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Abstract—We prove new interpolation theorems for a sufficiently wide class of nonlinear oper-
ators in Morrey-type spaces. In particular, these theorems apply to Urysohn integral operators.
We also obtain analogs of the Marcinkiewicz—Calderén and Stein—Weiss—Peetre interpolation
theorems and establish a criterion of (p,q) quasiweak boundedness of the Urysohn operator.
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1. INTRODUCTION

Let (U, p) be a space with measure p and €2 be a set. By Go = {G¢y }+>0, yen we will denote a
two-parameter family of p-measurable sets Gy, satisfying the condition

Gty C Gy for 0<t<s and yeQ.

We will call such a family a net. For y € Q, we set Gy,3 = {Giy}i>0. We say that these nets are
generated by the net Gq. If the sets Gy, t > 0, are independent of the parameter y, we denote
such a net by G = {G¢}+>0.

Let 0 < p,g < 0o and 0 < A < co. Define the space Mﬁq(GQ,,u) of all y-measurable functions
f: U — R such that

0o 1/p\ ¢ 1/q

A » dt

17 as3 icnm = | [ {1 sup( [ 17 dn L] <o
0 Y Gy
for ¢ < 0o and

1/p

£yt = 50t [lf@rdn| <o
’ t>0, yel g
t,y

for ¢ = oo.

If U =R", pis the Lebesgue measure, and Gy, = B(y,t) (ball of radius ¢ centered at y), then
we denote this space by M;: .9 In particular, for ¢ = oo and 2 = R”, this is the classical Morrey
space Mg‘.

If U = R", p is the Lebesgue measure, 2 = {0}, and Gy = Gtp = B(0,1), then sz‘,q(GQ,,u) is

the local Morrey-type space LM?,, which was introduced and used to study the properties of the

p,q’
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INTERPOLATION THEOREMS FOR NONLINEAR OPERATORS 125

maximal and fractional maximal operators by V. I. Burenkov, H. V. Guliyev, and V. S. Guliyev [4-7].
If @ = {y} and G; = G, = B(y,t), then we denote the corresponding local Morrey-type space
by LMZf‘,q’y.
The problem of real interpolation of Morrey-type spaces was addressed in [26, 14, 23, 25, 3, 17].
It follows from the results of [23]| that the interpolation space (sz‘o, M;;\ 1)9,00, Where 1 < p < 00
and 0 < Ao, \; < n/p, satisfies the inclusion
(Mo, M), C M) with A=(1-0)X+0\, 0<0<L1.

)

In [25, 3], this inclusion was shown to be strict.
In [18], Lemarié-Rieusset proved that for 1 < pg,p1 < 00, 0 < A\g < n/pg, and 0 < \; < n/p1,
the inclusion

1 1-6 0
C M),  where = + 7, A=1=0X+0N, 0<bO<1,

(M0, M
p bo h

po’ 1 )6,oo
holds if and only if pg = p;.
In [10, 12, 8|, it was shown that the scale of local Morrey-type spaces LMZf:q with fixed p (in
contrast to the scale of Morrey spaces M;‘) is closed under interpolation; namely, it was proved that
if 0 < p,qo,q1,9 < oo and Ag # A1, 0 < A\g, A\ < 00, then

(LMp,, LMph, )y = LMy, where A= (1—-0)A+0\, 0<6<1.

In [12], the interpolation spaces were described for much more general spaces than LMZ;\H.
In [8, 9], the following interpolation theorem for quasi-additive operators was proved.

Theorem 1. Let Q CR™. Let 0 < p,q,0,7 <00, 0 < ap, a1 < oo with ag, a1 >0 if 0 < o0,
O‘O#ala0§60751<Oo7ﬁ07£ﬁ170<9<17 and

a=(1-0)ay+ bay, B=(1-0)5y+0p:. (1.1)
Let T be a quasi-additive operator on J,cq (LMﬁf?,,y + LMﬁf},,y) with a quasi-additivity con-
stant A.
If for some My, M1 > 0 the inequalities
T < MillFlgagzs, (1.2)
hold for all y € Q and all functions f € LM i = 0,1, then the inequality
1Ty, < cAME MY flusy (13)

holds for all functions f € My, o, where ¢ >0 depends only on ag, o1, Bo, b1, ¢, 0, T, and 0.
In this theorem, the strong estimate (1.3) is derived from the weak (in a sense) estimates (1.2).
In the present study, we significantly generalize this result: first, we consider a wider class of
nonlinear operators, including the Urysohn integral operator

(TF)(y) = / K(f(x),x.y) du;
U

second, we consider a much more general class of Morrey-type spaces; third, we consider a still
weaker version of estimates of type (1.2), which leads to a strong estimate of type (1.3).

In Section 2, we present a number of properties of the spaces M;q(GQ,M) and give various
examples of these spaces. In particular, in Example 1, we demonstrate that the space M;q(GQ, 1)
coincides with the Lorentz space L, (U, 1) for a certain choice of the net Go and under certain
relations between the parameters p, ¢, and A. In Section 3, we describe the classes of nonlinear
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126 V. 1. BURENKOV, E. D. NURSULTANOV

operators under consideration (partially quasi-additive operators) and give examples of operators
from these classes, including the Urysohn integral operator. In Section 4, we prove general interpo-
lation theorems for partially quasi-additive operators in the spaces sz‘,q(GQ, w). In Section 5, using
these theorems, we prove an analog of Calderén’s interpolation theorem for partially quasi-additive
operators. In Section 6, we prove a weak version of the Stein—Weiss—Peetre interpolation theorem
for the class of operators under consideration, including the Urysohn integral operator satisfying
the quasiweak boundedness condition. Finally, in Section 7, we prove a quasiweak boundedness
criterion for a wide class of Urysohn integral operators. The results for Urysohn integral operators
were given without proofs in the authors’ note [11].

Let F' and G be nonnegative functions defined on a set A. We say that G dominates F on A
and write “F < G on A” (or simply F' S G when it is clear what set A is meant) if there exists a
¢ > 0 such that F(z) < c¢G(x) for all z € A. We also say that F' and G are equivalent on A and
write “F < Gon A" if F < G and G < F on A.

2. PROPERTIES OF MORREY-TYPE SPACES AND EXAMPLES

Lemma 1. 1. Let 0 < g9 < ¢q1 < o0 and 0 < p,A < oco. Then the following continuous
embedding holds:

My (Ga, 1) = My, (Ga, ). (2.1)

2. Let 0 < p1 <p2 <00,0<g<o00, and 0 < Aj,d < oo. Suppose the net Go = {Gyy}i>0, yen
and measure p are such that for some C > 0

1(Gry) < Ct?
for all y € Q and t > 0. Then the following continuous embedding holds:

M;‘;’q(GQ,'LL) — sz‘ll’q(GQ,,u), where Ao = A — d<pl1 — pl2> > 0.
The proof is similar to that of |9, Lemma 2.1|, which was given for the case of Gy, = B(y,t).
Choosing the net G and the parameter A, we can describe the quasinorms of various spaces

using the quasinorm of the space M;q(GQ, w). Here are a few examples. Based on these examples

and the interpolation theorem for linear and some nonlinear operators in the spaces M;‘,q(GQ, 1),

we will then obtain, as a corollary, interpolation theorems for the corresponding spaces.
Let f be a p-measurable function defined on U. The function

f5(t) =inf{o > 0: p({z € U: |f(z)| > o}) < t}, t>0,

is called the nonincreasing rearrangement of f.
We say that a measure yu satisfies the regularity condition if for any p-measurable set e and any
a € (0, pu(e)/2] there exists a p-measurable subset w C e such that

a < p(w) < 2a. (2.2)

Lemma 2. Let p be a regular measure and f € L11°C(U, ). Suppose also that the function
f: U — C is integrable on all p-measurable subsets of U of finite measure. Then there exists a net

G(f) = {G¢(f) }r>0 such that
t< /L(Gt(f)) < 2t, (2.3)

2t
/ Fs)ds< [ 1f@)du < / £7(s) ds, (2.4)
(f) 0

0 G,
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and
(f(1 = xXgup)) (5) < fr(t+5), (2.5)
where X 4 1s the characteristic function of a set A C U.
Proof. Let t > 0. Recall that according to the properties of rearrangements we have

p({z e U: |f(x)] > f5(t)}) >t and p({zeU: |f(x) > [ ()}) <t (2.6)

Puwta=t—pu({xeU:|f(z)] > f*(t)}). In view of (2.6), we have o > 0. Let us construct the
set G¢(f).

Ifa>p{zeU:|f(x)=f"()})/2, then we set G¢i(f) = {xz € U: |f(z)| > f*(t)}, while if
a<p{xeU:|f(z)=f"(t)})/2, then we set G¢(f) ={x € U: |f(x)| > f*(t)} Uw, where

wc{eeU: [f@)|= O} a<pw) <2 <p{zeU: |f@)]= 1)}

Such a set exists since the measure y is regular.
Let us prove inequality (2.3). Indeed, in the first case, according to (2.6),

t<uG(f) =p({z €U: |f @) > ®}) +p({z € U: [f(2)] = f*(1)})
<u({zeU: [f@)| > fF()}) +2a=2t —u({z € U: [f(x)| > f7()}) < 2t.
In the second case,
t=atp({z e U: [1@)] > FO}) < u(Gi() = n({z € U: [f@)] > FF1)}) + plw)
<p({zeU: |f(@)| > f(t)}) +2a <2t
Moreover,

s / (@) du < / (@) du. (2.7)

t

Indeed,
t=a+u({zeU:|f@)>f1)}) <nw) +u({zeU: [f@)>f(t)}) = nGif))
<pu({zeU: |f@)>f®)}) +2a=t+a <2t

Let e be an arbitrary p-measurable set with p(e) < t. It is clear from the definition of the set G¢(f)
that |f(x)| > f*(t) for x € G(f) \ e and |f(x)| < f*(t) for = € e\ G¢(f). Therefore,

[ 1@l /|f )| dps = /|f )l dps — /|f )l dp
Gi(f) e\G¢(f

>f()( (G:(f)\ )— pe\Gi(f) = () (u(Ge(f)) — pe)).
Since pu(G(f)) >t and u(e) < t, we obtain f*(¢)(u(Ge(f)) — n(e)) > 0, and so

[ 1@ - /\f )l du > 0.

Gi(f)
Thus, according to the properties of rearrangements and inequalities (2.7) and (2.3),

/f s = sup /\f \du</\f \du<u(7 ds</f
Gi( 0

i.e., (2.4) holds.
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128 V. 1. BURENKOV, E. D. NURSULTANOV
Next, for any s,t > 0, we have f*(s+t) = inf A4, where
Asi={0>0: p{z € U: |f(x)| > 0}) < s+1}
={0>0: p({z € Gi(f): |f(@)| > o}) + p({z € U\ Gi(f): |f(2)] > 0}) < s +1t}

= {020: uw({x € Gi(f): | f(z)] >U})—|—,u({a: ceU: |(f(1_XGt(f)))(33)| >U}) < s—l—t}.

It follows from the last representation of the set Ay, that either pu({z € G¢(f): |f(z)| > o}) <tor
pl{ € U+ (= Xy p))@)] > 01) < 5, Aug © BiUCyy, where

By ={0>0: u({z € Gi(f): |f(2)] > o}) < t},
Cov={020: p({z € U+ [(F(1 = x,))@)| > 0}) <5
Since |f(z)| > f*(¢) for & € Gi(f) and |(f(1 = Xg, () (@)| < f*(t) for any = € U, we have
f*(t+s) = inf Ay; > inf(B, U Cy ) = min{inf By, inf Cy ;}

> wmin{ (1), (/1= X)) O} = (11~ X)) (0. O
Example 1. Let 0 < r < oo and 0 < ¢ < co. The Lorentz space L, (U, p1) is defined as the
set of all y-measurable functions f such that
00 1/q
ey dt
e = | [@r £ @) ) <
0

Let p be a regular measure, 1 < r < oo, and A = 1/, where 1/r +1/r' = 1. Then
10t = W30 (29

where the implied equivalence constants depend only on the parameters g and r.

Indeed, it is well known that for 1 < r < oo the Lorentz space L, 4(U, u) can be equivalently
defined in terms of the average of the nonincreasing rearrangement f**(¢) = ¢! f(f f*(s)ds. By
Lemma 2 there exists a net G(f) = {G:}+>0 for which inequalities (2.4) hold. Therefore,

) 1/q ) t q 1/q
dt _ . dt
£, = fereor ) = [ [reas)
0 0 0
) q 1/q
dt
- 1/r—1 _
<\ [ [ir@las) T =15
0 Gi(f)

Example 2. Let w be a positive p-measurable function. Put Gy = {z € U: 1/w(z) < t}
for ¢ > 0. Then, up to a constant factor, | f|| M) (G, coincides with

1/p

£l = | [ @ @I7@I)" dn

U

Example 3. Let 0 < p < oo, U = R"”, and u be the Lebesgue measure on R". Let v be a
positive strictly increasing locally absolutely continuous function on (0, 00) such that

lim v(t) =0 and lim v(t) = oo.
t—+0 t—+o00
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If G = {Gi}i>0, where G; = B(0,07'(t)), t > 0, then the space M, (G) coincides with one of

the variants of the general local Morrey-type space LM;;(q') of all functions f € L%;’C(R”) with finite
quasinorm

o] 1/q
d
a0 = | [ @0 1 lnqm00)" )
0

(with the usual modification for ¢ = 00). Setting v(r) = t, we have
1A e = 1 1ag3 00
Moreover, for 0 < A < oo, we have sz‘,q(G) = LM;;(') and

||f||LM;’2(‘) = A f g, )

Example 4. Let 0 < p,q < co and w be a positive measurable function on (0,00) such that
Wl £, (t,00) < 00 for any t >0,

Jim o =00 and  Tim wlp e =0 for g=o0

(for ¢ < oo, the equality lim; . oo||w||z,(t,00) = O is obvious). Let us set v(t) = q_l/quHqu(t’oo)
in the previous example. Then the space Mz},q(G) coincides with a variant of the general local
y of all functions f € L'°¢(R™) with finite quasinorm

Morrey-type space LM, ; .
1711238, gy = [0S 2y 80 | 2, 0,00
Moreover,
1ty gy = 1001 (0

since (v(r))~9" 1 (r) = w(r) for a.e. r > 0.

3. SOME CLASSES OF NONLINEAR OPERATORS, EXAMPLES

Let (U,u) be a space with measure p and Z(U) be a linear space of p-measurable functions
f: U — Rsuch that fx,, € Z(U) for any function f € Z(U) and any p-measurable set w C U. Let
(V,v) be a space with measure v and M (V') be the space of all v-measurable functions f: V — R.

An operator T is said to be quasi-additive on Z(U) if T: Z(U) — M(V) and there exists
an A > 1 such that

(T(f + ) @) < AT @)+ [(Tg)(x)])  forae zeV (3.1)

for any functions f,g € Z(U).
We say that an operator T' is partially additive on Z(U) if T: Z(U) — M(V) and for any
function f € Z(U) and any p-measurable set w C U one has

(TF)(x) = (T(fxu)) (@) + (T(Fxp))(@)  forae zeV. (3.2)

We say that an operator T is partially quasi-additive on Z(U) if T: Z(U) — M (V') and there
exists an A > 1 such that for any function f € Z(U) and any u-measurable set w C U one has

(TH@)] < AT (fx)) @]+ IT(Fxp))(@)])  forae zeV (3.3)

(i.e., inequality (3.1) holds with f and g changed to fx, and fXU\w, respectively). Here A is a
partial quasi-additivity constant.
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130 V. 1. BURENKOV, E. D. NURSULTANOV

If A=1in (3.1), then T is a subadditive operator; accordingly, if A = 1 in (3.3), then T is a
partially subadditive operator.
Let K: ExU xV — R, where E'=J;c, f(U), and T': Z(U) — M(V') be an operator defined

as follows: for any f € Z(U),
~ [K(t@).2.9)dn (3.4
U

under the assumption that this integral exists and is finite for a.e. y € V. This operator is called
the Urysohn integral operator. For the properties of the Urysohn operator and, in particular, the
conditions on K under which this integral exists and is finite for a.e. y € V', we refer the reader to
the book [16] and papers |21, 22|.

In particular, if f € L,(U, p),

|K(z,2,y)| < c|z|*|K(1,z,y)]| forall zeU, yeV, ze fU)

with some 0 < o < p and ¢ > 0, and ||[K(1,-,y)||r, @) < oo for a.e. y € V, where 1/r =1 — a/p,
then the integral in (3.4) exists and is finite for a.e. y € V.

Lemma 3. For any function f € Z(U), any p-measurable set w C U, and any y € V,

(T () = (T(fx)) W) + (T(Fxinw) @) = (T(0)(y)- (3.5)

Proof. Since the integral is additive with respect to the measure,

() - (T(F) /K )o,) du — /K 2).2.y) du

/K ) Xp\w(), 2,y du+/K X (), 2, y) dp
U\w

- /K(vavy)dﬂ_/K(f(x)Xw(m)ﬂxay) dp

U\w w

/K XU\w ):Eyd,u /KOxyd,u—/KOa:y)d,u
U\w

/K DX (@), 2, ) dia — /KO:ry)du—( (P ®) — TO) ). O

Corollary 1. If

(T(0)(y) = /K(O,aj,y) dp =0 fora.e. yev, (3.6)

then T is a partially additive operator.
Corollary 2. If, for any f € Z(U),

(Tf)(y) >0 forae yeVv (3.7)

(in particular, if the kernel K is nonnegative), then T is a partially subadditive operator.

Proof. According to (3.5), we have

(TH W) = (TH) = (T(Fx)) W) + (T X)) y) — (T0))(y)
< (T(Fxw)) W) + (T(fxn) @) = (T X)) O]+ (T (X))@ O
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Corollary 3. If there is a B > 0 such that for any f € Z(U)

(TO)W)| < B(THW|  forae yeV, (3.8)

then T is a partially quasi-additive operator with partial quasi-additivity constant A = B + 1.
Proof. According to (3.5), we have

[(TH W] < (T (X))@ + T X)) @)+ [(T0)) ()]
< (T x) @+ (T (X)) @)+ BIT (X)) ()]
< B+ DT+ T Fxpn))@). O

Remark 1. If we are interested in the classical interpolation theorems for the Urysohn integral
operator and, hence, in estimates of the form

ITfly <Clfllx,  feX, (3.9)

where X and Y are some quasinormed function spaces and C' > 0 is independent of f, then
condition (3.6) is necessary. (If we take f =0 in (3.9), then (T'f)(y) =0 for a.e. y € V)

4. INTERPOLATION THEOREMS FOR MORREY-TYPE SPACES

Lemma 4 (Hardy inequalities). Let £ > 0 and 0 < 0 < 7 < oo0. Then, for any nonnegative
Lebesgue measurable function g on (0,00),

00 n 1/o\ T 1/7 o 1/7
d dt rdt

[l Juenr ) ) V) <@ et

0 0 0

and

() 00 LjoN\T 1/ o 1/7
d dt rdt

[l Jurr ) ) ) e [

0 t 0

Let (U i) be a space with measure p, s > 0, and Go = {G, y}t>0 yeq be a net. Define the nets
= {th}t>0 yeq, G5 = {th}t>0 yeq and G{ = {th}t>0, G{ = {th}t>0 for y € Q, where

{Gt,y if s>t ~ {@ if s>t,

and g = )
Gsy if s<t by Gy if s<t.

by = (4.1)
Remark 2. 1. If G = {G;}+>0 is a filtration, i.e., G is a system of expanding o-algebras
of measurable sets, then, in the theory of stochastic processes, the procedure defined by the first
relation in (4.1) is called a stop corresponding to the moment s, while the procedure defined by
the second relation in (4.1) defines a start corresponding to the moment s. These transformations
play an important role in constructing interpolation methods for stochastic processes [1, 2, 19]. In
this section, we present the main results of the study, in which these transformations also play a
significant role.

2. Note that

[ /o
o o dt
£z, @, = | [ 1)

s
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132 V. 1. BURENKOV, E. D. NURSULTANOV

and
s e ) 1/o
o o dr o o dr
e O e P PR A N G PR
0 s
s 0o 1/o
-« Udr o _aodT
o G I A R
0 s
s 1/c
—a ng‘ —1_—ao o
= | [ i)™+ @0) 1T,

0

s 1/o

—o - ng
G+ / (1)
0

Lemma 5. Let 0 < p,o,7 < 00 and 0 < ag < a < a3 with ag > 0 if 0 < oo, and let
[ € Mg (Ga, ). Then, for arbitrary y € Q and s >0,

HfHMao(G? L) < and [|f(1 XG”,)HM @y = I laggs @ Gy, ym) < O
Proof. Let f € My (Gq,u), y € Q, and s > 0. Then
s 1/o
- o~ @0 —ao o dr
1A ag20 &y =8~ N Ly + (r= Nl (Gryn))
0
1/o
< 5N 2y G+ 1 Nt G / omee A1)
To obtain the second relation, notice that
0o 1/o
1 = ol £ (1 7 dr
/(1 - XGs,y)HM;i},(G{y},M) = (rm [ (1= XGs,y)HLP(GT,y,M)) r
0o /o
o 5 dr
<\ e Mm@ T | =1 hgsgar,
and
0o 1/o 00 1/o
~ — —a1 o dr < MS (G (a—ai)o dr 0
”f”M;},(G?y},u) = (r= Ny o)) < Myoo(Ga, )| | r . < o0.

Theorem 2. Let (U,p) and (V,v) be spaces with measures p and v, and let & C R™.

Let G = {th}t>0 yeq be a net in U, GQ and GS for s >0 be the nets in U defined in (4.1),
and G{ ) and G{ ) for s >0 and y € Q) be the nets generated by G and GQ n U.

Let Fo = {Fiy}i>0, yeq be a net in 'V and Fyy for y € Q be the nets generated by Fq in V.

Let 0 < p,q,0,7 <00, 0 < ap,a1 < 0o with ag, a1 > 0 if 0 < 00, ap # ay, 0 < By, f1 < 00,
Bo # B1, and 0 < 0 < 1, and let « and [ be as defined in (1.1).
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INTERPOLATION THEOREMS FOR NONLINEAR OPERATORS 133

Let f € Mg (Ga,p), U = {fx,: w CU is a u-measurable subset}, and T be a quasi-additive
operator on Uy with quasi-additivity constant A.
If for some Mgy, M1 > 0 the inequalities

HT(fXGS,y)HMﬁgo(F{yW) < MonHM;g(é?yw)y (4.2)
I7(f(1 = xa,,)) HMg;m(F{W,) < Millfllaggs (@, m) (4.3)
hold for all y € Q2 and s > 0, then the inequality

I fllpsp () < CAMs ™ MYl atg, (Gon) (4.4)

holds with a constant ¢ > 0 depending only on «g, a1, Bo, B1, q, 0, T, and 6.

Remark 3. 1. According to Lemma 5, for a fixed function f € M (Gq, i), the norms in the
hypotheses of the theorem are well defined.

2. This theorem, albeit similar to the classical interpolation theorems, has a significant difference.
The point is that the hypotheses and the statement of the theorem are formulated for a fixed function
fe Mz?:q(GQ, 1). We can say that here we deal not with interpolation of operators but rather with
interpolation of inequalities for a fixed function. This fact makes the statement more universal for
applications (see Section 5). In particular, the sets G, can be chosen depending on f.

3. Consider the nonlinear integral operator

(TF)(y) = /K(f(az),:c,y)du such that  (T(0))(y) = /K(O,w,y)du#O-
U U

The classical interpolation theorems do not apply to this operator (see Section 3). At the same
time, if T satisfies one of the conditions (3.7) or (3.8), Theorem 2 makes sense.

Proof of Theorem 2. Without loss of generality, we assume that ag < aj. Since the em-
bedding Mg, (G, 1) — Mg, (G, i) holds for o1 < o3, we can also assume without loss of
generality that 0 < o <71 < 0.

Let f € M (Ga,p), y € Q, and s > 0. Since fx,, € M (Gq,p) for any p-measurable set
w C U and the operator T' is quasi-additive on the set Uy, it follows that

1712y gy < ANT G, )+ ITCG A= x5

< 2M TV AT (Fxa, My (Foyw) + ITFQ = Xao D Lo (Fryw))-

From condition (4.2), we have

IT(fXG I ig(Fryw) = tﬁot_ﬁo||T(fXGS,y)||Lq(Ft,y,y) <t SEIST_BO||T(fXGS,y)||Lq(F,«,yy)
T

= 1T (Fxa,, ooy < Mot 1 llagse &,y
s 1/o

_ _ dr
L C e (G e
0

Hence, the following inequality holds for arbitrary s > 0 and y € Q:
1/o
dr

IT(fxG Lg(Fryw) < 1 Mot™ /(T_ao supl| fllL,(Gryu) + s sup| fll2,(Geyom) | »
, YEN r YEN

s

where ¢; > 0 depends only on ag, a1, and o.
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Let us use condition (4.3) to estimate the second term:

IT(F =X, DLy Fryw) = P PUTEQ =X, DLy (B < M1t51|ff|!Ma1 (@3,,0)
(9] 1/o (9] 1/o
- o dt _ 7dt
= Mltﬁl /(t aleHLp(Gt,yM)) t = Mltﬁl /(t * SuprHLp(Gt’y“u)> t
s s yeQ
Thus, for all ¢ > 0, s > 0, and y € 2, we obtain
s v 1/c
.
I 1ygr < | Mt || [ (05wl lye.0) V)4 sl
Y Y
00 1/o
B1 —a 7 dt
s [ (sl flenn) 5 | )
yeN

s

where ¢co > 0 depends only on ¢, ag, a1, and o.
Set s = ct”, where v = (1 — fo)/(cq — o) and ¢ > 0 is a constant to be chosen later. Then

00 1/7
_ Tdt .
HTfHMgT(GmM) = /<t BsugHTfHLq(Ft,y)> ¢ < 3TV ey A(Mo Iy + Mol + My13),
’ xre
0
where
00 1/o\ T 1/7
“dr dt

L= /(tﬁ OSuP||f||Lp(Gry)> ,

) ye T t

fep
Il
o

(1

Making the change ct” — t, we obtain

yeQ t ’

1/o\T 1/

ct'Y
T dt
ct“’ Sup||f||Lp Gervy y,u)>
r t
ct’Y

7 dr dt
o Sup ”f”Lp(Gr-‘—ct’Yyy)>
yeQ

Il — ,Y—l/TCQ(Oq—Oco)J

1 Ir = 7—1/766(a1—a0)J27 Iy = ,Y—l/dc—(l—e)(al—ag)Jg

)

where
1/o\ T 1/7

0o t 7d d
_ f " t
/ ¢ 0(a1—ag) /<7« @0 sup || ||Lp Gr y,u)> ’
T t
0 0

- 1/
—v(a1 —a; « Tdt
Jy = /<t 0(c1—ao)—ao sup”f”Lp th,,u)> " = HfHM;;T(GQ,u)’
0 ves
o - 1/o\T 1T
Iy = / (1-0)(a1—ao) / (rd(r +t) 4 sup| f Ile(cmy)) o "
) J yeQ ’ r ¢
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To estimate J; and J3, we apply the Hardy inequalities (Lemma 4), according to which we have
1/7

—1/c r -« "dt -1/
< ben - o) o | [ (sl li00) | = 001 = 00)) g G
Yy
0

Jy < (9(041 - aO)U)_l/UHf”Mng(Gn#)’

T3 < (1= 0)(e1 — a0)0) 7| fllass., (G-
For all ¢ > 0, we obtain

HTfHMﬁT(qu) <ecg (Moca(oq—ao) + Mlc_(l—e)(m—ao)) ”f”M;?‘,T(Gszyu)’

where ¢3 > 0 depends only on «g, a1, 5o, b1, q, 0, T, and 6.
Now we set ¢ = (My/My)'/(@1=20)  Then

1T gz oy < 266ME Mty Gy O

Remark 4. Theorem 2 implies, in particular, Theorem 1 formulated in the Introduction.
Indeed, if U = V = R”, p and v are the Lebesgue measures, Gy, = B(y,t), t > 0, y € R",
and @ = R", then inequalities (1.2) and Theorem 1 with f replaced by f Xa,, for i = 0 and by
f(1=Xxg,,) for i = 1 imply inequalities (4.2) and (4.3). Hence, inequality (4.4) holds, which leads
to inequality (1.3).

Let U =V = R", u and v be the Lebesgue measures, 2 C R", 0 < p,g < 00, and 0 < A < o0
with A > 0 if ¢ < co. Let v be a positive locally absolutely continuous strictly increasing function
defined on (0,00). Define the spaces M;" ,0(v) in the spirit of Example 3:

o0 1/‘1
ocrrom _ Tdu(r
Myale) = {1 € L) Wy, = | [ (00D supllllyimm) Gy | <o
0

yeN ’U(T’)

for 0 < g < oo and

Moo = {7 Ulhuy o= 50 @)l < o0

r>0, yeQ)
for ¢ = .
Corollary 4. Let Q C R", 0 < p,q,0,7 < o0, 0 < ag, a1 < o0 with ag, a1 > 0 if 0 < o0,
ag # ag, 0 < By, f1 < 00, Bo # P1, and 0 < 0 < 1, and let o and B be as defined in (1.1).
Suppose that the functions v and w satisfy the conditions indicated above, and let T be a partially
quasi-additive operator on M;”777Q(w) with partial quasi-additivity constant A.
If for some Mgy, M1 > 0 the inequalities

HTfHMg,%o,y(v) < MszHMD‘z (w)

p,o0,y

hold for all y € Q and all functions f € LMg% (w), i = 0,1, then the inequality

HTfHMfTQ(U) < CAM(}_GMfoHM;‘TQ(w)

holds for all functions f € LMgTﬂ(w), where ¢ > 0 depends only on «q, a1, Bo, B1, q, 0, T, and 6.

Proof. Let u be the Lebesgue measure in R™. Let v~! and w™! be the inverse functions of v
and w, respectively. Consider the nets F' = {F} , }+>0, yeq and G = {Gyy }+>0, yen with

Fyy = B(y,v '(t)) and Giy = By, w(t)).
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Then M;"q’g( w) and MpAq y(w) coincide with the spaces sz‘,q(GQ, ) and sz‘,q(G{y}, f), respectively.

Next, we apply Theorem 2. [

The following interpolation theorem is purely a theorem on interpolation of inequalities (it does
not contain any operator).

Theorem 3. Let (U,p) and (V,v) be spaces with measures p and v, and let @ C R™.

Let Gq = {th}t>0 yeq be a net in U, GQ and GS for s > 0 be the nets in U defined in (4.1),
and G{ ) and G{ ) for s >0 and y € Q be the nets generated by GQ and G‘;l n U.

Let Fo = {Fiy}e0, yeo, FO( ) = {(F2(8)ytes0, yea, and Fi(s) = {(F(s))ty}i>0, yea for
s > 0 be nets in V, and let F ty }( s) and F{ }( s) for s > 0 and y € Q be the nets in 'V generated
by FQ(s) and F3(s); in addition, suppose that

Fry C (F%(5))ty U (F(5))ty (4.5)

for all s,t >0 and y € Q.

Let 0 < p,q,0,7 <00, 0 < apg,a1 < 00 with ag,a1 > 0 if 0 < 00, ag # a1, 0 < By, f1 < 00,
Bo # P1, and 0 < 0 < 1, and let « and B be as defined in (1.1).

Let f € My (Ga,u) and g be a v-measurable function on V.

If for some My, M1 > 0 the inequalities

Hg”Méj,%o(F?y}(S),V) MO”f”MO‘O (G? }H)’ (46)

||g||M¢§3,}>o(F{ly}(S),V) MIHfHMO‘l (G? }H) (47)
hold for all y € Q2 and s > 0, then the inequality

190,55 crinmy < MM Fllasz G (4.8)

holds with a constant ¢ > 0 depending only on q, T, o, ag, a1, Bo, B1, and 6.

Proof. Without loss of generality, we may assume that ag < «j. Since the embedding
Mg, (Giyy, 1) = Mg, (G, p) holds for o1 < o2, we can also assume without loss of generality
that 0 <o <7 < 00.

Let f € My (Ga,p), y € Q, and s > 0. According to (4.5),

< 9(1/q=1)+

9l Ly (Fryw) < (N9l £y ((F0 ()0 ) + NI Lo (L)1) -

From conditions (4.6) and (4.7), we have

1911z, ((FO(5))e.y ) = 010N Gl Ly (FO(s))ey ) < 1 sup gl Ly (PO ())0.00)

— APotbo < MytPo o
Pl (o, 000y < Mo W gy 37, )
s 1/o
- Bo —Qo o dr o
= Myt (r N flLpics, m)) . + 87N fllL, (G
0
and
- 1/c

o o dr
71 < M08 W, ) = 308” | [0, )”

s
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Thus, for all t > 0, s > 0, and y € 2, we obtain

5 . 1/c
4 o dr —ao
190lyr,) < 2 | Mot 0 sup|lf 1, ., T Sl G
) yeQ r yeN
~ i 1/c
5 oy dt
+ Myt t= sup |l fllz, Gy ¢ ’
ye
S

where co > 0 depends only on ¢, ag, a1, and o.
The further arguments are similar to those in the proof of Theorem 2. [J

Remark 5. The hypotheses of Theorem 3 contain the nets Fq, F9(s), and FJ(s) that satisfy
condition (4.5). We now give an example of such nets, independent of €2, which will be used in
Sections 5 and 6.

Let (U,p), Z(U), (V,v), and M (V) be as in Section 3. Let T': Z(U) — M(V') be a partially
quasi-additive operator with partial quasi-additivity constant A, and let the nets F, F°(s), and
F1(s) be defined by the following sets:

F={zeV: |[(Tf)(z) >t_1h(a;)}, t >0,
F2(s) = {a; eV: |(T(fxg,))(x)| > (2At)_1h(m)}, t>0, s>0,
Ftl(s) = {:1: eV |(T(f(1 = xg,)))(x)] > (2At)_1h($)}, t>0, s>0,

where h is a positive function on V.
Now, let us show that the partial quasi-additivity of T" implies the inclusion

Fy c F2(s) U Fl(s), s>0, t>0.

Indeed, if x € F}, then x € V and

T )@ > ) & ae B
T~ xa @) > o) e e R,

since otherwise
Tva)@ < " @ - e )@ < B

and
(TH@] < ANTxe )@+ T - xa @) < 0

which contradicts the fact that x € F;.

5. MARCINKIEWICZ-CALDERON TYPE INTERPOLATION THEOREM

Inspecting the standard proof of the Marcinkiewicz theorem, one can easily verify that the
condition of quasi-additivity of the operator T is applied in the proof only to sums of the form
fxw + f(1 —x,,) rather than to arbitrary sums f1 + fo; i.e., it suffices to assume that the operator 7'
is partially quasi-additive. Taking this fact into account, we present the Marcinkiewicz interpolation
theorem in the following form.
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Theorem 4. Let (U,p) and (V,v) be spaces with measures p and v.
Let 1 <pg <p1 <00, 1< qp,q <00, QO#Q170<9<17 and

1 1-6 6 1 1-6 0

= + > = + .

p Po p1 q q0 q1

Let T be a partially quasi-additive operator on Ly, (U, 1) + Ly, (U, p) with partial quasi-additivity
constant A.

If for some My, M1 > 0 the inequalities

1T fl Ly, o vy < Mill fllL,, W (5.1)
hold for all functions f € Ly, (U, ), i = 0,1, then the inequality
1T fllz, vy < cAMy MY £l 2, ) (5.2)

holds for all f € Ly(U, 1), where ¢ > 0 depends only on po, p1, qo, q1, and 6.

The well-known Calderén theorem [13] generalizes and, in a sense, strengthens the Marcinkiewicz
interpolation theorem in the case when the operator is quasi-additive. There are various proofs of
this theorem, but all of them employ the quasi-additivity condition in an essential way and are not
generally valid in the case of just partial quasi-additivity.

We will prove an analog of the Calderén theorem for partially quasi-additive operators 7', while
requiring the regularity of the corresponding measures.

Theorem 5. Let (U,u) and (V,v) be spaces with measures p and v satisfying the regularity
condition (2.2).

Let 1 <pg<pr <00, 1<qoq <00,qFq,0<0,7<00,0<0<1, and

1 1-6 6 1 1-6 6
= + = + . (5.3)
p Po b1 q q0 q1
Let T be a partially quasi-additive operator on Ly, »(U, ) + Ly, (U, ) with partial quasi-
additivity constant A.

If for some My, My > 0 the inequalities

1T f Ly, ovi) < Mill fllz,, o) (5.4)
hold for all f € Ly, (U, ), i = 0,1, then the inequality
ITf Nl vy < cAMy™ MY f L, w0 (5.5)

holds for all f € Ly, (U, i), where ¢ > 0 depends only on po, p1, qo, q1, 0, T, and 6.

Proof. Let f € L, (U,u). It follows from Lemma 2 and Example 1 that there exist nets
G(f) ={Gi(f)}+>0 and H(Tf) = {H¢ (T f)}+>0 that satisfy the conditions

w(Ge(f)) <t and v(Hy(Tf)) =<t

and are such that
2t

/ (Tf) (s) ds < / (T F) ()] dv < / (Tf)*(s) ds,
0 Hy(Tf) 0

[reiss [ i) /2 £*(s) ds,
) 0

0 Gi(f
”Tf”Lq,T(V,l/) = HTfHMi{,?’(H(Tf),I/)’ a‘nd HfHLp,T(U,M) = HfHMll’/‘rPl(G(f)’u)J
where the corresponding constants depend only on the parameter p, ¢, and 7.
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From condition (5.4), we have

17 xe. 0 =supt [ (T (g, 0)) @) di

MO ETHY) 0 ol
(T

2t

<supt~ /7 sup /!(T(fosm))(m)!duSjggt‘”q'/(T(fos<f>))*(t>dt
0

t>0 u(e)=2t
e

S HT(fXGS(f)) HLqO,w(D,V) < MOHfXGS(f)HLpO,a(Um
5 MOHfXGS(f)HMlly/UPO(G(f 0||f|| 1/P0 Gs (f))

According to inequalities (2.4) and (2.5), by Lemma 2 we obtain

1T (=X, D o ey < ITEQ=Xe Dy, cvim)

1/c
. » dt
< M| f(1- XGs(f))HLpl,g(U,p) =M (/(tl/plf (t+s)) ¢ )

0

0o s+t g /o 00 o 1/o
<Ah</<tps%t”/f(aﬂﬁ t) Sﬂﬁ</(tpt+s l/f@)@) t
0 )

0 0 Gt+s (f

< M2 /oD

B o 1/o 0 o 1/c
1 dt 1 dt
1/p1 1/p1
x((/(t . /‘fu»mo t) +(/(t s f@)@) t) )
0 Giys(f) s Geys(f)
s 1/o 00 o 1/o
1 \7dt 1 dt
< Mo(/o—1)+ / / 1/p1 / 1/p1 ]
< M2 s@ldu [(em, V) ey [ s@ide ]
Gas(f) 0 s Gat(f)

Taking into account that

1/o 00 o 1/o
(/( —1/p} / I dﬂ) tt) — 9l/n; (/(tl/p’l / f(x)du) cit)
Gae(f 2s Gi(f)

<2k

s . 1/e I o e
/ A/p 1 dt _ nh / 1/ 1 dt
t+s) t t+1) ¢
0 0
o 1/o
~1/p} <ol [ © —1/pt ) d dt
SN @i <277 @l |
1

G(f)

) o 1/o
< ol/n -
- <p’1> Wi e

PROCEEDINGS OF THE STEKLOV INSTITUTE OF MATHEMATICS Vol. 312 2021

and



140 V. 1. BURENKOV, E. D. NURSULTANOV

we find

HT(f(l - XGS(f))) HMll,/oqol(G(Tf)v’/) S Ml|’f”M11’/UP/1 (as,u).
Let us apply Theorem 2:
TS50 S 1T sgsiniairny g S MM ygain iy S MM ey 0

In the above considerations, the constants implied by the signs < are independent not only of f
but also of My and M;. O

Corollary 5. Let 1 <py<p1 <o00,1<¢qo,q1 <0, q F#q,0<o0,7<o00,and 0<0<1,
and let p and q be defined by (5.3).
Let

(TF)(y) = / K(f(@),z.y)dp,  yeV.
U

If for some My, M1 > 0 the inequalities

1T f Ly, o vy < Mill fllz,, o (00) (5.6)
hold for all f € Ly, (U, ), i = 0,1, then the inequality

ITflz, vy < My MY flIL,

holds for all f € Ly, (U, ), where ¢ > 0 depends only on po, p1, qo, q1, 0, 8, and 7.

Proof. From condition (5.6), we have

supt!/P (T f)*(t) < Mol|f ||

po,1°
>0 0

Setting f = 0, we obtain
/K(O,x,y)du =0
U

almost everywhere in V; in this case, as shown in Section 3, the operator T is partially additive.
Hence, we can apply Theorem 5. [

6. STEIN-WEISS-PEETRE TYPE INTERPOLATION THEOREMS

Let p be a measure on U satisfying the regularity condition (2.2) and w be a positive py-mea-
surable (weight) function on U.
For 0 < p < o0, denote by L, (U, w, i) the space of all y-measurable functions on U such that

1/p

£y = | [ @@lr@l) | <oc.

U

If w=1, then L,(U,1,u) = L,(U, pn); if p is the Lebesgue measure, then L,(U,w,pn) = Ly(U, w)
and L,(U,pn) = Ly(U).
Recall the Stein—Weiss—Peetre theorem.
Theorem 6. Let 1 <pyg<p; <oo,0<6<1, and
1 1-6 40
= + . (6.1)
p Po p1

PROCEEDINGS OF THE STEKLOV INSTITUTE OF MATHEMATICS Vol. 312 2021



INTERPOLATION THEOREMS FOR NONLINEAR OPERATORS 141

Let wg and wy be positive p-measurable functions on U, and let T be a subadditive operator
on LPO(U’ Wo, /L) + L;Dl (U’ wy, M)
If for some My, M1 > 0 the inequalities

T fll L, s ) < Mill Fll 2, 0 01,10) (6.2)
hold for all f € Ly, (U ,w;, 1), i = 0,1, then the inequality
TS g0ty < Mo~ MYl 0700800t 0 (6.3)

holds for all f € L,(U, w(l]_ewf,,u), where ¢ > 0 depends only on pgy, p1, and 6.

Remark 6. In the case when T is a linear operator and pyg = p1 = p, Theorem 6 was proved
by Stein and Weiss [27]. In this case, the constant ¢ in inequality (6.3) is equal to 1. In the present
version, the theorem was proved by Peetre [24].

Theorem 7. Let 0 < p<g<ooand 0 < 0 < 1. Let wyg and wy be positive p-measurable
functions on U, and let T be a partially quasi-additive operator on L,(U, wo, p) + Lp(U, wy, i) with
partial quasi-additivity constant A.

If for some Mgy, M1 > 0 the inequalities

| TNl Ly wim) < Mill Fll 2,0 01,00
hold for all f € L,(U,w;, ), i = 0,1, then the inequality
”Tf”L 1 o w 1) < CAMOl_eMlerHLp(U

)

w0
holds for all f € L,(U, w(l]_ewf,,u), where ¢ > 0 depends only on q, ag, a1, Ag, A\, and 6.
Proof. Let 0 < A\p,A\; < 0o and 0 < o < a1 < 0o. We define nets Gy, n, = {Gt g\, >0 and
Fao,al = {Ft,ao,al }t>0 by Setting
Giaon = {2 €U: w, L/(n— AO)(az)w}/(Ao_)‘l)(ac) <t}, t >0,

Frapas = {2 €V vé/(al_ao)(w)vi/(ao_al)(w) <t}, t >0,

and let

a1 /(a1—ag) (m)vflxo/(ao—m) (x))q du.

0T @) TN @), dvagan = (05

dﬂ)\@)\l = (wO
Then, according to Example 8 and Theorem 7 from [12],

M)\(i(G)\o,)\lau)\o,)\l) < M) (Gagnrs Bao) = Lp(Uswo, ),
(G)\o,)\lau)\o,)\l) < M) (Gagars Baon) = Lp(Uywi, ),
roo (Fag,a15 Vag,ar) Mqo,‘g(FaO,al,yam ) = Lg(U,wo, v),
Mg (Fog,a1s Vag,or) €2 Mg s (Fag,a1s Vag,ar) = Lg(U,wr,v),

Mp7p(G)\0,)\1 ) ,u)\o,)\l) = Lp(UJ 'U)O_ 'LU?, N)a A= ( 9))\0 + 9)\07
Mg ,(Fag,a1 Vag,ar) = Lq(U, wé_ewf, v), a=(1-0)ay+ bay.
From the hypotheses of the theorem, we obtain

<
HTfHMq b (Fog,aq Vag.aq) c1M; HfH " 51 (Gxg A HAgA)

where ¢; > 0 depends only on the parameters ag, ai, Ag, and Aj.
To complete the proof, we apply Theorem 2. [J
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Lemma 6. Let 0 < pg,p1 < 00, pg # p1, and 0 < 0 < 1, and let p be defined by (6.1).
Let wg and w1 be positive p-measurable functions on U and

B wo(z) pop1/(P1—po) B w;g()(l,) 1/(p1—po) _
m) = (20) o= (G0 CweU di=hda

Let f: U — R be a p-measurable function and G(f) = {G(f) >0 with

G ={sev: lrwr> "7
Then the following equalities hold for an arbitrary p-measurable set e C U:
IXellarry @y .m = Po_lﬂerH%; (Uswo ) (6.4)
1= Xl @ = 21 1FQ = XU (6.5)
ez, =P IS, ri-ou (6.6)

Remark 7. The functions h; and hg and the sets Gy were used in [12]| (see Example 9, Lem-
mas 3 and 4, and Theorem 8 there).

Proof of Lemma 6. Let Uy(f) = {zr € U: f(x) # 0}. Then U,.( G:(f) = Up(f) and

XN, g = [ (@l n(e))™ d

Uo(f)
:U04)<Z(1]Ei;>170m/(171—170)< @I )|<w§0§i§>1/(m—m)>?odu
= [ x@m@ @ @) di=m [ x@h ( / tpoldt)du
Uo(f) Uo(f) ha(2)/|f ()]

po]Otpo< [ xlom@ ) poftpo(/ >h1<>d)cff
ha(z)/|f (z)| <t 0

0 Gi(
= ”XeHMff)l(G(f),ﬁ),
which implies equality (6.4). Next,

190 =X, g = | (@ = oDl @)™ do
Uo(f)

= [ (0o ()Y

Uo(f)

= / (1= Xe(@Dhi(@) (| f(@)lhy (@) du=p1 | (1= xc(2))hi(2) ( / =t dt) dp
Uo(f) (z)

Uo(f) ha(x)/|f ()|
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I i [ dt
o [ [ aex@m@dn | =p [ [ o @me e )
0 ha(z)/|f(z)|<t 0 Gi(f)

= ||Xe||Mf}1(G(f),ﬁ>

and
00 " |f(@)]/h2(2) "
g o = [+ [ m@an®f = [ [ o
0 Gi(f) Uo(f) 0

= [(f@)uf 0l dn. O

U

Theorem 8. Let 0 <py<p; <oo and 0 <60 <1, and let p be defined by (6.1).

Let the functions wg, wy, h1, and he and the measure @ be the same as in Lemma 6, and let T
be a partially quasi-additive operator on Ly (U, wo, p) + Ly, (U, w1, p) with partial quasi-additivity
constant A.

If for some My, M1 > 0 the inequalities

185 T fllz,, oy < Mill £y, @000 (6.7)
hold for all f € Ly, (U,w;, i), i = 0,1, then the inequality

1—0 3 70
Iy -0t < CAMS ML 8-t

holds for all f € L,(U, w(l]_ewf,,u), where ¢ > 0 depends only on pg, p1, and 6.

Remark 8. Note that conditions (6.7) are weaker than conditions (6.2).
Indeed, for example, for i = 0,

185 T f |1y, o) = iggt(ﬁ({x cU: [(TF)(z) > thz(x)}))l/po

1/po
=supt / hi(x)du
t>0
{z€U: [(Tf)(z)|>tha(z)}
(TF)(@) "
Tf)(x
<su hi(x)d <||T wo.11) -
= t>%)) h2($) 1( ) ILL — H fHLp(U, Oyﬂ)

{zeU: [(Tf)(@)[>thz(z)}

Proof of Theorem 8. Let s > 0 and f € L,(U, w(l)_ew(f,u). We will use the terminology of
Lemma 6. Let G, F, F°(s), and F''(s) be the nets defined by the following sets:

Gt:{er: |f(x)] > the(x)}, Fy={xzecU: [(Tf)(z)] > thy(x)}, t>0,
FO(s) = {z € U [(T(fx6,)(@) > tha(@)}, 150, 520,
Fi(s) = {o € Us [T~ xa))@)| > tha(@)}, >0, 5>0.

These nets coincide with the nets considered in Remark 5, where h(x) = ha(z). Therefore, the
condition of partial quasi-additivity of T" for these nets implies inclusion (4.5).
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Using conditions (6.7), we obtain
Haszo_ (rogsy. ) = ILllarre, (@erirxg, m = sup PN Ly (G (fxe, )i

=supt P i({z € U: [(T(fxg ) (@) > £ ha(2)})

= <supt(ﬁ({x e U: [(T(fxap))(@)] > th2(m)}))l/p°> - 1h5 " T £l 2,y e (U0

£>0
yq Po _ P — 14
< MoOHfXGS(f)‘ Lpg (Unwo,p) — poMOOHXGS(f)HMfg(G,,;) = pOMOOHwM{’g(és,ﬁ)

and

g crrco = 53t (i € U |0 = frg )@ > ¢ hate)

p1
= (iggt(ﬁ({m eU: [(T(1 = fxg,(p))(@)] > th2($)}))l/pl> = ”hz_leHLpl,oo(U,ﬁ)
< MPY[fF(1 = Xep)] ?pl(U,wl,u) = M1 - XGS(f)HMf}l(G(f),ﬁ)

oo oo

_ dt ) dt
=p1Mi”1/t P =Xep b @inm SlefI/t [ PREEAT N

0 s

Thus, all the hypotheses of Theorem 3 are satisfied. Hence, applying Theorem 3 combined with
Lemma 6, we obtain

l_
HTfHLp(U,wéfew‘f,,u) < CAMé n)pO/pM?pl/pHfHLp(U,wé*‘gwf,,u)’

where 7 is such that p = (1 — n)pg + np1. In view of (6.1), we have the equalities np;/p = 6 and
(I =n)po/p =1— 0, so we arrive at inequality (6.8). [

Corollary 6. Let the parameters pg, p1, and 0, the functions wg, wi, hi, and he, and the
measure Ji be the same as in Theorem 8.
Let T be the Urysohn integral operator defined as

(TF)(y) = / K(f(x),2.y) dp.
U

If for some My, My > 0 the inequalities

185 T f Iz, oy < Mill £y, (00000 (6.9)
hold for all f € Ly, (U ,w;, 1), i = 0,1, then the inequality
TS g0ty < Mo~ MYl 0700800t 0 (6.10)

holds for all f € L,(U, w(l]_ewf,,u), where ¢ > 0 depends only on py, p1, and 6.
Proof. From condition (6.9) we have

/K(O,x,y)dMZO
U

almost everywhere in V. Hence, the operator T is partially additive, which allows us to apply
Theorem 8. [

PROCEEDINGS OF THE STEKLOV INSTITUTE OF MATHEMATICS Vol. 312 2021



INTERPOLATION THEOREMS FOR NONLINEAR OPERATORS 145

7. CRITERION OF QUASIWEAK BOUNDEDNESS
OF THE URYSOHN INTEGRAL OPERATOR

Let (U, ) and (V,v) be spaces with measures 1 and v. We say that an operator T is of (p,q)
quasiweak type if it is bounded from Ly, 1 (U, 1) to Lqoo(V,v). If the operator T' is bounded from
Ly (U, ) to Lq-(V,v), then we say that it is of (p,q) strong type.

Let

/K , 2, y) du, yev, (7.1)

be an Urysohn integral operator.

It follows from Corollary 5 that if the operator (7.1) is of (pg, o) and (p1,q1) quasiweak type,
then it is of (p,q) strong type, where p and ¢ are defined by (5.3) with 6 € (0,1). Thus, deriving
weak-type estimates for these operators is of particular interest. In this section, we give necessary
and sufficient conditions for the operator (7.1) to be of (p,q) quasiweak type provided that certain
a priori assumptions on the kernel K hold. We need some lemmas.

Lemma 7. Let f: U — R be a p-measurable function taking finitely many values,

k=1

where wy, C U are p-measurable sets of finite measure and A\ € R with |A1] > |A2| > ... > |\, > 0.
Then

k 1/p
[RAIFAG! pZ|>\k| |>\k+1|< (UM)) :

i=1
where A\p1q1 = 0.

Proof. Notice that the nonincreasing rearrangement f* of f has the form

n

FE =3 X0 @)

k=1

where tg = 0 and ¢ — tx_1 = pu(wg). Then, applying the Abel transformation, we obtain

7%
1112, 2020 |Ak| / = 3 (el — ) [erar
k=1 0

B SRR (18

i=1

Lemma 8. Suppose that the measure p satisfies the reqularity condition (2.2) and the function
K: U — R is integrable on all p-measurable subsets of U of finite measure. Then, for any set e of
positive finite measure, there exists a set w C e such that p(w) > u(e)/3 and

/|K(x)|du <4 /K(a:) dul. (7.2)

Proof. For an arbitrary set e such that 0 < u(e) < oo, define the sets
€+—{ZL‘E€ K(z >0} and —{a:Ee K(z <0}
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Then

/|K(:1:)|du _ /K(a:) du—/K(a;) dp < 2max /K(x) i, /K(a:) du

For definiteness, assume that

/K(:L‘)d,uZ K(z)du|.

et e

Two cases are possible: either p(es) > p(e)/2 or p(es) < pu(e)/2. In the first case, w = e.
In the second case, there exists an n C e_ such that p(n) > pu(e—)/3 and

/K(a;)du < ; /K(a;)du .
g J

Indeed, according to the regularity condition (2.2) with a = u(e_)/3, there exists a set n’ C e_
such that p(e—)/3 < u(n’) < 2u(e—)/3 and, hence, u(e_)/3 < p(e— \ ') < 2u(e_)/3. Since

/K(m)du = /K(az)d,u + /K(m)du
e e 7

for " =e_ \ 1/, at least one of the terms on the right-hand side does not exceed half the left-hand
side. If this is the first term, then n = 7/, and if the second, then n = n".

Set w =nU ey; then p(w) = p(n) + ple) < (ule-) + ples))/3 = pu(e)/3 and

/K(:p)du _ /K(x)der/K(x)dp > /K(a;)du _ /K(:p)du z; /K(:p)du .
w et n er n et

Thus, we have

/|K(:1:)|du§2 /K(m)du §4/K(:c)du. 0

Theorem 9. Let 1 < p,q < oo, (U,u) and (V,v) be spaces with measures p and v satisfying
the regularity condition (2.2), and K: Rx U xV — R.

Suppose that the Urysohn operator (7.1) is continuous from Ly (U, p) to Lqoo(V,v) and, for
some B > 0 and for an arbitrary v-measurable set e C'V,

/K(z,x,y)du < B|| /K(l,x,y)du (7.3)

for a.e. x € U and any z € R.
Then, for any 0 < 7 < 1,

HT”Lp,T(U7M)_>Lq,oo(V7V) = ”THLP,I(UJD—)L%OO(V,V)

1 // K
= sup / K(l,l‘,y)d}udy 5177 ( )
()50, p(w)>0 V(€))7 (u(w))1/P /) g
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Proof. Since 0 <7 <1 and so Ly, (U, ) <= Ly 1(U, ), we have

I TN 2 )= Lgroo (Vi) S WM L1 (Uy1)= Lo (Vi)
Suppose that the operator T': L, - (U, u) = Lg.oo(V,v) is bounded. Let e C V and w C U be,
respectively, v- and p-measurable sets such that 0 < v(e), u(w) < co. Then
. v(e)
T (t)dt <J|T
ey | TN @< AT,

e 0

(V(e;)l/q’ /(Tf)(y) dv| <

<IN Ly, gV If Ly

Let f(z) = x,(z). Taking into account that [|x,,(z)||z,, = (u(w))'/P, we have

IT( 2y (Uypt) = Ligroo (Vi) = (e ))1/q )i/ //K X (), 2,y) dudy| .

It follows from (7.3) that

//wa T, y)dv du = //Kla:ydud,u—l—//KOa:ydud,u //Kla:ydud,u

U\w €

Thus, since the choice of the sets e and w is arbitrary, we obtain

Fpo(K) ST L, )= Lgco Vi) S N Ly (U )= Lgoo (Vi) -
It remains to show that
TN 22 () Lo (Vi) S Fpyq(K).
Let f be an arbitrary function satisfying the hypotheses of Lemma 7:

) =D AeXu, (@)
k=1

In view of condition (7.3), for an arbitrary v-measurable set e we have

/(Tf ) dv <BZ\Ak|//wak, x,y) dv| dp.

Let us apply Lemma 7:

Janwa| £l - e [ | [5G0 0| dg

€ B Uf:l w; 1€
_ n k 1/p _
< Fpg(K) (@)Y Y (el = esa]) (“(U w)) = p 1 F o (K) W)V || fllr, . (7-4)
k=1 i=1
where A,+1 = 0 and
~ 1
Fpq.(K) = sup , / /K(l,:r,y)du dp.
P v(e)>0, p(w)>0 V(€)Y (pu(w))t/P

w
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It follows from Lemma 8 that ﬁp,q(K) = Fp 4(K). According to [15, Lemma 1] (see also [20]),
we have

1
HTfHLq,oo = sup (U(e))l/q’ /(Tf)(y)du .

v(e)>0 )

Thus, from (7.4) we obtain
HTfHLq,oo S prq(K)HfHLp,l'

The functions satisfying the hypotheses of Lemma 7 form a dense set in the space L, 1(U, 1).
Due to the continuity of the operator T': L, 1(U, 1) = L o0(V, V), inequality (7.4) remains valid for
any function f € L, (U, p); i.e.,

|’THLp,1_>Lq,oo S.J prfI(K)' |:|

Remark 9. In the case when T is a linear integral operator

(TF)(y) = / K () () du.
U

the statement of Theorem 9 follows from the results of [15, 20|, which, in particular, include nec-
essary and sufficient conditions for the quasiweak boundedness of linear integral operators in net
spaces.
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