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Abstract—Sharp estimates of the sampling and interpolation constants in spaces of polyno-
mials are obtained. These estimates are used to deduce asymptotically sharp estimates of the
sampling and interpolation constants for Bernstein spaces as the density of a sampling set
approaches the critical value.
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1. INTRODUCTION

The main goal of this paper is to show that the classical Bernstein estimates for equidistant
sampling and interpolation of bounded entire functions of exponential type remain optimal for
non-equidistant sampling.

1.1. Bernstein space. The Bernstein space B, is the space of entire functions of exponential
type o > 0 bounded on the real axes, equipped with the uniform norm

If1] == sup|f ()]
zeR
It is well known (see, e.g., [7, p. 17]) that every function f € B, satisfies the estimate

f(x+iy)] < | flle”™, 2,y €eR. (1.1)

Sampling at equidistant nodes in Bernstein (and other) spaces is a classical object of investiga-
tion. Consider, for simplicity, the set of integers Z. Set

If1z]l == suplf(n)].
neL
Then for every o < 7, there is a constant K such that the following implication holds:

feB, = |fII<K[flzl.

Denote by Ks(Z, B,) the smallest possible value of K. Clearly,

K.Z,By;) :== sup I/ .
reBo, 120 |1zl
Observe that the example f(z) = sin(mz) shows that the implication above does not hold

for o > 7.
Bernstein obtained a sharp asymptotic estimate of Ks(Z, B,) as o approaches the critical value 7.
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ON IRREGULAR SAMPLING AND INTERPOLATION 179

Theorem A [1]. Let 0 <o <m. Then

KiZ,B)="log " (1+o(1), otm

m™—0

See [5] and the references therein for some other estimates of the constant Ky(Z, B, ).

Bernstein also obtained a sharp asymptotic estimate for the problem of interpolation of bounded
sequences on Z by functions f € B,, o > w. Given a bounded sequence {c(n), n € Z}, one can
construct a function f € B, satisfying

fn)=c(n) (neZz), |[fll <K[flzl

Here the constant K depends only on o. Denote by K;(Z, B,) the minimal K which can be used.
Theorem B [1|. Let o > n. Then

2 o
Ki(Z,B,)= lo 1+o0(1 .
i(Z, By) T ga—ﬂ( +0(1)), olm
In this paper we are interested in estimates of this type in the general case of irregular sampling.

1.2. Sampling and interpolation sets. Given a set A C R, let

[1f|all == sup[f(A)].
AeA

Definition 1.1. (i) A set A C R is called a sampling set for B, if there is a constant K
such that

I < K| f|all for every function f € B,. (1.2)
(ii) A discrete set A C R is called an interpolation set for B, if for every datum {c(\)} € [*°(A)

there exists f € B, such that
FA) =c(N), AeA. (1.3)

A set A is said to be uniformly discrete (u.d.) if

inf A= \|>0.
MNEA, A£N

The classical Beurling theorem characterizes u.d. sampling and interpolation sets for B, in terms
of the lower and upper uniform densities of A:

D~ (A) := lim min #AN(aa+1) , DT (A) := lim max #AN(aa+1) .
=00 a€R l =00 a€R l
Theorem C |2, 3]. Let A CR be a u.d. set.
(i) A is a sampling set for By if and only if D~(A) > o/7.
(ii) A is an interpolation set for By, if and only if DY(A) < o/7.
1.3. Sampling and interpolation constants. Assume A is a sampling set for B,. We will

call the minimal constant K for which (1.2) holds the sampling constant and denote it by K4(A, By ).
In other words,

Ky (A,B,) ;== sup I .
feBq, £20 LfIAll
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180 A. OLEVSKII, A. ULANOVSKII

Now, let A be an interpolation set for B,. Banach theory implies that there is a constant K
such that for every datum {c(\)} € [*°(A), a function f € B, satisfying (1.3) can be chosen with
the estimate

I/]l < K suple(A)].
AEA

The minimal constant K for which this holds is called the interpolation constant and denoted
by Ki(A, BU).

Assume that D~ (A) = 1. Then, by Theorem C(i), A is a sampling set for B,, o < 7, and it is
not a sampling set for B,, 0 > m. Using the compactness property of the Bernstein space (see |7,
p. 19]), it is easy to see that the sampling constant K¢(A, B,) grows to infinity as o approaches the
critical value 7 from below.

Similarly, assume that DT(A) = 1. Then, by Theorem C(ii), A is an interpolation set for B,,
o >, and it is not if ¢ < w. The compactness property shows that the constant K;(A, B,) grows
to infinity as o approaches m from above.

When A = Z, Theorems A and B show that the sampling and interpolation constants have
precisely logarithmic growth. One may ask how fast these constants must grow in the general case
of irregular sampling.

2. RESULTS

Our main result shows that the sampling and interpolation constants always have at least
logarithmic growth as o approaches the critical value.
In what follows we denote by C' absolute positive constants.

Theorem 1. Let A CR be a u.d. set.
(i) If D~ (A) =1, then
K A, B,)>Clog " , O0<o<m. (2.1)
T—0

(ii) If D(A) =1, then

Ki(A, B;) > C'log 7 , T <o <2m. (2.2)
o—

Statement (i) of this theorem was announced in [6], with a sketch of proof. Statement (ii) is
new. Below we present complete proofs of both results. The main step of the proof is to get sharp
estimates of the sampling and interpolation constants for complex polynomials.

Denote by P, the space of all algebraic polynomials of degree <n on the unit circle T := {z € C:
|z| = 1}.

Let A C T be a finite set such that #A > n 4+ 1. Then every polynomial P € P, is uniquely

determined by its values on A, and one may introduce the corresponding sampling constant
max,er|P(z
Ky (A, P,) ;= sup sl P(2)] .
PeP,, P£o maxyen|P(A)]

Assume A C T and #A < n+ 1. Then for every datum c(A), A € A, there is a polynomial
P € P, satisfying

PO =c()), AeA. (2.3)

One may introduce the corresponding interpolation constant K;(A, P,) as the infimum over all K
such that for every datum c()\), A € A, there exists P € P, satisfying (2.3) and

< .
max| P(2)] < K max|c(A)]
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ON IRREGULAR SAMPLING AND INTERPOLATION 181

The following version of Theorem 1 for complex polynomials holds.
Theorem 2. Assume A C T.
(i) If #A > n+1, then

n

> .
(AP > Clog " (2.4

(ii) If #A <n+1, then
n

- > . .

KA P) = Clog " (25)
3. SAMPLING

In this section we prove Theorems 1(i) and 2(i).

3.1. Sampling constant for polynomials. The following result essentially goes back to
Faber (see [4, Ch. 7]):
Let U be a projector from the space C(T) onto the subspace P,. Then ||U|| > C'logn.

Faber’s approach is based on averaging over translations. Different versions of the result have
been obtained by this approach. We will use the following one due to Al. Privalov [§]:

For every projector U above and every family of linear functionals ¢; (1 < j < m) in C*(T),
there is a unit vector f in C(T) such that ||U f|| > C'log(n/m) and the functionals vanish on f.

Proof of Theorem 2(i). We may assume that #A > n 4+ 1. Write A = {Xo, A1,..., N},
where [ := n + m for some m € N. For every f € C(T) denote by P(f) the polynomial of degree n
satisfying

P(HN) =FQ),  0<j<n
Clearly, P(f) is uniquely defined, and the operator U: f — P(f) is a projector from C(T) onto F,.
Set
¥i(f) = P(f)(Ansj), 1<j<m.

By Privalov’s theorem, there is a function f € C(T) satisfying
) n
Ifl=1  P(HK) =0 (n+1<j<i),  |IP(f)|>Clog .

Then (2.4) follows. O

3.2. Sampling constant for trigonometric polynomials. Here we formulate an analogue
of Theorem 2(i) for trigonometric polynomials.
Let N > 0 and m € N. Denote by T,,,(/N) the space of all trigonometric polynomials of the form

T, (N) = {sor pla)= Y au)eimﬂv}. (3.1)

j=—m

Obviously, Ty, (IN) consists of 2N-periodic functions and T, (N) C Byp,/n. Observe that every
2N-periodic function ¢ € B,/ belongs to T;, ().

Let I' C R be a 2N-periodic set, ' + 2N =T. Set Iy :=T'N[-N, N).

Assume #I'g > 2m + 1. Then every ¢ € T,,(N) is uniquely determined by the values on I', and
we may introduce the sampling constant

KT, Tn(V) = sup 120
@ETm (N), ¢£0 llelr |l
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182 A. OLEVSKII, A. ULANOVSKII

Proposition 3.1. Assume N >0, m € N and Ty C [-N,N), #To > 2m. Then

K(T, Trn(N)) > Clog I:=To+ 2NZ. (3.2)

2m
#FO — 2m’

It easy to check that Proposition 3.1 is equivalent to Theorem 2(i) for even n. Indeed, let A C T.
Write

A={e™M, . .. eM), —T< M <...<N<m,
and set I' :=T'g + 2NZ, where

N N
F()::{ )\1,..., >\l

- } C [-N,N).

Clearly, I' is 2N-periodic and #I'g = #A.
Let n be an even number. Set m := n/2. Every polynomial P € P, can be written as

P(z)=2" Z a(j)2.

j=—m

By the change of variable z = ¢™/N we see that Theorem 2(i) is equivalent to Proposition 3.1 with
m=n/2.
On the other hand, one may easily check that Theorem 2(i) for odd n follows from the result

for even n.

3.3. Sampling in B,. Here we prove Theorem 1(i). The proof is based on Proposition 3.2
below.

Let 0 < o < m, 7 be a positive integer and I'y C [—7, 7], #¢ < 27. Consider the union of Ty
with the rays x > 7 and < —7. It easily follows from Beurling’s Theorem C(i) that the set
ToU{z: |z| > 7} is a sampling set for By, for every o > 0. We show that if the number 7 — o is
small and the number 7 is large, then the corresponding sampling constant must be large.

Proposition 3.2. Let 7 € N and 0 < o < w. For every set Ty C [—7,7), #T0 < 27, we have

™

—o+Cr3° (3:3)

K.(ToUfa: fo] > 7}, B,) > Clog
s

When 7 is sufficiently large,
(3.4)

inequality (3.3) implies
Corollary 3.1. Assume 0 < o <7 and 7 € N satisfy (3.4). Then for every set T'y C [—7,7),
#I'g < 27, we have

K (ToU{z: |z| > 7},B,) zClogﬂiU. (3.5)

Proof of Proposition 3.2. Set N :=7 — /7 and I' := Ty + 2NZ. To prove the proposition,
it suffices to construct a function g € B, satisfying the conditions

1

—o+Cr /3’ (3.6)

lglroll <1, (@)l <1 (2] 2 7). lg(wo)[ = Clog _

with some zg € [-N, N).
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ON IRREGULAR SAMPLING AND INTERPOLATION 183

We may assume that ¢ > 7/2 and that the number 7 is so large that

]:7 < 1427712

and that we can find an integer m satisfying

1<o—2r13< N So-T (3.7)
Then the following inequality holds:
T iﬂLm - 7TT/]7\T7ni/7]TVm/N = T—0 +1C’7-—1/3' (3.8)
Recall that #I'g < 27. Using Proposition 3.1 and (3.8), we get
K(I',T,(N)) > Clog 2m > Clog . (3.9)
21 —2m T—o+Cr1/3

Choose now an exponential polynomial H € T,,(N) which is small on I' and has a large norm,
and let zg € [-N, N) be its maximum modulus point. By (3.9), we may assume that

1

1l <1, (o)l = ] =Clog 1 (3.10)
It follows that
|H| < ClogT. (3.11)
Set .
h(z) = su;x and  g(x) = H(a:)h(T_l/?’(a: — ). (3.12)

By the right inequality in (3.7),
g S B7Tm/N+T_1/3 C BO’-

From (3.10) we see that the first and last conditions in (3.6) are true.
The distance from xy to the points +7 is at least /7, which gives

_ . —1/6
9

|h(7_1/3($—$0))| < =7 |x| > 7.

1
=13 /T
So, by (3.11),

lg(z)| < |H|[|h(r73 (@ — x0))| < 770 log T < 1, |z| > T,

provided 7 is sufficiently large. This completes the proof of (3.6). O
We also need a simple
Lemma 3.1. Assume that A CR and 7 € N.

(i) Let D=(A) = 1. Then there is an interval I = [a — T,a + 7), a € R, which contains at
most 27 points of A.

(i) Let DT (A) = 1. Then there is an interval I = [a — T,a + 7), a € R, which contains at
least 2T points of A.

Proof. Indeed, if statement (i) is not true, then every interval [—7,7) 4+ 2k, k € Z, contains
at least 27 + 1 points of A. It easily follows that D™ (A) > (27 +1)/(27) > 1. A contradiction.
The proof of statement (ii) is similar. [
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184 A. OLEVSKII, A. ULANOVSKII

Statement (ii) of this lemma will be used later in the proof of Theorem 1(ii).
Proof of Theorem 1(i). Assume that ¢ < 7 and D7 (A) = 1. Fix any integer 7 satisfy-

ing (3.4). By Lemma 3.1(i), there is an interval I of length 27 containing at most 27 points of A.
We may assume that I = [—7,7). Set I'g := AN [—7, 7). Clearly,

K(A,B,) > KS(FO U{x: |z| > T},Bg).

The result now follows from (3.5). O

4. INTERPOLATION

In this section we prove statements (ii) of Theorems 1 and 2. The proofs are more technical
than those of statements (i).

Let [a] denote the integer part of a positive number a. We say that a u.d. set A pos-
sesses a uniform density D(A) if its upper and lower uniform densities coincide, and write
D(A) = D~ (A) = DT(A).

Given N > M > 1, introduce two additional constants

pi= <M> , o Ti=p—/p (4.1)
We will assume that N and N/M are so large that p > 64 and

N
> 30M p. (4.2)

p

Clearly, the following estimates hold:
N

p<r+Cyr, log M > Clogr. (4.3)

4.1. Auxiliary lemmas. Recall that we denote by C absolute constants.

Lemma 4.1. Given a set I'{y C [—p,p), #L', < 2p + 1, there is a function g € B, and a point
xo € [—r,7) such that

C
lglr, Il <1, lg(z0)| > C'logr, lg(z)| < (2] — )3 (|z] = p). (4.4)
Proof. Set
I'":=T(+2rZ.
Then
#I') 2p+1 C
DT < < <1 . 4.5
()_2r_2r_+\/r (4.5)
Set

wi=m —4r 1.
From (4.5), we see that 7 — w/D(I") < Cr—1/9,

Observe that the set D(I")IV := {D(I")y: v € I} has density 1. Hence, using Theorem 1(i)
with o = w/D(I"), we obtain

Ky(I", By) = Ks(D(I')I, B, p(rvy) = Clog > Clogr.

m—w/D(I)
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ON IRREGULAR SAMPLING AND INTERPOLATION 185

Using the last inequality, we may find a function ¢g; € B,, and a point xq satisfying

g
el <1 ol =Clogr. o) = 11, (1.6

We may assume that xg € [—r,r). Indeed, if xo € [(2j — 1)r, (2§ + 1)r), we consider the function

g1(z + 2jr). Observe that |g1(z + 2jr)] < 1 for z € I, due to the 2r-periodicity of I".
Finally, set

g(x) :== g1(z)h? (r_l/g(a: — a:o)),

where h is defined in (3.12). Clearly, g belongs to B, .19 = Br. By (4.6), it satisfies the first
two inequalities in (4.4).
When |z| > p, we have
|z —mo| > |z| =1 > p—1 >/,

and so |z — zg|* > /r(Jz| — r)3. This yields

1/9 4 C
< —-1/9/,.. 4< r < >
901 < lanll a2 —aw)) < Crogr( 7 Vs T ez

which completes the proof. [

Lemma 4.2. Given a set I'o C [-N,N), #I'o < 2N + 1, there are at least k := [8M] disjoint
intervals I; C (=N, N) such that the length of each interval is equal to 2p and #(ToN1;) < 2p+1
for every j.

Proof. Clearly, the interval [—-N, N) contains at least [N/p] — 1 disjoint intervals of length 2p.
Assume that at most k — 1 of these intervals contain < 2p + 1 points of I'y. Then there are at least
[N/p] — k intervals containing > 2p + 1 points, so that

#F0>(2p+1)<JZ —8M—1> :2N—|—JZ—(8M—|—1)(2p—|—1).

By (4.2), this inequality implies #I'o > 2N + 1. A contradiction. [

Recall that the space T,,(N) is defined in (3.1).

The next lemma plays a key role in the proof of Theorem 2(ii). We construct a real trigonometric
polynomial ¢ which is small on a given set I'g, while ¢ is large and has prescribed signs on a
sufficiently large set Q).

Lemma 4.3. Assume I'g C [-N,N) and #I'g < 2N + 1. Then there is a k-point set Q) =
{z1,...,2} C [-N,N), k := [8M], such that for every function 1: Q@ — {—1,1} there is a real
function ¢ € Tn(N) satisfying

lelme | <1, dlaj)ple;) > Clogr (j=1,....k). (4.7)

Proof. Let I; := [aj — p,aj + p), where =N +p < a; < ... < ap < N — p, be the intervals
from Lemma 4.2. Set J; :=[a; —r,a;+7),j=1,... k.

For every j, 1 < j < k, set I'; :== I'o N I;. By Lemma 4.1, there is a function g; € B, and
a point x; € J; such that

|95(x;)[ = Clogr (4.8)
and
C
gilr, || <1, gi(z)] < T —a;| > p). 4.9
H ]|F]H ‘ ]( )| (|.ZL'—(IJ’|—7")3 (| ]‘ ) ( )

It is easy to check that we may assume that g; is real on R.
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Fix any function ¢: {z1,...,2;} — {—1,1}. Since both g; and —g; satisfy the conditions above,
we may assume that ¢(x;)g;(z;) > 0,7 =1,... k.
Set

k
z) = gj(x)
j=1

Then g is real and g € B;.
Recall that p — r > /r. In what follows we will use the simple inequality

|z — a;| —r > /r|l — j| for every x € J;, [ #j.
Using this and (4.9), one may easily get the estimate
lgleo ]l < C. (4.10)

Further, from (4.8) and (4.9), we obtain

C
(xy)g(xy) > gz |—Z|gj x1)| > Clogr — Z F312)j — 13 > Clogr, l=1,...,k (4.11)
J#l

Now, assume x < —N. Then, |z — a;j| —r > |z + N| + j\/r, and by (4.9),

k
C
Z \m+N|+m> = (o + N| + )2

A similar estimate hods for x > N, which gives

C

(o4 vr— e HZN (4.12)

lg(x)| <

Set
= Zg(:n +2Nj).

JEL.

From (4.12) it follows that this series converges uniformly on R. By (1.1), the convergence is also
uniform on compact subsets of the complex plane. It follows that f € B;. Since f is 2N-periodic,
we conclude that f € T (V).

It follows from (4.10) and (4.12) that || f|r,|| < C, while from (4.11) and (4.12) one can deduce
that ¢(z;)f(x;) > Clogr, j =1,...,k. Finally, let ¢(z) := f(x)/C, where C := || f|r,||. Then the
conclusions of the lemma hold. [

4.2. Interpolation in 7,,(N) and P,. AssumeI's C [-N,N) and #I'g < 2m + 1. For every
2N-periodic datum

{e(v): y€T =Ty +2NZ},
there is a trigonometric polynomial H € T,,(N) satisfying
H(y)=c(y), v€l, and |[H| < K|H]rl,

where K depends only on I'g. Denote by K;(I',7,,(N)) the corresponding interpolation constant,
i.e., the smallest possible value of K.
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Proposition 4.1. Let m € N and let Ty C [N, N) satisfy #Lo < 2m. Then

Ki(T', Thn(N)) > Clog I =T+ 2NZ. (4.13)

2m
2m — #Fo ’
Proof. Before proceeding with the proof, let us remark that we may make several assumptions.

It is easy to see that we may assume that #I'y is an even number. After rescaling, we may assume
that N = #I'y/2, so that the assumptions of Lemma 4.3 are fulfilled. Set M :=m — N. Then

2m _m _m_. N
2m—#I'y m-N M +M'
Since estimate (4.13) makes sense when the ratio 2m/(2m — #I'y) is a large number, we may also
assume that both NV and m/M are so large that estimates (4.2) and (4.3) hold.
By (4.1) and (4.3), it is easy to check that log(N/M) lies between two constants times log r.
Hence, to prove Proposition 4.1, it suffices to prove the inequality

Ki(I',T,,(N)) > Clogr. (4.14)

Let —N < 21 < ... < a2 < N be the points from Lemma 4.3. Choose a function
W {x,..., 2} = {—1,1} so that ¢(z;)(z;41) = 1 when the number #I' N (z;,2;41) is odd
and Y(zj)Y(xj41) = —1 when #I' N (zj,2;41) is even. Let ¢ € Tn(N) be the function from

Lemma 4.3. Then |l¢|p| < 1.
Choose a datum c(v) as follows:

c(v) =¢ly), vel.

H(y)=c(v), vel,
must be large, ||H|| > C'logr. By (4.7), it suffices to show that
|H ()] > |p(x;)] for some j, 1<j<k. (4.15)

Since H — ¢ vanishes on T, the following equality holds with some entire function G:

H(z) = p(z) + G(2)®(z),  ®(@):= [] sin(n"g;v”).
~€TN[=N,N)

It is easy to check that ® € T (), and so G € Ty,,_n(N) = Tps(N). Then G has at most 20
zeros on [—N, N). We may assume that G is real (otherwise, we consider Re G).

Assume (4.15) is not true, i.e., |H(zj)| < |p(x;)| for every j. Then, by the construction of
function ¥, for every j, 1 < j < k,

sign(Gla,)Gla41)) = Sign<90($j)80($j+1)> (i) .,

O(zj)®(zj11) )  sign(®(z;)®(z)11))

where sign(G(x)) denotes the sign of G(x). Hence, G has at least k — 1 zeros on [N, N). This is
a contradiction, since k = [8M]. O

We have seen that Proposition 3.1 is equivalent to Theorem 2(i). In a similar fashion, one can
check that Proposition 4.1 is equivalent to Theorem 2(ii). Therefore, Theorem 2(ii) is proved.
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4.3. Interpolation in B,. Here we prove Theorem 1(ii). We will deduce Theorem 1(ii) from
Proposition 4.2 below, which is an analogue of Proposition 3.2 for sampling.
It is clear that every finite set I'g C R is an interpolation set for every space B,, o > 0. Assume
Iy C [—7,7) has > 27 points. We show that if 7 is large and o — 7 is small, then the interpolation
constant K;(I'g, B,) must be large.
Proposition 4.2. Let 7 € N. For every set T'g C [—7,7), #L¢ > 27, we have
o

Ki(To, B,) > C1 ,
(Fo, Bo) B rr O

o> T.

This proposition implies
Corollary 4.1. Assume o > m and T € N satisfy

For every Ty C [—7,7), #T0 > 27, we have

Ki(To,B,) > Clog °
g

-7
We will need two auxiliary results.

Lemma 4.4. Assume A C T and #A < n+ 1. Assume a datum c()\), maxyep|c(A)| = 1, is
such that

max|P(z)] > (A, Fa) (4.16)

zeT 2

for every polynomial P € P, satisfying (2.3). If a polynomial Q € P, satisfies

max|Q(\) — eV < -

AEA 8’
then
Ki(Aa Pn)
max|Q(z)] >

Proof. Indeed, there is a polynomial H € P, such that
HA) =c(A) —Q(\),  A€A,

and
Ki (A7 PTL)
4 .
Since the polynomial P := H + @ satisfies (2.3), it also satisfies (4.16). The statement of the lemma
easily follows. [

max| H (2)] < 2K (A, F) max|e(d) — Q)] <

Lemma 4.5. For every 7 € N there is a function R € B_ 16 and a constant ¢ > 1 such that

1
IRl <e,  [R@)]> , lzl=<T (4.17)
_ e 3yl
and
> |R@+2Nj <Cr3, 2| < N, (4.19)
JEZ, 70

where N = 1 + 72/3,
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Proof. Set o :=71/3/4 and denote by R the convolution between the characteristic function
of (—7,7) and the function ah*(azx), where h is defined in (3.12); i.e., for every complex number
z=x+ 1y,

T ) . 4 a(z+T1) ) . 4
R(2) = / (Sm(o‘(z B ))> dt = / (Sm(“ﬂay)> du. (4.20)
alz —t) U+ iy
Clearly, R € Byo = B__1/3. It is straightforward to check that this function satisfies (4.17).
Assume z < —7 — 72/3. Since a(x + 7) = —a(|z| — 7), we have
—a(|z|—T) _1/s
, | sin(icy)[* etelyl em oMl
R d C .
raral< [ a0 T <

A similar estimate holds for x > 7 4+ 72/3, which proves (4.18).
Finally, observe that for every |z| < N and j € Z, j # 0, we have

|z +2Nj| — 7 > (2j] — )N — 7 > (|j| = YN + 73,

This estimate and (4.18) imply (4.19). O

Proof of Proposition 4.2. Set N :=7 + 72/3 and I :=I'y + 2NZ.
We may assume that 7 is so large that the conclusions of Lemma 4.5 hold, and that there is an
integer m satisfying

o+ < W]:? <o +2r7 13, (4.21)

Then
m mm/N 1

= > .
m—17 mm/N—n7/N = o —n+Cr—1/3
This estimate and (4.13) imply

g

= Clogo‘—ﬂ'—FCT_l/?’.

Ki(T Ton(N)) > Clog, 2m (4.22)

m — 27T
Fix a 2N-periodic datum ¢(y) such that max,er,|c(y)| = 1 and
Ki(I', Trn(N))
2

for every H € T,,(N) satisfying H() = ¢(y) for v € I'y.
Take any function f € B, satisfying

1] >

f(y) = v € To,
where R is defined in (4.20). By the second inequality in (4.17),

c()
R(~) ‘ =¢

Hence, to prove the proposition, it suffices to show that

max
v€lo

g

>Cl .

(4.23)
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Set
fr(@) = _(fR)(x+2N}).

JEZ

Using (1.1) and (4.18), we see that the series above converges uniformly on compact subsets of the
complex plane, so that fr € B, . -1/3. Since fr is 2N-periodic, (4.21) shows that fr € Tp(N).
One may also deduce from (4.18) that

£l = CllfrIl- (4.24)

Let v € T'g. Since I'yg C [—7,7), from (4.19) we get the estimate

IfrR(Y) =) =| > (FR)(y+2Nj)| < C|f|r/5. (4.25)

JEZL, j#0

Assume f satisfies || f|| > (1/4C)72/3, where C is the constant in (4.25). Then, clearly, it also
satisfies (4.23).
If || f|| < (1/4C)7%/3, then (4.25) implies

1
ggﬂf}z(v) —c(y)] < 4

By Lemma 4.4,
Ki(l', T (N)

T

This, (4.22) and (4.24) imply (4.23). O
Proof of Theorem 1(ii). Set

P
T:=1+ .
o—m

By Lemma 3.1(ii), we may assume that [—7, 7) contains at least 27 points of A. Then estimate (2.2)
is an immediate consequence of Corollary 4.1. [

5. REMARKS

5.1. Good sampling and interpolation. The size of the sampling constant is important in
the theory of reconstruction of signals from their sampled values. Loosely speaking, the sampling
provided by a set A is “good” if the corresponding sampling constant is not “large.” The following
question arises: Given a constant K > 0, how dense should a u.d. set A be to satisfy the inequality
Ky (A, B,) < K?

Similarly, one may ask how sparse a set A should be so that Kj(A, B,) < K.

The following result gives necessary density conditions for “good” sampling and interpolation.

Corollary 5.1. Suppose given constants o >0, K > 1 and a u.d. set A C R.

(i) If Ks(A,B,) < K, then

D=(A) > Z(l—i—e_CK).

(i) If Ki(A,B,) < K, then
DT (M)

IN

o
1—e 9Ky,
ﬂ( e ")
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Proof. This result follows easily from Theorem 1: Set a = D™ (A). Then D~ (aA) = 1. Since
Ks(A, B;) = Ks(aA, B,,), statement (i) easily follows from (2.1). Statement (ii) follows from (2.2)
in a similar fashion. [0

Observe that Beurling’s Theorem C is an easy consequence of Corollary 5.1.
On the other hand, no sufficient conditions for “good” sampling and interpolation may be given
in terms of the uniform densities of the sampling set A (see Theorem 3 below).

5.2. Growth of sampling and interpolation constants. As Theorems A and B prove,
the asymptotic estimates (2.1) and (2.2) in Theorem 1 are sharp.
In fact, the sampling and interpolation constants may have arbitrarily fast growth.

Theorem 3. Suppose given a function w(o) 1T oo, o ] 0.
(i) There exists a u.d. set A, D~ (A) =1, such that

K(A, By) > w(m — o), o <.
(ii) There exists a u.d. set A, DT (A) =1, such that
Ki(A,By) > w(o — ), T <o <2m.
Proof. Let us prove statement (ii). Fix a decreasing sequence o; such that oy = 27 and o;

approaches 7 so fast that

1
lo > Cw(o; —m), | € N, 5.1
8 i — 7 (05 —m) j (5.1)

where C' is a large constant to be chosen later.
Set aj := 0j42/0;. Clearly, a;j — 1 as j — oo.
Let k(j) € N be so large that
1

k(j) > .
(]) = 12
Set

Zy={-k,—k+1,....k—1,k}, Aj = 'Zk(j)'
Since oja; = 042, using Corollary 4.1 we obtain

0749
Ki(Aj7BUj) = Ki(Zk(j)a Boj+2) > C'log I .
Oj42 — T

We may assume that C in (5.1) is so large that we get
Ki(Aj, Boj) > w(ajH — 7'(').
Now, set
A=+ Ny),
j=1

where N; 1 0o grow so fast that DT (A) = 1.
Take any o € (m,2), and find j such that o; > 0 > 0j41. Then we get

Ki(A, By) = Ki(A, By;) > Ki(Aj + Nj, By;) = Ki(Aj, Bo) =2 w(oj41 — 7) =2 w(o — ).

This proves statement (ii) of Theorem 3.
Statement (i) of Theorem 3 can be deduced from Corollary 3.1 in a similar fashion. [
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