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Abstract—We consider a zero-sum differential game on a finite interval, in which the players
not only control the system’s trajectory but also influence the terminal time of the game.
It is assumed that the early terminal time is an absolutely continuous random variable, and
its density is given by bounded measurable functions of time assigned by both players (the
intensities of the influence of each player on the termination of the game). The payoff function
may depend both on the terminal time of the game together with the position of the system
at this time and on the player who initiates the termination. The strategies are formalized by
using nonanticipating cadlag processes. The existence of the game value is shown under the
Isaacs condition. For this, the original game is approximated by an auxiliary game based on
a continuous-time Markov chain, which depends on the controls and intensities of the players.
Based on the strategies optimal in this Markov game, a control procedure with a stochastic
guide is proposed for the original game. It is shown that, under an unlimited increase in the
number of points in the Markov game, this procedure leads to a near-optimal strategy in the
original game.

Keywords: two-person zero-sum game, Dynkin game, differential game, stochastic guide,
extremal shift, continuous-time Markov chain.
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INTRODUCTION

This work is devoted to the development of methods for solving differential games with random
terminal time. We consider a zero-sum differential game on a finite interval [0; 7], in which the
players can influence in a nonanticipating way the density of the moment of early (before the time T')
termination of the game, setting at each time, each on their own part, the intensity (conditional
density) of the termination. The cost function depends both on the terminal time and the position
of the system at that moment and on the player who initiates the early termination; thus, this
function becomes a random variable. For this reason, the actions of the players are considered to
be aimed at optimizing the expected value of the cost function. Each player still has the opportunity
to rely on their knowledge of the position of the system, assigning their own control and intensity
during the game, but it should also be noted that the game between the players can occur repeatedly
and the actions of the players can change during such a series of games; in particular, their actions
may be nondeterministic, resulting from certain random processes. That is why we assume that, on
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the one hand, the players can choose the distributions of their controls rather than controls per se.
On the other hand, by collecting statistics on a sufficiently long series of games, players have the
opportunity to recover the distribution used by the opponent with any predetermined accuracy;
in particular, knowing nothing during the game about the intensity of early termination already
assigned by the opponent, each of them can recover the probabilistic law governing it.

In connection with the above, we assume in this paper that the strategies are random processes,
which depend in a nonanticipating way on the realized trajectory of the system and, in the case
of a counterstrategy, on the actions of the opponent. A detailed definition of strategies and
counterstrategies is given in Section 2; we only note here that they are in principle not new. For
a continuous-time Markov chain, such general definitions can be found, for example, in [26], where
more constructive special cases of the definitions are described in detail. For example, in our setting,
each player can use the classical deterministic strategies: piecewise continuous program strategies
or piecewise constant positional strategies. We also note that the requirement imposed in this paper
that the strategies can employ only cadlag processes is rather of a technical nature; to some extent
it can be justified by the facts that in control theory piecewise continuous controls are everywhere
dense, whereas in the theory of differential games, within the classical setting [20,21,30], piecewise
constant positional controls of the players implement the value function with any predetermined
accuracy.

Let us discuss similar settings studied in the literature. The general statement of a game in
which a player controls the moment of exiting the process goes back to Dynkin’s classic paper [10].
In such games (Dynkin games, stopping games), it is usually assumed that there is some conflict-
control process and at least one of the players must choose by their actions a convenient time
for stopping the entire game. Such game settings have numerous applications, in particular, in
financial mathematics (see, for example, [1,7,15]); for them, the questions of the existence and
description of the value of the game, the construction of optimal strategies, and the structure of
such strategies are investigated. Starting with the classical works [5, 6], the dynamics of the game
is usually described by a stochastic differential equation, but Lévy—Feller processes [4], as well as
discrete-time (see, for example, [24,29]) or continuous-time [11,22] Markov chains, are also used.
Finally, a differential game in which the distribution of the terminal time (and hence the intensity)
is known to the players in advance was considered, for example, in [13,23].

In this paper, for the game under consideration, we prove the existence of both the value
and approximately optimal strategies that implement the value with any predetermined accuracy.
The construction of the strategies is based on the technique of a stochastic guide; the idea of the
technique is as follows. For any motion y of the original conflict-control system, a player uniquely
reconstructs step-by-step a certain distribution P# of auxiliary motions z calculated by this player.
At each time t; of some partition, the player assigns for the following time interval a control @
using the realized position z(fx), which is in fact a random variable, by the rule

a(t) = u® ) (4, y(tr)) Yt € [tr; tesr), (0.1)

toz

where 4'°# is a control that maximally shifts the position of the original system to the point z.

This technique solves the original problem and goes back conceptually to the classical methods
for differential games [20] proposed by Krasovskii and Subbotin. For example, the rule @*°* is
fundamental to the extremal shift method, and the rule (0.1) with substitution y = z is used in
the positional formalization of a differential game introduced by Krasovskii and Subbotin in [20].
The method of control with a guide proposed by the same authors originally presumed a one-

to-one dependence of z on y, but later a nondeterministic rule was proposed for constructing z
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in Krasovskii’s paper [17]. In [18,19] a stochastic guide was constructed with the use of the Ito
differential equation. In [2,3] the trajectory of a continuous-time Markov game is considered as z.
In the present paper, z is also generated by an approximately optimal strategy in a continuous-time
Markov game. In particular, the question of existence of the value in the original game is reduced
to a similar fact for a Markov game, which was obtained in [14].

The paper is organized as follows. In Section 1 we formulate the original differential game and
state (up to the definition of the strategies) Theorem 1, which guarantees the existence of the value
in this game and is the main result of the paper. In Section 2 we give some basic definitions from
the theory of random processes and introduce formalizations of the strategies used in the paper. In
the next section, we extend the dynamics of the original game and represent the original objective
functional as a discounted payoff. Section 4 is devoted to an auxiliary Markov game. In Section 5
the technique of a stochastic guide for the first player is considered: a random process (double
game) is introduced, in which the first component corresponds to the state of the original game
and the second component corresponds to the state of the stochastic guide; then, with the use of an
extremal shift, the control of the first player is written in each component and a fictitious control
is written for the second player in the Markov game. The last section is devoted to the proof of
the theorem, which reduces to estimating the difference between the components of the random
process, i.e., the trajectories of the original game and of the stochastic guide.

1. PROBLEM STATEMENT
1.1. Dynamics of the original game. Consider a conflict-control system in R?

dy(t

WO _ fey@)u).00). y0) =2 B, 1eT], u@) €U, o) ev. (1)
Assume that U and V are metric compact sets in some finite-dimensional Euclidean spaces and the
function f: Ry x R? x U x V — R? is Lipschitz in all variables. We also require the saddle point

condition in the small game (the Isaacs condition) [20,21]: for all z,w € RY,
i t = i t . 1.2
min max(w, (t,z,v,v)) = maxmin{w, f(t, z, u,v)) (1.2)
In addition to controlling the motion in R? each player can influence the terminal time of
the game. Let us fix closed intervals [p_; 4], [0—;1¢4] C Ry, which are sets of parameters that
control the intensity of game termination on the part of each player. Assume that the first and
second players have chosen piecewise continuous functions [0; 7] 2 ¢t — ¢(t) € [¢—;¢+] and [0;T] 2
t — Y(t) € [Y_;14], respectively. Then, for almost all ¢ € [0;7), the conditional probability of
termination of the game on the interval [t;¢ + At) if the game was still continuing at the time ¢
is (p(t) + ¥(t))At 4+ o(At). Solving the corresponding differential equation for the total intensity
¢ + 1, we find that, for any time 7 € [0;T), the probability of termination of the game before the

time 7 is
r ~ Jlp(s)4(s)) ds
/ () + p(t))e o d; (13)
0

in particular, for ¢(t) + 9(t) = C, the terminal time of the game has the same distribution as
min(#, T'), where 6 is distributed exponentially with parameter C. Using (1.3) and the correspond-
ing differential equations for the probabilities of termination of the game before the moment 7 < T
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on the initiative of the first and second player, respectively, we have for them the values

T t

~ [(p(s)+(s) ds T el s ds
/ o(t)e o dt, / Wt o dt. (1.4)
0

0

As a corollary, we find that, in the case of termination of the game at a time ¢ < T, the player
responsible for this is the first with probability ¢(t)/(¢(t) + ¥ (t)) and the second with probability
Y(t)/(p(t) +1(t)). It remains to formalize formulas (1.3) and (1.4).

For this, we equip the square [0; 1] with the o-algebra B([0;1]?) of Borel sets and consider the
Lebesgue measure A on them. We obtain the probability space

(105 112, B([0; 1]2), Bigqp2 2 N),

which assigns a random number w; to each player. Now, for all Borel mappings ¢ : [0;T) — [¢—; ¢+ ]
and ¢ : [0;T) — [)—; 4], we introduce random variables w — 61 (w) and w +— O3(w) by the following
rule: for all w = (wy,ws) € [0;1]?,

O1(w) Zinft € [0;7) | [ p(t)dt = —Inw, p U{T}, (1.5)
{reoml / }

Os(w) Einf{t € [0;T)| [ w(t)dt = —Inwsy p U{T}. (1.6)
{rewn) | }

Note that, for any 7 € [0;7"), the probability of the event #; < 7 coincides with (1.3) in the case
v = 0. Similarly, the probability of the event #3 < 7 coincides with (1.3) in the case ¢ = 0.
Thus, the random variable 6; coincides with the time of the possible termination of the game on
the initiative of the ith player in the case of zero intensity of the opponent. Moreover, for any
mappings ¢ : [0;T) — [p—;¢+] and ¢ : [0;T) — [¢p_; 4], the random variables 6; are independent
because the random variables w; are independent; hence, for the time of the early termination of
the game

emin é min(ela 92)7

which is a random variable, the probability of the event 0, < 7 is found by formula (1.3), and
the probabilities of the events §; < 7 and 03 < 7 are found by formula (1.4), as required. In what
follows, we suppose that (wi,ws) is chosen before the start of the game and is independent of the
actions of the players, who have no information about (wj,ws) before the terminal time. Thus,
the players know formulas (1.3) and (1.4) and know (or hypothesize) their intensity and/or the
intensity of the opponent but have no other information about the terminal time 6,iy.

For simplicity of notation, we introduce the sets of control parameters of the first and second

players: U 2 Ux[p_;p4] and V 2 V x [_;].

1.2. Goals of the players and the value of the game. Let us define the goals of the
players. Let functions og : R — R, o1 : [0;7] x R? = R, and o9 : [0;T] x R? — R be given.
Assume that these functions are locally Lipschitz in z,¢ and have norms bounded by the number 1.
Let o¢(y(T')) be the payoff of the first player to the second if there has been no early termination,
i.e., the game has terminated at the time 7'. Let the number o1(61,y(61)) be the payoff of the first
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player to the second if the first player has initiated an early termination of the game (at a time 6;).
Similarly, o2(62,y(02)) is the payoff of the first player to the second if the termination of the game
(at the time ) has been initiated by the second player. Thus, almost always on [0; 1], for a known
trajectory y(-) and known actions (@, v)(+) of the players, the objective function is defined; it is the
random variable

Since the players do not know the outcome w € [0;1]2, they can only optimize the expected value
of the objective function .J

EJ(y,u,v),

which, similarly to the trajectory y(-) of system (1.1), is uniquely recovered from the players’
controls u(-) and o(+).

Formalizations of the strategies will be given in the following section; we only note that one
of the players will be allowed to feed as their control a cadlag (right continuous and having limit
on the left) trajectory of some random process, which depends on the trajectory of (1.1) in a
nonanticipating way. The other will be allowed to know not only the trajectory but also the control
used by the opponent; as a consequence, the control of this player depends on these trajectory and
control as a random process in a nonanticipating way. Let us introduce the necessary notation.

Let &' and &' be the sets of admissible strategies of the players considered as distributions of
random processes that depend in a nonanticipating way on the trajectory y(-). Denote the sets of
admissible counterstrategies of the players by Q) and QU | and denote by R, (P the set of
all possible distributions Pgl*l of random processes in the game where the players adhere to a joint
strategy P+ Naturally, any stepwise strategies (in particular, program strategies) are admissible
strategies, and any admissible strategy is a counterstrategy.

Depending on which of the players is informationally discriminated, i.e., which of them has in
advance informed the opponent about their strategy, we obtain two values of the game:

A,
Vt= inf sup sup E2 T (y, a,),
PlEGL, QUieqll Pallen,, (QU[PY) *
A . . _
V™= sup inf inf EX T (y, @, v).
plicgll Q'eQ;, PileR,, (Q'[P])
Theorem 1. The equality V~ = VT is true. Moreover, for each positive e, the players have
o e Pl T IT I
admissible strategies Pz € &, and P;' € &, that guarantee
—e+ sup sup BT (y,4,0) < VT =V~ <e+ inf inf B2 (y,a,0).
QUenll Palen,, (QUPL) Qleql, PaleR., (QBY)

This theorem will be proved in the last section. Before that we recall some definitions from the
theory of random processes and give the definitions of strategies promised earlier.
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2. STRATEGIES AS DISTRIBUTIONS OF RANDOM PROCESSES

2.1. General facts from the theory of random processes. Recall that, for any pair of
probability spaces (', F/,P’) and (Q”, F”,P”), we can consider the o-algebra F' @ F” of subsets
of 2 x Q" as the smallest o-algebra containing all products of the form A x B for A € F' and
B e F”. On this algebra, we can uniquely reconstruct a probability P’ ® P” by the rule

(P @P")(Ax B)=P(AP'(B) forall AeF and Be F".

We obtain the product (' x Q", F' @ F" P’ @ P”) of the original probability spaces. In addition,
if there is a mapping g from a probability space (21, F1,P1) to a measurable space (€9, F3) and
this mapping is measurable, i.e., g71(A) € Fy for all A € F», then this mapping specifies the

push-forward of the measure, probability Py for (€22, F2), by the rule Py(A) 2 P1(g~1(A)) for all
A € F,. In particular, for the probability introduced above for ' x Q" the marginal probabilities
P’ and P” for ' and Q" coincide with the push-forwards of the measure P’ ® P” by the mappings
(W, w") = W and (W', 0") — W, respectively.

Fix a state space X as a closed subset of a finite-dimensional Euclidean space, and equip it with
the o-algebra of Borel sets B(X), thus obtaining the measurable space (X, B(X)). Fix also a time
interval T .

Consider now the Skorokhod space D(’T, X) [8,16] of all possible cadlag functions from 7 to X
(functions from 7 to X that are right continuous and have limit on the left). This space is Polish;
equipping it with the corresponding Borel o-algebra B (D(T, X)), we obtain a measurable space.
On each Skorokhod space, we fix the default canonical filtration

(A7 £ B(D((—00st] N T.X)) @ {2, D((t: +00) N T X)}) .
obtaining the stochastic basis (D (T,X), B(D(T,X)), (A)eT)-

Following [25, Ch. IV, Sect. 1, Definition O2], we define a random process with time interval T
and state space (X,B(X)) as a system consisting of some probability space (2, F,P) and some
family (X;)tc7 of measurable mappings from Q to X. Each X; is called the state of the process
at the time t, and the mapping ¢ — X;(w) is called the trajectory of the process corresponding to
the outcome w € (2. A random process is called a cadlag process if P-almost all its trajectories are
such. For each process, we can consider the corresponding first canonical process [25], replacing
each w by the corresponding trajectory ¢t — X;(w); in particular, all cadlag processes with state
space X and time interval 7 are uniquely recovered by some probability measure (distribution of
the process [9, Sect. 17.1]) given on the measurable space (D(T,X), B(D(T,X))). In what follows,
we will specify most cadlag processes in the form of first canonical processes, fixing only their
distributions in an appropriate Skorokhod space.

We will say that (X¢)te7 is adapted to (Fy)ie if, for each t € T, the random variable w — X (w)
is Fi-measurable. A random variable 7 with values in T is called a stopping time (with respect to
a filtration (F;)ier) if, for all ¢ € T, the event {7 < t} = {w|7(w) < t} lies in F;. Note that if

the canonical filtration (A$);c7 is taken as a filtration (F;)ier for 2 D(T,X), then any process
given on this basis is Aj-measurable, and all possible stopping times 7 are exactly the mapping
7 : D(T,X) — T such that, for any z,2’ € D(T,X), the equality z(t) = 2/(¢) for all 7(z) >t
implies 7(z) = 7(2').
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2.2. Strategy sets. Let 7 be an interval closed on the left, and let ¢y be its lower bound.
In addition to the Skorokhod space D(T, X), we consider some compact sets T1 and Y5 in some
finite-dimensional Fuclidean spaces; these sets are the sets of control parameters of the players. Let

T = Y1 x Yo. Program strategies of the first and second players and their joint program strategies
are all possible piecewise right continuous and having limit on the left mappings that are elements
of D(T,Y1), D(T,Y3), and D(T,7Y), respectively. As earlier, equip them with o-algebras of Borel
sets with the canonical filtration.

For the state space X and the set of control parameters Y, we call a mapping

P(X) x D(T,Y) 3 (o.0()) = S, (o] € P(D(T.X))

an admissible dynamics P® with initial distribution ¢ € P(X) if it satisfies the initial condition
PU(.)[Q] (X(to) € A) = o(A) for all A € B(X) and v(-) € D(T,Y) and is nonanticipating; i.e., for
any v'(-),v"(-) € D(T,Y) and time ¢t € T, the equality v'[j.) = v”|j1) implies ]P’g(_)[g](A) =
IP’f,, 0 [0](A) for all A € AF. Note that any probability Pf(.) [0] is regular, since D(’T, X) is a complete
separable metric space.

A strategy P* of the ith player is a mapping taking each element from z € D(T, X) to a
distribution IP;(.) on D(T,7Y;) (and, hence, to a first canonical process (Ui(.)(t))teT with values
in T;) such that the nonanticipation condition holds for all ¢t € T if 2/(s) = 2”(s) for all s € T
not greater than ¢, then IP’;,(_)(A) = IP’;,,(')(A) for all A € .AtTi. The notion of joint strategy P

of the players, which maps trajectories from D(T, X) to distributions on D(7,Y), is introduced
similarly.

Note that any program strategy v;(-) € D(T,Y;), being a mapping z(-) — v;(-) from D(T,X)
to D(T,7Y;) independent of the trajectory x(-), is a strategy of the ith player.

For any initial condition ¢ € P(X), we call a random process (X;)ic7 with values in X a
realization of a joint strategy P™ for an admissible dynamics PC if there is a process (v, X¢)eT
given by some distribution P2 on D(T,Y) x D(T,X) for which the mappings v(-) ]P’U(_)[g] and

z(-) — ]P’;(F_I)I are the Radon-Nikodym derivatives of the marginal distributions P} and ]P’;f (on
D(T, X) and D(T,7T), respectively) with respect to ]P’Z“; ie.,
PT(4) 2P0, € A) = / PHI(A)PX(dz) VA € B(D(T.T)),
D(T,X)
A
) =

PX(C

X(C) 2PU(X. € ) = / PG, [6](C) PT(dv) ¥C € B(D(T,X)).

D(T,T)

We will denote the set of all possible realizations for a strategy P! by R, (P!*1),

We call a strategy P! of the ith player admissible for an initial condition ¢ € P(X) if the pair of
strategies (P*,d,,_,) has the corresponding realization for any program strategy vs_; € D(T, T3_;)
of the opponent. In particular, the program strategies themselves are admissible; indeed, for any

¢ )6 [0] as realizations

choice of program strategies (v1, v2) of the players, we can take O(vy,02) ® IP’(Uhv2

of their joint strategy.
A counterstrateqy Q'[PM=1] of the ith player is a mapping taking each admissible strategy of
the opponent P"'~% to some joint strategy x(-) ~— Qi[]P’IH_i]x(.) on D(T,Y; x Y9) (and, hence,
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to a random process (v,.)(t))te7 with values in T X Yg) such that the corresponding marginal

distribution on Y3_; coincides with ]P’E(I)_’ A counterstrategy is called admissible if the strategy

z(-) — Q [IP’III_i]x(.) is admissible for any admissible strategy of the opponent P, Tt is clear that
any admissible strategy P’ is also an admissible counterstrategy because it assigns to a strategy of
the opponent P''=% some joint strategy =(-) — IP’;(.) ® IP’;I(.).

Denote by &L and &I the sets of admissible (for an initial condition ¢ = §,,) strategies
of the first and second players. Similarly, denote by Qé* and Qg* the sets of admissible (for
the same condition) counterstrategies of the players. The above implies the chain of embeddings
D(T,Y;) = &% — Q.

We construct a stepwise strategy, for example, for the first player, showing at the same time that
any such strategy is also admissible. Consider some partition A = (tx)xen of the time interval T,
and let some admissible (for example, program) strategy P* of the first player be given for each
k € N on the interval [tx_1;tx). In particular, for any program strategy vy € D([tg_1;tx), Y2) of the
second player, there is a realization P*'* of their joint strategy Oy, ® P* on this interval. Now,
cach initial (at the time ¢;_;) distribution gr_; corresponds to the probability Pal** (X(.) € B) for

all Borel subsets B of the set D([tx_1;t),X) and, hence, to the marginal probability ox[o]|(B) 2
IP’Z?,;k_l (X (ty) € B) depending on p. Thus, we have constructed a sequence of transition probabilities
or + P(X) — P(X) depending on go; after that, we can introduce a distribution IP’ZLI as the
probability ®renP2* on Borel subsets of [Tren D([te—1:t), T x X). Thus, the realization of

Ok—1
all
Q0

strategy) is admissible.

the joint strategy P2 has been constructed, and any strategy constructed in this way (any stepwise

2.3. Admissibility of the original dynamics. Let us show that the original game defines
an admissible dynamics with X 2 R+ T 2 [0;T], and T SUxV. Indeed, if we fix program
strategies, i.e., some cadlag controls @ = (u, ¢) and v = (v, ), then the corresponding deterministic
process t — y(t) uniquely defines the Dirac measure P, ,[0] = J, over the set of its trajectories
from D(7,R?) under a Dirac initial condition o. Due to their linearity, these distributions P o]
are defined for all possible initial conditions g. Further, each pair (¢,%) defines stopping times 6;
and, together with them, 6,;, by means of formulas (1.5), (1.6). Let a random variable s be zero
if the game is not completed upon the expiry of the time of the game (7" = Opin), be 1 + Oy if
01 = Omin € [0;T), and be —1 — Oy if 03 = Onin € [0; 7). To each pair

(@(),5) € D([0; T}, RY) x (=T = 1; =1] U {0} U [1;T + 1])
we assign a trajectory ye(.ys)(-) € D([0;T],X) by the equalities
t = (t,z(min(t, |s| — 1)), s1jo.(|s| = 1)) for [s| #0 and ¢~ (t,2(t),0) otherwise. (2.1)

Then the push-forward of the measure P(, ) [o] ® P,y by this mapping specifies a distribution
]P’(%’ﬂ) [0] on D(T,X). In particular, the last coordinate now switches from the zero value to the value
of the random variable s at the time of the early termination of the game. Now the distribution
P2l on D(T,U x V) x D(T,X) is uniquely recovered by the following rule: for all Borel subsets
B c D(T,UxV)and D C D(T,X),

P2 (B x D) £ B§, , [o](D)1p(, ). (2.2)

(@,d
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Since a realization is constructed in the original game for an arbitrary joint program strategy, i.e.,
a pair of cadlag controls @ = (u,y) and v = (v,), it follows that the dynamics of the original
game is admissible. Consequently, stepwise strategies in the original game are also admissible.

3. EXTENSION OF THE ORIGINAL GAME

Although the game process corresponding to the original game is completely defined, it will be
convenient for us to extend its definition so that the process will be given on an unbounded time

. . . A .
interval and in an extended state space. For this, we put X = Ry x R and define unit vectors
of this space:

>

02 (1,0,...,0), m2(0,1,...,0), ..., 7 =(0,0,...,1,0), mar1 = (0,0,...,1).

. . . . . A .
Now, for any vector z € X, its ith coordinate can be written in the form m;z = (m;, 2). Finally,

. . A
denote by || - ||4 the norm of a vector without the last coordinate: ||z||q = ||z — (Ta+12)Ta+1]]-

3.1. Required constants. Since the dynamics of the system is bounded, there exists a
compact set K. C R? such that any solution y of system (1.1) with the initial condition from the
unit ball centered at x, stays within this set on the interval [0;7T]. Increasing if necessary this set
to K=, we can assume that the distance of any solution of system (1.1) (with the initial condition x.)
from the boundary of K- is greater than 1 at any time from [0;7]. Now we can find a sufficiently
large number L > 2 such that the functions f|o,7x k. xUxvs 00lKs, O1lj0;7)x K-> and o2jo.7)x K
are Lipschitz with the constant L. We can also assume that the norm of f|,71x k. xuxv and the
numbers ¢, and 14 are not greater than L — 1. Recall that, by our assumptions, the functions oy,
o1, and o2 do not exceed 1 in absolute value; for definiteness, we continue the mappings o1|(o,7]xre
and o3, r)xra to [T500) X R? preserving both their Lipschitz constant and their norm in the
uniform metric; this is possible by [28, Theorem 9.58].

Fix a smooth monotonically nonincreasing 2-Lipschitz scalar function a : R — [0;1] such that

a(0) = 1, a(1l) = 0, and the function r — a(r — 1/2) — 1/2 is odd. We also define ax(z) 2
1 — a(dist(z; R?\ K+)) for all x € R%.
Fix some positive number h < min(1,e2/T,56L*Te 2.7 /d) such that e~ 7/3" < KT and

1/h € N. Define
N2 /2T I(hT), T 2T +~=T+\/—2hT In(hT).

We have the inequalities
—In(hT) >2, 2VhT <75, ~y<T/2, h3d/2 < TL%e 12112, (3.1)

3.2. Extended dynamics of the original system. Recall that, according to the formal-
ization proposed in the preceding section, the termination of the game on the initiative of the first
or the second player at a time 6 consists in shifting the position of the system along the additional
(d + 1)th coordinate by the vector (1 + )mg4q1 or —(1 + )m441, respectively. Now the extended
space of the original dynamic system (1.1) coincides with the product R%*! x {s = 0}, and the
set R™1 x {5 > 1} contains all possible terminal positions of the system if the game has been
terminated on the initiative of the first player; similarly, the set R¥! x {s < —1} contains all
terminal positions of the system if the game has been terminated on the initiative of the second
player. Consequently, we extend the dynamics of (1.1) to X = R, x R,
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For this, to each w = (t,2,5) € X, (u, ) € U, and (v,%) € V, we assign a vector

A~ é(

flw,u,v) = (1,10, (t)ak (z) f(t, 2, u,v),0). (3.2)

It is easy to verify that the function f is bounded in the norm by the number L and is 3L-Lipschitz
in each of the domains [0;7) x R and [T;00) x R¥1. In addition, f(w,,?) coincides with
(1, f(t,z,u,v),0) if w= (t,z,8) € [0;T) x K< x {0}, (u,¢) € U, and (v,1)) € V. Moreover, outside

A . L. . .
the set Xo = Ry x Ks x [-2 — T;2 + T1, the function f is zero in all the coordinates except for
the zero coordinate.
Consider a conflict-control system
dy(t)

== = F®).a(t),5(8), y(0) = (0,2.,0) forall teRy, yeX, alt) U, o(t) e V. (3.3)

If the dynamics in this system is defined by (3.2) and the initial conditions are in the set X,
then the trajectories of (3.3) stay inside this set; in addition, for the original initial conditions and
any controls of the players, the corresponding coordinates of the trajectories of (3.3) coincide with
the coordinates of the trajectories of (1.1), and the time coincides with the zero coordinate of the
solution of (3.3). Note also that, after the terminal time of the game, i.e., for moy(t) =t > T or for
|Tar1y(t)| > 1, only the zero coordinate of the solution of system (3.3), which corresponds to time,
changes. Finally, by the boundedness of the right-hand side for any solution y with dynamics (3.2),
we have

ly(t) —y(t)l]la < Lt —t") V' >t>0. (3.4)

In order to describe the jump in the last coordinate, we will require that the conditional
probability of termination of the game on the initiative of the first (second) player during a small
interval [t;t + At) is a(|mgr1y]) Lo,y (moy)(t) At + o(At) (al|mas1yl) Loy (moy) v (t) At + o(At),
respectively). Then the times of positive and negative jumps in the last coordinate, which are
the stopping times 61 and s, are described by the rules

01 2 inf{t| mapy(t) > Tariy(0)Y ULTY,  6s 2 inf{t | map1y(t) < mar1y(0)} U{TY,

which in the case of the original initial conditions correspond to the rules (1.5) and (1.6) with
the zero intensity of the opponent. In the general case, in view of the equality t = my(t), the
nondeterministic transition of the system corresponding to an early termination of the game and,
hence, the value 6,;, = min(#;,03) < T', can be described by the Lévy measure

A
=a

ﬁ(ya u, v; A) (‘Wd-l-ly‘)l[O;T) (WOy)((P‘S(1+7roy)7w+1 + w(s—(l-i-ﬂoy)mu-l)(A) VA e B(X),

depending on z, u = (u, ), and v = (v, 7).

Let us show that the dynamics extended in this way is admissible. Once again, for T 2 R,
we assign to each pair of controls u = (u,¢), v = (v,1) the Dirac measures P(ﬂﬂ) [o] supported
by solutions y with dynamics (3.2) generated by these controls on the entire semiaxis. For the
intensities (¢,%), we find the stopping times #; and 0 and, hence, 6. As in the preceding
section, we define for 6,602 a random variable s and assign to each pair (z(-),s) € D(R4,X) x
([-1=T;-1]U{0} U [1;1 4+ T7) a path yg.) () € D(Ry,X) by the rule (2.1). Once again, the
push-forward of the measure I@’(ﬁﬂ—,) ® P(,y) by this mapping specifies a distribution I@’(G )[g] on

0,0
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D(T,X); then, the distribution ]@’ZM on D(T,U x V) x D(T,X) is uniquely recovered by an analog
of (2.2), i.e., by the rule

BB x D) £ B [o](D)1p(a,0) VB € B(D(T,UxV)), D eB(D(T,X)).

Thus, in the extended game, for an arbitrary pair of cadlag controls u = (u, @), v = (v, %), we have
constructed their realization; hence, the extended dynamics is admissible. Therefore, as earlier, we
have the admissibility of the program and stepwise strategies.

3.3. Payoff function in an integral form. We define a function W : X — R by the
following rule: for any z = (¢, z,s) € X,

W(2) £ ax(x)(al|s])oo(x) + a(1 — s)o1(s — 1,2) + a(s — oa(1 — 5, ).

Note that the function W does not exceed 1 in absolute value, is independent of the zero coordinate,
and is 3L-Lipschitz because L > 2.
To any path y € D(R+, X), we assign a payoff

5-(3;/) é /heh(T—i_z’y_t)1[T+2'y;oo)(7T0y(t))W(y(t))dt‘ (35)
0

Let us establish the following representation of the expected value of the payoff function: for
any random process with distribution Pgﬂ[5(07x070)] € P(D(R4, X)) of trajectories t — y(t) =
(t,z(t), s(t)) with initial conditions x(0) € K., s(0) = 0,

Egﬂ_}&(y) = E(ﬁ;ﬁ/heh(TJrzpy_t)1[T+2v;oo)(ﬁoy(t))w(y(t)) dt. (3.6)
0

Indeed, consider an arbitrary trajectory ¢ — y(t) = (¢, z(t), s(t)) of the process. This trajectory is
defined on the entire semiaxis, but, starting from some stopping time 7, all its coordinate except
for the zero coordinate do not change anymore. This happens either upon the expiry of the time
of the game, and then 70 = T and W(y(t)) = oo(z(T")) for all ¢ > 7r; or on the initiative of
the first player, and then 7 = 6; is the first time with s(¢) > 0, and z(7r) = (77, z(7r), 7r + 1)
and W(y(t)) = o1(rp,z(rr)) for all ¢ > 7p; or on the initiative of the second player, and then
Tr = 09 is the first time with s(t) < 0, and W(y(t)) = oa(rp,z(rr)) for all ¢ > 7p. Since
eh(T+27_t)1[T+2,y;oo) (moy(t))W (y(t)) = 0 until the time T' + 2v along the same trajectory y(-), it
follows that &(y) is exactly oo(z(T)), 01(61,2(61)), and o2(f2,2(02)) in each of these cases. Thus,
equality (3.6) is established.

Since the expected values of the payoff functions coincide in view of (3.6), the constructed game
with the extended dynamics and the initial condition (0, z,,0) coincides with the original game.

4. AUXILIARY MARKOV GAME

We now start to construct an approximating Markov game depending on the step h. Consider
. . A . . . .
an integer lattice Z = hZ%2 N X with step h that has dimension d + 2 and nonnegative zero

coordinate. For the set of states, we take Z. = ZNX.. The space of paths is the Skorokhod space
D(R+, Z<) equipped with the o-algebra of Borel sets and the canonical filtration.
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4.1. Randomized strategies in the Markov game. We take randomized strategies as
strategies of the players.

A randomized strategy i of the first player is a pair (u,¢,) of mappings taking each w € Z.
to a time-dependent probability measure plw] on Borel subsets of U and a Borel measurable
function ¢, [w] with values in [p_;p4]. A randomized strategy U of the second player is a pair
(v,1,) of mappings taking each w € Z. to a time-dependent probability measure v[w] on Borel
subsets of V and a Borel measurable function ¢, [w] with values in [¢)_;1]. Denote the sets of all
randomized strategies of the first and second players by Uy and Vg, respectively. If an element
from Uy (or Vw) is independent of time, we will call it a stationary strategy. Denote the sets of all
stationary strategies of the first and second players by U, and V., respectively, and denote by U,
and V. their projections, i.e., the mappings w +— plw] and w — v[w], respectively.

Define a mapping f : Z x ®< X Vg — Z_ as follows: for any pair of strategies (ji,7) € [U< X V<
and a point w € Z_,

) & [ [ w00, ol dop @),
U v

We also define for any i € [0 : d + 1] the projections 7717F f and ™ f of the mapping f by the rules

w F(w, 5,7) & / / mas(0, 7 (w, 1, 9y 0] v, [w])) o] (o] (do),

uv

w Fw, 1,7) 2 / / max(0, (1, w, oy ), v, 6y [w])) ple] (d)o [ ().

u v

Note that we will substitute into f (and into other objects) values of time-dependent randomized
strategies 1 and v in place of stationary randomized strategies, but in this case the argument
responsible for time will be omitted for simplicity of notation.

4.2. Dynamics of the Markov game. For all points w € Z. and randomized strategies i
and v of the players, we define the 1t6 measure 7(w, fi, 7;-): for all Borel subsets A C Z,

w7 A) 2

d
n(w, i > (=t D)8 (A) + 17 f(w, 1, 7)0_pr, (A)]
i=0

D*I*—‘

+ 1[0;F) (ﬂ-ow)a(‘ﬂ-d-l-lw‘) [@[w]é(ﬂ0w+l)ﬂd+1 (A) + &[w]é—(ﬂ0w+l)ﬂd+1 (A)] .

For this measure, one can easily verify the following equalities, which will be needed below in the
construction of the Lévy—Khinchin generator: for all w € Z_,

d
/[y - (7rd+ly)7rd+l] ﬁ(wv ﬂv 77; dy) = /Zﬂ-zy 77(’[0, ﬂ) 77; dy) = f(’UJ, ﬂ7 D)’ (41)
X x =0
d ~ ~
/ 12 700, i, 73 dy) = B'S" (5w, 1, 9) + 7 Flaw, 1, ) (4.2)
k% =0
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The introduced measure 7 corresponds to a continuous-time Markov chain given by the Kolmogorov
matrix (Quy ([, V))wyez.: for all time-dependent randomized strategies ji, 7,

1/h, y = w + hmo,
*f(w, @, )/, y=w+ hm,i€[l:d,
. f(w, i, )/, y=w—hm,i€[l:d],
Gy (s 7) 2 or)( w)a(|mar1wl)pu wl, y=w+ (1 +mw)rgt1,
) (mow)a(|mar1w])vy [w], y=w—(1+mw)mrgi,

_Zz o(mf f(w, 1, 0) + 77 f(w, i1,0))/h
= Ljo;ry (mow)a(|marr1w]) (ppuw] + Yy [w]), y=w,
L 0, otherwise.

Note that, for each w € Z_, both the measure 7j(w, fi, 7; -) on the power set of Z_ and the operator
corresponding to Qy, linearly depend on fi and #. Now, for any mapping q : Z- — R, from the
minimax theorem we have the equality

min max Z Quy ([, 7)q(y) = max min Z Quy (i, 7)q(y). (4.3)

ael. veV, yeZo eV, pel yeZo

For any mapping ¢ : Z- — R, we introduce (and fix) stationary strategies fi*? and 77 implementing
this minimax at each point.

4.3. Objective function and the value of the Markov game. Since all matrices wa,
similarly to the lengths of the jumps, are uniformly bounded, all assumptions of [14, Remark 4.2(b);
26, Theorem 5.1; 27, Assumptions 2.1, 2.2] are satisfied. Now, in view of [14, Proposition 3.1(a);
27, Sect. 2.3], for each pair of time-dependent randomized strategies (ji,7) € Uy x Vo, and initial
conditions ¢ (a probability over Z.), there are a process (Y (t))i>o generated by them and, hence,
its distribution ng[g] € P(D(R4, Z.)). Then each randomized strategy is admissible, and we can

assign to it a process (Y (t))¢>o with distribution

P 2 5,5 @ PG o] € P(D(R+, Uy x Vi) x D(Ry, 22)).

Once again, to each element of the path space z € D(R+,Z<) C D(R+,X<), we assign the
payoff G(z) by the rule (3.5). For each initial position zy € Z., the players at time 0 can provide
by the choice of the randomized strategy one of the following values depending on who of them is
informationally discriminated:

V(z) = 7i€%f sup Eall/heh Tyt T+2,y;oo)(7roz(t))W(z(t)) dt,
H w DGVW
0

V7 (z0) = sup inf E! / he" T =010 oo (moz (1) W (2(1)) dt.
7€V A€l

Moreover, as follows from [14, Theorem 5.1; 26, Theorem 2], the system of equations (see [14, (5.4);

26, (11)])

inf sup > Quy(m )V (y) = h(V(w) = T g ) (row) W (w))
viw GZ
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= S_U.p }Hf Z wa(ﬂv D)v(y)v w € Z<7
vw] Alw] yEZ<

has a unique solution in view of equality (4.3), and this solution coincides with V 2 AR VA
Note that, by the construction of the matrix @, there are at most 2d + 4 nonzero terms in each
equation of the system. Moreover, in the case moy > I', the value f)(y) is calculated explicitly and
equals eh(T””/_’TO“’)W(w). Thus, this system reduces to a system of a finite number of equations.

4.4. Optimal stationary strategies. It follows from [26, (6); 14, (5.5)—(5.7)] that any
stationary strategies 1°P* and 7°P' that solve for all w € Z. the system

BV ) = T )W ) = i 3 Qu VL),
VeVsyezo

h(V(w) — eh(TJr%’)1[T+2~,;oo)(7fow)W(w)) = {Tel%lljﬂ Z Quy (B, 7PV (y)
pelq YEZ<

are optimal in this problem. Thus, now we can take j°P' = ﬂw and 7°Pt = 1V as optimal
strategies; moreover, we can choose them so that they take values among Dirac measures over U
and V, respectively. In this case, the second component in ji°P* = (u°P*, ©°P*) is uniquely recovered

by the rule

Oy o, V(w+ g (1 + mow)) > V(w),
PP w] = ) ]
P+, V(w+m1(1+ mow)) < V(w)

if [mgw| < 1, mow € [0;T), and V(w + mg41(1 + mow)) # V(w) and can be arbitrary if at least one
of these conditions does not hold. A similar property holds for p°Pt = (v°Pt ¢)°Pt).

4.5. Estimates for the zero coordinate, which is independent of the players’ actions.
Fix some zy € Z. with mpzp = 0 and the Dirac measure g supported at this point. Then, for
arbitrary, possibly, time-dependent randomized strategies of the players i and v, there exists a
distribution Pgilo of the process (Y (t))¢>0 that linearly depends on this Dirac measure. For simplicity

. . . . SRVA
of notation, we assume until the end of this section that P = IP’;EO.

Note that, regardless of the players’ actions, the process WOY(t) has independent increments,
and the random variables 7o(Y (g +t) — Y (t))/h have Poisson distribution with parameter ¢/h; in
particular, their expected value and dispersion are t/h. Then E|moY (t) — t|> = ht; in particular,
for t =T + 2,

S (3.1)
E|mY (T + 2y) — (T +29)|> < (T +29)h < 2hT.
Finally, since WOY(t) — t is also a martingale, it follows by Doob’s inequality that

. S (3.1)
E  max |mY(t) —t|* <AR|moY (T +2v) — (T +2v)|> < 8hT < 292 (4.4)
te[0;T+27]
Now, let us consider the random variable ¢ = moY (T')/h, which has Poisson distribution with
parameter I'/h. According to the Chernoff bound (a variant of Markov’s inequality), for any
negative §, we have

7,0
P < Re® = e%(66 N 1)6_52

h.

=N

) <
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The equality sign here is due to the substitution of the value of the probability generating function
(at the point §) for the Poisson distribution with parameter I'/h. Now, using the inequalities
ed —1 < §+02/2 and § < 0 and substituting 6 = —y/T, T =T —~, and v = /—2hT In(hT), we
finally obtain

- N T r— 2 T In(hT In(hT)

B(raV(I) < T) < eh (G2 ~ D) T3 = AR~ 1457 _ omdhr = o7 = Tt
Similarly, for P(mqY (T' ++) <T) and § = —v/(T + ), we have

. Dy o2 vy o0 a gy Dy WD)

P(moY (T 47) <T) <e b *20+9)? Tty R(T+y) = gh'2(T+7) T+y/ — o1429/T

Once again, using v = /—2hT In(hT) < T/2 and 2vVhT < (see (3.1)), we obtain

. . . . In(hT) In(hT)
P(mY (T) < T)+P(mpY (T +7) <T) <elt/T 4 e+29/T < 2/AT < 7. (4.5)

4.6. Estimates for the trajectories in the Markov game. In this section we derive an
analog of the estimate [2, Lemma 12] on required classes of strategies.
Fix some pair of randomized strategies fi = (u,¢u), ¥ = (v,1,) and, hence, the distribution

VAN R VAN _ . ~ .
P = IP’Z“ and the It6 measure n(z;-) = n(z, i, ;). This It6 measure corresponds to a Lévy—

Khinchin generator (see [16, (5.1); 27, (2.14)]), which takes each function g € C%(Z2.) to a mapping
z +— Ag(z) by the rule

Rg(z) = / 9z +9) — g(@)n(z; dy) Yz € 2. (4.6)
X

Note that all the numbers n(z;X) are bounded uniformly in z, the supports of the measures

n(z;-) are uniformly bounded, and n(z;G) = 0 for some neighborhood G of zero. Thus, the
conditions [27, Assumptions 1, 2] are satisfied, and we have Dynkin’s formula [27, Proposition 2.3]:

(o7 (0) - [ gV () as| () = Bl (r) (@7)

T

for all g € C?(Z.) and all nonnegative ¢t and r (t > r); i.e., the process

oV (1)) - / Rg(¥ (s)) ds (48)

is a martingale. By the uniform boundedness of the supports of the It6 measure, Dynkin’s
formula (4.7) also holds for all g € C?(X), since these functions can always be assumed to be
zero outside a compact neighborhood of the union of all supports.

Now, let strategies i = (u,¢,) and v = (v,4,) be stepwise with some partition (t)gen.
Since such a strategy is admissible, we once again we have a distribution ]P’ZH. Fix some time

VAN .- . >
t'" = tx_1 from the partition and an element w’ € X, which can depend on Y'(#'). Now, on the

A
interval [t';t") = [tg_1;tx), the strategy o = (u,u), 7 = (v,9,), as a program strategy with a
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possible dependence on Y(')\[O;t/), also has its Lévy-Khinchin generator (4.6), for which Dynkin’s
formula (4.7) holds.
Denote by Ezl,l the conditional expected value with respect to y' = Y(t/). Applying the

constructed generator (4.6) to the function g(w) 2 llw — w'||% on the interval [¢';¢”), we conclude
that, according to (4.8),

t g
o7y + [ [meW(s),n,vm(Y(s)—w’)— / ||y||3n<f/<t>;dy>} i (49)

t, =0 Ze
B 0) - o) = B [ | [ Il ehdn) — Y 2m iV m) (i (s) - )]s

Thus,

(Y () — o)) < B [ [2||f<f/<s>,a,v>||d\/g<f/<s>>+ / ||y||3n<f/<s>;dy>} ds.  (4.10)
Z<

¢

Define M 2 VhL\/d+ 1+ L2. Estimate the doubled product in (4.10) by the sum of squares.
By the boundedness of (4.1) and (4.2) in the norm by the numbers L and hL+/d + 1, we have

t
B oV () - o(0) < M3t —¢) + [ Bilg(¥ () ds,
tl
Hence, by Gronwall’s inequality, we have
Ballg(V (1)) < (M2 + g(y/))et" — M2 (4.11)
for all t € [t/;t"); i.e.,
e ERN gV (1) + M?) < e (gly) + M?) = e (g(V () + M),

A ..
= [tx_1;tk) of the partition, the process

Thus, on any interval [¢';¢")
e |V (t) — w'||* + M?) (4.12)

becomes a supermartingale. Since a stepwise strategy is switched only at times specified in
advance, adding over all intervals of the partition, we obtain the supermartingale (4.12), as well as
inequality (4.11), for all ¢ > /. Moreover, for w' =y’ = Y ('), (4.11) implies

ENY () —¢/lla < MV et~ — 1. (4.13)
By ||f||l¢ < L and the upper bound hLv/d + 1 for the norm of (4.2), we find from (4.10) that
t
. . (4.10) -
BV (1) — g(y) < EF / [2L/g(¥ () + HLVAT 1] ds
t/
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for all ¢ from the partition interval [t/;#”). Substituting estimate (4.13) here for w' =y = Y ('),
we obtain

t
S (4.10) _ -
BNV () - |2 < B / [2\/g(V (5)) + hLVAT 1] ds
tl
(4.13) ¢
< hILVd+ 1t — ']+ QL/M\/es—t’ —1ds
t/

= hLvVd+1ft —t'| + 4ALM (V' e!=" — 1 — arctan Vel = — 1)
< hLVd+ 1|t —t'| +4LM (™" —1)3/2/3, (4.14)

where we have used arctan x > x — /3 in the last inequality. Thus, by (4.14), we have

B (1) = V(I < ALVAF Tt — ¥ + AL\ ALVAF T+ L2 — 123 (4.15)

for any t € [t';¢"), where [t/;t") is an arbitrary interval from the partition chosen for the stepwise
strategy.

Finally, since the functions g under consideration are independent of the last coordinate, the
calculations and the resulting inequalities are independent of the choice of ¢, and ¢,,.

5. SCHEME OF THE GUIDE AND A DOUBLE GAME

We take the product X 2 X x Z_ for the state space of a new game; then, the state of paths is
the Skorokhod space D(Ry, X< x Z.). The component X~ contains the original game; the game on
the component Z. (except for the last coordinate) is calculated by the first player, and its position
is the guide that helps to construct a strategy in X.. The sets of control parameters of the players

are Tq 2 Ux U, x V. and Ty 2 V. Then all possible joint instantaneous controls compose the set
T2 Ux U, x V. x V. In order to describe an admissible dynamics of the double game, we construct
for each program strategy v(-) 2 (u, 1, 0, v, 0,0)(-) € D(Ry, ) a distribution PS[g] that depends
linearly on the initial condition ¢ € P(X). Assuming a linear dependence on p, we can restrict
ourselves to the case where g is a Dirac measure, supported at some point (z,z) € X X Z..

Let us first construct auxiliary processes (f/t)tzo and (Yt)tzo- For this we consider on X, the
G
(u707v7w)

coordinate, and for Z. we introduce the dynamics P

dynamics P [0:](-) of a differential game with zero intensity of the first player in the last

G
(1,p,1,0)
intensity of the second player in the last coordinate. Both dynamics are admissible, and there

[0.](:) of a Markov game with zero

exist the corresponding processes (Y;);>0 and (¥;)s>0. Since mgy1Y and mgy 1Y are governed by
the intensities ¥ and ¢, respectively, we can define 0y and 6; as the stopping times of the game

. . . A . A A .
by virtue of each players and, hence, the stopping time 6,;, = min(f;,62). Further, each pair

of trajectories (Yt,lv/t)tzo together with the stopping times ég and 6, corresponds to a trajectory
(,w)(-) € D([0; 00), R?) according to the following rules: (i, w) = (0,0) for iy > T}

X . 1+ mY, ) - 1+6
(w, w) = (7Td+1Y;f) (1, Té%) and ('LU, 'IIJ) = (7Td+1Y;f) (W, 1>
2 01
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for Omin = ég < T and Oy = 01 < T, respectively.
Finally, we define the process (Y'(t),Y"(t)):>0 with values in X< x Z. as the push-forward of
the process (Yt, Y;, (), w)(t))t>0 by the nonanticipating mapping

(050, (0, 0) () = (9/(8) = (o - mai 5(8)), /" (6) = (o ma 0(1))).

The resulting process specifies a dynamics for each joint program strategy from D(Ry,Y). Thus,
an admissible dynamics is constructed.

Let us mention some properties of the process. First, the dynamics in each component with
respect to all coordinates except for the last one completely coincides with the dynamics described
earlier for the extended original game and the Markov game. Second, in each component, the
lengths of the jumps and their intensities up to the time min{t|mY"”(t) > '} U{T} obey the
same Lévy measures as in the mentioned games. Third, before the time 7', the last coordinates
in each component, being zero at the initial moment, become nonzero only simultaneously. Thus,
the nondeterminacy of the component Y’ (¢) is completely described by the nondeterminacy of the
last coordinate of the component Y”(t); hence, for the computation of the last coordinate of the
component Y (t), we do not need to know the intensity of the second player during the game, since
this coordinate can change only simultaneously with the termination of the game. Finally, this
means that the control of the second player can be given in the format of the control of the original
game, which has been done by the choice of Y1 =U x U, x V., To = V.

5.1. Aiming. Constructing the strategy of the first player and the response of the second
player imagined by the first player, we will need to aim at and deviate from positions on each
component. Let us introduce required functions.

First note that, in view of (1.2), for any vectors z,w € X, there exist controls u* *(x) € U and
vffom Y () € V such that

minmax(aj - w, f($7 U, v, ¢)> = max m1n<ac - w, f(l‘v u, e, 0, ¢)>
uelU veV veV uel

= mlH(ZE - w, f(a:,u, w’vfronlw(l,),qz)» = max(ac - w, f(aj7uto w(x)v SO,UJ/’»
uelU veV

for all (p, ) € [p—; 4] X [th_;14]. For any vector w € X, we introduce a control of the first player
by the rule

X3ze Y (e) 2 (W ¥ (z), P w]) € U.

For all z,w € [0;T) x R since f is Lipschitz, we have
<l‘ - w, fA(ZL‘v uto w(aj)v ' Ufromw(x)’ ¢) - f(wv uto w(w)v 2 Ufromw(w)’ ¢)>

= min  max (z—w, f(x,u,0,0,9) — flwu, 0, 0)) < 3Lz —w|f?,
uelUv' eV veV,u/ el

where the inequality holds due to the substitution u = v/, v/ = v.
In order to define the behavior of the second player on the component Z_, we assign for each
x € X a stationary randomized strategy of the second player in the form

Z< S w Dfromr [w] et ((S,Ufrom T (w), wOpt).
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Then, for any stationary randomized strategy i of the first player, we have

(x —w f(w ﬂ; —fromm)> > min (x —w f(w ﬂ; —fromm)>
NEUS'
(1.2) . R _ ato = —fromw
— mlnmaX(l” - w, f(wau7v)> <$ —w f( y U )>
uelU veVv

Therefore, for all @, fi, ¢, and ¢ in the case z,w € [0;T) x R4! we have

(& —w, f(w,u’ *(w),¢,0) = f(w, 5, 77" ()

<z —w, f(a,u'® (W), 0, 0" (w), ) = flw, @ ¥, 77" ) < 3L||x — wlf3.
Fix some pair of (z/,w’) € X x Z.. Consider a mapping R,/ .y : X x X — R independent of
the (d + 1)th coordinates of its arguments and given by the rule

d
Ry () = Z(mw’ — mw')(mr — ma') Vo € X. (5.1)
i=0
To obtain an analog of (4.9), to each stationary strategy ji we assign the generator (4.6) corre-
. JAN
sponding to the joint stationary strategy (fi, 7™ (w')) for the function g(w) = Ry 4 (w):

d

A[[L, —from z’ (’w/)]Rw/’x/(w) — Z(ﬂ_iw/ _ 7TZ'ZL‘) f(’UJ i, U —fromw ) _ (ZL‘ — f(’UJ i, U —fromm )>
=0

Now, for z,w, ', w’ € [0;T] x R4, since f is Lipschitz, we have
Al 77 ()| Ry o (w) < = (@' =, f(w!, 1, 07" )) 4 3L||w — w'[[a ][]’ = v/l (5.2)
For any solution ¢ — y(t) of system (3.3) generated by the joint control (@, v), we have

dg(y(t)) <8g(1‘)
dt ox

N

f(y<t>,a<t),@(t))> —0

a=y(t)’

N 0 A
for any smooth function g. Hence, similarly to (4.9), for Ala, v]g(z) 2 < g@(;:) |m:y(t),f(:r,ﬂ,27)>,

the process

o' (®) - [ Ala,olg(Y'(s))ds (53)
to
for all smooth functions g : X — R independent of the last coordinate becomes a martingale; in

particular, we have Dynkin’s formula (4.7). In addition, we have

d

A[ﬂto wl(x/),’f)]Rx/,w/(x) = Z(ﬂ'ix/ - mw )sz( ' v (:L’/),’D)

i=0
= (@ =/, fz, 1 ¥ (2)),0)) < (@ =/, f(@, 0 ¥ (2),0)) + 3LlJw — 2/ |[a]la’ — w'lla  (5.4)
in the case z,w,z’,w’ € [0;T] x R™!. Adding (5.4) and (5.2), we obtain for all such =, w, 2/,
and w’ and any ji € TUC, v € V the estimate

3L

Ala'® ¥ (2'), 0] Ryr () + A, 77| Ry o (w) < = (@2 =[G+ [le = 2| + [lw = w'[[3).

(5.5)
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5.2. Construction of a guide for the first player. Suppose that the first player learns
the position of the trajectory x(-) of the real game at some times (tx)gen given in advance. We
assume that this sequence of times is increasing, to = 0, and some ¢ equals T'. For this sequence

. .. A .
of times, we define the fineness of the partition r» = maxgeny, <7 |tk — tx—1| and the mapping

Ry 5t 7a(t) 2 max{t; | t; < t}.

Let us describe a stepwise strategy of the first player for the chosen partition (tx)xen.

Let the first player apply an optimal stationary strategy p°P' at each time on the component Z_;
in particular, let the first player use ©°P![z(t)] as their intensity of termination of the game. Then
this player uses ¢°P*[2(¢)] on the first component as well, i.e., in the real game.

Let the first player try to minimize the distance from z(-) to z(-) on the first, real, component
as follows: on the interval [tx_1;tx), this player uses a control that is best (at the time ¢;_1)
for the shift of x to z(tx_1). Thus, the first player applies the following rule: Ry > ¢ —

A > c -
(ut® #(a®) (z(7A (1)), pOPt[z], ¢°P[2]) € Y1 = U x U,. Further, within the subgame calculated by
the first player on Z_, let the second player as imagined by the first try to maximize the distance
from z(-) to z(-), applying a stationary strategy that is worst for the shift of z towards x(7a(t)).

Then, however, the strategy Ry > ¢ — pliromz(ra ()

which depends nonanticipatingly on x and
stationarily on z, is used as v. Thus, the following strategy of the first player is specified: at each

time,
Uil 2] = (u*® 28O (74 (1)), uP[2], P[], pOm A ) € 1y (5.6)

Since this strategy is stepwise, it is admissible.
Now, having all the required constructions, we can proceed to proving the theorem.

6. PROOF OF THEOREM 1

Assume that the second player has all information about the strategy of the first player; in
particular, the first player knows both the rule (5.6) and the position x and z at each moment ¢
and, hence, knows the trajectory of the double game of the first player realized in the course of the
game. Fix an arbitrary counterstrategy of the second player, which assigns in a nonanticipating
way to each trajectory (z,z)(:) of the double game a distribution @H[@](LZ)(.) on the Skorokhod
space D(R4,U x U, x V. x V) such that its projection onto D(R,,U x U, x V) coincides with
the distribution P! chosen by the first player together with the rule (5.6). In particular, for the
counterstrategy @H, we could take an arbitrary element Q' from QU i.e., a counterstrategy of the
original game; in this case, the above mapping would not depend on z.

Fix initial conditions (zg 2 (0,24,0),20 = (0,90,0)) such that ||z, — yo||> < TL2y2e 12T
and yo € hR? For this it is sufficient (see (3.1)) to choose as yo the element from hZ<¢ nearest
to x,. For the strategy P! of the first player, we take the described stepwise strategy and fix an
arbitrary realization ﬁg&oyzo) of the resulting joint strategy P Thus, we have specified both

the probability IF’?;‘( . which tracks only the position of the system, and the realization I@’g“o not
x0,2Q x

containing the guide. In particular, if the second player chooses the counterstrategy QU = @H
among the counterstrategies of the original game, the distribution IP’%BO becomes a realization of

some joint strategy from QU[P!].
Since the initial position is fixed, we will omit the corresponding lower indices.
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. . . . . A

6.1. Divergence of trajectories. Define a stopping time 7 = min{t | moY"(¢t) > T} U {T'}
and consider two consecutive times t;_1 and t; from the partition and, together with them, stopping
. VAN VAN . .
times ¢ = min(tx_1,7) and ¢’ = min(tg, 7). On the interval [¢/;¢”), the first player implements
a constant control (@' ('), %, o™’y where 2/ = Y'(¢') and v’ = Y” (). Disintegrating
PX over ' = Y'(') and w' = Y"(t'), we consider for all # € X and w’ € Z. the corresponding
conditional expected value Et, o Of the difference |[Y"(t") — Y'(t)|2 = [V () = Y'(t)]3

From the definitions of Ry, and R,y . (see (5.1)) and the chain of equalities

d
lw —2|F —[lw -2+ 2" —o/|[f = =2 mile’ — ') mi(w — @) =[]’ — /|3
i=0

d
=2 mi(e — w)mie — o ' = w) + o~ w|F = 2R (@) + 2R () + [ — 0|3
i=0
we have the inequality (||z —w|]3 — |2/ —w'[|3)/2 < ||z — 2|3+ [Jw — W'||2 + Ry (2) + Ruy 2 (w).
: A
Putting S(z, w,2’,w') = ||z — 2|2 + Ry (%) + Ry 2 (w) + [Jw — w'| |3, we get

A/ =Y (EG < lla’ — w5+ 2B ., S (t"), Y ("), 2’ w'). (6.1)

t’zw tx! w'

Let us estimate the expected values of R and S. Substituting the stopping time ¢”; since (4.8)
and (5.3) are martingales, we obtain

t//

E§71,7w,Rm/,w/(Y’(t” EY o wr / Afa* ' (), 0] Ryr ar (Y'(5)) ds,

t”

Ez,x/,w/Rw’,z’(Y”( " t,w w’/A —opt —fromm( )]Rw/,z/(Yﬁ(S))ds.

Adding and using inequality (5.5), we get

mX
Et’,x’,w

’ (RI’,w’(Y/(t//)) + Rw’,x’(Y”(t//)))
t”
=B [ [ @00 (V) + A, 670 ()| R (V(5)] ds
t/
t//
3L
< B (411 = w134+ 11Y () = 2|3+ 1Y (5) — w'|[3) ds
t/

Thus, the following inequality holds for S:

EY o [ SO Y (#),2' w) = V() = 2'lF = 1Y) = ']
t"
Y/ _ )12 Yy a2
<3LEt,xw/(2||:c’—w’||3+” () = 1+ 1Y"6) =y o,

¢
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By the estimates (3.4) and (4.15), we have

/ /2(?21) 2 2
Y°(@) =g < L7(tk—1 —tr)",

t’ ! w!

~ (4.15) AN (et—th1 — 1)3/2
B o IV (1) = /|3 < Lt = i) (WWa+ T+ ( : )
3(t—tk_1)
for all ¢ € [tg—_1;tx|, where M? = hIL\Vd+1 + L2. For BX SOV, Y, of ), et us

substitute the stopping time t” < ¢’ 4 t;_1 — t; as t and define the function g(r) 2 (hvVd+1+
4M(e" —1)3/2/3r + Lr)(1 + Lr)/6, where r = max;, <7 (t; — t;_1). Then

t'x! w!

EX

t'x! w’!

SN, Y (), 2, w') <6LE" —¢)||a’ — w'||F + 6L(t, — tr—1)g(r).
Now, returning to (6.1), we obtain

EY o |V (") =Y ()5 < (14 12L(tk — tp ))ES 0 [V (#) = Y ()17 + 12L (8 — tr1)g(r)-
Integrating the resulting estimate over all t' = min(t;_1,7) and (2/,w’) = (Y'(¢'), Y"(t')), we get
EXM|[Y/(¢") = Y"(t")|[7 — DY (1) = Y ()[3] < 12L(t — te-1)g(r);
now, substituting ' = min(ty_1,7) and ¢ = min(tg, 7), we obtain
B[y (min(t, 7)) — Y (min(te, 7))
< "2 =DM |y (min(ty_y, 7)) — Y (min(tg_1, 7)) + 12L(t, — te_1)g(r)e 20 te=),

12L(t —t;)

Since this is true for all intervals [¢;—1;¢;), multiplying by e , we also obtain

2R |y (min(t, 7)) — Y (min(t, 7))
< 2Pt DR |y (min(t;_y, 7)) — Y (min(t;_1,7))||2 + 12L(¢ — ;1) g(r)et2EE—ti-1),
Successively substituting these inequalities into each other, we get

E*|Y’ (min(ty, 7)) — Y (min(ty, 7)|3
k
612Ltkﬁ:all‘ |Y/(0) _ Y//(O)‘ |?l + 12Lg(7‘) Z(tl N ti_l)elzL(tk —ti_l);
=1

replacing here the sum over lower rectangles for the integral, we obtain
E|Y (min (14, 7)) — ¥ (min (1, )|} < e 2HEN Y (0) — Y7 (0)]3 + glr)(e!2H4 — 1)

for all natural k. Now, from |[Y’(0) — Y”(0)||3 < 7L%e~12L742 since T belongs to the partition,
we finally derive

all||Y/(mm(T 7)) — Y"(min(T, 7'))||3 < 7L2’y2 + 612LTg(7“). (6.2)
Recall that, as shown in (4.4),

ENT — 72 < B max  |moY'(t) — moY”(¢)]? < 292 (6.3)
t€[0;T+2h)
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Then the estimate (3.4) implies
mall| v/ 1y
EN|Y(T) — Y (min(T, 7))||4 < 3V2L~. (6.4)
Further, recall that e *(||Y (t) — w'||2 + M?) is a supermartingale for M2 = hL\/d+ 1 + L?
(see (4.12)). Then, for the stopping times min(7’,7) and T" + 27, we have the inequality
e—T—2'y(1 + EaHHYN(T + 27) o Y”(min(T, ’7’))||3/M2) < Ealle— min(T,T).
Estimating its right-hand side by means of
_ . _ _ (6.3)
Ealle— min(7T,7) _ e—TEall[l + 6max(O,T—T) _ 1] < e T + Eall maX(O,T _ T) < e~ T + \/E,Y
and putting H () 2 (hLA/d + 1+ L?)ve® (2 + v/2eT), we obtain

eI+ EMN|Y(T + 279) — Y (min(T, 7))||3/M?) < " +V2y
and

E*|Y"(T +29) = Y"(min(T,7))|[7 < M*(e? = 1+ V2e"H79) < H().
Together with (6.2) and (6.4), since V7 + 3v/2 < 7, we get

EXN[Y/(T) = Y'(T + 29)||la < 7Ly + VH@A) + 57 /g(r). (6.5)

6.2. Divergence of payoffs. Denote by A the event

(roY"(T +27) > T +7) & (oY "(T +7) > T) & (5(V) = 5(Y"));

here Y (-) is the trajectory of the original game. Note that Y (-) can differ from Y”(-) only on [T'; 00)
and only because of a jump of Y’ in the last coordinate. Jumps are impossible after the stopping
time 7/ = min{t | mY" (t) > T + ~}. Since the intensities of the players do not exceed L, we find
that the probability of such a jump does not exceed

~ ~ (6.3)
OL(y + EM7' — T|) < 2Ly + 2LEM  max  |moY”(t) —t| < 2L(1+V2)y;
te[0;7+427]

consequently, the probability of the event (5(Y) # (Y”)) is not greater either. On the other hand,
(4.5) implies P¥((moY"(T +2v) > T + ) & (moY"(T +v) > T)) > 1 — . Since L > 2 and the
absolute values of the functions W and & are bounded by 1, we have

P! (not A)EN (|5(Y) — 5(Y”)|| not A) < 2L(3 +2v/2)y < 6L. (6.6)

Consider a trajectory for which the event A is true. Recall that Y'(t) = Y’(t) = Y'(tr) and
Y'(t) = Y (tr) for all t > tp 2 sup{t|mY"(t) < T +~} U{T}. Now, for the trajectory of the
process in the case of the event A, we have

g(Y") = / he" T 0oy (W (Y (1) dt = W(Y"(T + 27)),

0
oo

37) = [ HM T Yo (WY (1) dt = W (YT + 29).
0
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In addition, in the case of A, a jump in the last coordinate may occur no more than once, and it
occurs simultaneously in both components by the distance 1 + mgY’ and 1 + myY”, respectively.
Hence, it follows from (6.3) that

I~Eall Y'(#) — Y ()2 <2 27
e maa (V(0) = Y 0) <2

whence, in particular, ﬁall(A)IEau(\wdH(Y’(tT) —Y"(tr))|| A) < v2y < Lv. Then in view of the
3L-Lipschitzness of the mapping y — W (y), it follows from (6.5) that

Bl A)E (5(V) — 5(Y")| | A) < BL(SLy + v/H() + 47 /g(n).
Together with (6.6), this gives
EMG (V) — a(Y")| < 3L(10Ly + /H(7) + 57 \/g(r)). (6.7)

Recall that, by the construction of the double game, Y is the process generated in the Markov
game in which the first player uses on each interval [t,_i;t;) the strategy f°?* = g*Y. Then
V(Y"(t)) becomes a supermartingale on each of these intervals; i.e.,

BN (VY ()Y (t5-1)) < V(Y (t-1))-
Uniting over all intervals, we find that V(zo) > E*5(Y"); i.e., by (6.7),

V(z0) > EVG(Y) — 30L%y — 3L\/H () — 3L T \/g(r)

for any actions of the opponent ¥. Since IEaH&(Y) is exactly the objective function in the original
game and the game with a guide within the double game is one of the methods to play in the
original game for the first player in the case of discrimination of the first player by the second, we
have shown that

VT =V (x0) < V(20) + 30L%y 4+ 3L\/H(7) + 3LeSET /g (7).

Similarly, using a guide, we construct a strategy for the second player with a symmetric estimate.
Since v = /2hT In(hT), and the grid step h and partition fineness r can be chosen arbitrarily
small, the equality V' = V"~ is also shown.
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