphic (denoted as © = ') if there
exists an isomorphism f: TN = TN' such that ¢(x) =

5 Two time posets n=(X,xA1) and ' = (X, <, A, 1) are iso-
morphic (denoted as m=m") if there exists a bijection
B: X = X such that (a) x < y © B(x) 2'B(y) forall x,ye X
and (b) M(x) = M'(B(x)) and 1(x) = T'(B(x)) forall x e X .
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¢'(f(x)) for all xe Bu E; we also write T — 7' in
INiIfTN — TN and @ = ¢@'|g -

Let us consider relationship between the firing
sequences and correct time causal processes of time
Petri nets. For nm=(TN,) e €P(TN), we define
function £, that maps linearization p = ¢, ...¢, of TN
into a sequence of the form FS,(p) = (¢(e)), T(e) — 0)
- (9(ey ), Tey) — Texy))-

Proposition 1. Let N be a time Petri net. Then,

(a) if t = (TN,p)e €PITN) and p is a lineariza-
tion of TN, there exists a unique firing sequence
FESy(p) € FSITN);

(b)ifo € FL(ITN), there exists a unique (up to iso-
morphism) time causal process 7w, = (TN,
¢) € €P(ITN) and a unique linearization p; of TN
such that FS;_(p;) = ©.

Proof. Item (a) without the assumption of unique-

ness of the firing sequence FS,(p) and item (b) with-
out the assumption of uniqueness of the linearization

p were proved in [23, Theorems 19, 21, and 22].

(a) The uniqueness of the firing sequence FS,(p)
follows from the definitions of the homomorphism of

¢ and function FS;.

(b) Letp, = e, ...e, (n = 0) be a linearization of TN
such that FS; (p;) =6 =(%,9))...(2,,8,) € FF(ITN).
Let us assume the contrary, i.e., that there exists a lin-
earization p = ¢, ...e, of TN such that FS;_(p) = 6 and
P # pg- Since all linearizations of TN are finite, there
exists the least k£ such that e, #e,. It is clear that
o(e;) = ¢(e,) = t,.. Since TN isa T-restricted time Petri
net, °t, # @. Let us take an arbitrary place p, € “#,. By
the definition of homomorphism, there exist b € ‘e, and
b € ‘e, such that @(b) = ¢(b) = p,. By virtue of the
definition of time causal net, we have b # b .

Consider two possible cases.

— {b,b}  "TN. Then, p, € M,. This contradicts
the definition of homomorphism of @.

—be TN and b ¢ ‘TN (the case where b € TN

and b¢ ‘TN is analyzed similarly). Since be ‘TN,
we find that p, € M|, of the definition of homomor-
phism of . Then, it follows that b = b, , by construc-

tion of Ty in [23]. Assuming that b e TN, we find an

event & such that {¢} = " . Since k is minimal, the
number of the event é in both linearizations p and p is
the same, i.e. € = ¢, = ¢; forsome 0 < i < k. From the
definition of the function FS, _, it follows that (¢) = 7.

Then, p, € . in accordance with the definition of .
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Moreover, b = b,, by construction of 7, in [23].
Thus, we arrived at the contradiction to property (41)
from [23]: there does not exist a b, , forany 0 <i < k.

— b,b ¢ ‘TN . Hence, there is an event é (¢) such

that {&} = *b ({&} =" b ). From the definition of the
homomorphism ¢, it follows that é # ¢. Since k is
minimal, the event & (¢) has the same number in the
linearizationsp and p,i.e.,é = ¢, = ¢ forsome 1 < <
k (é =e; =e; forsome 1 < j < k). Then, by the defi-
nition of the linearization, i # j. From the definition
of the function £, , it follows that @) =7, (p(é) =
t).From the definition of the homomorphism, it fol-

lows that p, € 1; (p, € 1;). It follows from the con-

struction of T, in [23] that b = b, , (b =b;, ). Ifi<j
< k (j<i<k), we arrive at the contradiction with
property (41) from [23]: b, 5, does not exists for any
i<Il<k(j<l<k).[d

Example 4. For a time causal process & = (TN, @) of
atime Petri net 7N (see Example 3) and a linearization
P = eese,e,64ese4 Of atime causal net TN, FS (p) = (1,,3)
(#,0) (1,,2) (5,2) (1,,0) (%,2) (¢,,0) is a firing sequence
of the time Petri net TN (see Example 1). []

By using the definition of the prefix of a time causal
net and Proposition 1, it is easy to show that, if the fir-
ing sequence and the time causal process of a time

Petri net are interrelated, then their direct extensions
are also interrelated.

Lemma 2. Let 6 € FF(TN) and me €PITN) be

such that 6 = FS,(p), where p is a linearization of TN .
Then,

(a) if o(,0)e FL(ITN), then there exists 7t €
CPEIN) such that mw—® in IJN and
o(1,0) = FS;(pe), where pe is a linearization of TN;

Tt
(b) if T > &t in JN, then there exists o(z,0) €
FFL (T N) such that o(t,0) = FS,(pe), where pe is a lin-

earization of TN;.

3.3. Time Causal Trees of Time Petri Nets

Causal trees [8] are synchronization trees that carry
in their labels not only names of actions but also addi-
tional information about causes of these actions thus
providing us with an interleaving representation of
concurrent processes supplemented with the descrip-
tion of causality relations between their actions. By
adding timing into labels of causal trees, we get time
causal trees. In a time causal tree of a time Petri net
J N, nodes are firing sequences from the set FFL(TN)
and arcs connect two nodes if one sequence is a direct
extension of another. Information about predecessors
for arc labels is obtained from the causality relation of
the corresponding time processes of TN.
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Fig. 2. An example of a time causal net.

Definition 6. The time causal tree of a time Petri net
IN, TCT(ITN), is the tree (FFL(TN),A4,¢), where
FL(ITN) is a set of nodes with the root € A =
{(0,0(1,0))|0,06(2,0) € FL(TN)} is a set of arcs; ¢ is a
labeling function such that ¢(e) =€ and o(C,
0(2,0)) = (ly (1), 0, K), where K={n— [+ 1|0(z,0) =

FSr, .o (e...e0), e ...ee is a linearization of TN, .

and ¢, <7y o e}. Let path(c) be a path in TCT(TN)
from the root to a node ¢®. By L(TCTTN)) =

{d(path(c)) € (ActxT x 2N)*|G e FLIN)}, we
denote the set of sequences of path labels in a time
causal tree of a time Petri net TN'.

Example 5. Consider a time Petri net TN (Fig. 1)
and a firing sequence ¢ = (,,3) (%5, 0) (1,,2) (;,2) (4,0)
(#5,2) (14,0) € FL(ITN). It follows that the sequence of
labels of the path from the root to the node ¢ has the
following form: ¢(path(c)) = (a,3,9) (b,0,D) (a,2, {1,
2} (b,2,{1,2,3}) (a,0,{2,3,4}) (d,2,{2,3,4,5}) (c,0,{2, 4,

,6}). [

Let us establish relationship between correct time
causal processes and labeled paths in time causal trees
of the two time Petri nets.

Proposition 2. Let TN and J N, be time Petri nets,
and let TCT(TN) = (FFL(TN), A,0) and TCTITN") =
(FLITN', A, 0" be their time causal trees. Then,

(a) if te €PITN) and w'e CP(ITN'") are time
processes and f:M(TN,) - nN({TN,) is an isomor-
phism, then §(path(FS;(p))) = ¢'(path(FS,(f(p))))
for any linearization p TN ;

(b) if §(path(c)) = ¢'(path(c’)) for o€ FL(ITN)
and ¢' € FF(TN"), then there exists an isomorphism
SNy ) - NN, ) such that f(ps) = pg-

Proof. (a) follows from Proposition 1(a) and prop-
erties of isomorphism f.

(b) follows from Proposition 1(b), Definition 6,
and properties of homorphism ¢ and function FS. []

Let us prove a useful auxiliary assertion.

® We define path(e) = €. Note that, in a TCT(J N), for any node
o€ FL(ITN), there exists a path from the root to a node G.

PROGRAMMING AND COMPUTER SOFTWARE

Proposition 3. Let 7N and I N be time Petri nets.
Then, LEIN)=LTN) & LTCTITN)) =
L(TCTEITNY) & TPos(TN) =T Pos(TN).

Proof. The fact that £L(ITN) = LITN') <
LTCTITN)) = LTCTITNY), follows directly from
the definitions.Fig. 2

Now, we checkthat £(TCT(TN)) =LTCTITN))=
TPos(TN) =TPos(TN). Let us consider an arbitrary
time poset TP € I Pos(T N). This means that it is possi-
ble to find a time causal process of the net m =
(TN,p) e €PITN) such that n(TN) = TP. Consider
an arbitrary linearization p of TN . According to
Lemma 1, at least one linearization of 7N exists. From
Proposition 1(a), it follows that there exists a firing

sequence G = FS,(p) € FF(ITN). In accordance with
Proposition 1(b), without loss of generality, we can

assume that © = w; and p = p,. By definition, there
exists a path u in TCT(J N) from the root to the node
6. Moreover, O(u) e LTCTITN)) = LTCTITN").
This implies that, in TCT (I N"), there exists a path u'
from the root to the node ¢'e FF(TN") such that
0'(u") = O(u). By virtue of Proposition 1(b), there exists
a unique (up to isomorphism) time causal process
Ty = (TNg,05) € €P(TN') and a unique lineariza-
tion p, of TN, such that FS;_(ps) = ¢'. From Prop-
osition 2(b), it follows that there is an isomorphism
fiM(TNg) > nN(TNg) such that f(p,) = ps . Thus, we
find that n((TNy) = TP, i.e., TP € TPos(TN").

Finally, letus checkthat T Pos(TN) =T Pos(TN') =
PACTIN)) =LTCT(ITN"). Consider an arbitrary
we LTCT@N)). This implies that there exists a
path 4 in TCT(JN) from the root to the node
G € FL (T N) such that (u) = w. According to Proposi-
tion 1(b), there is a unique (up to isomorphism) time
causal process iz = (TN, 9;) € 6P(T N') and a unique
linearization p, of TN, such that FS;_(p,) = ©. Hence,
NTNg) € TPos(TN) = TPos(TN"). Then, there
exists a time causal process net @ = (TN,Q") €
C€PITN") such that N(TN,) = n(T'N'). Hence, there is
an isomorphism f:n(TN,;) > N(TN'). Applying
Vol. 46
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Fig. 3.

Proposition 2(a), we obtain w = ¢(path(FS;_(p;))) =
O'(path(FSy(f(ps)))) € LTCTITN")).O

4. TESTING EQUIVALENCES

In the framework of the interleaving approach to
defining testing equivalence, the tests are sequences w
of actions executed (system computations) and sets W
of possible subsequent actions. The process passes the
test if, after execution of each sequence w of actions, at
least one action from W can be executed. Two pro-
cesses are testing equivalent if they pass the same set of
tests. In the time variant, information on action execu-
tion times is added.

Definition 7. Let TN and I N' be time Petri nets.

For a sequence we (Actx T)* and a set W C
(ActxT), IJN after w MUST,, W if, for all
6 € FFL(TN) such that L(c) = w, there exist (a,0) €
Wand o(z,0) € FF (T N) such that L(c(z,0)) = w(a, 6).

JN and JN' are said to be interleaving testing
equivalent (denoted as JN ~,, TN') if, for any
sequence w € (Act X T)* and any set W < (Act x T),
I N after w MUST,,, W < TN after w MUST,,, W.

Example 6. The time Petri nets TN ,, TN, and
J N, depicted in Fig. 7 are interleaving testing equiva-
lent, whereas I N, and JN', are not. It is easy to verify
that TCT(T N ,) after w = (b,0)(b,0) MUST,,, W =
{(a,3.9)}. However, in TCT (I N,), there exists a firing
sequence labeled by w after which the transition
labeled by a cannot fire at the time moment 3.9. Thus,

the condition TCT(J N ) after w MUST,,, W does not
hold. ]

Testing equivalences that take into account causal
dependencies between actions were first introduced by
Aceto et al. in [5] in the context of event structure
models. For the process computations, they consid-
ered partially ordered multisets (pomsets) instead of
sequences of executed actions. In [6], instead of sets of
subsequent actions, directed extensions of executed
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pomsets were used. In addition, in [6], one more ver-
sion of causal testing equivalence was suggested, which
uses posets of executed actions as the computations.
It was shown that this is a stronger equivalence. Fol-
lowing this approach, we further define the time poset
based testing equivalence for time Petri nets with the
use of its correct time causal processes.

Definition 8. Let TN and I N' be time Petri nets.

For a time poset 7P and a set TP of time posets
such that TP < -7 TP', forany TP' € TP, J N after TP
MUST,,,, TP if, for any n = (TN,9) € €¢P(TN) and
any isomorphism f:nM(TN)— TP, there exist
TP eTP, © = (TN,0)e €PITN), and isomor-
phism ' : W(T'N') —» TP suchthatt — ' and f c f.

IN and JN' are called poset testing equivalent
(denoted as TN ~,,,c TN") if, for any time poset TP
and any set TP of time posets such that 7P < -TP', for
all TP' € TP, the following condition holds: TN after
TPMUST, , TP < JN' after TP MUST, , TP'.

tpos tpos

Example 7. Consider the time Petri nets JN,,
IN;,and TN, depicted in Fig. 7. It is easy to see that
JN, and TN, are poset testing equivalent, whereas
JIN;and TN, are not. Let us prove the latter. Con-
sider the time poset TP = ({x,x,},=,A,T), where
=={(x, x)|1 i <25, M) = Mxy) = b, Ux;) =Ux,) =
0, and the time poset TP' = ({x;, X,, X3}, <, A, T), where
=={0,x)1 <7 < 31U {(x,x3)}, AM'(x) = A (x) = b,
A(x;) = a, T'(x) = T(x,) = 0,and 1T'(x;) = 3.9. Forany
time causal process m; = (TN;, @;) € €P(TN;) in
which E7,, consists of two concurrent events with
labels b and time values equal to 0 and any isomor-
phism f; : n(T'N;) — TP, one can find a time causal
process Ty = (TN3,@;) € €P(TN;), in which Ery,

7 A time poset M = (X,=,A, 1) is called prefix of a time poset
n' =X,=2,A,1) (denoted as < 1M') if X € X', X'\X = {x},
==<'NXXxX), A=Ay, T="T]y, and x is the greatest with
respect to < ' element of X'
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consists of two concurrent events with labels 4 and
time values equal to 0 and a third event with label @ and
time value 3.9 that is in a relation of causal dependence

with one of b, and isomorphism f£;M(7N;) — TP' such
that m; — m; and f; < f;. However, this is not true in
the case of the time Petri net TN',. []

Further, we define testing equivalence for time
Petri nets based on their time causal trees having in
mind the method employed for the event structure
model in [6]. The tests will be constructed taking into
account time values based on the set of labels of
Actx T x 2" tree arcs.

Definition 9. Let TN and JN' be time Petri nets,
andlet TCT(TN) = (FLITN), A,0) and TCT(TN") =
(FLTN", A, ¢') be their time causal trees. For a
sequence we (ActxX T x 2N)* and a set W < (Act %

T x 2N) , TCT(I N) after w MUST,,, W if, for all paths
u in TCT (I N) from the root to the node # such that
O(u) = w, there exist a label (a,d, K) € W and an arc r
from the node » such that ¢(r) = (a,d, K);

IJN and JN' are causal tree testing equivalent
(denoted as JN ~,, JN') if, for any sequence

we (Act x Tx2Vy* and any set W < (derx T x 2V),
TCT(TN) after w MUST,,, W & TCT(TN) after w
MUST,, W.

Example 8. Consider the time Petri nets JN,,
IN;,and TN, depicted in Fig. 7. It is easy to see that
IJN, and JN; are causal tree testing equivalent,
whereas T N'; and N, are not. Let us prove the latter.
To this end, we define w = (b,0,0)(b,0,9) and W =
{(a,3.9,{1})}. It is easy to check that TCT (T N';) after w
MUST,, W. In TCT(IN,), there are two paths
labeled as (b, 0, D) (b, 0,J); one of them terminates at a

node from which an arc with label (a,3.9,{1}) origi-
nates, and the other terminates at a node that lacks

such an arc. Thus, the condition TCT(J N ,) after w
MUST,,, W does not hold. []

From the definitions of the interleaving, poset, and
causal tree testing equivalences, we immediately get
the following

Lemma 3. Let TN, and TN, be time Petri nets.
Then,

ING ~ie TN, = LIN) = LTN,),

TN| ~pos TNy = TPos(TN ) = TPos(TN,),
TN, ~et TN, = LATCTITN))) = LTCTITNS)).

Let us establish relationship between the interleav-
ing and causal tree testing equivalences.

Theorem 1. TN | ~,, TN, => TN, ~,,, TN,.

Proof. Suppose that TN, ~,,, TN,. Let us show
that TN, ~,,, TN,. Assume the contrary. Let there

int
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exist we (Actx T)* and W < (Actx T) such that
JN, after w MUST,,, W; however, «(TJ N, after w
MUST,,, W). The latter means that there exists
G, € FL(ITN,) such that L(c,) = w and that, for any
(a,0)e W and o,(,0) e FLITN,), the condition
L(0,(7,0)) = w(a,0) does not hold. Taking into
account the definitions, we find that we L(TN,)
and, moreover, W = O,(path(c,))e LTCTITN,)),
with W 4.ry» = w. Let us introduce the set W = {(a, 0,
K)|(a,0)e W, Joe FFSITN,) : L(c) = w and
O,(path(c)) =w,Janarcrfromc inTCT(TN,) :0,(r) =
(a, 0, K)}. Let us show that TN, after w MUST,, W. Take
an arbitrary 6, € FF (T N') such that ¢,(path(c,)) = Ww.
Such a o, exists, since w e L(TCT(TN,)), by Lemma 3.
Moreover, w e L(JTN',), according to Proposition 3.
Since I N, after w MUST,,, W, there exist (a,0) € W
and 6,(¢, 0) € FF(TN)) such that L(c,(t,0)) = w(a,
0). By the construction of the time causal tree, there is
an arc r = (G6;,6,(¢,0)) in TCT (I N,) such that ¢,(r) =
(a, 0, K). Hence, it follows that ¢,(r) € W. By virtue of

arbitrariness of ¢,, we have J N, after w MUST,, W.
Thus, we arrived at the contradiction, since it is easy to

check that (I N, after w MUST,.,, W). []

In conclusion, we show that testing equivalences
for time causal trees in the semantics of time partially
ordered sets and time causal trees coincide.

Theorem 2. Let 5 N, and J N, be time Petri nets.
Then,

TN ~pos TNy & TNy~ TN,

Proof. Let us prove from left to right (the proof
from right to left is similar). Let TCT(IN,) =
(FLIN)), 4, ) (i = 1, 2). Suppose that TN| ~,, ¢
JN,. Then, according to Lemma 3, we have
TPos(TN,) = TPos(TN,). From Proposition 3, we
obtain L(TCT(TN ) =LTCTITN,)). Let us show
that TN, ~,, TN ,. Take arbitrary we (Act x T x 2Ny

and W c (et x T x 2N). Without loss of generality,
we assume that |w| =n (n = 0). Suppose that
TCT(IN,) after w MUST,,, W. Let us check that
TCT(TN,) after w MUST,,, W.

If weg L(TCT(ITN,)) =LTCTITN,)), then the
result is evident. Consider the case where w €
F(TCTITN))) = LTCTITN,)). Then, we can take
any path u from the root to some node 6 € FF(TN)

such that ¢,(u) = w. According to Proposition 1(b),
there exists a unique (up to isomorphism) time causal

process Ty = (TN, @;) € €P(TN) and a unique lin-
earization p; = ¢ ...e; TN, such that FS, (p;) = ©.
Let usdenote TP, = N(T'Ny) € TPos(TN)).
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For each (4,0, K) € W, we construct a time poset
TP(H,e,K) = (X, j, }\«, T) as fOllOWSZ X = ETNG U {e(a’e,k')}

(Cwor) & Ern,)s =3, Y (P, eqwox) |k € K};
METNG = 7\'TNG’ Me(a,e,x)) =a; TlETNG = Trw,» Ueao.k) =
T(TNg) + 0. The set of all constructed time posets is
denoted as TPw{TF, ¢ x,|(a,6,K) € W}.

Let us check that TN, after 7B, MUST,,,; TPy
Take an arbitrary time causal process of the net w;, =

(TN, 0)€ €P(ITN,) and an isomorphism f;:
N(T'N,) — TP,. Since TP, € TPos(TN,), such «, and

/i exist. From Proposition 2(a), we find that el1 e =

P = (£)" :M(TN,) = N(TN,)(p,) is a linearization of
TN, such that w = ¢(path(c, = FS; (p;))). Since
TCT(IN,) after w MUST,,, W, there exists a label
(4,0, K;) € W and an arc r; from node &, such that

¢,(r) = (a0, K|). Then, onecanfind TR’ = TP( k)

TPy. Hence, by construction of the set TPy, we find

that {e, g,k = Era\Erves @ = Ay (€10 O =

TpCuaxy) — TN K = {n — 1+ 1] ¢ =,

€s K].)}. Moreover, by the definition of TCT(TN')),

there exists 0,(#,6,) € FL(TN ), (# € Ty,) such that
h= (Gl’cl(tfa ei)) and q)l(o'lacl(tfa ei)) = (I(J‘J\J](tl') =

a,0), K}). From Lemma 2(a), it follows that there is a
time causal process m; = (TN{,¢)) € €P(TN,) such
that m;, — m and 6,(¢,0)) = FSn,] (p,e) for some linear-

ization p,e; of TN/, i.e., @;(e;) = t,. Let us define func-
tion fi': W(TN}) — TH asfollows: f|; =f, fi(e}) =

Cao.ky 10 addition, A (€)= ai = A (e, g k)3

Tn(TN]')(el') = e'1 + T(TNI) = e; + T(TNG) = TTP]'(e(a[,G'],Kf));

1 U v 1
€kt Sy @ S Si(Cnit) = e = for
all k € K|. Hence, f/ is an isomorphism and f; c f'.
Thus, I N, after 7P, MUST,,,; TPy. Then, by the
assumption of the theorem, I N, after 7P, MUST

TP,,

7Pa;.0.K;)

tpos

Further, let us show that TCT(JN,) after w
MUST,.,, W. Take an arbitrary path u, in TCT(TN',)
from the root to the node o, such that ¢,(u,) = w.
Since we L(TCT(TN,)), there is at least one such a
path u, in TCT(JI N ,). In accordance with Proposition
1(b), there exists a unique (up to isomorphism) time
causal process T, = (TN, @,)€ 6P(TN,) and a

unique linearization p, = 912 ..e. of TN, such that

n
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FSRG2 (p,) = 0,. Using Proposition 2(b), we find that
there is an isomorphism f, : N(TN,) — TP, such that
£(py) = ps. Since TN, after TP, MUST,,,; TPy,

there exist TP, € TPy, ;= (TN, @5) € €P(TN ),
and an isomorphism f, : N(TN,) — TP, such that
T, = W, and f, € f,. According to Lemma 2(b),
there is 6,(7,0) € FL(T N ,) such that, for some linear-
ization p,e; of TN}, we have 6,(t,6) = FS_(p,e}). By
construction of TPy, there exists a label (a,ZG, K)e W
such that TPy =TF,q ), and, hence, {e, ¢ x} =
ETPZ'\ETNG' Since TN, —» TN, and TP, < -TP,, we
have {e;} = ET}Vé \E7y, and f;(e;) =e ¢, k- Since f; isan
isomorphism, we have kn(mé)(e'z) = km(e(a,e’ ) = a
Taarny (@) = Tpp(Cuor) = ATNG) +6 = W(TN,) + 6,

o —1 (¢ 2 '
and e, =7, €0k © (f}) (¢)=¢ jn(nvg) e, for all

1 <i < n. Then, it follows that (z,0) = (@)(e}),0) and
2= e, forall k € K. Hence, in TCT(TN ),

kil = yawy)

there exists an arc r, = (G,, (52(;, 0)) such that 0,(r) =
(a, 0, K). Thus, we have TCT(J N',) after w MUST,,
W= TCT(IN,) after w MUST,, W.

In view of symmetry, we have TN,

gNl et gNz- U

IN, =

“tpos

5. CONCLUSIONS

We have shown that some well-known causality-
based testing equivalences employed in the untimed
and timed event structures literature can be extended
to time Petri nets. In particular, we have introduced
and studied testing equivalences in interleaving, partial
order, and combined semantics in the setting of safe
Petri nets with strong timing (transitions are labeled
with time firing intervals, enabled transitions are able
to fire only if their lower time bounds are attained, and
are forced to fire when their upper time bounds are
reached). In doing so, we dealt with three behavioral
representations of time Petri nets: firing sequences
representing interleaving semantics; time causal net
processes, from causal nets of which partial orders are
derived; and causal tree semantics constructed from
the firing sequences and partial orders. We have found
relationships, firstly, between the firing sequences and
correct time processes for time Petri nets and, sec-
ondly, between labeled paths in time causal trees and
correct time processes. We have established that the
interleaving testing equivalence is weaker than that
determined with the use of the time causal tree. The
main result of the study is the proof of the coincidence
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of the testing equivalences in the semantics of time
partial orders and time causal trees. It is worth noting
that this result is also true for the untimed versions of
the equivalences in the setting of untimed contact-free
elementary net systems.

As for the future work, we plan to study the relation-
ship between the equivalences and semantics under con-
sideration and those in the linear-time/branching-time
and interleaving/partial order spectra ([25]). We also plan
to study the possibility of extending the results obtained
to time Petri nets with invisible actions.

REFERENCES

1. De Nicola, R. and Hennessy, M., Testing equivalence for
processes, Theoret. Comput. Sci., 1984, vol. 34, pp. 83—133.

2. De Nicola, R., Extensional equivalences for transition
systems, Acta Inform., 1987, vol. 24, no. 2, pp. 211-237.

3. Cleaveland, R. and Hennessy, M., Testing equivalence
as a bisimulation equivalence, Lect. Notes Comp. Sci.,
1989, vol. 407, pp. 11-23.

4. Pomello, L., Rozenberg, G., and Simone, C., A survey
of equivalence notions for net based systems, Lect.
Notes Comp. Sci., 1992, vol. 609, pp. 410—472.

5. Aceto, L., De Nicola, R., and Fantechi, A., Testing
equivalences for event structures, Lect. Notes Comp.
Sci., 1987, vol. 280, pp. 1—-20.

6. Goltz, U. and Wehrheim, H., Causal testing, Lect.
Notes Comp. Sci., 1996, vol. 1113, pp. 394—406.

7. Aceto, L., History preserving, causal and mixed-order-
ing equivalence over stable event structures, Fund. In-
form., 1992, vol. 17, no. 4, pp. 319—331.

8. Darondeau, Ph. and Degano, P., Refinement of ac-
tions in event structures and causal trees, Theoret. Com-
put. Sci., 1993, vol. 118, no. 1, pp. 21—48.

9. Nielsen, M., Rozenberg, G., and Thiagarajan, P.S.,
Behavioural notions for elementary net systems, Distrib.
Comput., 1990, vol. 4, no. 1, pp. 45-57.

10. Hoogers, P.W., Kleijn, H.C.M., and Thiagarajan, P.S.,
An event structure semantics for general Petri nets,
Theoret. Comput. Sci., 1996, vol. 153, nos 1-2, pp. 129—
170.

11. van Glabbeek, R.J., Goltz, U., and Schicke, J.-W., On

causal semantics of Petri nets, Lect. Notes Comp. Sci.,
2011, vol. 6901, pp. 43—59.

PROGRAMMING AND COMPUTER SOFTWARE

BOZHENKOVA, VIRBITSKAITE

12. Cleaveland, R. and Zwarico, A.E., A theory of testing
for real-time, Proc. of 6th IEEFE Symp. on Logic in Com-
put. Sci. (LICS'91), Amsterdam, The Netherlands,
1991.

13. Llana, L. and de Frutos, D., Denotational semantics for
timed testing, Lect. Notes Comp. Sci., 1997, vol. 1233,
pp. 368—382.

14. Hennessy, M. and Regan, T., A process algebra for
timed systems, Inform. and Comput., 1995, vol. 117,
pp. 221—-239.

15. Corradini, F., Vogler, W., and Jenner, L., Comparing
the worst-case efficiency of asynchronous systems with
PAFAS, Acta Inform., 2002, vol. 38, pp. 735—792.

16. Bihler, E. and Vogler, W., Timed Petri nets: Efficiency
of asynchronous systems, Lect. Notes Comp. Sci., 2004,
vol. 3185, pp. 25-58.

17. Murphy, D., Time and duration in noninterleaving
concurrency, Fund. Inform., 1993, vol. 19, pp. 403—
416.

18. Andreeva, M., Bozhenkova, E., and Virbitskaite, I.,
Analysis of timed concurrent models based on testing
equivalence, Fund. Inform., 2000, vol. 43, pp. 1-20.

19. Andreeva, M. and Virbitskaite, 1., Timed equivalences
for timed event structures, Lect. Notes Comp. Sci., 2005,
vol. 3606, pp. 16—25.

20. Andreeva, M. and Virbitskaite, I., Observational equiv-
alences for timed stable event structures, Fund. Inform.,
2006, vol. 72, pp. 1—19.

21. Valero, V., de Frutos, D., and Cuartero, F., Timed pro-
cesses of timed Petri nets, Lect. Notes Comp. Sci., 1995,
vol. 935, pp. 490—509.

22. Virbitskaite, 1.B., Borovlev, V.A., and Popova-Zecug-
mann, L., “Truly concurrent” and nondeterministic
semantics of discrete-time Petri nets, Program. Comput.
Software, 2016, no. 4, pp. 187—197.

23. Aura, T. and Lilius, J., A causal semantics for time petri
nets, Theoret. Comput. Sci., 2000, vol. 243, nos 1-2,
pp. 409—447.

24. Bushin, D.I. and Virbitskaite, 1.B., Comparative trace
semantics of time Petri nets, Program. Comput. Soft-
ware, 2015, no. 3, pp. 131—139.

25. Virbitskaite, 1., Bushin, D., and Best, E., True concur-

rent equivalences in time Petri nets, Fund. Inform.,
2016, vol. 149, no. 4, pp. 401—418.

Translated by A. Pesterev

Vol. 46 No.4 2020



	1. INTRODUCTION
	2. TIME PETRI NETS: SYNTAX AND INTERLEAVING SEMANTICS
	3. CAUSALITY-BASED SEMANTICS OF TIME PETRI NETS
	3.1. Basic Definitions
	3.2. Time Causal Processes of Time Petri Nets
	3.3. Time Causal Trees of Time Petri Nets

	4. TESTING EQUIVALENCES
	5. CONCLUSIONS
	REFERENCES

		2020-08-07T23:59:33+0300
	Preflight Ticket Signature




