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Abstract—A problem of pursuing a group of evaders by a group of pursuers with equal
capabilities of all the participants is considered in a finite-dimensional Euclidean space. The
system is described by the equation

D(O‘)zij = azjj +u; —vj, U,V €V,

where D(®) f is the Caputo fractional derivative of order a of the function f, the set of admissible
controls V' is strictly convex and compact, and a is a real number. The aim of the group of
pursuers is to capture at least ¢ evaders; each evader must be captured by at least r different
pursuers, and the capture moments may be different. The terminal set is the origin. Assuming
that the evaders use program strategies and each pursuer captures at most one evader, we obtain
sufficient conditions for the solvability of the pursuit problem in terms of the initial positions.
Using the method of resolving functions as a basic research tool, we derive sufficient conditions
for the solvability of the approach problem with one evader at some guaranteed instant. Hall’s
theorem on a system of distinct representatives is used in the proof of the main theorem.

Keywords: differential game, group pursuit, multiple capture, pursuer, evader, fractional
derivative.
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INTRODUCTION

An important direction in the modern theory of differential games is associated with the devel-
opment of solution methods for game problems of pursuit and evasion with several objects [1-4]. In
this area, not only are the classical solution methods deepened, but also new problems are sought to
which the existing methods are applicable. In particular, in [5,6], problems of pursuing two objects
described by equations with fractional derivatives were considered and sufficient conditions of a
capture were obtained. Recently, Gomoyunov [7] proved the existence of the value of a nonlinear
differential game with fractional derivatives.

We consider a linear problem of pursuing a group of evaders by a group of pursuers provided
that all the participants have equal capabilities. The problem of simple pursuit of a single evader
by a group of pursuers was considered by Pshenichnyi [8], who obtained necessary and sufficient
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5106 PETROV, NARMANOV

conditions of a capture. A multiple capture of an evader in a simple group pursuit problem was
studied by Grigorenko in [9]. The problem of capturing a given number of evaders in a simple
pursuit problem under the conditions that the set of admissible controls is a unit ball centered
at zero, the terminal sets are the origins, the evaders use program strategies, and each pursuer
captures at most one evader, is presented in [10], where necessary and sufficient conditions for the
solvability of the pursuit problem were obtained. The general case of the problem of capturing a
given number of evaders in the case of simple pursuit was considered in [11]. The problem on a
multiple capture of an evader in Pontryagin’s example was presented in [12-14]. A multiple capture
in linear differential games was studied in [15]. The problem on a multiple capture of an evader in
a differential game with fractional derivatives was investigated in [16] (where a more detailed list
of references on these problems is also presented). Sufficient conditions for the capture of a given
number of evaders in Pontryagin’s stationary example and linear recurrent differential games were
obtained in [17,18].

In the present paper, the problems of multiple capture and capture of a given number of evaders,
which were earlier considered separately, are combined into one problem. The aim of the group of
pursuers is to capture at least ¢ evaders, and each evader must be captured by at least r pursuers.
Under the assumptions that the evaders use program strategies and each of the pursuers captures
at most one evader, sufficient conditions for the solvability of the pursuit problem are obtained.
Note that, in the case of simple motion, the problem in this statement was studied in [19].

1. PROBLEM STATEMENT

Definition 1 [20]. Suppose that p is a positive integer, a € (p — 1,p), and a function f :
[0,00) — R* is such that f(®) is absolutely continuous on [0,00). The Caputo derivative of f of
order « is the function

! [o.¢]
o - 1 f®(s) - o
<D( )f> )= I'(p—a) / (t — s)ati-p ds, where I'(8)= /e P ds.
0 0

In the space RF (k > 2), we consider an (n + m)-person differential game G(n,m) with n
pursuers P, ..., P, and m evaders E1,..., E,,. Each of the pursuers P, moves according to a law

D@Wg; = az; +u;, x(0) =2, ..., :E(-p_l)(O) =27 u eV (1.1)

PR 7 %

The motion law of each evader E; has the form
D(O‘)yj =ay; +v;, y;(0) = yjo-, e y§p_l)(0) = y§’_1, velV. (1.2)

Here x;,y;,u;,v; € R*, V is a strictly convex compact subset of R, a € R', i € T = {1,...,n},
and j € {1,...,m}. In addition, 20 # y? for all i and j.
Instead of systems (1.1) and (1.2), we consider the system
D(a)zi]’ =azj; +u; — v, U;v; € V, (13)

with the initial conditions

-1 -1 -1 ~1
zij(O):z?j:x?—y?, e zl(f )(0):zfj =a Y (1.4)
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MULTIPLE CAPTURE OF EVADERS S107

Here the solution of system (1.3), (1.4) is understood in the standard way (see, e.g., [21, Sect. 3]).

The aim of the group of pursuers is to capture at least g evaders so that each evader is captured
by at least r pursuers (r > 1 and 1 < ¢ < m) provided that first the evaders choose their controls on
the whole semiaxis [0, 00) and then the pursuers, using the information on the choice of the evaders,
choose their controls; in addition, each pursuer can capture at most one evader. We assume that
n > rqgand m > q.

Denote by 2V = {z?j, . ,zf-’j_l,z' € 1,j € J} the vector of initial positions, and let zf-’j_l # 0 for
all 4 and j.

A measurable function v : [0, 00) — R¥ is called admissible if v(t) € V for all ¢ > 0.

Definition 2. An r-multiple capture (capture for r = 1) of an evader Eg occurs in the game
G(n,m) if there exists an instant 7' > 0 such that, for any admissible control vg(t), t € [0, 00),
of the evader Ej, there exist admissible controls u;(t) (i € I) of the pursuers P; (i € I), instants
Ti,...,7 € [0,T], and pairwise different positive integers i1,...,4, € I such that z; g(7s) = 0 for
all s=1,...,r, where z; g(t) are the solutions of system (1.3), (1.4).

Definition 3. An r-multiple capture (capture for r = 1) of at least q evaders occurs in the
game G(n,m) if there exists 7' > 0 such that, for any set of admissible controls v;(t), ¢t € [0, 00),
of the evaders Ej, j € J, there exist admissible controls w;(t) = u;(t, zm,vj(s), s €[0,00),j € J) of

the pursuers F;, ¢ € I, that possess the following property: there exist sets

McJ, |M|=gq, {N,le M}, NyCI, |Nj=rforallle M, N,NNs;= forall | #s,

such that the group of pursuers {P,l € Ng} performs the r-multiple capture of the evader Ejg
not later than the instant 7T'; if a pursuer P, captures an evader Eg, then all the other evaders are
considered not caught by P;.

Introduce the following notation. For a finite set K of positive integers, define

Qr(s) ={(i1,...,45) | t1,...,is € K are pairwise different}, Dg(a) = {zeR"| ||z —a| <&},

p—1
A(h,v) =sup{A >0 | =AM eV —v}, &) =) . z+ 1) t', &(t) = 1P (D).
=0

2. MULTIPLE CAPTURE OF ONE EVADER FOR a =10

In this section, we take m = 1. Therefore, the second index can be omitted.
Lemma 1. Suppose that V is a strictly convex compact set, by,...,b, € RF b; # 0 for all
1 €1, and
min max minA(b;,v) > 0.
veV AeQ(r) i€A
Then there exists ¢ > 0 such that, for any z1,...,2, € RF such that z; € D.(b;) for i € I, the

Il lity hold. Az, v) > 0.
following inequality holds: gélnAg%%}(()rzlélj{l (zi,v)

Proof. It follows from [2, Lemma 1.3.13] that the function A(b,v) is continuous on the set
B x V, where B is an arbitrary compact subset of R* not containing zero. Therefore, the functions

gA(Zly"'7ZTL7U) = glei}\lk(zaav)v g(Z1,...,Zn,’U) = Ag}?f({r)g/&(zla'“vzn)U))
flz1,..0,2n) :géi‘l/lg(zl,...,zn,v)
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are continuous. The continuity of f implies the assertion of the lemma. The lemma is proved.

Corollary. Let {zf_lz l € I} be such that

do = min max wmin Az '/ (p),v) > 0. (2.1)

Then there exists Ty > 0 such that the following inequality holds for all t > Tp:

> 0. . .
félélAg}%’(‘)?éﬁm(&( );v) > 0.58 (2.2)

Proof. This inequality follows from Lemma 1 and the condition tli+m HOEE LT (p).
400

Lemma 2. Leta =0 and dy > 0, where &y is introduced in (2.1). Then there exists Ty > 0
such that, for any measurable function v(-) with values v(t) € V, there exists a set A € Qr(r) such
that the following inequality holds for all l € A:

Ty

— s a—1
ri [0 NG @) o = 1
0

)

Proof. It follows from the corollary that there exists Ty > 0 such that inequality (2.2) holds
for all ¢ > Ty. Let T > Ty. We consider the functions (for ¢ € [0,7])

hy(t, T, 0()) = £~ P/ (=) €T, u(s)) ds.
0

r<a>
Then
t
(t—s)*~
> 1=p ) )
Jmax winhy (7o) > max 1 [ " min A7), v(s))ds (2.3)
0

For any nonnegative numbers {aa }cq,(r), We have

1
max ap > ap.
AEQ(r) cr Ae%;(r)

Hence, (2.3) implies the inequality (for ¢ € [0,77)

1— —s a—1
max minhy(¢t,T,v(-)) > e / (t=s) Z min A(&}(T), v(s)) ds

AEQ;(r) lEA cr I'(«) ACT) leA
t t
tl—p (t _ S)Ot—]. tl p50 1 tOl—p"rl(SO
> A ds (t—s)*"ds= .
= or / Tla) ALK TuD (& (1), v(s))ds > = 20T (a / )= g ncrr(a)
0 0
Consequently,
Ta—p+150
h(T,T, > )
Agl?((r) Ilrélflxa 4 o) = 2aCIT (o)

Since a — p + 1 > 0, the lemma is proved.
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MULTIPLE CAPTURE OF EVADERS S109

Define the number

t
~ t— S)a—l
T —inf inf s 1—p ( 1 >1\.
nf o | inf e mipet= [ L0 M@ 0000 0021}
By Lemma 2, we have T' < oo.

Theorem 1. Let a =0 and 69 > 0, where oy is defined in (2.1). Then an r-multiple capture
occurs in the game G(n,1).

Proof. Let v(s), s € [0,T], be an arbitrary control of the evader. Consider the function

_ ST (T —s)*1 1 -
() = 1= max min?7 [N (7). 0()) .

Denote by Ty > 0 the first root of this function. Note that T exists by Lemma 2 and the definition
of T'. In addition, there exists a set Ag € Q7(r) such that, for all j € Ao,

1— Tl—p (T - 8)a_1
0
Therefore, there exist instants 7; < Tp, j € Ag, for which

75

1- Tl—P/ (T ;(S)a_l AEJ(T),v(s))ds = 0. (2.4)

a)
0

For j ¢ Ao, denote by 7; the instants at which condition (2.4) holds, if such instants exist. Let the
controls of the pursuers F;, ¢ € I, be given by the formula

’U(S) - )\(g} (T)’ U(S))gzl (T)v s € [07 min{Tiv T’H’

ui(s) = o
v(s), s € [min{r;, T}, T].

Then the solution of the Cauchy problem (1.3), (1.4) can be presented in the form [21, formula (19)]

t—s)*"

! 1
zi(t) = &(t) + / ( I'(a) (ui(s) —v(s))ds.
0

Hence,
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Ti

@11 [

0

~>

VA

~—
i

1
A(EH(T), v(s)) ds) =0
for all i € Ag. Consequently, zZ(T ) =0 for all i € Ay. The theorem is proved.
In what follows, let Int A and co A be the interior and the convex hull of the set A, respectively.

Lemma 3 [3, Assertion 1.3]. Let V be a strictly convexr compact set with smooth boundary,
and let

0e ﬂ Int co {zf_l,j € A} (2.5)
AeQr(n—r+1)

Then 5y > 0 (see (2.1)).

Theorem 2. Suppose that a = 0, V is a strictly conver compact set with smooth boundary,
and condition (2.5) holds. Then an r-multiple capture occurs in the game G(n,1).

Proof. The validity of this theorem follows from Lemma 3 and Theorem 1.

3. MULTIPLE CAPTURE OF THE EVADERS FOR a <0

Define the generalized Mittag-Leffler function [22, p. 117]

o l
z
E,(z,p) =
P(Z :u) lz:; F(lp_l _|_'u)
and the number
6y = min max min (2, v). (3.1)

veV AeQ(r) leA

Lemma 4. Suppose that a <0, « € (0,1), and 61 > 0, where 01 is introduced in (3.1). Then
there exists Ty > 0 such that, for any function v(-) with values v(t) € V, there exists a set A € Qp(r)
such that the following inequality holds for all | € A:

T
BujalaT1) = [[(T1 = 9% Byjala(Ty = 5)°~ ) &P, v(s)) ds < 0.
0

Proof. Consider the functions

h(t,v(-)) = Eyjq(at®, 1) — /(t = 8)* T Byjalalt — 5)* 7 @)A(#), u(s)) ds.
0

Then

H(t,v(-)) = Aln max hy(t, v())

t

— a _ : _ \a—1 _ a1 0
— Bija(at®, ) = max min [ (6= 97 Eyala(t = )" @)\ o(s)) ds.
0
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Since o € (0,1), it follows from [23, Theorem 4.1.1] that E;/,(2, 1) has no negative roots for
p € [o,+00). In addition, Ey/,(z,p) > 0 for all z > 0 and p > 0. Hence, Ej/q(2,1) > 0 for all
z € Rt and p € [, +00). Therefore,

t

. . a—1 _ a—1 0
e min [ (6= 8" Byaalt ) @)AGE L o(s) ds
0

t

> max [ (=9 Byafa(t = ) o) min A o(s)) ds
0

leA
AGQ[ (7‘)

= én /(t—s)a‘lEl/a(a(t—s)a‘l,a) > minA(z,v(s)) ds

0

(t—8)* By u(alt —s)*! A d
/ " Eyafa(t = )7 0) max min (. v(s)) ds
0

t
> o [(t= 9 Bujaalt =5 ) ds.
0

According to [22, Ch. 3, formula (1.15)],

(t — s)a_lEl/a(a(t -5 a)ds = t*E o (at®, o+ 1),

o .

Hence,

o1 2By o (at™, o+ 1) = Ho(t).

min max (¢, v(-)) < Eyjq(at®,1) — o

AEQ(r) leA

Since a < 0, the following asymptotic bounds [23, formula (1.2.4)] hold as t — +oc:

El/“(at’1)__atar(1—a)+0<t2a) Eijalat®at1) == 1 +O(t2a)

where O(g) as t — +o0 is understood as a specific function G such that the function G/g is bounded
on (A, +o0) for some A > 0. Consequently,

1 01

1
Holt) = CatT(1 — a) + aCrl * O(ta)’

Since tligl Hy(t) = 61/aC}, < 0, there exists an instant 77 > 0 such that Ho(71) < 0. Therefore,
—+00

H(Ty,v(-)) < 0. We have hj(0,v(-)) = 1 for all [ and min maxh(T7,v(-)) < 0 for any
AEQ;(r) leA

function v(-). The lemma is proved.

Define the number

T = inf {t>0] inf min maxh(t v(-)) <0}.
() A€Q;(r) LA
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By Lemma 4, we have T < 4oo0.

Theorem 3. Suppose that a < 0, a € (0,1), and §; > 0, where §; is defined in (3.1). Then
an r-multiple capture occurs in the game G(n,1).

Proof. Let v(-) be an arbitrary admissible control of the evader E. Consider the function

t

H(0) = ByjalaT® 1) = max min [ (7= 5" Byjala(T = 5) a)\Gl.os) ds
0

and denote by Ty its first root. Note that Ty exists due to Lemma 4 and the definition of T. In
addition, there exists a set Ag € Q7(r) such that, for all [ € Ay,
To
By /a(al®,1) — /(:ﬁ —5)" By o (a(T — 8)*7 1, a)A(2], v(s)) ds < 0.
0
Therefore, there exist instants 7, < Tg, | € Ag, for which
T
By ja(aT 1) - / (T — )2 By ala(T — )21, a) A0, v(s)) ds = 0. (3.2)
0

For I ¢ Ay, denote by 7; the instants for which condition (3.2) holds, if such instants exist. Let the
controls of the pursuers P;, i € I, be given by the formula

(o) v(s) = A(22,0(s))2?, s € [0, min{r;, T},
v(s), s € (min{r, T}, T].

The solution of the Cauchy problem (1.3), (1.4) can be presented in the form [21, formula (19)]

zi(t) = Bija(at®,1)z) — [ (t = 5)* " Eyja(alt — 5)*7 a)(ui(s) — v(s)) ds.

o\“

Hence, using (3.2), we obtain

T
2(T) = Byjaal® 1)z / — ) B o (a(T — ), @) (wils) — v(s)) ds
0

Ti

<E1/a al™, 1) / —5)* lEl/a( (T - s)o‘_l,a))\(z?,v(s))) ds =0
0

for all ¢ € Ag. The theorem is proved.
Theorem 4 [16, Theorem 1|. Suppose that a <0, « € (1,2), and

min{mln max minA(z},v), min max min)\(—zll,v)} > 0.
VeV A€Q;(r) IEA veV A€Q; (r) lEA

Then an r-multiple capture occurs in the game G(n,1).
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4. MULTIPLE CAPTURE OF A GIVEN NUMBER OF EVADERS

Conjecture 1. For each s € {0,...,q — 1}, the following condition is satisfied: for any set
N C I, |N| =n— sr, there exists a set M C J such that |M| =q— s and

zpﬁ_l
() = ip e A (g ) >0
forall B € M.

Theorem 5. Suppose that a = 0 and Conjecture 1 holds. Then an r-multiple capture of at
least q evaders occurs in the game G(n,m).

Proof. Let the assumptions of the theorem hold. Let us prove that any n — sr pursuers
perform an r-multiple capture of at least ¢ — s evaders, where s € {0,...,¢ — 1}. For s = 0, we
obtain the assertion of the theorem. The further proof is by induction. Let s =¢—1, N C I, and
IN| = n — (¢ — 1)r. By the assumptions of the theorem, there exists 5 € J such that dx(5) > 0.
It follows from Theorem 1 that the pursuers P, for [ € N perform an r-multiple capture of the
evader Eg.

Assume that the statement is proved for all s > p + 1. Let us prove the statement for s = p.
Let N C I and [N| =n — pr. Then there exists a set M C J such that |[M| =¢—p and on(8) >0
for all B € M.

Let v;(t), t € [0,00), be the controls of the evaders E;, j € J. For each § € M, define the set

Jg = {l eEN ‘ pursuer P, captures evader Eg}.

By Theorem 1 and the assumptions of this theorem, the inequality |Jz| > r holds for all 8 € M.
We can assume that M = {1,...,q — p}. Two cases are possible.

‘ U JB‘ >lrforalll=1,...,qg — p. Then, by the Hall theorem [24, Theorem 5.1.1], there

exists a system of distinct representatives for the sets {Jg, 5 € M}; i.e., there exist sets J é, 6eM,
for which
Jé C Js, |Jé| =r forall 8e€ M, Jél N Jéz =@ for all (1 # fPs.

Consequently, each group of pursuers P} (I € J, é) performs an r-multiple capture of the evader Eg
for all B € M. Therefore, the group of pursuers P, (I € N) performs an r-multiple capture of at
least ¢ — p evaders.

2. There exists [ € {1,...,q — p} for which ‘ U < Ir. Let Iy be the smallest positive integer

n1

U
B=1
for the sets Jg, 8 =1,...,lp — 1, there exists a system J, é of distinct representatives such that

satisfying this inequality. Note that lp > 1 and > nyr for all ny € {1,...,lp — 1}. Therefore,

J[;CJB, |Jé\:r forall g=1,...,1—1, JélﬂJl’b:@ for all fB1 # Bs.

Consequently, each group of pursuers J é performs an r-multiple capture of the evader Ez. There-
lo—1

fore, the pursuers |J J 1/3 perform an r-multiple capture of [j — 1 evaders. In what follows, we can
p=1

assume that Jé =Jgforall =1,...,0p —1.
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Let s = p+1lp— 1. In this case, s > pand so < p+qg—p—1=q— 1. Consider the set
lo—1

N1 =N\ U Jj. For this set, [N1| =n —pr — (lo — 1)r = n — sor. By the assumptions of the
B=1

theorem, there exists a set My such that My C J, |[M;]| = g — sp, and oy, (8) > 0 for all 5 € M.

Note that {1,...,lp — 1} N My = &; otherwise, if § belongs to this intersection, then there exists

an index [ € N; for which P, captures the evader Eg, where 5 € {1,...,ly — 1}, which contradicts

the construction of the set Ni. By the induction assumption, the group of pursuers P, (I € Ny)

performs an r-multiple capture of at least ¢ — sp evaders. Consequently, the pursuers P, (I € N)

perform an r-multiple capture of at least ¢ — so + 1y — 1 = g — p evaders. This completes the proof.

Theorem 6. Suppose that a = 0, V is a strictly convex compact set with smooth boundary,
and the following condition holds for each s € {0,...,q—1}: for any set N C I, |N| = n— sr, there
exists a set M C J such that |M| =q—s and

0e ﬂ Int co{zfﬁ_l,leA} for all B e M.
AGQN(TL—T-'FI)
Then an r-multiple capture of at least q evaders occurs in the game G(n,m).
Proof. The validity of this theorem follows from Lemma 3 and Theorem 5.

Theorem 7. Suppose that a < 0, a € (0,1), and Conjecture 1 holds. Then an r-multiple
capture of at least q evaders occurs in the game G(n,m).

Proof. The theorem is proved similarly to Theorem 5 with the use of Theorem 3.

Theorem 8. Suppose that a <0, a € (1,2), and the following condition holds for each value
s € {0,...,q — 1}: for any set N C I with |N| = n — sr, there exists a set M C J such that
|M| =q—s and, for all § € M,

) :min{min max min\(zj3,v), min max min \(—z/3,v }>0.
~(B) veV AeQy (r) lEA (215, 0) VeV AeQy (r) leA (=2i3,v)

Then an r-multiple capture of at least q evaders occurs in the game G(n,m).

Proof. The theorem is proved similarly to Theorem 5 with the use of Theorem 4.
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