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Abstract—In a finite-dimensional Euclidean space, we consider a problem of pursuing one
evader by a group of pursuers with equal capabilities of all participants. The dynamics of the
problem is described by the system

D@y = az +u; — v, u;,v €V,

where D f is the Caputo derivative of order a € (1,2) of a function f. The set of admissible
controls V' is compact and strictly convex, and a is a real number. The aim of the group of
pursuers is to catch the evader by at least m different pursuers, possibly at different times. The
terminal sets are the origin. The pursuers use quasi-strategies. We obtain sufficient conditions
for the solvability of the pursuit problem in terms of the initial positions. The investigation is
based on the method of resolving functions, which allows us to obtain sufficient conditions for
the termination of the approach problem in some guaranteed time.
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INTRODUCTION

An important direction in the development of the modern theory of differential games is
associated with the creation of solution methods for game problems of pursuit and evasion with
several objects [1-4]. In this area, not only are the classical solution methods deepened, but also new
problems are sought to which the existing methods are applicable. In particular, in [5-7], problems
of pursuing two objects described by equations with fractional derivatives were considered and
sufficient conditions of a capture were obtained.

In the present paper, we consider a problem on a multiple capture by a group of pursuers of one
evader provided that all the participants have equal capabilities and the movements of the players
are described by equations with Caputo fractional derivatives. Sufficient conditions of a capture
are obtained. Grigorenko found [8] necessary and sufficient conditions of a multiple capture for
the problem of simple pursuit. Conditions of a simultaneous multiple capture for the problem of
simple pursuit with equal capabilities of the participants were obtained by Blagodatskikh [9]. The
problem on a multiple capture of an evader in Pontryagin’s example was presented in [10-13]. A
multiple capture in linear differential games was considered in [2,14-16]. The problem of group
pursuit with state constraints and fractional derivatives of order a € (0, 1) was studied in [17].
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1. PROBLEM STATEMENT

Definition 1 [18]. Suppose that f is a function from [0, 00) to R* its derivative f’ is absolutely
continuous on [0,00), and « € (1,2). The Caputo derivative of f of order « is the function

t o]
1 f"(s) —s -1
(D@ f)(t) = 2 o) / (gt ds, where T'(8)= /e ss8~1ds.
0 0
In the space R¥ (k > 2), we consider an (n + 1)-person differential game: there are n pursuers
Py, ..., P, and one evader E. Each pursuer P; moves according to the law
D(a)xi = ax; + U, .’/UZ(O) = x?, .Q?Z(O) = .’/UZ-I, u; € V. (1.1)

The motion law of the evader E has the form
Dy =ay+v, y0)=1° 90)=y', veV (1.2)
Here a € (1,2), z;,y,u;,v € Rk, V is a strictly convex compact set in R¥, and a is a real number.

In addition, ¥ # y° for all i.
Instead of systems (1.1), (1.2), we consider the system

D@z =azi4+u;—v, z(0) =20 =12 —4° £(0)=2z =z} —y', w,veV (1.3)

(2 (2
Here and below, i € I = {1,...,n}. Denote by 20 = {z?, 2!} the vector of initial positions. We
assume that 2! # 0 for all 4.
Definition 2. A mapping U; taking a vector of initial positions 2%, time ¢, and arbitrary
prehistory of the evader’s control v:(-) to a measurable function w;(t) with values in V is called a
quasi-strategy of the pursuer F;.

Definition 3. An m-multiple capture (for m = 1, a capture) occurs in the game if there exist a

time T'(z") and quasi-strategies Uy, ..., U, of the pursuers Pi,..., P, such that, for any measurable
function v(-) with values v(t) € V for t € [0,T(2°)], there exist times 71,... 7, € [0,T(2°)] and
pairwise different indices iy,..., 4, € I such that z; (75) =0 for s =1,...,m.

We introduce the following notation:

0 k

ACHOED DI i

. is the generalized Mittag-Leffler function [20, p. 17],
= D(kp~! + 1)

" tcz)_lEl/a(ata,l)z?—|—taE1/a(ata,2)zi1 if a<0,
A 1 -
4z if a=0
t ! ’

AMz,v) =sup{A >0: —AzeV —v}, y=—-al'(2— ),
Q) =A{(i1,...,4): 41,...,4; € I and are pariwise different},

§¢ = min max min)\(z},v), dy = min max min)\(—z},v),
veV AeQ(m) jeEA veV AeQ(m) jEA

& =min max minA(f(t),v), 0 =min max minA(~f;(t),v),

So = min{é3,dy}, & = min{4;,6; },

"t.8) = {1 if Eyjo(at —s)%a) >0,

=(t—s)! a(t—8)% a).
1 it El/a(a(t—s)a,a)<0, E(tvs)_(t ) El/a( (t ) ’ )
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2. SUFFICIENT CONDITIONS OF THE CAPTURE

2.1. Sufficient conditions of the capture for a < 0.

Lemma 1. Leta < 0 and d9 > 0. Then there exists a time T > 0 such that the inequality
0t > 0.5v0g holds for allt > T.

Proof. We have the following asymptotic estimates as t — 400 [19, formula (1.2.4)]:

@ 1 1 o 1 !
El/a(at ,1) = _ataF(l _a) +O<t2a>a El/a(at 72) = _ataP(Q—Oé) +O(t2a>’

where O(g) as t — +00 is a specific function G such that the function G/g is bounded on (A, +00)
for some A > 0. Hence, the function f; can be represented in the form

20 2z} 1
0= 0l
filt) atF(l—a)+ ¥ +0 te
21
which yields tligrn fi(t) = . Since the function A is continuous [2, Lemma 1.3.13], we have
—+o00

—

tli)m A(fi(t),v) = )\(? ,v) for all v € V. Consequently,

1

. + . . Zj +
lim ¢;” = min max mm)\( ,v) =0y -
t—+o00 veV AeQ(m) jeEA Y

Similarly, tliJrrn 0; =0, - Therefore, there exists 7" > 0 such that §; > 0.5vdy for all ¢ > T. O
—r+00

Lemma 2. Let a < 0 and dg > 0. Then there exists Ty > 0 such that, for any measurable
function v(-) with values in V, there exists a set A € Q(m) such that, for all j € A,

To
Tt /|E(T0,s)|)\(fj(T0)7“(T0,s),v(s))ds > 1.
0

Proof. By Lemma 1 there exists 77 > 0 such that d; > 0.5v6g for all £ > Ty. Let T > Tj.
Consider the functions

t

ha(t) = 21 /\E(t,s)P\(fi(T)r(T, $),0(s))ds, te0,T].
0

Then

t

inh;(t) > a-l i ; . .
Alel%za(}r;) I]IlellI\lh](t) > Arengagcn)t /!E(t,s)!gnellr\l A fi(T)r(T,s),v(s))ds (2.1)
0

Since
1
max ap > ap
AeQ(m) C:ln AEg(m)
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for any nonnegative numbers {aa facq(m), it follows from (2.1) that

t

/\E(t, DI min A(f;(T)r (T, 5), v(s))ds

ta—l
max minh;(t) >
AeQ(m) jEA i) 2 cm

ta 1
/| (t,s)] max min A(f;(T)r(T,s),v(s))ds

AeQ(m) jeA

5O'Yta1 O’YO[]_
> oom /\Ets|ds> ot /Ets (2.2)

By [20, formula (1.15)], we have

¢
/Ets )ds =ty o (at®,a +1).
0

Therefore, from (2.2), we obtain

S0y
me YEy o (aT®, o0+ 1).

5
max minh;(T) > 27 T VT Ey, (aT a + 1) = 2

AeQ(m) jEA 20m

In view of [19, formula (1.2.4)], the following asymptotic representation holds as ¢t — +o00:

o 1
Eyjp(at®,a+1) = — +O(t2a>
Therefore,
. doy Tt 1
(T) > (_ ( )) T .
AESH(m) FEN hi(T) 2 2Cm a T © T e

Since a < 0 and o — 1 > 0, there exists Ty > 17 such that
8oy 71 1
= o(,))=1
20 ( a + T/~
Thus, there exists Ty > 0 such that max minh;(Tp) > 1. Consequently, there exists Ag € Q(m)

AeQ(m) jeA
such that h;(Tp) > 1 for all j € Ay, which completes the proof. O

Define the number

- mf{t | inf max mint* 1/\Ets A (0 (), ())dszl}.

v(-) AEQ(m) jEA

By Lemma 2, T < .

Theorem 1. Leta <0 and §g > 0. Then an m-multiple capture occurs in the game.
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Proof. Let v(s) for s € [0,7] be an arbitrary control of the evader. Consider the function

H(t) =1 - nax. %ﬂﬁa—l / \E(T, s)| M fi(T)r(T, s),v(s)) ds

and denote by Ty > 0 its first root. Note that T} exists in view of Lemma 2 and the definition of T.
In addition, there exists a set Ag € Q(m) such that, for all j € A,

To

1—7! / \E(T, s)|\(f;(T)r(T, s),v(s)) ds < 0.

0

Therefore, there exist times t; < Tp, j € Ag, for which

| ot / (T, ) A(f; (F)r(T, ), v(s)) ds = 0. (2.3)
0

For j ¢ Ay, denote by t; times for which condition (2.3) holds if such times exist. We define the
pursuers’ controls by setting

U(S) - )‘(fz(T)T(Tv 5)7 U(S))fz(T)T(T7 ‘9)7 5 € [07 min{tia T}]u
v(s), s e [min{t;, T}, T).

Then the solution of system (1.3) can be represented in the form [21, formula (19)]

zi(t) = Ey/q(at” ,1)2) +tEy /o (at®, 2)z; —I—/E —v(s))ds.
0
Hence,
7
Foloy(F) = fi(T) + T / E(T, s)(ui(s) — v(s)) ds
0
7
= 5D~ T2 [ 1B ) AAD)r (T 5),v(s) (D) ds
0
— fi(T)(l — 7ot / |E(T, s)|\(f;(T)r(T, s),v(s))) ds=0
0
for all i € Ay. Consequently, z;(T ) =0 for all i € Ag. O

PROCEEDINGS OF THE STEKLOV INSTITUTE OF MATHEMATICS Vol. 305 Suppl. 1 2019



MULTIPLE CAPTURE S155

2.2. Sufficient conditions of the capture for a = 0.

Lemma 3. Leta=0 and 6§ > 0. Then there exists a time T > 0 such that §; > 0.56§ for
allt>T.

Proof. Since tliJrrn fi(t) = 2! and the function A is continuous [2, Lemma 1.3.13], we have
—+00

lim A(fi(t),v) = A(z},v) for all v € V. Therefore, tligl 6 = &g, which yields the required
—+o00

t—4o00

inequality. O

Lemma 4. Leta =0 and 5ar > 0. Then there exists Ty > 0 such that, for any measurable
function v(-) with values in V, there exists a set A € Q(m) such that, for all j € A,

To

/E(To,s))\(fj(To),v(s))ds > 1.

0

1
To

Proof. The lemma is proved similarly to Lemma 2 with the use of Lemma 3. 0

Define the number

T = 1nf{t>0 | inf max min /E (t,s)A(fj(t),v(s))ds > 1}.
v(-) AeQ(m) jEA T

By Lemma 4, T < 4oo0.
Theorem 2. Leta =0 and 5ar > 0. Then an m-multiple capture occurs in the game.

Proof. Consider the function

H(t) =1— max min /ETS (f;( ) v(s))ds

AEQ(m) jEA T

and denote by Tj its first root. Then there exists a set Ay € 2(m) such that, for all j € Ay,

To

E(T, s)M\(f;(T),v(s))ds < 0.

Therefore, there exist times t; < Tp, j € Ag, for which

1 / A .
1- T O/E(T, s)A(f;(T),v(s))ds = 0. (2.4)

For j ¢ Ay, denote by t; times for which condition (2.4) holds if such times exist. We define the
pursuers’ controls by setting

v(s) = A(fi(T),v(9)) fi(T), s € [0,min{t;, T},
v(s), s € [min{t;, T}, T).
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Then the solution of system (1.3) can be presented in the form [21, formula (19)]

ailt) = 29 1t + / Bt 5)(ui(s) — v(s))ds.
0

Hence,
s+ / B(T5)(uils) — vls))ds = () — / BT, s)Af(T), o(s))ds - :(7)
t;
- f-(if’)(l _ Y E@, o) v(s))ds)z 0
KA T 0 b) (A )
for all ¢ € Ag. Consequently, zl(if’ ) =0 for all i € Ap. O

Denote by Int A and co A the interior and the convex hull of a set A.

Lemma 5 [3, Assertion 1.3]. Let V be a strictly convexr compact set with smooth boundary,
and let
0€ () Intco{z},j €A} (2.5)
AeQ(n—m+1)

Then 6y > 0.

Theorem 3. Suppose that a < 0, V is a strictly convex compact set with smooth boundary,
and condition (2.5) is satisfied. Then an m-multiple capture occurs in the game.

Proof. The validity of this theorem follows from Lemma 5 and Theorems 1 and 2. O

Corollary. Suppose that a < 0, V is a strictly conver compact set with smooth boundary, and
1 1
0 € Intco{zi,...,2,}

Then there is a capture in the game.

Proof. The corollary is proved by setting m = 1 in (2.5). O
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