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Abstract—For a dynamical system whose motion is described by neutral-type differential
equations in Hale’s form, we consider a minimax-maximin differential game with a quality
index evaluating the motion history realized up to the terminal time. The control actions of
the players are subject to geometric constraints. The game is formalized in classes of pure
positional strategies with a memory of the motion history. It is proved that the game has
a value and a saddle point. The proof is based on the choice of an appropriate Lyapunov—
Krasovskii functional for the construction of control strategies by the method of an extremal
shift to accompanying points.
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INTRODUCTION

This paper is devoted to the development of the theory of positional differential games [1-3]
for systems of neutral type. We consider a zero-sum differential game in which the motion of a
dynamical system is described by differential equations of neutral type in Hale’s form [4]. There
are geometric constraints on the control actions of the players. The quality of the control process
is estimated in terms of the motion history of the system that has formed by the terminal time.
The game is formalized in classes of pure positional strategies within the approach of [1-3]. The
result of the paper is a theorem on the existence of a value and a saddle point in the differential
game under consideration.

Issues of the existence of a value and optimal strategies in positional differential games for
neutral-type systems were studied earlier in [5-8|. Linear neutral-type systems were considered
in [8]. Differential games for nonlinear systems formalized in classes of control strategies with a
guide were the subject of [5,7]. The result closest to the present paper was established in [6], where
a differential game in classes of pure positional strategies was considered for nonlinear neutral-
type systems of a fairly general form. However, because of a special proof technique based on the
constructions of two guides [9, 10], additional considerable constraints were imposed on the game
in [6]: it was required that the functional defining the quality index and the functional under the
derivative on the left-hand side of the motion equations should satisfy the Lipschitz condition, and
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584 LUKOYANOV, PLAKSIN

the Lipschitz constant for the latter functional should be less than 1. These constraints are removed
in the present paper, whereas the form of the system is slightly less general as compared to [5-7]
but still quite typical. This result was obtained using the classical reasoning scheme from [3], in
which an appropriate Lyapunov—Krasovskii functional [11,12] was chosen.

1. DIFFERENTIAL GAME

Consider a zero-sum differential game in which the motion of the system is described by a
differential equation of neutral type in Hale’s form [4]

d
4 (80 =gt = ) = f(t,2(0). 2t = h), u(t), (1), W
t € [to, V], z(t)eR", wu(t)elU, wv(t)eV,
and the quality index has the form
7= olzs(). (1)

Here ¢ is time; x(t) is the state vector at a time ¢; typ and ¥ are fixed initial and terminal times;
h > 0 is the delay constant; x4(+) is the motion history on the interval [J —h, ¥]: zy(§) = z(I+&) for
¢ € [—h,0]; u(t) and v(t) are the current control actions of the first and second players, respectively;
and U ¢ RF and V C R! are compact sets.

The first player aims to minimize the index (1.2); the second, to maximize it.

Throughout the paper, we denote the scalar product of vectors by (-,-), the Euclidean norm
by || - ||, and the space of Lipschitz functions from [a, b] to R™ equipped with the uniform norm by
Lip([a, b], R™); we also use the notation Lip = Lip(|—h, 0], R™). The uniform norm in Lip is denoted
by || - |leo- For @ > 0, we write B(a) = {x € R™: ||z|| < a}.

Assume that functions g: [tg, 9] x R™ — R™ and f: [tp,9] x R" x R" x U x V — R" and a
functional o: Lip — R satisfy the following conditions.

(9) For any a > 0, there exists Ay = A\yj(a) > 0 such that

9@t @) — g, 2")|| < Ag(Jt =¥ + |z = &'|)), ¢t €[to,9], x,2" € B(a).

(f1) The function f is continuous.
(f2) There exists a constant ¢y > 0 such that

|ft, 2y, u,0)|| <cr(X+ 2]+ lyl), (¢ z,y,u,0) € [to, ] x R* x R" x U x V.
(f3) For any o > 0, there exists Ay = Af(a) > 0 such that
[t 2,y u0) = f(t2, 9 u0) || < Ap(lle =2l + lly = ¥/l
t € [to,”], zy,2',y € Bla), uelU, vevV.
(f1) For any t € [to, 9] and z,y,s € R",

Igg[[r} Izleag <f(t7 x? y? u? v)78> = Igleaé{ I’lfleiﬁl} <f(t7 x? y? u? v)7s>'

(o) The functional o is continuous.
Fix some numbers ag, A\g > 0 and define the set of initial positions

Go = {to} x {w(-) € Lip: [w(§)|| < oo, [w(§) —w(&)] < Aol¢ —&'|, &€ € [h,0]}.
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THEORY OF POSITIONAL DIFFERENTIAL GAMES 585

Taking the number ¢y from condition (f2), define the set of admissible positions

G = {(t,xt(-)) € [to, 9] x Lip: z(-) € Lip([to — h, 9], R™), (to, 24, () € Go,

Hi (w(t) —g(t,x(t - h))) H <cp(1+[lz@)] + |z(t — h)|) for a.a. t € [to,ﬁ]}. (1.3)

Hereinafter, z;(+) is a function such that x;(§) = z(t + &), £ € [—h,0].

Let a position (1,w(:)) € G, 7 < 9, be chosen. Admissible realizations of the control actions
u(t) and v(t) on the interval |7, 9] are measurable functions u(-) : [7,¥) — U and v(+) : [r,9) — V.
Proceeding, for example, by the scheme from [13] (see also [14, P1]), one can show that, under
conditions (g) and (f1)—(f3), any pair of admissible realizations u(-) and v(-) uniquely generates a
motion z(-) of system (1.1) from the position (7, w(+)), which is a function from Lip([r — h, 9], R"™)
satisfying the initial condition z(7 + &) = w(§), £ € [—h,0], and, together with w(t) and wv(t),
equation (1.1) almost everywhere on [r,9]. In addition, by the definition (1.3) of the set G, the
motion z(-) is such that

(t,z() €G, 1€ lt,v]. (1.4)

The differential game (1.1), (1.2) will be formalized in classes of positional strategies of the
players’ controls in accordance with the approach [1-3]. In view of condition (fy), we can restrict
ourselves to the class of pure positional strategies [3, Sect. 8].

A control strategy of the first player is understood as a mapping

U=U(t,w(),e) €U, (t,w(-))eqG, >0,

where ¢ is an accuracy parameter [3, p. 68].
Fix a position (7,w(-)) € G, a number € > 0, and a partition of the interval [r,?]:

As={tj:0<tjj1—t; <6, je€l,J—1,t =1, t; =70} (1.5)

The triple {U,e,As} defines a feedback control law of the first player, who forms a piecewise
constant (hence, admissible) realization u(-) by the rule

u(t) = U(tj,xtj(-),s), te [tj,tj+1), ] S 1, J—1. (16)

This law, together with an admissible realization of the second player’s control v(-), uniquely
generates a motion z(-) of system (1.1) from the position (7, w(-)). Denote the corresponding value
of the quality index (1.2) by v(7, w(-); U, e, Ag;v(+)).

Define the guaranteed result of the strategy U:

pulryw(),U) = lim lim sup sup (7, w(-); Uy 2, Ag; (). (L7)
el0 60 As v()

Then the optimal guaranteed result of the first player is the value
Pu(m,w (")) = inf pu(7, 0 (), U). (1.8)
A strategy U° is called optimal if

pu(T,’w('), UO) = pZ(T,w(~)), (T,w(')) €G.
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586 LUKOYANOV, PLAKSIN

Similarly, with obvious changes, we consider for the second player a control strategy V =
V(t,w(-),e) € V, (t,w(-)) € G, € > 0, the control law {V,e, As} defining a piecewise constant
realization v(-) by the rule

U(t) = V(tjaxtj(')75)7 te [tjatj-i-l)? ] € 17 J - 17
the guaranteed result of the strategy V'

po(T,w(:), V) = 161&1 lirny inf g(lgv(ﬂw(-); u(-); Vie, Ag), (1.9)

and the optimal guaranteed result of the second player
po(T w()) = Slvlppv(ﬂw(% V). (1.10)
A control strategy of the second player V° is optimal if
pu(T,w(-),V®) = py(m,w(-)),  (r,w()) €G.
It follows from relations (1.8) and (1.10) that
pu(mw(-) = py(r,w()),  (r,w()) € G. (L.11)

In the case where
pu(T,w(")) = py(1,w()), (T,w()) €G,

the differential game (1.1), (1.2) is said to have a value, and the pair of optimal strategies {U°, V°}
is called a saddle point of the game.

Theorem. The differential game (1.1), (1.2) has a value and a saddle point {U°,V°}.

A key role in the proof of this theorem is played by the following auxiliary Lyapunov—-Krasovskii
functional [11,12].

2. LYAPUNOV-KRASOVSKII FUNCTIONAL

Based on relation (1.3), we can show the existence of ag, A\g > 0 such that
lw@ll < ag,  [w(§) —w@)l <Acle =&, & €[-h0], (tw()) G (2.1)
Then, by conditions (g) and (f3), for Ay = A\g(ag) and Ay = A¢(ag), we have
lg(t, (=) = g(¢'sw' (=)l < Ag (|t = ¥ + (=) = v/ (~B)]),

Hf(t7w(0)7w(_h)7u7v) - f(t7wl(0)7w,(_h)7u7v)”

(2.2)
< Af(lw(0) = ' (O)|| + lw(=h) —w'(=h)]),
(t,w(:),t,w' () eG, uwel, veV.
Define the functional
V(t,p,w(-)) = ke(t, p,w(-))e *Ar /MU0 (4 p () € [to, 9] x R™ x Lip,  (2.3)
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THEORY OF POSITIONAL DIFFERENTIAL GAMES 587

where

0
weltpw() = Ve ol 4y [ (1= 20 w@lds, < >0, (2.4)

—h

Lemma 1. Assume that 7 € [to,V], € > 0, and functions s(-) € Lip([r,9],R") and z(-) €
Lip([t — h, 9], R™) satisfy the bounds

Is(t) = 2(8)]| < Agllz(t = h)|l, ¢ € [r, 0],
° (2.5)
<dd(;)’8(t)> <A (=) + Izt = W) s + &2 for a.a. t € [r,9].

Then
Ve(t s(t),2e(-) < Velr,s(1),2:(1) + (t = 7)e, te€[r,] (2.6)

Proof. Based on relations (2.3) and (2.4), since the functions s(-) and z(-) are Lipschitz, we
can show that the functions wq(t) = k< (t, s(t), 2¢(+)) and wo(t) = VL(t, s(t), z¢(+)), t € [1, 9], are also
Lipschitz. Then, using bounds (2.5), we get

dwi(t)  (ds(t)/dt, s(t))

s = MOl A 2=+ el

t—h
t

t
28 25
<20 = 2l =l + 0 [ I©lds <+ 2nls0ll+ 77 [ (@)l
“h

t t—h

for almost all ¢ € [,9]. Hence, we obtain the bound

dwg(t)

t
dt = <5 — Q(Ag/h)HS(t)H — 2)\? / ||Z(£)||d§> 6_2(>‘f+)‘g/h)(t—to) <
t—h

which implies inequality (2.6).

Lemma 2. There exists a number \y > 0 such that, for all e > 0, 7 € [to, V], p € R", and
w(-) € Lip, under the condition

lw(©ll < 20¢,  [w(§) —wE)l <2Xql§ = &'], &€ €[=h,0], (2.7)

the following inequality holds:

Proof. Under condition (2.7), there exists A, > 0 such that
0
wOIE < [ u©)lde
~h

Therefore, setting Ay, = 2 TAa/MW=t0) X /X and using (2.3), we obtain inequality (2.8).
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588 LUKOYANOV, PLAKSIN

3. PROOF OF THE THEOREM
For the right-hand side of system (1.1), we define the Hamiltonian

H(t,x,y,s) = minmax(f (¢, z,y,u,v),s), tEe€lty,d], z,y,s€R", (3.1)
uelU veV

and the set-valued mappings
Fi(t,z,y,v) = co{f(t,x,y,u,v) |u € U} c R™,

t € [to,d], z,yeR", wel, veV, (3.2)
F_(t,a:,y,u):co{f(t,m,y,u,vﬂvEV}CR",

where co means a convex hull in R™. By conditions (f1)—(f4), we have the following facts.
(H) The following bound holds for the number Ay > 0 from (2.2) and any (¢t,w(-)), (t,w'(-)) € G
and s € R™

[H (t,w(0), w(=h), s) = H(t,w(0),w'(=h),s)] < Ag([w(0) —w'(0)]| + [w(=h) —w'(=h)[])[Is]-

(F1) The set-valued mappings Fy and F_ have convex compact values and are continuous in
the Hausdorff metric.

(F3) The following inequality holds for the number ¢y > 0 from condition (f2) for any ¢ € [to, 9],
r,y€R" welUveV, andl € Fy(t,z,y,v) UF_(t,z,y,u):

2]} < ep (L4 Nzl + [lyl)-
(F3) For any t € [tg, Y] and z,y,s € R",

i l,s) =H(t = mi l,s).
TEF ter o T T ) = 0 ) )
For (1,w(-)) € G, v € U, and v € V, denote by X, (7,w(-),v) and X_(7,w(-),u) the sets of
functions z(-) € Lip([r — h, 9], R™) satisfying the condition (7 + &) = w(§) for £ € [—h,0] and the
following differential inclusions for almost all ¢ € [r, 1], respectively:

jt (m(t) — glt,x(t — h))) € Fy(t,z(t), z(t — h),v),
(i (m(t) — gt x(t — h))) € F_(t,x(t), z(t — h), ).

Proceeding by the scheme from [14, P2], we can show that the sets X (7, w(-),v) and X_ (7, w(-), u)
are compact in Lip([7 — h, 9], R™) and, in view of (1.3),

(ta() € G, telrnd], z()eXy(rw(),v)UX_(r,w()u). (3.3)

The results of [7] imply the following statement.

Assertion. There exists a continuous functional ¢: G — R such that

P, w()) = o(w(), (,w()) G (3-4)
AT 2 el FEo ) @mwl) S o ) @5 0) (3.5)

(r,w(-)) €G, te[r,d], uelU, veV.
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Suppose that ¢ > 0, (t,w(-)) € G, and a functional V; is defined according to (2.3). Denote by
Oc(t,w(-)) the set of positions (¢,7(:)) € G satisfying the inequality

Ve(t,w(0) = g(t, w(=h)) = r(0) + g(t,7(=h)),w(-) = 7(-)) <e(l + —to). (3.6)

Using the definition (1.3) of the set G, we can show that O.(¢,w(-)) is compact in {t} x Lip.
Let ¢ be the functional from the assertion. Define

U*(t,w(-),e) € arugglljinrzr)lea%),df(t,w(O),w(—h),u,v),w(O)—g(t,w(—h))—r* (0)+g(t,r«(—h))), (3.7)

where

(t,"f’*()) S argmin @(tﬂ“())
(t,r(-))€0 (tw(-))

Lemma 3. The inequality p,(T,w(:),U*) < @(1,w(-)) holds for (t,w(-)) € G, where p, is
defined according to (1.7).

Proof. By the definition (1.7) of the value p, (7, w(-),U*), it is sufficient to show that, for any
¢ > 0, there exist a number £, = €,(¢) > 0 and a function d.(¢) = §.((,e) > 0, € € (0,&4), such
that, for any position (7,w(:)) € G, numbers € € (0,e,) and § € (0,d.(¢)), partition As (1.5), and
admissible realization v(-), the motion x(-) of system (1.1) generated from the position (7, w(-)) by
the control law {U*, e, As} and the realization v(-) satisfies the inequality

Y w(); U e, Ag0() = (@9 () < p(r,w(-)) + ¢ (3.8)

By conditions (f1) and (F1) and bounds (2.1), there exists a function d¢(¢), € € [0,400), such
that, for any ¢ > 0, u € U, v € V, and (¢,w(-)), (', w'(-)) € G, under the conditions

[t =t < 6p(e),  w(0) —w' (0)]] < 6p(e),  Nw(=h) —w'(=h)|| < d¢(e),
the following bounds hold:

||f(t,w(0),w(—h),u,v) - f(t’,w'(O),w’(—h),u,v)H < &,

(3.9)
max min 1=y < e
l€F+(t7w(0)7w(_h)7v) l'eFy (tlvwl(o)ﬂul(_h) U)

Let ¢ > 0. By condition (0) and bounds (2.1), there exists a number £, > 0 such that, for any
(P, w(:)), (¢, w'(-)) € G, under the condition ||w(-) — w'(*)||c < €, the following inequality holds:

jo(w(-)) —o(w' ()] < ¢. (3.10)
Taking the numbers ag and Ag from (2.1) and the numbers A\, and As from (2.2), define
as =21+ Xgag, A =2X(1+Ag), c=cp(l+20aq). (3.11)
Take the number Ay > 0 from Lemma 2 and define
2

§5+(2/(8a 2 2 2
=y a*<s>:min{ p&/Ba) - & et e } (3.12)
)\V(l + 9 — to) 14+ Mg 8y g 16045)\]6)\@ 160[@)\f)\8
Let a position (7,w(-)) € G, numbers
e € (0,e4), 6€(0,04(¢)), (3.13)
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590 LUKOYANOV, PLAKSIN

a partition As (1.5), and an admissible realization v(-) be fixed. Consider the motion z(-) of
system (1.1) generated by the control law {U*, e, As} and realization v(-). Let us prove by induction
the following bound:

So(tjvrj(')) < @(va(')% .7 S 17 Ja (314)
where
(tj,rj(-)) € argmin o(tj,r()). (3.15)
(tjvr('))eos(tj@ij ())

For j = 1, the bound holds by the choice (3.15) of the position (7,7!(-)). Assume now that (3.14)
holds for j = k and prove it for j = k + 1. Let

v* € argmax min (1, x(ty) — g(tw, x(ty — h)) — rF(0) + g(tx, r*(=h))). (3.16)
veV  LEF (tr,*(-),v)

According to inequalities (3.5), there exists a function y*(-) € X (g, 7*(-),v*) such that

elterns v, () < @lte, 7 (). (3.17)
Define the functions
() =a(t) —y*(t), ") =2F() — glt,a(t —h) + gty (t — ), t€ [ty ). (3.18)

Then, in view of the choice (3.12), (3.13) of the number §, notation (3.11), relations (1.4) and (3.3),
bounds (2.1) and (2.2), and conditions (f3) and (F,), we derive the following inequalities for any
t € [tk,tky1], u € U, and v € V:

max { [t =ty |22 () = 2, ()lloos 17 () = 9 (o } < 07(£7/(80)),
12 (Moo < 206, 12 () = 2 (oo < €%/(8Apas),  IIs™(t) — 2P @) < Agll2*(t = h)l,

(3.19)
IO < e, l1s5(8) = s*(t) ]| < Alt — ta] < min{e?/(8c.),22/(16acAp)},

1£ (8 2(8), 2(t = h),u, )l < e, sup{[lUll: 1 € Fi(t,9*(t), 4" (t = h),v)} < cu

By equation (1.1) and the inclusion y*(-) € X, (t,7%(-),v*), we have

sk
(¥ W) = (10,20, b, u), o) ~ 0,4 0), 1) € F(LgH 0.~ ). )

for almost all ¢ € [tx, tx+1]. Hence, using (3.9) and (3.19), we derive

ok
<d dt(t)’sk(t)> < (f(trs w(tr), (tk — B),u(t), v(t) = Li(2), s (¢)) + ° /4

< (F (s 2(ti), (b — R),u(t), o(8)) = 15(1), " (t)) +€2/2,

where 1¥(t) € Fy(tg,r*(0),7%(—h),v¥). Further, using the definition (3.7) of the strategy U*, the
rule (1.6) of forming the realization u(-) corresponding to this strategy, the choice (3.16) of the
value v*, properties (H) and (F3), the definition (3.18) of the function z¥(-), and bounds (3.19),
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we obtain

ok
<d dt(t) 7 sk(t)> < Iglea%(f(tk,:r(tk),x(tk — R, u(t), v), sF ()

e 0+ 2

= H(tka$(tk)v$(tk - h)v sk(tk’)) - H(tk7yk(tk)7yk(tk - h)v sk(tk’)) + 62/2
S Ap(IZ* N+ 1125 e = BN E)] +€2/2 < Ap (25O + 1125 = B ) I8 (@[] + .

Hence, in view of the fourth inequality in (3.19), we conclude that all conditions of Lemma 1 hold
for z(-) = 2*(-) and s(-) = s*(-). Therefore, we have the inequality

Valthgr, 8" (than)s 26, () < Vet 8 (8), 26, () + (bea — th)e,

which, in view of the inclusion 7(:) € O (tx,2,(-)) and inequality (3.6), means that yfkﬂ(-) €
Oc(tg+1,7t,,, (). Thus, according to relations (3.15) and (3.17) and the induction assumption, we
derive

P(thrn, iy () < eltien, v, () < @t 7)) < o(r,w(-)).

Thus, inequality (3.14) is proved for all j € 1, J.
By Lemma 2, using first the inclusion (¢,77(-)) € O¢(9,29(-)) together with inequality (3.6)
and then relations (3.12) and (3.13), we obtain

2o () =17 (VZe < AW Ve(@,2(9) — g0, 29 — h)) =7 (0) + g(d,r7(=h)), zo(-) — /("))
<A (1+9 —to)e < Ay (149 —to)e, = £2.
Hence, using relations (3.10), (3.14), and (3.4), we conclude that

o(wy()) < o(r? () + ¢ = @(@,r7()) + ¢ < p(t,w()) + ¢

The lemma is proved.
Similarly, we can prove the following lemma for the second player, setting

V*(t,w(-),e) € argg;}axgleiurjl (f(t,w(0),w(—h),u,v),r(0) — g(t,r(=h)) —w(0) + g(t,w(—h))),

where

(t,"f’*()) S argmax @(tﬂ“())
(t,r(-))€0: (t,w(-))

Lemma 4. The inequality p,(T,w(-),V*) > @(1,w(-)) holds for (T,w(-)) € G, where p, is
defined in (1.9).
Proof of the theorem. From Lemmas 3 and 4 and relations (1.8), (1.10), and (1.11), we
obtain the equality
Pu(T,w()) = pu(T,w(-),U") = pu(T,w(-), V") = py (7, w(-)),

which shows that the differential game (1.1), (1.2) has a value and the pair of strategies {U*, V*}
forms a saddle point of the game. The theorem is proved.
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