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DOI: 10.1134,/S0081543819050092

1. INTRODUCTION

In [15] we presented an analysis in the associative commutative algebras and in modules over
them, which is adapted to the problems of contemporary mathematical and theoretical physics.
Here we develop a similar analysis in the noncommutative case. We keep the exposition as close
as possible to that in [15] in order to demonstrate the differences and similarities between the
commutative and noncommutative cases and to make the paper self-contained.

All linear operations are considered over the number field F = R,C. As a rule, we assume
summation over repeated upper and lower indices. If objects under study have natural topologies,
then we assume that the corresponding mappings are continuous (for example, if S and S’ are
topological spaces, then Hom(S;S8’) is the set of all continuous mappings from S to §’).

We freely use the general notation and definitions introduced in [15].

2. PRELIMINARIES

In this paper by an algebra we will mean an associative noncommutative algebra over the number
field F, and by a module, a left module over an algebra, unless explicitly stated otherwise.

Let A be an algebra. We will use the following notation:

o A=Ay F, the unital extension of A; in particular, A = Aif the algebra A is unital, i.e., if
it contains a unit element;

e cenA={Ae€ A|[A B]=0for all B € A}, the center of A;

eammA={Ac A|A-B=B-A=0forall B e A}, the annihilator of A (here and below,
the dot is the multiplication sign).

Clearly,

e cen A is a commutative subalgebra of A; in particular, cen A = A if the algebra A is commu-
tative;

e ann A is an ideal (i.e., a two-sided ideal) of A; in particular, ann. A = 0 if the algebra A is
unital.
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ANALYSIS IN NONCOMMUTATIVE ALGEBRAS AND MODULES 91

Let M be an A-module (i.e., a left .%Al—module).1 Then

eamy u S={AcA|A-S=0={Ac A|A-M =0forall M € S}, the annihilator of a
subset S C M,

eampyE={MeM|E M=0}={MecM|A-M=0forall Ac &}, the annihilator of a
subset £ C A.

Clearly,

e anny S is a left ideal of A;

e anny, & is a submodule of the A-module M if £- A C & (ie.,if A-B € & for all A€ & and
B e A);
e anny & C annp (A - E); in particular, annyg & = annpg (A - €) if the algebra A is unital.
Let M and M’ be A-modules. Then
e Hom 3(M; M’) is the cen A-module of all A-linear mappings from M to M’;
e End 3(M) = Hom 3(M; M) is the cen A-algebra of all A-linear mappings over M.

3. MULTIPLIERS IN ALGEBRAS AND MODULES
3.1. Multipliers in algebras. Let A be an algebra.
Definition 1. A linear mapping R € Endp(A) is called a multiplier of the algebra A if the
following multiplier rule holds:

R(A-B)=RA-B=A-RB forall A BecA.

Let Mt(A) be the set of all multipliers of an algebra A.
Proposition 1. The following statements hold:
o the set M(A) is a unital subalgebra of the algebra Endp(A);

e the exact sequence of algebras

0— ann A — cen A 2% M(A)

is defined, where the adjoint action ad € Hom,(cen A:M(A)) is specified by the rule C
adg: A— A, adg A=C- A,
e the algebra M(A) is a cen A-algebra;

o for any R € M(A) the kernel Ker R = {A € A| RA =0} and the image InR = {A = RB |
B € A} are ideals (i.e., two-sided ideals) of the algebra A;

o for any R € M(A) the image R(ann A) is contained in ann A and the image R(cenA) is
contained in cen A;

o the commutator [R', R"] belongs to Homp(A; ann A) for all R', R" € M(A); in particular, the
algebra M(A) is commutative if ann A = 0 (for example, if the algebra A is unital).

3.2. Multipliers in modules. Let A be an algebra, and let M be an A-module.

Definition 2. A pair R = (Ag, R) € Endp(M) x M(A) is called a multiplier of the A-mod-
ule M if the following multiplier rule holds:

Arp(A-M)=RA-M =A-ArM forall Aec A, MeM.
Let 9t(M) be the set of all multipliers of the A-module M.

INote that by definition the set of all A-modules coincides with the set of all A-modules, but the first notation
emphasizes the fact that the algebra A may be non-unital.
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92 V.V. ZHARINOV

The direct product Endg(M) x M(A) has the structure of a unital algebra with the componen-
twise operations:

e 'R+ V'R = ()\,AR/ + )\”ARN, NR + )\”R”) for )\,, N e IF, and
e RRoR' = (AR/ © AR//,R, © R”)
for all R’ = (A, R'),R" = (Agr,R") € Endp(M) x M(A) (here and below, the small circle is
the composition sign). The unit element of this algebra is idgy(rg) = (ida,ida).
Proposition 2. The following statements hold:
o the set M(M) is a unital subalgebra of the algebra Endp(M) x M(A);
e for any R = (Ag, R) € M(M) the kernel Ker Ap = {M € M | AgM = 0} and the image
ImAr ={M = ArN | N € M} are submodules of the A-module M;
o for any R = (AR, R) € M(M) the image Im Agr(annp A) is contained in annpyg A and the
image Im R(ann g M) is contained in ann g M;
o for any R = (AR, R'),R"(Agr,R") € M(M) the image [Agr, Arn](A- M) is zero, so the
commutator [Api, Agn] belongs to Hom z(M;annpg A); in particular, the algebra IM(M) is
commutative if the algebra A is unital (here A- M ={A-M |Ae A, M € M} C M).

Proposition 3. The adjoint action defines the algebra morphism
ad: cen A — M(M), C +— ad¢ = (adg,ade),

where ade M = C - M and adg A = C - A for all C;A € A and M € M. The kernel Kerad
coincides with anneen, 4 M. In other words, the exact sequence of algebras

0 — anngen 4 M — cen A 29, M(M)

is defined. In particular, M(M) is a cen A-algebra.

Proposition 4. Let M be a free j—moduﬁz with an A-basis b = {b; € M | i € I} indexed
by a set I, so that M = {M = A" -b; | A € A}. Then an algebra injection M(A) — M(M) is
defined by the componentwise action,

M(A) > R— R =(Agr,R) € M(M), AR(A"- b)) = RA" - b;.
There is another way to treat multipliers of an A-module M. Namely, consider the mapping

7 € Hom (M(M); M(A)): R = (Ag,R) — R.

cen A

Proposition 5. The set My (A) = Imn = {R € M(A) | n~'(R) # @} is a subalgebra of the
cen A-algebra MM(A).

Theorem 1. For every R € My (A) the inverse image 7 Y(R) is a cen .,Zl\-ajj‘ine space over the
cen A-module Hom z(M;annng A). In particular, the triple w: M(M) — IM(A) is a cen A-affine
fiber bundle over the cen A-module Hom 7(M;annp A).

Proof. Indeed, let R’ = (Al;, R),R” = (A%, R) € m'(R). Then for the difference Al — A%,
we have

(Al — A" (A-M)=(R-R)A-M=0=A-(Ay— AN)M

for all A € Aand M € M, ie., A — A, € Hom 7(M;annpg A). On the other hand, let R =
(Ag,R) e 7 }(R) and p € Hom z(M;annpg A). Then

(Ap+p)(A-M)=Ap(A-M)+p(A-M)=RA-M+A-pM=RA-M+0=RA-M
forall A€ Aand M € M;ie, R = (Agr+p,R) cn }(R). O
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Consider the set of all x-sections of the bundle T,
Si(m) = {A € Hom, (M (A); M(M)) | 70 A =idgeay},  * =T, cenA.

The set Sp(m) has the structure of a linear space, and the set S_ 3(m) has the structure of a

cen A-module. We will call the elements of the cen A-module S en () covariant multipliers.

Definition 3. The curvature F/(A) € Hom A(®2 79 (A); End (M) of a covariant mul-

cen A cen A
tiplier A € S 7(7) is defined by the residual rule

ApoAg— Apos = (F(A)R,S,O) for all R,Sémﬂ(.A),
where

F(A)Rﬁ = AROAS - AROS.

Every algebra A has the adjoint structure of an A-module defined as A x A > (A, M)— A- M.
We denote the resulting A-module by A.

Proposition 6. Let A be the adjoint A-module of an algebra A. Then

e there is a natural algebra injection von: M(A) — M(A), R — R = (R, R);
e the curvature F(ion) is zero,

e M(A) = Imuy & Hom 7(A;ann A), R = (Ag, R) = (R, R) + (Ar — R,0).

4. GAUGE TRANSFORM OF MULTIPLIERS

Let A be an algebra, and let M be an A-module. Let Aut (M) be the group of all automor-
phisms of the A-module M.

Definition 4. Every automorphism G € Aut (M) defines the following gauge transform on
the cen A-algebra M (M):

= (ARr,R) —~ adgR = (adg AR, R), adgApr=GoAroG L.
Theorem 2. The gauge transform on the cen A-algebra M(M) defines the action
ad: Aut z(M) — End ., 7(9(M)), G — adg.
Proof. Indeed, let G € Aut z(M). Then
adg Ap(A-M) = (GoApoG N(A-M)=A-((GoAroG M) =A-adg AgM
for all R = (AR, R) € M(M), A€ A, and M € M. Further,
adg Ar(A-M) = (GoARroG (A -M)=(GoARg)(A-G'M)
=G(RA-G'M)=RA- (GoG'M)=RA-M
for all R = (AR,R) EMM), Ae A and M € M. Next,
adg(R'oR") = (Go (Ap o Apr) oG R o R")
= ((GoAg oG ) o(GoAg oG ), RoR") =ad¢R cad¢R”
for all R" = (Agr, R'),R" = (A, R") € M(M). Finally,
adg(CoAR) =GoCoARoG ' =Co(GoAroG™ ) =CoadgAr
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94 V.V. ZHARINOV
for all C € cen A and R = (Ag, R) € M(M). Now, let G, H € Aut 2(M). Then

adgog AR = (GoH)oAro (GoH) ' =Go(HoAgroH )oG™!
=Goady Ag oGl = (adgeoady)Agr

for all R = (Ag,R) e M(M). O

Remark 1. The difference adg Ag — Ag belongs to Hom z(M;ann g A) for all G € Aut 2(M)
and R = (AR, R) € M(M). Indeed, in this case, m7(adg R) = 7(R) (see Theorem 1).

Definition 5. Multipliers R’ = (Ar/, R'),R” = (Agrr, R") € M(M) are called gauge equiva-
lent, R ~n R, if R" = adg R" for some G € Aut z(M).

Proposition 7. The gauge transform on the cen .Z—algebm M(M) defines a gauge equivalence
relation ~gq in M(M).

We call the corresponding quotient space (M) /~gp the moduli space of M(M).

Definition 6. Every automorphism G' € Aut 7(M) defines the following pointwise gauge trans-
form on the cen A-module S_  7(m):

A — adg A: gﬁ(.A) —>9ﬁ(M), R— adg Agr = (adgAR,R).

Proposition 8. The gauge transform on the cen A-module Scen./zl\(ﬂ-) defines the action

ad: Aut z2(M) — Endalg-cenﬁ(scenﬁ(”))v

G adg: S, 72(m) = S, 2(m), A — adg A.

cen A

Definition 7. Covariant multipliers A’ A” € Seen 4(7) are called gauge equivalent, A’ ~gn A",
if A’ =adg A" for some G € Aut z(M).

Proposition 9. The gauge transform on the cen A-module Scen_,zl\(ﬂ-) defines a gauge equiva-
lence relation ~on in S, 7().
We call the corresponding quotient space S_ = 2(m)/~an the moduli space of S, 7(r).

Remark 2. Clearly, instead of the whole group Aut (M) one can consider a suitable subgroup
G C Aut /T(M)

5. HOCHSCHILD COHOMOLOGY OF MULTIPLIERS
Let A be an algebra, let K and M be .,Zt\—modules, andlet Y = A, K and V = A, M.

Definition 8. The A-module C(U,V) = D,z C1(U, V) of multiplier cochains over M(U)
with coefficients in M(V) is defined by the rule

0’ q< 07
ciu,v) ={ MY), q=0,
Hom,, (@7 MU);MV)), ¢>0.

In particular, the set C(U, V) has the natural structure of a tensor cen ,Z—algebra defined as

(@) (M- nprq) = (Mo mp) M (Mpt, - - - Tptg)
for all ¢# € CP(U,V), ¢! € CUU,V), and n1,...,1Mp+q € DU).
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Definition 9. Let a multiplier x € C1(U,V) = Hom_  2("(U);M(V)) be fixed. The endo-

morphism ¢ = 6, € End_, 2(C(U,V)) is defined by the Hochschild rule

56(7717 cee 777q+1) = RN ° 6(7727 e 777q+1) + Z (_1)TC(7717 s M O Mg - 777q+1)
1<r<q
+ (_1)q+1c(7]17 o 777(]) °© /17']114_1
for all ¢ € Zy, c € CUU,V), and n1,...,1m¢11 € M(U). In particular, the mapping 67 = 6]ca,y):
ClU,V) — CT (U, V) is defined.
Theorem 3. Let a multiplier k € CY(U,V) be fized. Then

e the endomorphism & is an exterior derivation of the tensor cenfl—algebm cu,v); ie.,
0(d @)= (0d)@d + (-1)1d @ (6c") for all d € CUU,V) and " € C(U,V);

e if the curvature F (k) vanishes, then § 6 = 0 and a differential complex {C1(U, V), | q € Z}
is defined, with the cohomology spaces HI(U,V) = Ker §7/Im 691, where F(k) € C*(U,V)
and

Fk)(n',n") =y okn” — k(n' on) for all n',n" € MU).

Proof. The proof is a direct verification. [
Remark 3. We have slightly changed the notation here.

6. DERIVATIONS IN ALGEBRAS AND MODULES
6.1. Derivations in algebras. Let A be an algebra.

Definition 10. A linear mapping X € Endy(A) is called a derivation of the algebra A if the
Leibniz rule holds:

X(A-B)=XA-B+A-XB forall A BcA.

Let ©(.A) be the set of all derivations of A.

The set ©(A) has the natural structure of a Lie algebra with the commutator [X,Y] =
XoY —-YoX, XY €D(A), as a Lie bracket.

Proposition 10. The following statements hold:

e the associated Lie algebra gl A is defined, with gl A = A as linear spaces and with the Lie
bracket [-,-] given by the commutator rule

[A,Bl=A-B-B-A,  ABecA

o the associated action as € Hompie(glA; D(A)) is defined by the rule A — asg: A — A,
B — asy B = [A, BJ; the derivations asg, A € A, are called inner derivations of the algebra A;

o the set Dinn(A) of all inner derivations of the algebra A is an ideal of the Lie algebra D(A),
because by the Jacobi identity [X,asa] = asxa for all X € D(A) and A € A;

e the sequence
0—glcen A — glA 2 D(A) = D(A)/Dinn(A) — 0
of Lie algebras is exact.

In particular, the quotient Lie algebra ®(A) = D(A)/Dinn(A) of proper derivations of the
algebra A is defined.

Proposition 11. The following statements hold:
o the action o: M(A) — Endr(D(A)) of algebras is defined by the composition rule

MA) 2 R— Ro(-): D(A) — D(A), X~ RoX;

PROCEEDINGS OF THE STEKLOV INSTITUTE OF MATHEMATICS Vol. 306 2019



96 V.V. ZHARINOV

o the action [-,-]: D(A) = D(M(A)) of Lie algebras is defined by the commutator rule
D(A) > X — [X,-]: M(A) — M(A), R — [X,R];
e these actions are related by the matching condition
[X,RoY]=[X,R]oY +Ro[X,Y] forall XY € ©(A), ReMA).

Thus, the set ©(.A) has the structure of a Lie algebra and the structure of an 9(.A)-module,
which are related by the matching condition. Briefly, ©(A) is a Lie M(A)-algebra.
Proposition 12. For every derivation X € ©(A) the following statements hold:
o the kernel Ker X = {A € A | X/A_\: 0} is a subalgebra of the algebra A, and the image
ImX ={A=XB| Bec A} is a Ker X-module;
e the equality X(A-B) = A-XB holds for all A € Ker X and B € A; ie., X € End— (A);

Ker X
o the image X (ann A) belongs to ann A.

6.2. Derivations in modules. Let A be an algebra, and let M be an A-module.

Definition 11. A pair X = (Vx, X) = Endp(M) x D(A) is called a derivation of the A-mod-
ule M if the Leibniz rule holds:

Vx(A-M)=XA-M+A-VxM forall Ae A, Me M.

Let ©(M) be the set of all derivations of the A-module M.

The set © (M) has the structure of a Lie algebra with the componentwise commutator [X,Y] =
([Vx, Vy],[X,Y]) as a Lie bracket.

Proposition 13. Let M be an A-bimodule (i.e., a two-sided /T—module). Then the following
statements hold:

e the associated action as € Hompe(glA; ©(M)) is defined by the rule A — asy = (asg,asy),
where asg M = [A,M] = A-M — M - A for all A€ A and M € M; we call such derivations
inner derivations of the A-bimodule M;

o the set Dinn(M) of all inner derivations of the A-bimodule M is an ideal of the Lie alge-
bra ®(M).
__ In particular, the quotient Lie algebra D (M) = D(M)/Dinn(M) of proper derivations of the
A-bimodule M is defined.

Proposition 14. The following statements hold:

e the action o: M(M) — Endp(D(M)) of algebras is defined by the componentwise composition
rule

MM)>R—=Ro(:): DM) = D(M), X — RoX,

where R = (AR, R), X =(Vx,X), and RoX = (AroVx,Ro X);

e the action [-,-]: D(M) — D(IM(M)) of Lie algebras is defined by the componentwise com-
mutator rule

DM) > X — [X,-]: MM) = MM), R — [X,R],
where X = (Vx,X), R = (Ag, R), and [X,R] = ([Vx, Ag], [X, R));
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e these actions are related by the matching condition
[X;ReY]=[X,R]cY +Ro[X,Y]

for all X, Y € D(M) and R € M(M).

Thus, the set ®(M) has the structure of a Lie algebra and the structure of an 9t(M)-module,
which are related by the matching condition. Briefly, ©(M) is a Lie 9t(M)-algebra.

Proposition 15. For every derivation X = (Vx, X) € ®(M) the following statements hold:
o the kernel KerVx = {M € M | VxM = 0} and the image InVx = {M = VxN | N € M}
are Ker X -modules;

e the equality Vx(A- M) = A-VxM holds for all A € Ker X and M € M; i.e., Vx €
Endm(/\/f);

e the image Vx(annpg A) belongs to annpag A, and the image X (anng M) belongs to anng4 M.
Proposition 16. There is a natural Lie .Z—algebm injection
L: g[A(M) - Q(M)7 p= (p70) (i‘e'7 Vo = p)
Moreover, the image Iml = {X = (p,0) | p € End z(M)} is an ideal of the Lie M(M)-alge-
bra ®(M); thus the short exact sequence of Lie algebras

0= gl (M) L DM) = DM)/ImI — 0

is defined.
In particular, the quotient Lie algebra ®1(M) = D(M)/Im1 is defined.

Proposition 17. Let A be an algebra, and let M be a free ﬁ—modul/e\z with an A-basis b =
{b; € M | i € I} indexed by a set I, so that M = {M = M"-b; | M* € A}. Then a Lie algebra
injection ©(A) — D(M) is defined by the componentwise action,

DA >X = X=(Vx,X)€DM),  Vx(M' -b)=XM" b,
There is another way to treat derivations of an A-module M. Namely, consider the mapping
II: ®(M) — D(A), X =(Vx,X)— X.
Proposition 18. The following diagram is commutative:

MM) x D(M) — D(M)

. |n |

M(A) x D(A) —=— D(A)

where o: MM) x D(M) - D(M), (R,X) — RoX.

Clearly, Il € Hompe(D(M); D(A)) N Hom,  2(D(M);D(A)), which can be briefly written as
IT € Homp, . 2(D(M);D(A)).
_ Theorem 4. For every X € D(A) the inverse image I-1(X) s an A-affine space over the
A-module End z7(M). Hence, the triple 11: D(M) — D(A) is an A-affine fiber bundle over the
cen A-module End z(M).
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Proof. Indeed, let X € D(A) and X' = (V4,X), X" = (V¥,X) € I71(X). Then for the
difference V5 — V¥ we have

(Vx —VX)(A-M)=(X-X)A-M+A-(Vy —Vy)M =A-(Vy — Vx)M

forall Ae Aand M € M, i.e., Vi — V¥ € End z(M). On the other hand, let X = (Vx, X) e II" (X))
and p € End z(M). Then (Vx,X) + (p,0) = (Vx + p, X) € II"(X), because II(Vx + p, X) = X
and

(Vx + p)(A- M) = Vx(A- M)+ p(A-M) = XA-M+A-VxM+A-pM

=XA-M+A-(Vx+pM

foral Ae Aand M e M. O
Consider the set of all x-sections of the bundle 1I,

S.(II) = {V € Hom,(D(A); D(M)) | LoV =idg 4}, « =T, cen A, Lie, Lie-cen A.

The set Sp(Il) has the structure of a linear space, S_, = 7(II) has the structure of a cen A-module,

Stie(II) has the structure of a Lie algebra, and S; ;. 2(I) has the structure of a Lie cen A-algebra,
(IT)

where the algebraic operations are defined pointwise. The elements of the cen A-module Seen i
are called covariant derivations.

Definition 12. The curvature F(V) € Hom A(/\z D(A); End z(M)) of a covariant

cen A cen A

derivation V € S = 2(II) is defined by the residual rule

[Vx,Vy] = Vixy) = (F(V)xy,0) forall X,Y €D(A),
where
F(V)xy =[Vx, W] - Vixy]
Proposition 19. Let A be the adjoint A-module of the algebra A. Then
e there is a natural Lie algebra injection
to: D(A) - D(A), X—=X=(X,X);
e the curvature F(ip) is zero;

¢ D(A) = Imup & End (A4), X = (Vx, X) = (X, X) + (Vx — X,0).

7. GAUGE TRANSFORM OF DERIVATIONS

Let A be an algebra, and let M be an A-module. Let Aut (M) be the group of all automor-
phisms of the A-module M.

Definition 13. Every mapping G € Aut z(M) defines the following gauge transform of the
Lie cen A-algebra ®(M):

X = (Vx,X)—~ adg X = (adg Vx, X), adgVx=GoVxoG
Theorem 5. The gauge transforms of the Lie cen .Z—algebm D (M) define the action
ad: Aut z(M) — End;, . 2(D(M)), G adg .
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Proof. Indeed,
(adg Vx)(A- M) = (GoVx oG 1)(A- M) = (GoVx)(A-G~'M)
=G(Vx(A-G'M))=G(XA-G'M+ A (Vx oG 'M))
=XA-(GoG M)+ A-(GoVxoG "M =XA-M+ A-(adg Vx)M;
hence, adg X € D(M) for all G € Aut z(M) and X = (Vx, X) € D(M). Further,
adg(CVx)M = (GoCVx oG DM =C-(GoVx oG )M =C -adg M

for all C € cen A and X = (Vy, X) € D(M), with CX = (CVx, CX). Hence adg € End_ 2(®(M))

for all G € Aut z(M). Finally, let G € Aut z(M) and X' = (Vx/, X'), X" = (Vxr, X") € D(M).
Then
ladg X', ad¢ X"] = ([ade Vxr, ade Vo], [X', X"])

= ([GeVx oG, GoVxn oG], [X', X"])
= (Go[Vx,Vxr]o G [X', X"]) = ade[X/, X"];
ie., adg € Endp;e(®(M)). O
Remark 4. The difference adg Vx — Vx belongs to End 3(M) for all G € Aut 3(M) and
X = (Vx, X) € ©(M). Indeed, in this case, II(adg X) = II(X) (see Theorem 4).
Definition 14. Derivations X' = (Vy/, X’), X" = (Vx», X") € D(M) are said to be gauge

equivalent, X' ~g X", if X’ = adg X" for some G' € Aut z(M). One can check that this relation is
indeed an equivalence relation.

Proposition 20. The gauge transforms of the cen .Z—algebm D (M) define a gauge equivalence
relation in D (M).

The corresponding quotient space ®(M)/~g is called the moduli space of D (M).
Proposition 21. Let G € Aut z(M), R € M(M), and X € D(M). Then
adg(RoX) =adgReadg X and adg[X,R] = [adg X, adg R].

Remark 5. Clearly, instead of the whole group Aut (M) one can consider a suitable subgroup
G C Aut j(M)

8. DE RHAM COHOMOLOGY

Let A be an algebra, let K and M be .X—modules, and let Y = A, K and V = A, M.

Definition 15. The cen A-module Q(U, V) = D ez (U, V) of differential forms over U with
coefficients in V is defined by the rule

0, q <0,
QIU,V)={V q=0,
Homcenj( Cenﬁ”D(U);V), qg > 0.

In particular, the set Q(U,.A) has the natural structure of an exterior cen ,Z—algebra, and the set
Q(U, M) has the natural structure of an exterior Q(U,.A)-module.

Definition 16. For any £ € ©(U) the interior product i¢ € End_ 7(2(U,V)) is defined by
the contraction rule

(ifw)(£17 cee 76(]—1) = qw(£7£17 s 75(1—1)
forall g€ Zy, we QUU,V), and &,...,5-1 € DU).
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Proposition 22. The following statements hold:

) Zé‘l o 7;&11 —+ Z’é‘l! o Zgl = O fOT (l” f/,é-// € CD(U),

o ic(d Aw) = (ied) Aw + (—1)7 A (iew) for all € € DU), ¢ € QU A), ¢ € Zy, and
w e QU,V); i.e., the mapping i¢ is an exterior derivation of the exterior algebra Q(U,A) and
the exterior QU, A)-module QU, M).

Definition 17. Let a mapping » € Q'(U,D(V)) = Hom_ (D (U); D(V)) be fixed. For every
£ € D(U) the Lie derivative L¢ € Endp(U, V) is defined by the rule

(Lew) (€1 &) = () @(En €)= D w61 (66 6o &)
1<r<q
forall g€ Z4, we QIU,V), and &,...,& € DU).

Proposition 23. The following statements hold:

o Le(p ANw) = (Lep) ANw + ¢ A (Lew) for all ¢ € QIU,A), q € Zy, and w € QU,V); i.e., the
mapping Le¢ is a derivation of the exterior algebra Q(U, A) and the exterior Q(U, A)-module
QU,M);

o [Leryign] =ijgrem for all §,€" € DU);

o if the curvature F(s) vanishes, then [Ler, Len] = Ligr e for all £,&" € D(U), where F(x) €
LU, D(V)) =Hom,, 1(Ac, 12U D)),

cen A

F(s)(,8") = [s€',5€"] — ¢, €"]  forall €,€" € DWU).

Definition 18. The endomorphism d = d,, € Endp(Q(U,V)) is defined by the Cartan formula

dw(fo,.,.,fq) = ! { Z (_1)r(%€r)(w(§07"'€r---7€q))

9152,

+ > (—1)T+5w([§r,§5],§0,...fr...fs...,fq)}

0<r<s<q

for all w € QIU,V) and &,...,&; € D(U), where the “checked” arguments are assumed to be
omitted; in particular, d? = d|geqyy: QUU, V) = QT U, V).
Theorem 6. The following statements hold:
e dlpNw) =dpANw+ (—1)1¢p ANdw for all ¢ € QIU,A), q € Zy, and w € QU,V); i.e.,
the mapping d is an exterior derivation of the exterior algebra QU,A) and the exterior
QU, A)-module QU, M);
e if the curvature F(s) vanishes, then dod = 0 and the differential complex {Q(K, M),d? |
q € 7} is defined, with the cohomology spaces H1(K, M) = Kerd?/Imdi~ !, q € Z.

Proof. The proof of the equality d o d = 0 is based on the assumed property »[¢,¢"] =
[&', 3£"], &', &" € D(U), of the mapping ¢ (see [13] for a detailed exposition). The other statements
are easy to verify directly. [

Theorem 7. Let the curvature F(s) vanish. Then the Cartan magic formula
Lg :doig—l-igod

holds for every £ € D(U).
Proof. The proof is standard, but the calculations are rather cumbersome. See [13] for full
details. O
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Corollary 1. The commutator [Lg,d] vanishes for every & € D(U).
Theorem 8. Let M be an A-module, let QM) = QM, M), and let us take = idpa) €

End 7(®(M)). Then the complex {Q9(M),d? | q € Z} is exact; i.e., the cohomology spaces
HY(M) = HY(M, M) are trivial for all q € Z.

Proof. Indeed, by Proposition 16, we have E = (id(,0) € D(M), while Lg = idg(x). Hence,

by the Cartan magic formula, the homotopy formula

ldQ(M) :iE0d+d0iE

holds, implying the claim. [

9. CONCLUSIONS

Here we have presented only the basic definitions, constructions, and results of the noncommu-

tative analysis in algebras and modules. We hope that this paper will be a good supplement to the
fundamental studies [1, 2, 8]. Possible applications lie in the theory of complex quantum models,
quantum calculus, noncommutative geometry, noncommutative partial differential equations, etc.
For example, the technique presented above may turn out to be useful in the problems addressed
in [3-7, 9-14].
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