ISSN 0081-5438, Proceedings of the Steklov Institute of Mathematics, 2017, Vol. 296, Suppl. 1, pp. S74—S84.
© Pleiades Publishing, Ltd., 2017.

Original Russian Text © N.V. Baidakova, 2015,

published in Trudy Instituta Matematiki i Mekhaniki UrO RAN, 2015, Vol. 21, No. 4.

A Triangular Finite Element
with New Approximation Properties
N. V. Baidakova'

Received February 18, 2015

Abstract—A finite element with new properties of approximation of higher derivatives is
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INTRODUCTION

Let © C R? be a polygonal domain, and let a function f be defined on © and belong to the
class W™t M: i.e., f is continuous on € together with all its partial derivatives up to order n + 1,
and all its derivatives of order n + 1 are bounded in absolute value by the constant M. Let Q2 be
triangulated, and let A be an arbitrary triangle from the triangulation. We consider the problem
of interpolation of f on A by a polynomial of degree at most n for n > 3. Denote by a; (i = 1,2, 3)
the vertices of A; let 7;; (4,5 = 1,2,3, ¢ # j) be the unit vector directed from a; to aj; let n;
(i, = 1,2,3, i # j) be the unit normal vector to the side [a;, a;]; let o, 5, and 6 be the angles at
the vertices ay,aqe, and ag, respectively; and let H be the diameter of A. Let a < 8 < 6. Then,
H = |laz — a1]|. Denote by D; . the derivative of order s along arbitrary unit vectors i, ..., &.

For values ¢1 and (9, each of which, in general, may depend on the function f, the geometric

characteristics H, «, 8, and 6 of the triangle A introduced above, and the point u € A, we will write
() (>
w1 S 2 if 1 < C(n)p2 for some number C'(n) > 0, which can depend only on the degree n of

the interpolation polynomial.

Let P,, be the set of polynomials of total degree at most n (i.e., the sum of degrees of the
monomials does not exceed n) such that all coefficients of any polynomial P € P, are uniquely
defined by the fact that it interpolates the values of the function f and, possibly, values of some of
its derivatives at specified points of the triangle A. It is known that, for a sufficiently wide set P,
and any unit vectors &, ..., &s, the following estimates hold (Ciarlet and Raviart [1]):

IDZ, e.(f = Pllcay S MH™ ' sin™*a, 0<s<n, (0.1)
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TRIANGULAR FINITE ELEMENT S75

where P € P, and || - [[¢(a) is the uniform norm on A.
Let us introduce the set of multi-indices I = {(¢,4,k)| ,5,k € Z4+; i+ j + k = n} and consider
the following set of points of the triangle A:

Q@ = {uijk} i j pyer = {wijel wijr = (i/n)ar + (j/n)as + (k/n)as, (i,j,k) € I}.
Consider a polynomial P € P, such that
VueQ Pu)=f(u). (0.2)
Subbotin proved in [2, 3] that, for any unit vectors &1, ..., &s, the following estimates hold:
IDg, _¢.(f = Pllogay S MH™ ' "*sin™*9, 0<s<n. (0.3)

Note that, in [1, 3], estimates of type (0.1) and (0.3) were obtained not only in the planar case
but also in multidimensional cases (in particular, when A is an m-simplex); however, we turn our
attention to the case of a triangle. An advantage of (0.3) over (0.1) is that the use of estimates (0.1)
requires imposing the “minimum angle condition” on the triangulation, which is a lower bound on
the values of the minimum angles of the triangles, whereas estimates (0.3) enable us to consider a
weaker condition of the separability of the maximum angles of the triangles from 7. In the present
paper, we propose to keep the conditions from (0.2) imposed at the points belonging to the sides
of A and replace the remaining conditions by the interpolation of higher derivatives at the point as.

Consider the set Iy = {(i,7,k) € I| ijk = 0} and the corresponding subset Qo C @ (of points
from @ belonging to the sides of the triangle):

Qo = {uiji}; ; per, = {wigkl wige = (i/n)ar + (j/n)az + (k/n)as, (i,j,k) € lo}.

Let the polynomial P be defined by the following conditions:

P(u) = f(u), u€ Qo; (0.4)
i+j i+j
O Plar) _ 0 (@) g im0 (0.5)
OTi,0n7, ITi50n7,

Denote by P, [Qo] the set of all polynomials of degree at most n satisfying condition (0.4). It is
clear that P, P € P, [Qo] C Pp.

Let us introduce a rectangular coordinate system Oxy such that the coordinates of the vertices
of A have the form a; = (a + b,0), ag = (0,0), and a3 = (a, h) for some positive a, b, and h (see
Fig. 1). Since a < 8 < 6, we have a < b and H = a + b (it is also obvious that a, b, and h are
some functions of H, «, 8, and #, which must be taken into account when one uses the relations
“<” and “2”). In this case, conditions (0.5) take the form

aH_jP(CLQ) o 8i+jf(a2)

oxidyl  Oxidyl J=3m, i=0n-=j.

Our aim is to prove the four theorems formulated below. In addition, in the last section, we
describe a method for constructing a finite element space with new approximation properties. This
space is constructed on the basis of Yu.N. Subbotin’s results as well as on the results obtained in
the present paper.
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yt as = (a,h)
0
B a x
az = (070) ay = (b+a70)

Fig. 1. The position of the triangle A in the coordinate system Oxy.

Theorem 1. Let, for f € W"M, the polynomial P € P, be defined by interpolation
conditions (0.4) and (0.5). Then, for any By < 7/2, any triangle A satisfying the condition 8 < By,
and any nonnegative integer s such that 0 < s < n, the following estimate is valid:

‘ O (f - P) H _ { C(n, Bo)MH" 1 =5sin™7 0, j =0,min{2, s},
c@)

Q=1 0y7 C(n, Bo) M H" 15, J=3,...,s,
where C(n, By) is a nonnegative value depending only on n and fy.
Theorem 2. Let, for f € W"'M, the polynomial P € P, be defined by interpolation
conditions (0.4) and (0.5). Then, for any By < 7/2, any triangle A satisfying the condition B < By,

(0.6)

any s =0,...,n, and arbitrary unit vectors &1, . ..,&s, the following estimate is valid:
C(n, Bo)MH" 1 =5sin=%0, s=0,1,2,
HDgl---fs(f_P)HC(A) < n+l—s g i —2 (0.7)
C(n,Bo)MH sin~¢f6, s=3,...,n,
where C(n, By) is a nonnegative value depending only on n and By.
Instead of conditions (0.5), we can use similar conditions for the maximum angle:
otip ot
(as) _ f(a2) j=3n, i=0,n—j. (0.8)

driond,  Oriong,
In this case, we have the following theorems.

Theorem 3. Let, for f € W"M, the polynomial P € P, be defined by interpolation
conditions (0.4) and (0.8). Then, for any 0y such that |cosfy| > 0, any triangle A satisfying
the condition |cos 0| > |cos by|, and any nonnegative integer s such that 0 < s < n, we have

s—J _ n+1l—s ;v —7J - :
H8 i(f P)HC(A)<{ C(n,00)MH sin™/ 0, j=0,min{2,s}, (0.9)

0xs=10yJ C(n,0g)MH =5 j=3,...,s,
where C(n,0p) is a nonnegative value depending only on n and 6.

Theorem 4. Let, for f € W"TM, the polynomial P € P, be defined by interpolation
conditions (0.4) and (0.8). Then, for any 0y such that |cosfy| > 0, any triangle A satisfying
the condition |cos | > |cos |, any s = 0,...,n, and arbitrary unit vectors &1,...,&s, we have

C(n,0)MH" 1=5sin™*0, s=0,1,2,

D; - P < 0.10
1P%...(f )HCW—{ C(n,00)MH" ' ~*sin™20, s=3,...,n, 010

where C(n, 6p) is a nonnegative value depending only on n and 0.
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Remark 1. Theorems 2 and 4 are trivial corollaries of Theorems 1 and 3, respectively, and are
given here for the only reason that form (0.7) and (0.10) of writing estimates is more traditional in
comparison with (0.6) and (0.9).

Remark 2. Since sinf < sin < sinf, we can write sin 8 instead of sinf in estimates (0.3),
(0.6), (0.7), (0.9), and (0.10), which has no affect on the accuracy of the estimates.

Remark 3. The question about the optimality of the found interpolation conditions and
estimates on the class W™ M remains open. In [4], lower estimates for a function from W™t
were obtained for a wider class of finite elements providing a specified smoothness or continuity
of a resulting spline on the triangulation. In the case of continuity, the denominators of the lower
estimates contain the sine of the maximum (or middle) angle to the first power. The denominators of
the upper estimates obtained in the present paper for the approximation of higher order derivatives
can contain the squared sine of the maximum (or middle) angle, whereas the interpolation condition
under consideration provide the continuity of the spline on ().

Reviews related to the “maximum angle condition” in the finite elements method can be found,
for example, in [4,5].

1. ON SUBBOTIN’S ESTIMATES IN MORE DETAIL

Along with estimates (0.3), the following fact for the polynomial P was proved in [3, Lemma 4].
Under one of the conditions

& € {7‘21,7’23} forall k=1,s; (1.1)
& € {7‘31,7’32} forall k=1,s, (1.2)
the following relation holds for any s =0,...,n:
p +1—
HDEL-.ES(JC - P)HC(A) SMH" 2, (1.3)
The method for choosing either condition (1.1) or (1.2) is given in [3]; however, it does not matter
for us. Let us show that this, in particular, means that, for i =0,...,s and s =0,...,n,
o*(f — P) o
Ny < MH" 'S sin ™' B, 1.4
‘ oz~ oyt llca) ™ sin™ (14)
Consider first the situation when (1.3) holds under condition (1.1). Let s € {0,...,n}. For
i = 0, estimate (1.4) coincides with (1.3) for & = ... =& = 721. Now, let 1 < j < s, and let (1.4)
hold for ¢ = O, ces ,j—l. Then, we take fl = ... = fs,jJrl = 721 and fS,jJrl = ...= 53 = 723 in (13)

and represent the sth derivative along m1 and 73 as the sum of partial derivatives

J s(f_ D
D¢ e (f - P)= cha (= P) cos’ % Bsin® B,

— J 8:687]68?/]6
which implies the estimate
o°(f — P) kO =P) i
H Ars—idyi jBHcm H foe(f=P) Z 7 Ops- ka k ) cost sint BHcm

PROCEEDINGS OF THE STEKLOV INSTITUTE OF MATHEMATICS Vol. 296 Suppl. 1 2017



S78 BAIDAKOVA
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as ay

Fig. 2. The position of the triangle A in the coordinate system Ox1y;.

j-1 ~
s > o*(f —P) . )
S|IDE e, (f - P)HC(A) +ZCJI€H 8:U(Sk8y’“ cos’ kﬁsm’“ﬁ”
k=0

()
j—1

S MH"75 4+ 3" CFMH" = sin™* Beos? * Bsin® g < MH"
k=0

i.e., (1.4) is proved.

In the situation when (1.3) holds under condition (1.2), we introduce an auxiliary coordinate
system Ox1y; such that the point a3 coincides with the origin, the vector 731 is codirectional with
the axis Ox1, and the triangle A is for definiteness in the upper half-plane (see Fig. 2). Then,
similarly to the considered case, we obtain the estimates

s(f_ P , A
‘ (7 . ) <SMH"™5sin™"0 < MH" ™ *sin™* 8
oz~ oyt llc(a)
fori =0,...,sand s =0,...,n. Since Oror = ail cosoz—a(z1 sin v, 878_23 = —ail cos@—ai1 sin 6,

and sinf < sinf < sin 3, we can assert that (1.3) also holds under (1.1). Thus, we are in the
situation of the first case.

Remark 4. It is also easy to see that, if relation (1.3) holds under one of conditions (1.1)
or (1.2), then it holds under the other condition (we have shown that the validity of (1.3) under (1.2)
implies the validity of (1.3) under (1.1); the converse statement is proved similarly).

2. PROOFS OF THEOREMS 1 AND 2

Consider a polynomial R € P,,. Define

€[R]($,y) - f(xvy) - R(x,y)

Using Taylor’s formula with the Cauchy integral remainder term, we obtain the expansion

d°e[R](z,y) :nfj 1 yi~i ngjjz 05 ITi+ke[R](0,0) ¥
Ox*=I Oy — (i) ~ drs—itkdyi k!

1 [ (= w) s 9n e [R] (v, 0)
i—j
* Z (¢ )'y /(n—s—i—j—i)! Quntl=igyt dv
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n—s)l  Qus—igtntl-sti (z,y) € A (2.1)

s /y<y—t>”—8 o)
0 ( |

To prove (0.6), it is sufficient to estimate for the polynomial R = P defined by conditions (0.4)
and (0.5) the value 9°¢[P](0,0)/ (0z570y’) for 0 < s <nand 0 < j < s.

Lemma. Under the conditions of Theorem 1, there exists a nonnegative value K(n,[p)
depending only on n and By such that, for any s =1,...,n, the following relations hold:

9%e[P)(0,0)

ntl—s s —j . - .
drs—idyi ‘ < K(n,B0)MH sin™/ 8 if j=0,min{2,s}, (2.2)
0%e[P](0,0) _ .
S = > =3,...,8. 2.
Ors—idy] 0 if s>3 and j=3,...,s (2.3)

Proof. Equalities (2.3) follow from (0.5). It remains to prove (2.2). Let an integer s be such
that 1 < s < n. Recall that aa = (0,0). Considering e[P](x,0) on the interval [a2, a;] and using
formulas for the estimate of the interpolation error in the scalar case (see, e.g., [6]), we obtain

0%¢e[Pl(az) 8"“]‘((51)]{”“,5

s - 1(5) drn+l ) (24')

where (' (s) depends only on s and can be upper bounded by a value depending on n; (3, is a point
between as and ai. Thus,
0%e[P|(az)
‘ oxs

ie., (2.2) is proved for j = 0 for any s = 1,...,n. If s > 2, then, to estimate the remaining two

‘ < MHnJrlfs;

derivatives (for j = 1,2), we write a system of equations by applying mathematical induction.
Assume that (2.2) is proved for s = r + 1,...,n, where r € {2,...,n — 1}. Then, taking
into account (2.1), we can assert that formula (0.6) from Theorem 1 holds for all s =r+1,...,n.
Consider an arbitrary s = r € {2,...,n—1} (which corresponds to the induction step) or s =r =n
(the induction base). Since the induction step and the induction base are proved almost similarly,
we will consider these cases simultaneously, only sometimes focusing on the case s = r = n if
necessary. Consider the restriction of the function e[P] to the interval [ag, as]. On the one hand,
applying known results for estimates of interpolation errors in the scalar case, we obtain the equality

"t f(¢3s)

n+1
0Ty

9%e[P](az)

= 02(8)

where C5(s) depends only on s and can be upper bounded by a value depending on n; (55 is a
point between as and az. On the other hand, using equalities (2.3), we can represent the derivative
along 793 as the sum of partial derivatives:

0%¢[P](a2) i ok 0%e[P](az) COSSikﬁSink,B

075 — S Oxs—koyk
856[P](a2) 856[P](a2) 1, s(s — 1) 8se[P](a2) —9 ., .. 9
s s § . 2.
= - cos’ B+ s 2510y cos Bsin 8 + 5 25202 cos Bsin” 8 ( 6)
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Combining (2.4)—(2.6), we come to the equality

sase[P](ag) . s(s — 1) 9%e[P](a2)

s—2 1020 9
dxs—10y 9 D5 2002 0s°7“ Bsin” B = mq(s), (2.7)

os* ! Bsin B +
where

Ima(s)] = 02(8)8”“]”((53) (GQ + hz)(n+1fs)/2 B Cl(s)é?"*lf(gm)Hn+1 s

S
cos’ 3
n+1 n+1
07y Ox

S M (a2 + h2)(n+1_8)/2 4 MHn+1—S COSS ﬁ

To obtain the second equation of the system, consider an arbitrary polynomial R € P,[Qo], i.e
a polynomial satisfying conditions (0.4). In particular, this can be P or P. Consider the restriction
of the function 0°¢[R]/ (073,) to the interval [ag,as] and expand the value of this function at the
point as by Taylor’s formula at the point a3. As a result, we obtain the equality

0%e[R](az) _ 9"¢[R](az) <= (1) 0" *e[R](az) @ 5 oK/
= + a“+h
or3, or3, l; k or5,07h, ( )
_1\n+1-—s n-+1 s

(n+1—s)! o5 0ms*

(if s = n, the right-hand side of this equality contains only the first and the last terms; i.e., the
sum 22:1 is zero). On the other hand, we can represent the derivative along 73; as the sum of
partial derivatives:

0%e[R|(az) . 0%[R](a2) —k Nk
= $ - . 2'
ors, E C; sk gy cos® " a(—sin @) (2.9)

From (2.8) and (2.9), we come to the equality

_Sﬁaiﬁlf]l(;;) cos® L asina + 8(32— 1) 88 ;[1_%2] (ac;zQ) cos* 2 asin® a = ui[R] + p3[R), (2.10)

where

Tg k88+k [R](a3) ( hQ)k/Q (_1)n+1_s oLy (n33) ( 2+h2)(n+1—8)/2

1 k! 87'3187'53 (n +1 - 5) 87_3187_n+1 s

- 0%e[R](a2) _
o k s—k
Cy sk cos

o —sin a)*, wsR| = 0 e[R]S(ag) 9 e[R]S(GQ) cos® .
= ors, Ox

Note that p5[R] depends only on the interpolation conditions on the sides [a3,a1] and [ag, a1],

i.e., on a part of conditions (0.4). Thus, pu5[R] = uj [P] = w5 P]. Consequently, to estimate this
value, we can use Subbotin’s result (1.3), (1.4) and equality (2.10):

as) o1 s(s = 1) 0%e[Pl(az) . p ; N(
‘,uQ ‘ = ‘ xs 18y cos® T asina + 5 D202 cos® “ acsin® v — pi[P]
9% e n—s kaerk [P](a ) k
ck sk o 3) (2 p2\k/2
= ‘ E S Gy kay cos —sina)k g 1l ors, 07k, (a® + h?)

k=1
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. (=1)nti=s gt f (nss) (a2 n hg)(n+1—s)/2‘ < iCkMHnH_Scoss*kasinka
~ S

(n+1—5)!gr50mp5 " pt sin® 3
— k/2 1—s5)/2 1/2
_|_ZMHn+1—s—k (a2+h2) / +M(a2—|—h2)(n+ -s)/ < MH"* (a2+h2) / '

k=1

Substituting R = P into (2.10) and taking into account conditions (0.5), we obtain

0%[Pl(az) o4 . s(s —1)0%€[Pl(a2) 90 .o s
s x5y cos’ " asina + 5 05202 cos® “asin® oo = pj[P] + ps[P], (2.11)

S S n—s 1 2
where |u3[P]| = |u3[R]| S MH"* (a® + h?)"/?,

— (_1)k 8S+k€[P](a3) 2 2 k/Q (‘Unﬂ*s oty (m33) [ 2 2\ (n+1-s)/2
$1p| = +h +h
Ml[ ] Z k! 87'39187'53 ( ) (n + 1— 8)! 87’:‘39187'27?;175 (a )

- i ck elPl(az) cos* F a(—sina)®

S s—k A,k
P Oxs=Fy

n—s k; as—i—k Pl(a k 2 -1 n+l—s an—l—lf s ntl—s)/2
_ Z ' [ ]gc 3) ( I h2) / (1) e 75221329 (a2 + hQ)( s (2.12)
k. 075,0754 (n +1—3s)! 975,014

If s = n, then the right-hand side of equality (2.12) consists of one term; in this case,

s

" OTLf (k. 1/2 1/2
(Pl = g 1P = | = 7 T (@2 )2 < (a2 4 02) 2.

87’:?187'23
If s=r¢€{2,...,n— 1}, then the right-hand side of (2.12) also contains a sum over k. By the
induction assumption, Theorem 1 holds for all s =r +1,...,n. Since

aerk aerk )
‘ < ‘ cos®! acos™ B(— sin )2 sin®2 |,

87-3187-23 ax81+k18y82+/€
where s; + so = s and ki + kg = k, we obtain the estimate
O*tke[P(a3)

< MHnJrlfsfk
ors, 874“3 ~

Thus, |p5[P]| < MH" (a® + h2)"/* .
Combining (2.7) and (2.11), we obtain the system of equations

0%e[P](as2) . s(s —1) 0%e[P](a2) .

os*! Bsin B + 0s°72 Bsin® B = my (s),

s Oxs—10y 2 Ox5=20y2
Fe[Pllaz) o1 s(s = 1) &elPl(a2) 5o . o
—s D510y cos’asina+ o202 cos® < asin® av = ma(s),

n+l—s)/2

Ima(s)| < M (a* + h2)( + MH" 175 cos® 3,

(ma(s)] = i [P + u3[P]] < MH" (a2 + h2) "2
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To solve this system, we use Cramer’s rule. Denote by A the main matrix of the system and
calculate its determinant:

2 .
—1
det A = s°(s ) cos® 2 Bsin 8 cos®* 2 asin cos f s%n p
2 —cosa  Sino
2
s“(s—1
= ( 5 ) cos® 2 Bsin 3 cos® 2 asin asin(a + B).

Then, taking into account that cosa 2 1, sinff = h/ (a2 + h2)1/2

sin 8 < sin(a + 8) = sin € < sin 8, we obtain

,h/H <sina=h/b < h/H, and

0%e[P](az2) < |m1(s)| cos* 2 asin? a + |ma(s)| cos®™2 Bsin? 3
oxs—oy |~ cos®~2 Bsin B cos*~2 asin asin(a + 3)
|m1(s)|sin a |ma(s)|sin 8 |m1(s)|sin a |ma(s)|

pu— <
cos’~2 Bsin Bsin(a+ B)  cos*2asinasin(a+ B) ~ coss—2Bsin? B cosS2asina

- M (a2 + h2)(n+1—s)/2 sin o MHnJrlfs COSS,BSiHOé N MH?S (a2 + h2)1/2

cos—2 Bsin? 3 coss~2 Bsin’ 3 cos®~2 asin «v
o s (a2 + hQ)("H*S)/Q sin o M EH 1 25 <in o . MH" S (a2 + h2)1/2
~ Hntl-s cos*—2 Bsin? 3 sin 8 sin 8 sin «
< Mg (sina)nH*S sin o MH" 1= N MH™ 15 (a? + h2)1/2
~ sin 3 cos$~2 Bsin? 3 sin 3 h
_ yriosSina sina MH1=s  MH1-S

sin B cos*—2 fsin? 3 + sin 8 + sin 3
MH™ 175 sin?o ~ MH"S
™~ cos*~2 Bsin B sin? sin 3
Since sin a < sin(23) (which follows from the fact that sin o — sin(28) = sin(0 + 8) — sin(28) =

2sin (0 — 3)/2) cos((0+ B)/2+ ) = 2sin((0 — 8)/2) cos((m — @) /2+ ) = —2sin(( — 8)/2) sin(B8 —
a/2) <0) and 8 < fBy, we conclude that (2.13) leads to the estimate

(2.13)

ase[P](CQ)‘ < MHnJrlfs sin2 a MHH+1*S < MHnJrlfs

dzs=19y | ™~ cos*~—* Bsin B sin?(2p) sin3 " cos® 4 fsinf3
1 \r—4MH"Is
<(..) T (2.14)
cos By sin 3
The remaining derivative is estimated similarly:
0%e[P](a2) ‘ < |m1(s)| cos* L asina + [ma(s)| cos* ™! Bsin B
Oxs—20y% | ~ cos*~2 B sin B cos* 2 asin asin(a + )
_ |mi(s)| cos a |ma(s)| cos 8 < |mi(s)] |ma(s)| cos 8
cos*=2 Bsin Bsin(a + B)  cos*Zasinasin(a + 8) ~ coss—2 fsin? sin asin 8

M (a® + hQ)(nJrl*S)/2 MH" =% cos® B N MH"* (a® + h2)1/2 cos 8

<
cos*—2 Bsin? 3 cos$—2 Bsin? 3 sin asin 3
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< MHPs (SinOC)"H*S 1 LM cos? L MHMS sina  cos 3
~ sin 3 cos*—2 Bsin? 3 sin? sin 8 sin acsin 3
MH™ =% sina  MH"7  MH"=S
< T+, (2.15)
coss~2 Bsin® 3 sin sin® 3 sin” 3
Finally, since sina < sin(25) and 8 < [y, inequality (2.15) gives the estimate
856[13](@2)‘ MH" =% sina N MH"™ = _ ( 1 )n—B MH"1=s (2.16)
0r529y% | ™ coss—3 Bsin? B sin(20) sin? 3 cos o sin? 3 '
To complete the proof of the lemma, it remains to prove (2.2) for s = 1.
In the case s = 1, there is no need to consider a system of equations. It is sufficient to

consider the restriction of the function e[P] to the side [ag,as] and use estimates for the error of
approximation of the derivative of the function by the derivative of the interpolation polynomial,
on the one hand, and the representation of a directional derivative as the sum of partial derivatives,
on the other hand. Thus,

de[P|(az)
0To3

0" f(Cas)

n/2 _ 86[P](a2)
87’27?'1

ox

e[ P](az)

cos 3 + oy

= Cs(1) (a® + h?) sin f3,

where C5(1) can be upper bounded by a value depending on n and C213 is a point between as and ag.
Further, taking into account that (2.2) has been proved for all s for j = 0, we obtain

‘66[13](@2)‘ < MH"
oy ~ sinf’
The lemma is proved. O

To complete the proof of Theorem 1, we apply expansion (2.1) and the lemma.

Theorem 2 is a trivial corollary of Theorem 1 and follows from the representation of a derivative
of any order along any direction as the sum of partial derivatives of the same order with coefficients
whose absolute values can be upper bounded by values depending only on n.

Corollary. If n = 3, then the constraint on the angle B and the dependence of the value
C(n,Boy) on By can be eliminated from the statements of Theorems 1 and 2.

Proof. The proof follows from (2.14), (2.16), and (2.1).

3. PROOF OF THEOREMS 3 AND 4

Theorem 3 is proved similarly to Theorem 1. We introduce a rectangular coordinate system
Ox1y; such that the point a3 coincides with the origin, the point a; belongs to the axis Ox1, and the
point asg is in the upper half-plane (see Fig. 2). Replacing the angle 8 by 6 and the variables x and y
by z1 and w1, respectively, we repeat almost completely the proof of the lemma. The exception
is that estimates of form (2.14) and (2.16) are not proved. The proof ends at the estimates of
form (2.13) and (2.15), which imply the following inequalities for any s = 2,... n:

836[P](a3)‘ < ( 1 >n72MH 856[P](a2)‘ < ( 1 )"*2 MH
890?_183/1 ~ \cos fy sin 3’ 8x‘f—28y% ~ \cos By sin? 8’
The remaining part of the proof of the lemma is the same. O

Theorem 4 is a corollary of Theorem 3.
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4. CONSTRUCTION OF A FINITE ELEMENT SPACE

Let A be an arbitrary triangle from the triangulation of the domain €2, and let 8 be the middle
angle of this triangle. Obviously, 0 < 8 < 7/2. Let us represent the interval [0, 7/2] in the form of
the union of two intervals. For example, [0,7/2] = [0,7/3] U [7/3,7/2].

If 8 < w/3, then, constructing a finite element, we take the polynomial P given by condi-
tions (0.4) and (0.5), for which estimates (0.6) and (0.7) hold. In particular, for any unit vectors
&,...,& and 0 < s < n, we have

HDEIW& (f — P)HC(A) S MHnJrlfs(Sin e)fmin{s,Q}'

If 8 > 7/3, we take the polynomial P given by conditions (0.2). In view of (0.3) and the
constraint on the angle g, for any unit vectors &1, ...,& and 0 < s < n, we have

D2 e.(f = P)llcga) S MH™ ™ "*sin™0 S MH""'"*sin™* g S MH™ .

Since the definitions of the polynomials P and P involve condition (0.4), the resulting spline
on () is a continuous function.
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