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Abstract—We study the properties of a parameterized sequence of countably additive vector
measures with densities defined on a compact space T' with a nonnegative nonatomic Radon
measure 1 and taking values in a separable Banach space. Each vector measure of this sequence
depends continuously on a parameter belonging to a metric space. We assume that a countable
locally finite open cover and a partition of unity inscribed into this cover are given in the metric
space of parameters. We prove that, for each value of the parameter, there exists a sequence
of p-measurable subsets of the space T" which is a partition of 7. In addition, this sequence
depends uniformly continuously on the parameter and, for each value of the parameter and
each element of the initial parameterized sequence of vector measures, the relative value of the
measure of the corresponding subset in the partition of T' can be uniformly approximated by
the corresponding value of the corresponding partition of unity function.
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INTRODUCTION

From the famous Lyapunov theorem [1,2; 3, Ch. 8]) on vector measures defined on a compact
topological space T' = (T, T, ) with a o-algebra T of measurable sets and a finite nonnegative
nonatomic Radon measure p, it follows that, for any countably additive vector measure m : T — R"
and any «a € [0, 1], there exists a set Ay € T such that m(A,) = am(T).

Based on this corollary, we proved the following result (see [4, Lemma 3.1]): if T' = [to, 1] is a
segment of the real line with a Lebesgue measure p and a family 7 of Lebesgue measurable sets,
ms : T — R™ is a family of countably additive measures continuously depending on a parameter s
belonging to a compact metric space S, and {pj(S)}le is a continuous partition of unity on S, then,
for any ¢ > 0, there exists a collection of disjoint sets {Aj(s)}le C T continuously depending on

s € S such that U}-Izl A;(s) =T (ie., forany s € S, {Aj(s)}j:1 is a measurable partition of T') and,
for any s € S and any j € (1,.J), we have ||ms(A;(s)) —p;(s)ms(T)| < § and p(A;(s)) = p;(s)u(T).
Using this result, we proved the existence of a continuous mapping from a compact function space
of parameters to a set of solutions of a differential inclusion. In turn, this allowed us to obtain
necessary conditions for the optimality of the solution of an extremal Mayer problem where one of
the constraints is a differential inclusion with Lipschitz right-hand side (see [5]).

In the case where a separable Banach space E and a compact topological space T'= (T, 7T, u)

are taken instead of R™ and [tg, t1], respectively, the corresponding generalization of the Lyapunov
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5184 POLOVINKIN

theorem (see [6]) implies the weaker statement that, for any countably additive vector measure
m : T — E with density and any « € [0,1] and 6 > 0, there exists a set 4, € T such that
[m(Aq) —am(T)| < 6.

In optimal control problems for systems in a Banach space, there is a need to solve the following
problem: for any sequence of vector measures {m; };?‘;1, mj : T — E, with densities, any sequence
of numbers {a;}72; such that aj > 0 and 3777 a; = 1, and any ¢ > 0, find a partition of the
space T' into disjoint measurable subsets {A;}72, C T such that [[m;(A;) — a;m;(T)| < ¢ for
all j € N.

Of special interest is the case where each vector measure m; depends continuously on a param-
eter s belonging to a metric space S (i.e., we have measures m;,: 7 — E) and the numbers {¢;}
depend on the parameter and correspond to a partition of unity {p;(s)} of the space S. In this

e8]
J=1

case, it is required to prove that, for any ¢ > 0, there exists a family {A;(s) of measurable
partitions of the space T" which is continuous in the parameter s and satisfies the estimates
[ 22521 mys(Aj(8)) =252, pi(s)mys(T)|| < . This problem was largely solved in [7], which allowed
the authors of that paper to prove a relaxation theorem for differential inclusions with Lipschitz
right-hand side and values in a separable Banach space.

The present paper is devoted to the development of the results of the mentioned works.
For a countable family of vector measures having densities and continuously depending on a
parameter belonging to a metric space, we construct a countable family of measurable partitions
of the compact support T of this family of measures. The constructed family of partitions is
continuously parameterized by the same parameter and gives an approximate expansion of a convex

combination of the values of the measures on 1" with more accurate uniform estimates of the form
> e Imys(A5(s)) — pi(s) mys(T)|| < 0.

1. MAIN NOTATION AND DEFINITIONS

In what follows, we assume that (7', 7, ) is a compact topological space with a o-algebra T of
measurable subsets and a finite nonnegative nonatomic Radon measure p on them. We also assume
that F is a separable Banach space and S is a separable metric space of parameters. Define the
interval [ := [0, 1].

Recall that a function m : 7 — E'is called a finitely additive vector measure if, for any disjoint
sets Ay, Ao € T, m(A1 U Ag) = m(A1) + m(Ag). If, in addition, for any sequence {4, } of pairwise
disjoint sets in T, we have the equality

o0

m(nL:Jl An> — 3 m(Ay),

n=1

where the series on the right-hand side converges in the norm of the space E, then m is called a
countably additive vector measure.

Recall that a family of sets {A4}acr is called increasing if A, C Ag for any numbers o, 5 € 1
such that a < .

The most important example of countably additive vector measures is the indefinite Bochner
integral. To explain this, let f : T — E be a Bochner integrable function. Then the function
my : T — E defined by the formula

m(A) :—/f(t)du(t), AcT,
A
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SOME PROPERTIES OF VECTOR MEASURES S185

is a countably additive and p-continuous vector measure of bounded variation (see, for instance, [6]).
In this case, the function f(-) € LY(T, E) is called the density (or Radon—Nikodym derivative) of
the vector measure my.

Note that we consider only countably additive vector measures with densities. The set of all
such measures is denoted by M(T, E).

For any vector measure m € M(T, E) with density f(-) € LY(T, E), we define the norm of this
measure as the norm of its density:

[mll = [lf ()l -

Therefore, if a vector measure ms € M(T, E) with density fs(-) € L'(T, E) is defined for any s € S,
then the mapping mg from S to M(T, E) is continuous if and only if the mapping fs from S to
LY(T, E) is continuous.

In the case of a finite set of vector measures myq,...,m, € M(T,E), we define the composite
vector measure m as follows:

m:=(my,...,mp) € M(T,E x ... x E).

The norm of this measure is defined by the formula

[m] == max{[lma],..., [[ma]}-

Recall that the characteristic function of a set B C T is the function x, such that x,(¢) = 1 if
te€ Band x,(t)=0ift ¢ B.

For any vector measure m € M(T,E) and any set B € T, the measure mp defined by the
formula

mp(D):=m(DNB) YD eT

is called the restriction of the measure m to the set B. It is easy to see that if f(-) € LY(T,E) is
the density of a vector measure m and B € T, then the function f(-)x,(-) is the density of the
vector measure m|p.

For measurable subsets of the space T' (more precisely, for equivalence classes of T), we define
a metric by the formula

o(B,C) :=pu(BAC) VB,C €T,

where BAC' denotes the symmetric difference of sets B and C.

In what follows, the continuity of mappings from S to 7 is understood in the sense of this
metric.

Proposition 1. For any s € S, let m(s) € M(T,E), A(s) € T, and m(s) := m(s)a(s)-
Assume that the mappings m : S — M(T,E) and A: S — T are continuous. Then the mapping
m:S — M(T,E) is continuous.

Proof. Let f(s)(-) € L}(T, E) be the density of the vector measure m(s) for any s € S. We
fix a point s9 € S and an arbitrary € > 0. By the absolute continuity of the Lebesgue integral,
there exists § = d(¢) > 0 such that, for any A € T with pu(A4) < 0, the following inequality

holds: / Il f(s0)(t)]|du(t) < €/3. In turn, there exists a neighborhood U(sy) C S of the point sg
A

such that, by the continuity of the measures s — m(s) and the sets s — A(s), the inequalities
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1 (s)(-) = f(s0)(-)||rr <e/3 and p(A(s)AA(sp)) < § hold for all s € U(sp). As a result, we have

[[(s) — 1 (s0) —/Ilf ) X () = F(50) () X a () DI dpa(t)

<2 /Ilf s0) (8)[|dp(t) + / 1/ (s0)@)ldp(t) < e

A(s)AA(s0)

which completes the proof of the proposition. O

2. SOME COROLLARIES OF THE LYAPUNOV THEOREM

Recall the statement of the Lyapunov theorem on vector measures [1].

Theorem 1 (A.A.Lyapunov). Let (T,7,u) be a compact topological space with a finite
nonnegative nonatomic Radon measure u, and let f: T — R™ be a Lebesgue integrable vector
function. We define a vector measure m : T — R" as follows:

:/f(t)d,u(t), AeT.

Then the set m(T) defined by the formula

m(T):={m(A) | Ae T}

is convex and compact in R™.

Note that, for any measurable set Dy C T' of measure zero (for instance, for the empty set), we
have m(Dgy) = 0 € m(T). Similarly, m(T) € m(T). Consequently, by the Lyapunov theorem, the
segment [0,m(T")] belongs to the convex compact set m (7). Therefore, for any a € [0, 1], we have
am(T) € m(T). Thus, we obtain the following result.

Corollary 1. Let f: T — R™ be a Lebesgue integrable vector function. Then, for any o € [0, 1],
there exists a measurable set A, C T such that m(Aq,) = am(T), i.e.,

/f Jap(t) /f ) (t)

Note that it is not possible to directly extend the Lyapunov theorem to arbitrary countably
additive nonatomic vector measures without density and with values in an infinite-dimensional
space.

The known generalization of the Lyapunov theorem for a vector measure with density and with
values in the separable Banach space E (see [6]) implies that, in this case, only the closure of the
set of all vectors m(D) corresponding to all possible measurable subsets D of T is a convex compact
set in F.

Therefore, similarly to Corollary 1, from the generalized Lyapunov theorem, we obtain only an
inequality; i.e., the following result holds.
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Corollary 2. Let f: T — E be a Bochner integrable function. Then, for any € > 0 and any
a € [0,1], there exists a measurable set A, C T such that

o [ sane) - [ oo <
T Aa

Combining Corollaries 1 and 2, we obtain the following result.

Corollary 3. Let f: T — E be a Bochner integrable function, and let g: T — RP be a Lebesgue
integrable function. We define vector measures m : T — E and mqg: T — RP as follows:

m(A) ::/f(t)du(t), mo(A) ::/g(t)d,u(t) VAeT. (2.1)
A A

Then, for any e > 0 and any « € [0,1], there exists a set Ay € T such that |m(A,) —am(T)|| < e
and mo(Aq) = amy(T), i.e.,

o [ sane) - [ oo < (22)
T Aq

a / g(t)du(t) = / o(t)dp(t). (2.3)

T Aa

Note that Corollary 3 says nothing about the relationship between the measurable sets { A }acr
besides the fact that they satisfy relations (2.2) and (2.3). We would like this family of sets to be
increasing.

3. SEGMENTS AND e-SEGMENTS

Definition 1 [8]. Let f € L'(T,E), and let m : T — E be the vector measure with density f.
An increasing family of sets {Aq}acr C T such that Ag = @ and A; =T is called:

(1) a segment for the measure m if and only if, for any o € I, m(A,) = am(T);

(2) an e-segment for the measure m if and only if, for any o € I, [[m(A,) — am(T)| < e.

In what follows, we use the following theorem proved in [9].

Theorem 2 [9, Theorem 15|. Let f € L*(T,E) and g € LY(T,RP), and let m : T — E and
mo : T — RP be the corresponding vector measure (see formulas (2.1)). Then, for any € > 0, there
exists a family {Aq}acr C T which is an e-segment for the vector measure m and is a segment for
the vector measure my.

In what follows, we need three lemmas which are either proved in [9] or are small modifications
of the statements in [9].

Lemma 1 [8; 9, Proposition 18]. Let S be a compact Hausdorff topological space, let {ms}ses C
M(T,E) be a set of vector measures continuously depending on the parameter s € S, and let
mo € M(T,RP). Then, for any € > 0, there exists a family {Aq}acr C T which is a segment for
the measure mgy and is an e-segment for any vector measure mg, s € S.

Note that we can construct several different e-segments in 7 for the same vector measure
m € M(T,FE). In what follows, we need to find ways to pass continuously from one e-segment
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of such a measure to another. A slight strengthening of Proposition 2 from [7] (or Proposition 19
from [9]) leads to the following result.

Lemma 2. Letm € M(T,E), and let {An}acr and {Bq}acr be families in T each of which is
an e-segment for the measure m and is a segment for the measure . Then there exists a continuous
mapping D: I x I — T with the following properties:

(1) D(0,a) = Ay and D(1,a) = By, for any « € I

(2) for any z € I, the family {D(z,a)}aecr is an e-segment for both the measure m and the
measure [

(3) pu(D(z1,00)AD(z2,02)) < (|21 — 22| + 2|a1 — a2|)u(T), a1, a9,21,22 € I.

Proof. Since the families { A, }aer and {Bg }aer are segments for the measure 1, the mappings
a— xa,(-) and a — xpg, (+) from I to LY(T,R!) are continuous. Hence, the mappings a — m(A,)
and o — m(B,) are continuous. Consequently, defining

@ = max{max||m(Aq) — am(T)|, maxm(Ba) — am(T)]l},

we find that a < e. Let n be a positive number such that a + 2n < ¢.
For any « € I, we define a vector measure m,, as follows:

Mme = (m\Aa7m|Ba7M\Aa7M\BQ) € M(TvE x B x RI X RI) (31)

By Proposition 1, the mapping o« — m,, is continuous. In view of Lemma 1, there exists a family
{C.}.er which is an n-segment for each measure of the family {m,}aer and is a segment for the
measure p. We define

D(z,a) := (BaNC)U (AN (T\ C)), z,a€l, (3.2)

and show that D(z, «) are the desired sets. By construction, it follows from (3.2) that property (1)
holds. By the definition of an 7-segment, for the family {C.}.cs, we have

Ima(C2) = z2ma(T)|| <. (3-3)

Therefore,
[ma(T\ C2) = (1 = 2)ma(T)|| <. (3.4)

Inequality (3.3) implies, in particular, that, for the second component in (3.1),
lm(Ba N Cy) — zm(By)|| < 7.

Since the family { By }aer is an e-segment for the measure m, we have

lm(Ba NC,) —zam(T)|| < [|m(Ba NC,) —zm(By)|| + ||zm(Ba) — zam(T)|| <n+ za. (3.5)
Similarly, we deduce from (3.4) that, for the first component in (3.1),

Im((T\ C2) N Aa) — (1 — 2)am(T) | < n+ (1 - 2)a. (3.6)
Summing inequalities (3.5) and (3.6), we find that, for any a € I,
lm(D(z,a)) —am(T)|| <2n+a<e.
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Similarly, we deduce from inequalities (3.3) and (3.4) that, for the last two components in (3.1),

1(D(z,)) — ap(T)] < e.

To prove the continuity of the mapping D : I x I — T (more precisely, property (3)), we note that

D(z,0)AD(y, o) = (AaABq) N (C.ACY).

Since the family {C.}.cr is a segment for the measure p, for z; > 29, we have C,, D C,, and,
therefore, C,, AC,, = C,, \ C,. As a result, we obtain

H(D(21,0)AD (29, 0)) < u(Csy ACs,) < |21 — z2lu(T).

On the other hand, it follows from (3.2) that

= /‘XBalﬁCZ (t) + X gy n(T\C2) (t) — XBaync: (t) — X Aayn(T\C2) (t)‘d,u,(t)

/ X5, (1) = X, (B)|xc. (1) / Xao, () = Xan, )] Xp\c. (B)dn(t)

< w(Aa; DAay) + 11(Bay ABay) < 2|lan — ag|u(T).

Summing these inequalities, we obtain property (3). O

Lemma 3 [9, Theorem 17]. Let {m;}72, C M(T, E), let mo = p, and let vector measures m;
be defined as follows:

m; ::(mo,ml,...,mj):T%Rl><E><...><E Vi=0,1,2,....

Then, for any € > 0, there exists a continuous mapping D : [0,00) x I — T with the following
properties:
(1) for any z € [0,00), the family {D(z,®)}acr is an e-segment for the measure m; with j = [z];
(2) w(D(z1,00)AD(22,02)) < (|21 — 22| + 2|lan — ao|)u(T) Yag, a9 € I, 21,29 € [0,00).

Proof. We fix € > 0. By Theorem 2, for any j =0, 1,2, ..., there exists a family {D(j, @) }aer
which is an e-segment for the vector measure m; and is a segment for the measure p. To extend this
family to values {D(z, ) }oes defined for all z € [0, 00), for any j = 0,1,2,..., we apply Lemma 2 to
the families {D(j, o) }aer and {D(j+1, ) }aer which are e-segments for the vector measure m; and
are segments for the measure p. By this lemma, there exists a continuous mapping C; : I x I — T
connecting these families. Then we define the mappings D(z,a) = Cj(z — [2], ), z € [j,5 + 1),
which obviously have properties (1) and (2). O
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4. COVERS AND PARTITIONS

In what follows, we assume that S = (S,d) is a separable metric space with metric d. An
open cover of the metric space (S,d) is a family {Vy}rea C S of nonempty open sets such that
Usea Vo = S and V), # S for any A € A.

An open cover {V,,}°°, of the separable metric space (S,d) is called locally finite if, for any
point sg € S, there exists a neighborhood U(sy) such that V,, NU(sg) # @ only for a finite number
of indices n € N.

We need the following property of open covers.

Lemma 4. Let {Va\}xea C S be a locally finite cover of the metric space (S,d). Then there
exists a locally finite cover {Wx}xea of the space (S,d) such that Wy C Vy for any A\ € A, where
Wy is the closure of the set W.

Proof. For any s € S, we define A := {\ € A | s € V)\}. Since the cover {V)} en is locally
finite, any set A; is finite and nonempty. For any A € A, we define

S)\ = {8 S V)\ ‘ d(S,S \ V)\) = IIéE/i\Xd(S,S \ VV)}

Thus, we associate any point s € S with sets V) containing this point together with the largest
ball. As a result, we have: (i) for any s € S, there exists A € A such that s € Sy; (i) Sy C V), for
any A € A.

We fix an arbitrary A\g € A and consider an arbitrary point s; € S\ V),. By the definition
of a cover, there exists Ay € A such that s; € V),. Therefore, there exists ¢ > 0 such that
Bs.(s1) C Vy,. We show that B.(s1) NSy, = @. If this is not the case, then there exists a point
sg € Bo(s1) N Sy,. Therefore, By.(s2) C Bs.(s1) C V),. Consequently, \; € A,, and

d(SQ,S \ V)\o) < d(SQ,Sl) <e<2< d(SQ,S \ V)\l),

which contradicts the inclusion sy € S),. Thus, we have shown that any point s; € S\ Vj,
has a neighborhood not intersecting Sy,. Hence, Sy, C V),. Consider the closed sets Sy, and
Uy, == 5\ V),. As we have just shown, they are disjoint. Since any metric space is a normal space,
there exist disjoint neighborhoods U(S),) and U (U y,) of the sets Sy, and U y,, respectively. Define
Wy, = U(Sy,)- Then, by construction, Wy, C S\ U(Uy,) C V),- In addition, the set S\ U(Uy,)
is closed. Consequently, W), is an open subset of V), contained in V), together with its closure.
Since, for any s € S, there exists A € A such that s € S\ C W), the required cover {IWWy} ea of
the space S is constructed. O

A sequence of continuous functions p, : S — I, where I = [0,1] and n € N, is called a partition
of unity subordinate to a locally finite open cover {V,,}>2; of the space S if suppp,, C V,, for any
n € Nand Y 2 p,(s) =1 for any s € S. Note that this sum contains only a finite number of
nonzero terms, which follows from the local finiteness of the cover {V,,}°2,. We also recall that
supp f is the closure of the set {s € S| f(s) > 0}.

A measurable partition of the space T is a sequence {A,}32; C T such that A; N A; = @ for
Vi#jand |J,2, A =T.

If {A,,(s)}22, is a measurable partition of the space T' depending on the parameter s € S and
if the mappings A, : S — T are continuous for any n € N, we say that {A4,,(s)}>2, is a continuous
family of measurable partitions of the space T.
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A family {A,(s)}52; of measurable partitions of the space T' is called finite if, for any so € 5,
the measurable partition {A,(so)}>2, is finite, i.e., p(An(sp)) > 0 for a finite number of indices
n € N and 4, (sg) = @ for the remaining indices n.

The following remarkable theorem was proved in [9)].

Theorem 3 [9, Theorem 18]. Suppose that {V,,}5°, is a locally finite open cover of the metric
space S, {pn(-)}02, is a partition of unity subordinate to this cover, a sequence {my, s}oo of vector
measures with densities (i.e., {m,s}o>2, C M(T,E)) is given for any s € S, and the mapping
My, : S — E is continuous for any n € N. Then, for any § > 0, there exists a finite continuous
family {A,(s)}>2, C T of measurable partitions of the space T' such that, for any s € S,

|3 one(Aa(o)) = 3 puls)mna()| <
n=1 ]

[1(An(s)) = pu(s)W(T)| <6 Vn eN.

Our goal is to give a generalization of this theorem important for applications.

5. MAIN RESULT

Theorem 4.  Suppose that {V,}>2, is a locally finite open cover of the metric space S,
{pn(-)}02, is a partition of unity subordinate to this cover, a sequence {m,, s}>>; of vector measures
with densities (i.e., {mp s}, C M(T,E)) is given for any s € S, and the mapping my,.: S — E
is continuous for any n € N. Then, for any § > 0, there exists a finite continuous family
{An(8)}52, C T of measurable partitions of the space T' such that:

(1) forse S andn €N, if p(A,(s)) >0, then p,(s) > 0;

(2) for any s € S,

Z [mn,5(An(8)) — pn(s)mn,s(T)]| <6, (5.1)
n=1
D 11(An(s)) = pals)u(T)| < 6, (5.2)
n=1
tim 3 (A (5) 24, () = 0. (5.3
=1

Proof. Let f,(s)(:) € LY(T, E) be the corresponding densities of the vector measures m,, s :
T — E. By the assumption of the theorem, for any n € N, the mapping f, : S — LY(T, E) is
continuous. For any s € S, we define

Ny :={n € N|p,(s) > 0}.

For any n € N, let h,, : S — I be a continuous function such that h,(s) = 1 for s € suppp, and
supph,, C V,. Define r(s) := > >7 hy(s). In view of the local finiteness of the cover {V,}72,
for any s € S, the cardinality of the set Ns (denoted by card{Ns}) is finite. More precisely,
card{N;} < r(s) < oo.

We define functions f, : § — LY(T,R! x E) as follows: fn(s)(-) := (1, fa(s)()).
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For any n € N and any s € S, we define a function k,(s) : T — LY(T,R! x E) as follows:
kn(8)(t) :=7(8)hn(s) fu(s)(t), teT. (5.4)

Obviously, 7(s) > 1 for any s € S and the mappings r : S — R! and k,, : S — LY(T,R! x E) are
continuous. For any sg € S, we define

U= () {5€Slpals) > 0,1fu(s) = falso) 12 <

TLGNSO

5
Tor(sg)y ) < 47“(30)}. (5.5)

Clearly, the family {U,}scgs is an open cover of the metric space S. By virtue of the paracompactness
of the space S and Lemma 4, there exists a sequence of continuous functions r; : S — I such
that the sequence {int suppr;}5°; is a locally finite subcover of the cover {Us}scs and the sets
W, :={s € S| ri(s) = 1} cover the space S. Therefore, there exist points s; € S such that
W, C Us, for any i € N. We define the functions u; € L'(T,R! x E), j € N, by the formula

(1) = {kzn<si)(t> if j = 213", (5:6)

0 otherwise.

Using these functions as densities, we define vector measures m;(A) by the formula

my(d)i= [ ws(Odn(t). jEN,
and let mo(A) = p(A) for A € T. We also define vector measures m; as follows:

T?Lj ::(mo,ml,...,mj), j:0,1,2,....
By Lemma 3, for the sequence of vector measures {mj};?‘;o, there exists a continuous mapping
D :]0,00) x I — T with the following properties:
o N .
(1) for any z € [0,00), the family {D(z,a)}acr is a 4—segment for the measure m; with j = [2];
(2) w(D(z1,00)AD(22,02)) < (|21 — 22| + 2|as — ao|)u(T) if vy, a0 € I and 21, 22 € [0,00).
We define the function 7 : S — R} by the formula

o0

7(s) = Y 71i(s) ha(s) 2" 3" (5.7)

n,1=1

In view of the local finiteness of the covers {suppr;}3°; and {V;,}72; of the space S, the sum in
formula (5.7) is finite for any s € S and the function 7 : $ — R is continuous.
Define the following family of measurable sets in T':

A(s,a) :=D(1(s),a), s€S, ael. (5.8)

From the above and formula (5.8), we deduce that the mapping A : S x I — T is continuous and,

) . .
for any s € S, the family {A(s,a)}aer is a 4-segment for the vector measure m; with j = [7(s)].

In addition, for any s1, s € S and any ay,as € I, we have

p(A(s1, 1) AA(s2, a2)) < (|7(s1) — T(s2)] + 2| — | )u(T).
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We fix a point s € S. To estimate 7(s) and find j such that j < [7(s)], we choose an index n € N
(i.e., an index n such that h,(s) = 1) and an index m € N such that s € W,, C Us, . Hence,
rm(s) = 1 and, by the definition of the set U, (see (5.5)), we have n € N, , i.e., pp(sm) > 0.
Consequently, hy,(sy,) = 1. This and (5.7) yield 7(s) > rp,($)h,(s)2™3"™ = 2™3". Thus, choosing
Jj = 2™3", we obtain the inequality j < [r(s)], which implies that the family {A(s,a)}aer is a
J ~ . . o 0

4—segment for the vector measure m;. In particular, this family is a 4—segment for the vector
measure m; with j = 2™3". In view of (5.4) and (5.6), this means that the function u;(-) =
En(sm)(-) = r(sm)ﬁ(sm)() is the density of the measure m;. Therefore, dividing the corresponding

inequality by 7(s,,) > 0, for any « € I, we obtain the inequalities

d

ln(A(s, @) —ap(T)| < 4r(sy)’

J

|/ o) = T/ s @) < 0

A(s,a

In turn, for the same point s € S, we have

H / f”(s)(t)d”(t)—Oé/fn(S)(t)du(t)H
Alss0) ’

gH [ emdut —a [ fn<sm><t>du<t>H+2ufn<s><'>—fn<sm><->uL1.
(s, T

A

Since s € U,

Sm >

formula (5.5) for Us,, and inequality (5.10) imply that the right-hand side of the
latter inequality is less than

) ) 30 5
4r(Sm) 2 167(sm) - 87(Sm) < 2r(s)’ (5:11)
Hence,
J
| [ re0a o [ o] <, (5.12)
A(s,a) T
for any s € S, any n € N, and any « € I. Similarly, it follows from (5.9) and (5.11) that
(A(s.0)) ~ (D] <, | (5.13)
for any s € S and any o € I. We define z(s) := 0, z,(s) := p1(s) + ... + pn(s), and
An(s) == A(s, zn(s)) \ A(s, zn—1(s)). (5.14)

Obviously, property (1) holds; i.e., if p,(s) = 0, then A,,(s) = @. Since {p,(s)}5>; is a locally finite

partition of unity on S, for any s € S, the sequence {z,(s)}22 is nondecreasing and there exists

n=1
o9

an index ng such that z,(s) = 1 for all n > ng; i.e., the family {4, (s)}72, is a finite measurable

partition of the space T' such that A,(s) = @ if n ¢ N,. Moreover, since, for any n € N, the
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function z, : S — I is continuous, the mappings s — A(s, z,(s)) are continuous from S to 7. This
along with (5.14) and the inequality

(Ao, 2a(51)) \ Als1, 201 (51)) 5 (Als2, 20(52)) \ Ao, 201(52))) )

< pu(A(s1, 20 (51)) AA(s2, 20(52))) + 1 (A(s1, 20—1(51)) A A(52, 20-1(52)))

implies that the mappings A, : S — T are continuous.

We show that the sets A,(s) satisfy inequalities (5.1) and (5.2). From formula (5.14), the
inclusion A(s, z,—1(s)) C A(s,2n(s)), and inequalities (5.12) and (5.13) with o = z,(s) and o =
Zn—1(s), we deduce that, for any n € N,

H / Fal8)(®)du(t) — pu(s) / fn(s)(t)d,u(t)H< (An(5)) — pu()(T)] <
T

An(s)

o
r(s)’ r(s)’
The cardinality of the set of all indices n for which A,(s) # @ can be estimated as follows:
card{n | A,(s) # @} = card{N,} < r(s). Summing these inequalities over all n € N, we take
into account only n € N, since p,(s) = 0 and A,(s) = @ for n ¢ N,. As a result, we obtain
inequalities (5.1) and (5.2).

Since the cover {V,,}>°; of the space S is locally finite, for any fixed point so € S, we choose a
neighborhood U(sg) for which there exists a finite set N(sg) C N such that V,, N U(so) # @ only
for n € N(sp). Denoting the cardinality of the set N(sg) by 7(so), we have r(s) < 7(sg) < oo for
any s € U(sp). This means that if s € U(sp) and n ¢ N(sp), then p,(s) =0, i.e., A,(s) = . Asa
result, for any s € U(sp), we have

S i(An(8)8Au(50)) = S i(An(s)AAn(s50))-
n=1

neN (so)
Hence, taking into account that each mapping A,, : S — 7 is continuous (i.e., each term in this
sum tends to zero as s — sg) and the number of terms is finite for any s € U(sg), we obtain
equality (5.3). O
In conclusion, we show how the finite measurable partition {A,,(s)}>°; of the space T obtained
in Theorem 4 can be used to construct continuous mappings.

Proposition 2. Let S be a separable metric space, and let, for any s € S and any n € N,
A, (s) be a measurable subset of the compact space T. We assume that the following relations hold:

Any(8) N Any(s) = @ Vi £ma, T = L) An(s),
s n=1 (5.15)
lim > u(An(s)AA,(s9)) =0 Vsge€S.

S$—S0 n=1

Let v,(-) € L'(T, E) for any n € N, and assume that there exists a function k(-) € L'(T,R}) such
that ||vn(t)|| < k(t) for any n € N and almost every t € T. Let g: S — LY(T, E) be the mapping
defined by the formula

o
9(8)(t) == Xun, (Bnlt), teT. (5.16)
n=1
Then the mapping g is continuous.
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Proof. Using (5.15) and (5.16), for any s, sp € S, we obtain

[la6)® ~ )l < Y- /\xAn() X O] IOl
/ =

< Z/XAn(s AAn(so)(t)k(t)d:u’(t) < Z / E(t)du(t).

1 =1
n=ir "= 4, (s) A AR (s0)

It remains to note that, by (5.15), the right-hand side of this inequality tends to zero as s — sp. O

CONCLUSIONS

The obtained result makes it possible to construct a continuous mapping from a set of functions
which approximate solutions of a differential inclusion with unbounded right-hand side and values in
a Banach space to the set of solutions of this inclusion. Using such a mapping and other results, we
can generalize the class of optimization problems for which necessary conditions for the optimality
of a solution in Euler-Lagrange form can be proved.
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