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Abstract—Order-sharp estimates are established for the best N-term approximations of func-
tions from Nikol’skii-Besov type classes B;T(Tk) with respect to the multiple trigonomet-

ric system T*) in the metric of L,(T*) for a number of relations between the parameters
s, p, ¢, ryand m (s = (s1,...,8,) € R}, 1 < p,g,r < 00, m = (my,...,m,) € N,
k=mi+ ...+ m,). Constructive methods of nonlinear trigonometric approximation—variants
of the so-called greedy algorithms—are used in the proofs of upper estimates.

DOI: 10.1134/S0081543816040027

1. INTRODUCTION

Let X be a Banach space with norm ||-|X|| and § = (¢,: 7 € J) be a system of elements in X
(3 is a countable set of indices). The quantity

‘f— > ad,

€T

on(f,9,X) —inf{

XH cZE(C(ZEI),ICH:#Z—N}

is called the best N-term approzimation of an element f € X with respect to the system G (N € Ny).
For a set F' C X, we define

on(F,9,X) =sup{on(f,9,X) | f € F}. (1.1)

Note that the best N-term approximations of elements f of the Hilbert space Lo with respect
to an orthonormal basis appeared for the first time in [21]: it is these quantities in terms of which
S.B. Stechkin formulated his well-known criterion of absolute convergence of the series of Fourier
coefficients of an element f with respect to such a basis.

There are a lot of publications devoted to the study of the best N-term approximations and
various nonlinear approximation methods for some or other sets F, systems G (bases and dictionar-
ies), and ambient spaces X. The comprehensive surveys [8, 25, 27| and monographs [28, 32| show
that interest in nonlinear problems in approximation theory has not waned; in these sources, one
can also find a fairly detailed history of the problem and extensive bibliography.

In the present paper, we study the best N-term approximations (1.1) of classes F of smooth
functions with respect to the multiple trigonometric system

T(k) _ {627ri5:v ‘ é- c Zk}

in classical function spaces. Namely, we give order-sharp estimates for (1.1) in the case when
X = L.(T*) (1 < r < 00) is the Lebesgue function space on the k-dimensional torus, ® = T*) and
F are Nikol’skii—Besov type function classes B;;”(']I'k) for various relations between the parameters
of the classes and spaces.
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NONLINEAR TRIGONOMETRIC APPROXIMATIONS 3

The first nontrivial result on the best N-term trigonometric approximations of a second-order
Bernoulli function in the uniform metric was obtained by Ismagilov in 1974 [11]. A systematic study
of the best N-term trigonometric approximations of classes of periodic functions with bounded mixed
derivative or difference was started by Temlyakov in 1984 [22]. Further, important results in this
direction were obtained by Kashin, Temlyakov, DeVore, Belinskii, and others (see, e.g., [23, 13, 9,
24, 7]). A detailed study of the best N-term trigonometric approximations of Besov classes of mixed
smoothness (B3} (T*) with 1 < ¢ < oo in our notation) was carried out by Romanyuk (sce [17, 18]
and references therein). Recently, these classical problems have again come to attention in view of
the newly developed general theory of greedy algorithms in Banach spaces (see, e.g., [29, 30| and
the surveys |25, 27|; for the theory of greedy algorithms, see the monographs [28, 32]).

We will need auxiliary definitions and notation.

Let k € N, z,, = {1,...,k}, Ng = NU {0}, and R} = (0,400). For arbitrary elements x =
(1,...,26),y = (Y1,...,yr) € RF, we set

zy =zt oy |l =l el [2lee = max{[z]: & € 2],

<y (z<y) & Ty <yp (x5 <yx) forall k€ z.
For a number a € R, let ay = max{a,0} and |a]| be its integer part; denote by #I' the number
of elements of a finite set ['; in particular, I' = @ < #I' = 0.
Let, as usual, L, = L,(T¥) be the space of rth power integrable functions f: T — C (for
r = 00, the space of essentially bounded functions) on the k-dimensional torus T* = (R/Z)* with
the norm

T

1F1Le] = 1F1 (T = /\f(x)\"dx L 1<r<o
']I*k

11 Looll = [1f|Loo(T®)|| = esssup{|f(2)|: = € T*}.

For a pair of measurable functions f: T*¥ — C and g: T — C such that fg € L, we set

(f.g) = / F(@)g(z) dz.
Tk

Let S(R¥) be the Schwartz space of test (infinitely differentiable and rapidly decreasing) func-
tions; let ¢ = F5(f) be the (direct) Fourier transform of a function ¢ € S(R¥):

26 = / p@)e M do, € e RY

Rk
next, let

fle) = / f@)e e de, ¢ ezt
']Tk

be the Fourier coefficients of a function f € L; with respect to the trigonometric system T*)
Let A = A(TF) be the space of functions f: T — C with absolutely converging Fourier series
with the norm

IF1Al =Y IF ().

ek
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4 D.B. BAZARKHANOV

Let 1 <p,q < oo and J # @ be an at most countable set; then ¢,(J) is the space of (complex)
number sequences (¢;) = (¢; | j € J) with the finite norm

Ie) 64T ||—<Z|c]|q)’ 1<q<oo, (el = suplesl

jel jel

if J = Ng, then ¢, = ¢,(N7) is the space of (multiple complex) number sequences (¢o) = (¢q | @ € Nj)
with the norm ||(¢cqo)[44]|-

Denote by £4(L,) = £4(L,(T*)) and L,(¢,) = L,(T*;¢,) the spaces of function sequences
(9a(2)) = (ga(z) | @ € NB) (x € T¥) with the finite norms

(g (@))g(Lp) | = [[(lgalLoD]Cq]l - and  [[(ga@)ILp(Eo)ll = [[[I(ga()I4q

respectively.

In conclusion, recall the definition of the function spaces B;Z’I(']I'k) and L;Z”(']Tk) (and classes) of
the Nikol’skii-Besov and Lizorkin—Triebel types, which are the main object of study in the present
paper.

Let n € N and n < k. We fix a multiindex m = (my,...,m,) € N* with |m| = k (if n = 1,
then m = k, and if n = k, then m = 1 = (1,...,1) € N¥) and represent = = (21,...,2;) € RF as

= (al,...,2"), where 2V = (24 | k € k) = (T, 141, -+, Tx,) € R™; here

k, ={kp_1+1,... K}, Ko = 0, Ky =m1+...+my, vV E 7.

Next, we introduce a smooth “m-fold” partition of unity n on R,
To this end, we take functions n§ € S(R"™), v € z,, such that

1if €70 <1,

0SmE) <L ER™, E) =] .
2
and set
PE) =M@ —m(E), i) =nr@7Te), jeN.
Then

) = {nr(e"), & € R™, j € No}

is a smooth partition of unity (along “corridors”) on R™, and

n=n" = {ﬁa(ﬁ) = [Im€), ¢=(€... ¢ eRY, a=(a1,...,a) € NBL}
v=1

is a smooth (“m-fold”) partition of unity on R¥.
Denote by Ag = AL™ the following operators (o € Ng):

AL(fio) = AL (f52) = Y () F()e™E.
cczk

Definition 1.1. Let s = (s1,...,s,) € R} and 1 < p,q < oco. Then

(i) the Nikol’skii-Besov type space Bpj' = Bsm(']I'k) consists of all functions f € L, for which
the norm

1 1Bpq" | = [[2* AL(Sf: ) [g(Ly) |
is finite;
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(i) the Lizorkin—Triebel type space L3 = Lim(T*) (provided that p < co) consists of all func-
tions f € L, for which the norm

11 Lpg | = 127 Ag(f; 2)) [ Lp (L) |

is finite.

The unit balls Byp* = B;;”(']I'k) and L7t = L;;”(Tk) of these spaces are called the Nikol’skii—

Besov and Lizorkin—Triebel classes, respectively.

Remark 1.1. Comments and bibliography on the spaces B;j" and Lyi" are given in [2]. Here
we just mention the following. For n = k (i.e., m = 1 = (1,...,1) € N¥), the spaces B;(}(']I'k)
and L;;(']I'k) are spaces of mixed smoothness; in particular, MW (TF) = Lls,lz(']rk) is the space of
functions with L,-bounded dominating mixed derivative (for 1 < p < co) and MH;(’]I"“) = B;;o (T)
is the space of functions with L,-bounded dominating mixed difference (for 1 < p < o0). For n =1
(ie., m = k), Bs,(T¥) = Bs¥(T*) and L5 (T*) = L3k(T*) are isotropic Nikol'skii-Besov and
Lizorkin—Triebel spaces, respectively.

2. BEST N-TERM TRIGONOMETRIC APPROXIMATIONS

Here we formulate and discuss the main result of the paper, namely, estimates for the best
N-term approximations of the classes B with respect to the system T*) in the metric of L,
for certain relations between the parameters s, p, ¢, 7, and m (s € R}, 1 < p,q,7 < 00, m =
(my,...,my) EN" k=my+...+my,).

Let s = (s1,...,8,) € R} and m = (mq,...,m,) € N". Set ¢, = 5,/m,,, v € z,; without loss of
generality, we will assume that

c=min{g, [VEZ} = =... = ¢ < g, VE 7y \ Zuw,

for some w € z,.

Below, we will use the signs < and < of order inequality and equality: for functions F': R, — Ry
and H: Ry — Ry, we write F(u) < H(u) as u — oo if there exists a constant C' = C(F,H) > 0
such that the inequality F'(u) < C'H(u) holds for u > ug > 0, and F(u) < H(u) if F(u) < H(u)
and H(u) < F(u) simultaneously.

Everywhere below, p, = min{2, p}, p* = max{2, p}, and log is the binary logarithm.

Theorem 2.1. . Let 1<p<r<2,r>1,1<qg<o0, and s € R} besuchthat§>;—i.
Then

o (B T, L) =< N loge T ) e )

pg (2.1)

II. Let 1<p<2<r<oo,1<qg< o0, and s € R} besuchthat§>;. Then

1

on (B, T L) < N™F 072 (log =t N)*» 10

II. Let 2<p<r <oo,1<qg< o0, and s € R} besuchthat§>%. Then

o (B T, L) = N5 (log ™I N+,

IV. Let 1 <p<oo,1<g< o0, and s € R besuchthat§>p1*, Then

on (B, T, Log) < N~ v 2 (log® ' N)* »+ *174 (log ) 2.

We make the following remark concerning this theorem.
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6 D.B. BAZARKHANOV

Remark 2.1. As mentioned in the Introduction, extensive literature has been devoted to the
best N-term approximations. Here we only point out publications directly related to Theorem 2.1,
namely, those related to function classes of the Nikol’skii-Besov scale, to the trigonometric sys-
tem T*)_ and to the cases considered in Theorem 2.1.

(a) First of all, we mention Temlyakov’s papers [22, 23], in which the best N-term trigonometric
approximations of classes of functions of mixed smoothness were studied for the first time; in
particular, Temlyakov established order-sharp estimates for the classes MHZ(T’“) in case I. The exact
order of these quantities for the same classes MH;(']I"“ ) in case II was announced by Belinskii [5].

(b) Next, in 1995, DeVore and Temlyakov [9] found the exact order of oy (F,T®*), L,) in the case
of isotropic Nikol’skii-Besov classes F = B;Z for all natural values of the parameters of the class
and space (in particular, in all cases I-IV). To prove the lower estimate in Theorem 2.1 (case I with

S — 11) + 3 — (11 < 0), we will need a particular case of their result:

e 11 1 1

JN(BZS,];,Q(R),LT)XN Pte e 1<p<r<2, §>kz< - ), 1<qg< 0. (2.2)
p T

Here we also mention the earlier paper by Belinskii [6], in which these estimates were obtained in

the one-dimensional case.

(c¢) In [17, 18], Romanyuk carried out a detailed analysis of the best N-term trigonometric
approximations of the Nikol’skii-Besov classes Bf,;(']l'k), including cases I-IV considered in Theo-
rem 2.1.

(d) Finally, note that Theorem 2.1 is a part of the result announced in [1] for the classes B;,Z”(']I'k).

When proving Theorem 2.1, we combine the methods and technique of [23| (developed and
adapted to the classes B5! in [17, 18]) and [30, 31] with the methods and technique for studying
the classes Bs7(T*) and Lim(T*) from [2-4]. The proof of upper estimates in Theorem 2.1 (in
cases II-1V) is based on the theory of greedy algorithms, follows the scheme and style of the
recent papers [30, 31|, and is of constructive character. Note that until the studies [10, 26| all
upper estimates for the best sparse trigonometric approximations in the space L, for r > 2 were
in the character of existence theorems and were based on geometric or probabilistic arguments:
a very detailed discussion of this topic is given in [30]. In particular, this is true of the proof for
the classes B;; in [17]. The application of the theory of greedy algorithms provides constructive
methods of sparse trigonometric approximations and significantly simplifies and clarifies obtaining
upper estimates. In [30], this is demonstrated, in particular, for the classes MH;, and BIS,; (in our
notation). In the present paper, we give further examples, including the function classes By".

(e) In conclusion, note that in [4] the author proved the following estimates for (1.1) with respect
to the system of wavelets W™ (see Section 3 for the definition of W™):

o (B W™, L) =< N=(log N)@D(H270) it 1<y < oo, (2.3)
on(ES, W™, L1) < N~<(log N) @D (H174), (2.4)

oN (B, W™, La) < N™%(log N) D (+174),

00q?

and, for any ¢ € (0,1),

on(FSm W™ L) < N™Fp (log M) DE3H70)  if 1< p<oo (2.5)

(F € {B,L}); for the classes B5™(T*), a detailed comparison with the estimates from Theorem 2.1
was presented. We put a special emphasis on the following point: estimates (2.4) and (2.5) are
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NONLINEAR TRIGONOMETRIC APPROXIMATIONS 7

established for greedy algorithms in the spaces Ly and L., respectively, with respect to the sys-
tem W™. It is well known that greedy algorithms are not as efficient in these spaces as in smooth
Banach spaces, including L, (1 < r < oo). As for the best approximations, (2.3) obviously implies
the upper estimate (stronger than (2.4))

on(FSm W™ 1) < N=5(log N) & D(F274)

pg >

3. PRELIMINARIES

In this section, we collect known facts that are important for further consideration.
Let A be a finite set in Z* and

T(A) = {t(w) =) Hoeeme

£eA

&) e, ¢ 61&}

be the space of trigonometric polynomials with complex coefficients and spectrum A. For M =
(My,...,M,) € N, we set

A(m; M) =7ZFn H —M,, M,] o(m;M) = [J (@M, + 1)™

Obviously,
dim(T(A(m; M))) = ©(m; M);

for brevity, we will henceforth write T(m;M) instead of T(A(m;M)).

S.M. Nikol’skii’s inequality of different metrics. Let 1 < p <r < oo. Then the following
inequality holds for any polynomial t € T(m;M):

k m (=)
It Le ] < 2 TT My [#1 Ll (3.1)
VEZn
For the proof, see, e.g., [16, Ch. 3, Sects. 3.2, 3.3|.
To obtain the lower estimates in Theorem 2.1, we will also apply Nikol’skii’s duality principle
(see, e.g., [14, Ch. 2|): let {g1,...,gn} be a set of elements of a Banach space X, and let X™* be the
continuous dual of this space; then the following equality holds for all f € X:

N
min{Hf—chgj XH cj, j—l,...,N}
j=1

=sup{F(f) | Fe X*: |F|X*|=1, F(g;) =0, j=1,...,N}.
Poisson’s summation formula and the Bessel-Macdonald kernel. Let f: R*¥ — C be
an arbitrary function. Its periodization f: T* — C is defined as the (formal) sum of the series

> fle+9). (3:2)

gezk

It is well known (see, e.g., [16, Ch. 8, Sect. 8.1]) that the Bessel-Macdonald kernel

Gy(z) =

47T2F

o0
—maxx —17 —k+tv dT
/ Toe4r T 2 , v >0,
T
0
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8 D.B. BAZARKHANOV

belongs to the space Li(R¥); therefore, by Poisson’s summation formula (see [20, Ch. VII, §2,
Theorem 2.4|), we obtain

Gu(x) = > Gulz +£) € Ly(TH).
ek

Since the Fourier transform of the kernel G, is Go(€) = (1 + 4r2¢€)™v/2, ¢ € R*, the Fourier
coefficients of its periodization G, are calculated by the formula

~

Gy(€) = (1 +4n%¢e)™2, ¢ezt

Moreover, since G,(z) € HY(R) [16, Ch. 8, Sect. 8.3], one can easily verify that G,(z) € HY =
BY: (T*). Here H{(R*) (s > 0, 1 < p < oo) is the Nikol'skii space of functions defined on RF.
Therefore, G, (z) satisfies the condition (in this case, n = 1, i.e., m = k)

|ATH (G )| Le|| < 27, 1€ N, (3.3)

Next, we briefly recall the definition of the multiple system of periodized wavelets W™ (see [2]
for details). Let w®(t) and w!(t) be Meyer’s scaling function and wavelet, respectively (see [15,
Ch. 2, Sect. 12, Ch. 3, Sect. 2| as well as [12, Ch. 7]).

- EF = E*(0) = {0,1}*,  E*(1) =EF\ {(0,...,0)},
A(k,7) =NEN[0,27 — 1%, jeN,,
E™(a) ={€ EF | " € E™ (sgnay), v E zy},
A(m,a) ={X € NE | X € A(my, o), v E 2y}, a € Np.
Define functions w*: RF = R (v = (11,...,1) € EF) as follows:
w'(x) = wr(xy) X ... X W (xg),
and, next,

" A
w;)\(w):QJ2 w'(2x — N), AeZF, jeN,.
Define functions @;A: T* — R as the periodizations of the functions w;)\:

Thy(2) =27 @z —277X),  Ae€Akj), jeNy, 1eE
Then
1

W™ = {why () = Wl (2 ah) X ox awl ") | A€ A(m, @), L € E™(a), o € N§}

is the (“m-fold”) system of periodized Meyer wavelets W™.
Now we introduce operators AY (a € Ny): for f € Ly,

Ag(f;x) Z Z foawon (@ o = /f(ﬁ) W,
Tk

L€E™ () AeA(m,ax)

First, we formulate a theorem on the representation and characterization by wavelets for the
spaces By from [2] (see also [3]).
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Theorem A. Let 1 <p,q<oo and s € RY}. A function f € L, belongs to the space B,y if
and only if the function sequence (2**AY(f;x) | a € Nj) belongs to the space £4(Ly); in this case,
the functional

|2 AZ(f32) | o € Ng)|€g(Ly)

is a norm of Bp" equivalent to the original norm.

Let us also formulate a Littlewood—Paley type theorem and its analog for representations with
respect to the system W™ (from [2]) that will be applied along with Theorem A in the subse-
quent sections to the problem of nonlinear trigonometric approximations of functions from the
classes B;;”(']I‘k).

We introduce operators A, as follows: for f € Ly,

Anfia) = S fl@emie,

£ep(m,)

p(m,a) ={€€ZF | 27| <|¢|oo <2, vEZ}, a€NG.

Theorem LP. Let 1<p<oo. Then there exist constants 0 < cpm < Cpm and 0< ¢ m < Cpm
such that

Cpml fILpll < N(AG(F ) Lp (L) < Cpmll fILpll, (34)
CpmllfILpll < I(AGF5 ) [ Lp(C2) | < CF I F1Ly | (3.5)

for all f € L,.
A detailed comment regarding the Littlewood—Paley theorem is given in [3].

Theorem B. Let 1 < p < oo. Then there erists a constant C = C(w®, m,p) > 0 such that
the following inequalities hold for all functions f € L,(T*):

CHIFILIl < IAZ(f52)) ILp(L2)]| < CIF Lyl

The proof of the upper estimates in Theorem 2.1 for 2 < r < oo (see Theorem 7.1 below) is
based on the following important results of Temlyakov on the so-called incremental algorithm IA(¢)
with schedule € (see |28, Ch. 6] as well as [30, Theorems 2.4-2.6]).

Recall the definition of the algorithm IA(eg). Let X be a real Banach space with dictionary D;
the dictionary D is a set in X that possesses the following properties:

(a) ||g|X|| =1 for all g € D;

(b) span D, the linear span of D, is dense in X.

A symmetrized dictionary (for the dictionary D) is the set D* := {+g | g € D}.

Denote by Fy the norming functional of an element f € X, i.e., a functional on X such that
|F¢| X*|| = 1 and Fy(f) = || f|X]; its existence follows from the Hahn-Banach theorem. Let
e = (en | N € N) be a given number sequence, ey > 0, N € N.

Incremental algorithm IA(e) with schedule . Let f(i)’5 := f and Gio’6 :=0; for N € N, we
inductively

(i) define gpi]’ve € D*, an arbitrary element such that P};\il(goi]’\f —f) = —en;
(ii) set
, 1\ . 1 .
G = (1 y JGHL+ i
(iii) and define fjl\’,6 =f- Gi]’ve.
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10 D.B. BAZARKHANOV

Below in Theorems C and D we use a special sequence ¢ = (ey) with ey = v("51)/2N~1/2
for N € N.
Let RT®) be the real k-fold trigonometric system,

RTW = {ps |2 C o, & (6l r€2) ENT", (6| m ) € NFIY,

where!

Pue(x) = Hcos(27r§,.€x,.;) H Sin (27w, xy,).

KEZ K€z
Let, next,

Tﬂ?(va) = Span{gng ‘ z Czg, §: ’5”‘00 <M,, ve Zn}-

Theorem C. Let 2 < r < oo. For any polynomial t € Tx(m;M), the application of the
algorithm IA(e) to f := t/||t|All yields, after N iterations, an N-term trigonometric polynomial
G (1) == G (F)|It|A]| (with respect to the system RT*)) such that

It — GR(D)|Le| < C(K)N"2r2|t|A], N eNy (N =max{l,N}).

In addition, there exists a constructive algorithm G that is based on IA(g) and whose application
to f = t/||t|A] yields, after N iterations, an N-term polynomial G¢(t) = G~ (f)||t|A]l (with
respect to the system %Q(k)) such that

! 1 .
[t =GR (@) Looll < C(K)N"2(logO(m; M)) 2 [[t[All,  |GF @A = [lt[A]l.

The following theorem is a corollary to Theorem C (see [30, Theorem 2.6]).

Theorem D. Let 2 < r < oo. There exist constructive approzimation methods G'y(-)
and GR(-) based on greedy-type algorithms that lead to N-term polynomials with respect to the
system TH) with the following properties: for f € A,

If = G (DILel < BN 22| fIAlL - IGR(DIAL < eaBIIFIAN

and for f € T(m;M),

1f = G () Looll < es(W)N"2 (log O(m; M) 2 | fAll, |G (NIA] < ealk)|£IA]-

4. AUXILIARY LEMMAS

For a € N}, we set
I(m,a) = A(m; (2*,...,2%)),  d(m,a) = O(m; (2*',...,2%));

next,

Aa(u) = U p(m,a), A(u) = U p(m,a).

u<am<u+ta am<u

It is clear that
dim(T(II(m, «))) = H(m, a).

1We assume that [l.copr(zs) =1, N#? =N#2 =@, and 2/ =z \ z
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For a finite set A C Z*, we define the corresponding Dirichlet kernel
Dala) = 3 v,
e

then it is obvious that

DA(u) (x) = Z Dp(m,oz) (x)a AZ(fa x) = Dp(m,oz) * f(m),

am<u
moreover, the estimates for the one-dimensional Dirichlet kernels yield (1 < p < 00)

(1= )om.

HDp(m,a)’Lp” <2 (4'1)

Below, we will need the following simple facts on the operators Ad, A¥*, and AY.
It follows from the properties of 7 that the spectrum of the trigonometric polynomial A&(f;x),
a € Ny, for a function f € L lies in the “corridor” P"(m, o) = Q) P(my, ), ie.,

VEZn
AL(f;x) € T(P(m,a)), (4.2)
where
Pl(my,a,) ={€ € Z™ | 2271 < |¢"| <3271}, @, €N,
P(m,,,0) = {&" € Z™ | || < 1}.

The spectrum of the trigonometric polynomial !, (x) is contained in the “corridor” (see [2] as
well as [12, Ch. 7])

PY(m,«a) = ® PY(my, ),

VEZn

where for o, > 1

Primaa)={eezm ||| << 7]} a0 = (e ez flee <
hence, for a function f € L,
Ay (f;2) € T(P(m, @), €Ny, (4.3)
It follows easily from (4.2) and (4.3) (see [2]|) that
AL (fix) = > Ao AL (fr). (4.4)

o/ eENG : |a—a[0<2

where a, 8 € Nj, is a nonzero

Moreover, it is easy to see that if the composition Ag o A,

operator, then the inequalities = < 8 < a must be satisfied (henceforth, for o € Nfj, we define
a” =(a,...,a;)and at = (af,...,a)), where a, = (a, — 1)y and o =, + 1, v €2,).

It is clear that similar facts hold for all compositions Ag o Aﬁ, with ¢, € {w,n,*}.

We will need the following version of Temlyakov’s well-known lemma [23, Ch. 1, Lemma 3.1].

For a = (a1,...,a,) € RY, let
Py(m,a) = {{ e 7k ‘ 1€ |00 < 2%ay,, v € zn}.
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12 D.B. BAZARKHANOV

Lemma T1. Let 1<p<r<oo and 1<g<oo. Then there exists a constant C(p,r,a,m)>0
such that for f € Ly,

fz)= Z ta(z), ta € T(Pa(m,a)),

the following inequality holds:
() L ()] < Cp.rya,m)[| (27 (o™ )t () [0 (L) (4.5)

The proof of Lemma T1 is given in [3|. The following lemma is an analog of another lemma of
Temlyakov [23, Ch. 1, Lemma 3.1'].

Lemma T2. Let 1 <p<r <ooand 1 <q<2. Then there exists a constant c(p,r,m) > 0
such that the following inequalities hold for f € Ly:

1AL )| Ly (L)l > clp,r,m)|| (27707 0) A(F2)) ] 6(Ly)], (4.6)
I AG(fs ) Ly (L) | = clp,rym)[| (2777 2) A f)) [6p(L0)] - (4.7)

Proof. Let us prove (4.6). Applying successively Jensen’s inequality,? Theorem B, Lemma T1
together with the orthonormality of the system W™, and the dual description of the norm in the
spaces L, and £, we obtain (11) + ;, =1, 71” + Tl, =1)

1AL (F32)ILp (L) | > (AL (2D Lp(l)ll = 1 f1Lyll = sup{{f. ¢} | ol Ly || = 1}

= sup{ D {AL(f; ), AY (g5 x)) ‘ o] Ly | = 1}

aeNg

}

eo): 2Dt u<1}—u<m< Das(a) L)

> sup{ S (AL (fim), A(p; ) ' ey (ca): 1AL (fs )| Lol < car (2707 75 )cy)

aeNy

= SUP{ Y callAy(f;x)

aeNY

The proof of inequality (4.7) is analogous; one should just apply the Littlewood—Paley theorem
(relation (3.4)) instead of Theorem B. Note that (4.7) is a direct generalization of Lemma 3.1’
from [23| to the case of an arbitrary m. O

Below, when proving upper estimates for sparse trigonometric approximations and estimating
the dimensions of the corresponding subspaces or the spectra of trigonometric polynomials, we
will systematically use the following lemma, which is a modification of Lemmas B-D from [23] to
our case.

Lemma A. Let 3,7 € R} be such that B, =, for v € z, and B, >, for v € z, \ z,, and
let L > 0. Then the following relations are valid:

)7 (u) = Z g~ Lel — g lugw=l as  u— 400, (4.8)
a€eNg : ay>u

T (u) = Z oley = gluyw—1 as  u — +00. (4.9)
aeN(]: af<u

2Let 1 < p < r < oo; then Jensen’s inequality He)r D] < N1(e)lp(D)]| is valid for any number sequence
(¢j) =(¢j | €).

PROCEEDINGS OF THE STEKLOV INSTITUTE OF MATHEMATICS Vol. 293 2016



NONLINEAR TRIGONOMETRIC APPROXIMATIONS 13

This is Lemma 5.1 from [2] (its proof is given in [3], where it is named Lemma A).
Next, let

O(u;a) = O(u;a;m) = {a € Ng | u < am <u+a}, u,a € N,
Applying Lemma A (see [3]|), we can easily show that there exists an a € N such that
> <y (4.10)
a€l(u;a)

Fix such an a € N and introduce the notation
O(u) = 0(u; a), u € N. (4.11)
It is clear (see [3]) that #6(u) < v~ ! u € N.
Applying Lemma A, we can easily obtain the following estimates (see [3]):
HA,(u) < 24u™ L #A(u) =< 2%t

One of the key ingredients in the constructive method for proving upper estimates in [30, 31|
is Theorem 2.2 from [23, Ch. 1|, which relates the norms in the spaces A and L, (1 <r < 2) of a
trigonometric polynomial with harmonics in a hyperbolic cross. The following lemma is an analog
of this theorem for the polynomials in T(A(u)).

Lemma T3. Let 1 <r <2. Then there exists a constant c(r,m) > 0 such that the following
inequality holds for any polynomial t € T(A(u)):

U n— 1
A= > 6] < elrym) - 20 DO gL, .
£eA(u)

Proof. Let ¢t be an arbitrary polynomial from T(A(u)). Using t, we define a polynomial ¢; by
setting (for z € C, denote its complex conjugate by z and its sign by sgn(z), sgn(z) = z/|z| if z # 0)

ti(x) = Y sen(#()em".
£eA(u)
Then it is clear that (! + | =1)
LA =D [HE)] = (& ta) < [ELe]| - [[E1Zo]]-
£eA(u)
On the other hand, by Lemmas T1 and A, we obtain

1 1

£ Ly || <<{ > 2o (2= )7 14 L | - HA*(tl)\LQH’"} < { y gam (5= 5 )r’ .zam;w}
am<u am<u

= g luy (-1
Therefore,
A < 27 ™ D) 1L, .

The lemma is proved. [

It is easy to see from the proof of Lemma T3 that for any polynomial ¢t € T(P"(m,«)) we have
the estimate

[E|A[| < 2™ 1¢[ L | (4.12)
(1 < r <2), while the Nikol’skii inequality (3.1) yields
Ly | < 292D e[ Ly )
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14 D.B. BAZARKHANOV
hence, the following estimate is also valid:
It| Al < 2% [|t|L1]]. (4.13)
For a finite set A = Al x ... x A" € ZF, let
d(AY) = max{\)\” — oo N, & € A”}, d(A”) = max{1,d(A")}.

Lemma M. Let 1 <p< oo and ém <%= (s,...,7,) € R}. Then there exists a constant
C = C(p,m, ») > 0 such that for any finite set A C ZF of the form A = Al x ... x A" # @, where
AN C 7™, the inequality

Z m()\)?()\)ekri)\a:

AEA

Ly| < C I l[m”(d(A")a¥)| 307 (R™)

VEZn

| It (@)L

holds for all functions m(x) = mi(z!)...m?(z") with m¥(x) € FH*(R™) and all polynomials
t(z) € T(A).

Here 3(*(R¥) (s € R) is the space of Bessel potentials (see [33, Ch. 2]). In the case of 1 =n < k
and I = T or R, as well as in the case of n = k = 2 and I = R, Lemma M and its nonperiodic
analog were proved in [33, Sects. 1.5.2; 1.6.3] and [19, Sects. 3.3.4, 3.4.1, 1.8.3, 1.10.3]. Combining
the arguments used there, one can easily obtain the proof in the general (“m-fold”) case.

Moreover, we will often use the following numerical lemma (see, e.g., [23, Ch. 4] for a proof).

Lemma B. Let 1<p<r<oo,JeN,and by >by>...>2b;>0=0; (jEN,j>J+1).
Then the following inequality is valid for all I € N:3

() <1 (8)

J=I

Under the hypotheses of Lemma B, the following elementary inequality is valid, which will also
be useful below: for all I, K € N such that I < K, we have

I\»
b <1 » ( bf) . (4.14)
=1

)

Below, for simplicity (in particular, when proving the upper estimates in Theorem 2.1), we will
restrict the analysis to the “isotropic” situation, when w = n, i.e.,

S1 Sn
¢ = =...= .
mi mny

Note that when we prove the lower estimates, this assumption does not restrict the generality.

5. UPPER ESTIMATES: PRELIMINARY REMARKS

Clearly, it suffices to prove all the upper estimates only for numbers N € N such that N =
29 ()" (log(au))?, u € N, where a is from (4.10) and b € {0,1}.
For f € Ly, we define a function sequence (6(—a) = {0} C R")

(fix)) = (file) [1€No),  fila)= Y AU(f;z), €N (5.1)

a€cb(a(l-1))

3For I > J, we assume that Zfzz ¢; =0 for any sequence (¢; | j € N).

PROCEEDINGS OF THE STEKLOV INSTITUTE OF MATHEMATICS Vol. 293 2016



NONLINEAR TRIGONOMETRIC APPROXIMATIONS 15

in addition, we define a “hyperbolic” partial sum
Sym(fiz) = Y A¥(f;x), uweRy,
am<u

of the Fourier series of the function f with respect to the system W™. We will need the following
estimates obtained in [2] (particular cases of Theorem 4.1 from [2]): let 1 < p < r < 2 and
1 < g < oo; then for f € By" it holds that

1 1
I1f = Sem(AIL < 27 6o DG ) gy (5.2)
Now, by analogy with [30, 32|, we introduce auxiliary function spaces. Let ¢ € Ry, € € R, and
1 <p,qg <oco. Then
Hyo = Hge V™, a](T*) := { f € Ly | [|f|Hygll < o0},
l e NO}

pqg —

HfIH“H—Sup{fal(al)(l_"k( > IIAZ;”(f;m)ILpIIq>

a€cb(a(l-1))
(here and everywhere below, K = max{1l, K} for K € R), and we set
Wy o= {f € Hyg |1 f1Hzg] < 1.
It is clear that the embeddings By7* < Hyy (with € > 0) hold and the inequalities

on(Bm ¥W L) < on(H,S® L) for >0 (5.3)

pg > Pg’

are satisfied. Next, let f € span{w!, | € 0(a(l — 1)), A € A(m, ), . € E™ ()}, i.e.,

f@) =)= > AL(f;x)

acb(a(l-1))

Then by Theorem A we have
L2 Bogll = (al) ™=V fil Hyg (5.4)

which, in view of (5.2) and the equality S;”(?il) (f;x) = 0, implies the following estimate for the norm:

1,1 €
Al < 27 @ DD o 1<p < (59)
Moreover, by the definition of the norm |[|-|Hy¢[, for f € Hy we obviously have
[l Hpgll < 171 Hpgll, 1€ No. (5.6)

Set (see (4.3))

Plu] = Plu;m,a] := U PY(m,a) (C ZF), ueN.

am<au
Then, by Lemma A we find
S(uym) == #Pu] < Y #PY(m,a) <3 Y 20 < 2y (5.7)
am<au am<u
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16 D.B. BAZARKHANOV
Take an L € N (depending on u € N) such that
9e(utL) — 9au(gq )1 (5.8)
and fix a number s € (0,1). Next, we define three families of numbers (I € z1,)
Ni(l) := 270D qu 1 - 1)), No(l) = [270ED ] Na(1) =200 (5.9)
Then, for j = 1,2,3 and any sets 0[l; j] C 0(a(u+1— 1)) of cardinality
#0[1; j] = N;(1) := min{N;(1), #0(a(u+1—1))}, l €z, (5.10)

we put

Pilu] = Pilws (1), ... . (L)) :=Plu | ] | P"(m,a).

lezr acl[lf]

The cardinalities of these sets can be estimated as

dj(u,m, L) := #Pjlu] < #Plu —{—Z Z #PY(m, )

lezr, aeb|l;j]
< 2au(au)n—1 + Z Z gam < 2au(au)n—1 + Z 2a(u+l)Nj(l)‘ (5_11)
lezr, acl[l;]] lezy,

Substituting the values of the numbers N;(1), | € zr, from (5.9) (j = 1,2, 3) into (5.11), we obtain
the following estimates:

L
81(u,m, L) < 2% (au)™" 4+ 273 " 27 (a(u + 1 — 1)) = 2 (au)" !, (5.12)
=1
L
55 (u’ m, L) < 2au(au)n—1 4 au Z gxal 2@(1—%)1 - 2au(au)n—1 4 90u . gxal 2a(1—%)L
=1

= 2% (qu)" "t 4 20uFL) < 9au (g )l (5.13)
(here and in the following estimate, we took into account the choice of the number L), and

63(u,m, L) < 2% (au)" " 4 2% Z 2L — 9ot (g )=t 4 20HL) [, = 90 (gL log(au).  (5.14)
lezy,

6. UPPER ESTIMATES: CASE I

First, we prove the upper estimates for the best N-term trigonometric approximations of the
classes Hyy from the following theorem.

Theorem 6.1. Let 1 <p<r <2, 1<r,1<qg<o0, and ¢ > 11) - }n Then the following
relations are valid:

- er(s=1+2-] L2 1
(H;z’g( ),L,n)xNg ;Jri(lognle) ey tioe), if §7ép ) q7

_ 1 2 1
mazmiﬁxN§b¢®ﬂ”NT®@%Nﬁ ifc—p—r+¢ (6.1)
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Proof of the upper estimates in Theorem 6.1. A. Let first ¢ > r and hence ¢ — 11) +
2 — (11 > 0. Choose N € N from the conditions N > 6(u,m) and N < 2%(qu)"~! (§(u,m) is
defined in (5.7)).

Let f € Hyy. Then the trigonometric polynomial

tn(f;) = 5q," (f; ) (6.2)

has at most N harmonics in view of (5.7), the choice of N, and the inclusion (4.3).

Let us show that the polynomial ¢x(f;z) approximates the function f in the metric of L,
within the required error bound. Indeed, applying the Minkowski inequality, estimate (5.5), and
inequality (5.6), we obtain

1f = (O < S M fural Lol < S0 27 70t )a0D (g 1) D020 1,y H |
=1 =1

§27(<*11J+ au|f| ;HZ2 (e= + )al (u_{_l))(nfl)(wrif;)

(=1 +2-1),

< 27 (Ta T )e () D(Hm0) = N T (log™ L ) a (6.3)
Hence,
o (Hg, T, L) < N7 (log 1 N) T (T0 0 (6.4)

B. Let now 1 < max{p, q} < r. Consider separately the following cases:

) rT=¢—,+,1>0—
(ii) T<(1I—i,and
(i) 7=, — -

(i) Let first 7 > (11 — 1 We fix a number » > 0 such that 7 > (5 + 1)((11 — ). Then,

T’ T
depending on u € N, we choose an L € N satisfying (5.8) and take the numbers Ny(I) and Ny (1),
l € zr, from (5.9) and (5.10). Finally, we choose N € N from the conditions N > §;(u, m, L) and

N = 2%(au)™" " (61(u,m, L) is defined in (5.12)). Let f € Hy¢. Then the polynomial
L L
tn(fia) = Sum(fiz) + > ti(fiz) = Sum(fix) + > Y AU(f;x)
=1 1=1 aclll;f]

has at most N harmonics in view of (5.12), the choice of N, and (4.3); here, as 6[l;1] in (5.10),
we take the set O[l; f] C 6(a(u + 1 — 1)) of those a that correspond to the maximum values of

2 (p =) | A (f; )| Ly, iee.,
20 ) AL (i 2) Lyl = 2G| AL (f32) Ly |

for all a € 0[l; f] and o € '[L; f] :=O(a(u+1—1))\ O[L; f].
Now, let us show that the polynomial ¢x(f;z) yields the required approximation error for the
function f in the metric of L,. By the Minkowski inequality, we have

L
Z fu+l _tl
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18 D.B. BAZARKHANOV
(1)

First, we estimate J; ' (p, 7). Successively applying Lemmas T1 and B, taking into account the
definition of §(a(u + I — 1)), and substituting the numbers Ny(1), [ € zy,, according to the choice of
the numbers s, L, and N and the definition of the class H;f we obtain?

p,7 <<Z S 2 G AL (fra)l Lyl
=1 act'[i;f]

T

L q
< me(i‘i)r{ S Gy >|Lpuq}
a€b(a(ut+l—1))

T

L q
<y Mmoo 2“<“+”<i‘?~>7"{ 3 qu(f;anpuq}

a€f(a(utl—1))

L
< 3 (27 el 4 1))ty (7 a)7 gl r (g gy o gy Der

2—7’(11,”“22 al 1+%) ))r(a(u_’_l))(n—l)(e—l—i—;)r

- 2_7—aur(au)(n—1)(5+11"—;)7" - (N—c-i—;—,l" (logn—l N)C—Il,-f-f—;)r. (66)

Now we proceed to the estimate for Ja(p,r). Using (5.5) and (5.6), we find

Bapr) < Y 27 Ma) Y Al g < Y0 2 a)

l=u+L—1 l=u+L-1
= 277 D) (a4 L))" D < N (log" I N) < NT T (log" T IN) (67)

Thus, (6.5)—(6.7) yield the estimate

1

If = tn(F)|Le]l < N™Fo 7 r (log ! N)+H—n* 0™

This implies that

(H;Z, g(k) ) &< N_g+21’_:‘ (logn—l N)E"‘C_Il)‘f'f_(l] . (68)

(ii)Now,letO<T<(1I—i.Fixanumber%é(O,l)suchthatT—g p+ <%(q b).

Then, depending on u € N, we choose an L € N satisfying (5.8) and take the numbers No(1)
and No(l), I € z, from (5.9) and (5.10). Finally, we choose N € N from the conditions N >
S2(u,m,L) and N < 2% (au)" "t (62(u,m, L) is defined in (5.13)).

Let f € Hyo; as 0[1;2] in (5.10), we take 0[l; f] C 6(a(u + 1 — 1)), just as in case (i) above
(I € z,). Then the polynomial

L L
tn(fix) = SO (fio) + Y t(fw) = Sa(fim)+ > > Ab(f;)
=1

=1 acbll;f]
has at most N harmonics in view of (5.13), the choice of NV, and (4.3).

4Henceforth we assume that > ca = 0 for any sequence (cq | a € Np).

acd
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Now, let us estimate the error of approximation of the function f by the polynomial ¢5(f;z) in
the metric of L,. We have

L
Z fu+l - tl

The necessary upper estimate for the “tail” Jo(p, r) is already obtained in (6.7). Therefore, we pro-

o0

+ 3 AL =3P 0, r) + 320,r). (6.9)

l=u+L+1

1f =t ()L < )| L

ceed to estimate J 32 )( p,r). Applying Lemma T1 and reasoning as above, substituting the numbers
No(l), 1 € z1,, and takmg into account the choice of s, N, and L, we obtain

T

P, <<ZN2 "-2“<“+”<w>r{ 3 \|Az<f;:c>|Lpuq}

a€f(a(utl—1))

. a
< Z2a<u+l>(p—r)’"NQ(z)(r‘q)’"{ > HAZ}(f;w)ILqu}
=1 0460(

a(u+l-1))

L
< Z 2—Ta(u+l)r i 2%‘1(L_l)( 71« - ,11 )T(a(u + l))("_l)er
=1

2 ) (a(u+ 1) D

Mh

_ g—Taur %aL 7‘
=1

= graur gral (= )7 9al(#(4=2) =) (q(y + L)) Der

_ 2—7’a(u+L)r(a(u i L))(n—l)Er = N~ (log" "' N)". (6.10)

Combining estimates (6.9), (6.7), and (6.10), we find

1 1
If =ty ()L < N~F» 7 (log" ' N)-.

Hence we obtain the desired estimate for the class H;Z:

on (5, TM L) < N~ 0~ (log"! N)~. (6.11)

Pg’

(iii) Let, finally, 0 < 7 = (11 — 71" Depending on u € N, we choose a number L € N satisfying (5.8)
and then take the numbers N3(l) and N3(1), | € zz, from (5.9) and (5.10). After that, we choose
N € N from the conditions N > d3(u,m, L) and N < 29%(au)" ! log(au) (63(u,m, L) is defined
n (5.14)).

Let f € Hyg; as 0[1;3] in (5.10), we take 0[l; f] C 6(a(u + 1 — 1)) as above. Then the polynomial

L L
tn(fia) = Se(fio) + Y (fix) = Su(fim)+ > Y Al(f;z)
=1

=1 aelll;f]

has at most N harmonics in view of (5.14), the choice of N, and (4.3).
Now, we estimate the error of approximation of the function f by the polynomial ¢x(f;x) in
the metric of L,. Again, we have

L
Z fu+l - 75l
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Let us estimate 3&3) (p,7). Again, the successive application of Lemmas T1 and B followed by the
substitution of the numbers N3(I), | € z; (in view of the choice of L and N and the equality
1

T=,- 1), yields

L :
11y, alu 11y, w
W) < SNy ma)7 200G T>{ 3 HAa(f;w)!Lqu}
= ael(

a(u+l-1))

=1
L
< SNy )7 22D G ) gl ier gy 4. g))(nDer

L
< Z 2—Ta(u+l)7" . 2G(L_l)( ,1n - ,11 )T(a(u + l))(n_l)er

=1
L
_ o—Taur 2aL )r Z g—al(,~ +T T(a(u—l—l))("_l)er < 2—Ta(u+L)r(a(u+l))(n—l)erL
=1
= (2% (aw)" ") " (aw) "D og(au) < N~ (log" ! N)" (log log N) 4, (6.13)

because N =< 2% (au)" ! log(au) and, hence, loglog N = log(au).
Combining estimates (6.12), (6.7), and (6.13), we obtain

1f = tn (FILe] < N7 27+ (log" ™" N)(loglog N) s

This implies the required estimate for the class H;f in the present case as well:

1 1 1
on (HS, T, L) < N™F» 7 r (log" ! N)*(loglog N) «.. (6.14)
C. Finally, let 1 <g<p=r <2 Just asin part B, consider separately the cases
() 1 _ 1
q r?
(ii) ¢ (11 — 1 and
(iil) < (11 -1
(i) Let first ¢ > q p. Fix a number > > 0 such that ¢ > (1 + %)((11 - 11)) Then, depending

on u € N; we choose an L € N, the numbers Nj(I) and Ny(I), [ € zz, from (5.9) and (5.10), and
N € N as in part B(i).

Let f € Hyy. As 0[1;1] in (5.10), we take the set 0[l; f] C 6(a(u + 1 — 1)) of those a that
correspond to the maximum values of ||AY(f;x)|Lyl, i.e.,

IAZ(f;2) [ Lpll 2 [|AD (Fi @)Lyl a€0[lf], o €0l f]=0(a(u+1-1))\ O f].
Then the polynomial

L L
In(fio) =t (i) = SEP (i) + St fie) = Ser(fia) + S0 Y AL(fia
=1

=1 acb[i;f]

has at most N harmonics in view of (5.12).
Let us show that the polynomial ¢x(f;x) provides the necessary error of approximation of the
function f in the metric of L,. By the Minkowski inequality,

Z Jurr —0(f Z Ni|L

I=u+L+1
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First, we estimate J gl)(p, p). Successively applying Theorem B, Jensen’s inequality, and (4.14), sub-
stituting the numbers Ny(1), [ € zp, and taking into account the definitions of the set #(a(u +1 — 1))

and the class H;f and the choice of the numbers s, L, and N, we obtain

L L
WepP <Y > IAUHEILI =" > AU ) LAy ()| Ly
]

I=1 act'l;f I=1 aed'[l;f]
L -1

<> N [ > ||A$(f;fv)|Lp||q] > AL(fix) Lyl
=1 a€ll;f] act'[;f]

P
q

L
gzzw)“q’[ 5 ||A$<f;x>|Lp||q]
acl(

a(u+l-1))

L
< Z(Q—ga(u+l)(a(u + l))(n—l)e)P(2—(1+%)al(a(u + l))n_l)lfz

e <aup22 al (1) (= )P (g 4 1)) D (5= )P
=1

< (2*<au(au)(n71)(e+;*}z)>p = (Nfc(lognfl N)<+e+;ftlz)p. (6.16)

Let us proceed to the estimate for Jo(p,p). By Theorem B and Jensen’s inequality (since
g < p < 2), taking into account the definition of the class H;5 and the choice of the number L,

we find
p

J@pl < Y AV, Hp<{ > > IIAé“(f;w)lellq}q

am>a(u+L) I=L+1 acbd(a(u+l-1))

P

> q
S{ > 2-w<“+”q<a<u+l>><"‘””} < (2 g+ 1))V

I=L+1
= (27 (au)" 1)~ (a(u + L))" D)P < (N5 (log™~* N)9)”. (6.17)
Now, substituting estimates (6.16) and (6.17) into (6.15), we arrive at
I =t (HILpll < N=5(1og™ 1 M),

This implies the required estimate for the class Hj

o (Mg, TM, L) < N~ (log" ' N)**Fsa. (6.18)

(ii) Let now ¢ < (11 — p. Fix a number s € (0, 1) such that ¢ < %(; - 11)) Depending on u € N,
we choose an L € N, the numbers Ny(I) and No(l), [ € z, from (5.9) and (5.10), and N € N as in
part B(ii).

Let f € Hyy. As 0[1;2] in (5.10), we take 0[l; f] C 0(a(u +1—1)), | € z1,, as in case (i). Then
the polynomial

L L
tn(fim) = SEr(fix) + Y t(fw) = Se(fim)+ > > Ab(f;)
=1

I=1 acbll;f]

has at most N harmonics in view of (5.13).
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Now, let us estimate the error of approximation of the function f by the polynomial ¢5(f;z) in
the metric of L,. We have

+ Ja2(p,p) =: 3&2) (p,p) + J2(p, p). (6.19)

L
Y AUfa)|L

=1 aet'[i;f]

1f =t () Lpll <

The necessary estimate for the “tail” Ja(p, p) is already established in (6.17). Therefore, it remains
2

to derive an appropriate estimate for J;”(p,p). Arguing as in case (i), substituting the values
of Ny(l), 1l € z1,, and taking into account the choice of 3¢, L, and N, we obtain

L b1
3P, p)? <<ZN2<Z>15[ 3 ||A$<f;x>|Lp||q] ST AL (f52) | L))

a€lll;f] a€l’[L;f]

L
< Z (L= (, = )P(Q—Ca(uﬂ)(a(u + l))(n—l)s)p

L
= gmsowp 9ol (5 =0)r 5™ 90l (5 =5 )P (afu 4 1))

= (2790 (q(u + L))" D) < (N5 (log™ ! N)9)”. (6.20)
Thus, substituting estimates (6.17) and (6.20) into (6.19), we arrive at
1 = tx (DIl < N=<(log"? N,
which implies the required upper estimate for the class Hyy:

on (55, TH) L) < N=5(log" ! N)©. (6.21)

g
(iii) Finally, let ¢ = (11 - p. Depending on u € N, we choose a number L € N, the numbers N3(1)
and N3(1), | € zr, from (5.9) and (5.10), and N € N as in part B(iii).
Let f € Hyy. As 0[l;3] in (5.10), we take 0[l; f] C 0(a(u+1—1)) (I € z1) as in case (i). Then
the polynomial

L L
tn(fix) = SO (fix) + ) t(fw) = Sur(fsm)+ > > Ab(f;)
=1

I=1 acbll;f]

has at most N harmonics (see (5.14)).
Now, let us proceed to estimating the error of approximation of the function f by the polynomial
~N(f;x) in the metric of L,:

> Y arm

I=1 act'[l;f]

If = tn ()Ll < ol +32(0,p) =: 3P (0, p) + Ja(p, p). (6.22)

In view of (6.17), it remains to derive the required estimate for J 33 )( p,p). Arguing as above (sub-
stituting the numbers N3(l), [ € z, and taking account of the equahty ¢ = (11 - zl)), we get

p
q

L
W <> M) e [ 3 ||A:~;<f;a:>|Lp||q]
acl(

=1 a(u+l—1))
L
Z (2 <a(u+l)( (u_i_l))(nfl)e)p
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1

< 27<a(u+L) (a(u + l))(nfl)eL:7 — (2au(au)nfl)fc(au)(nfl)e(log(au))p
= N~(log"! N)¢(loglog N)*» = N~(log"! N)¢(loglog N) 1, (6.23)

because N < 2% (au)" ! log(au) and L = log(au).
Substituting estimates (6.12) and (6.7) into (6.13), we find

1
If =t (F)ILyll < N7*(log" ™! N)“(loglog N) 7,

which implies the required upper estimate for the class Hpy:

on (Hy, ) L,) < N~*(log" ' N)*(loglog N) 1. (6.24)

Thus, the upper estimates in Theorem 6.1 are completely proved. Appropriate lower estimates will
be established in Section 9. [

Theorem 6.1 and inequality (5.3) imply the required upper estimates for the best N-term trigono-
metric approximations of the classes BJi" in case I of Theorem 2.1, except for the only situation
when ¢ = 11) -24 ;. In this case, estimates (6.14) and (6.24) obtained for the classes Hy; turn out
to be rougher than it is required for the classes Byi*: (6.14) and (6.24) contain a redundant factor
of (loglog N) 7.

Therefore, to achieve the required approximation error in the case of ¢ = *

— 3 + ;, we correct

the construction of an approximating polynomial for f € Bpi* while keeping in mind the difference
between the definitions of the classes Bji* and Hyf .

Proof of the upper estimate in Theorem 2.1, case I. Let first 1 < p < r < 2. Let also
J €B,y' and L € N be such that 20(utL) — 90u(gq)"=1 Define a number

Ny(1) = 2070 N 2% AL (fia) L) | 41, €z (6.25)
acb(a(uti—1))
Then, for arbitrary sets 0[] C 6(a(u+ 1 — 1)) with #6[l] = N5(1),
N5(1) = min{N4(1), #0(a(u + 1 — 1))}, lezg, (6.26)

by Lemma A together with the definition of 6(a(u + [ — 1)), Theorem A, and the inclusion f € By,

we obtain the estimate

L
um, D) = Syum Li fyi= 30 3o2m LY Y gt om

am<au I=1 aebl]
L
< 3’f< PSS 2“<“+’>N§(Z)>
am<au =1

L
S e D S SU S I TP I
=1 acb(a(u+l-1))

< 2% (qu)" Tt 4 200 ) < g0 (gt (6.27)
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Now, we choose N € N from the conditions N > &4(u,m,L) and N =< 2%(qu)"~!. Then the
trigonometric polynomial

L L
tn(fim) = Sem(fia) + > ti(fix) =S (fim)+ > Y. AU(fix
=1 I=1 aeb[i;f]
where the set [l; f] C 6(a(u+ 1 — 1)) with #0[l] = N5({) is chosen as in part B(i) (I € z1), has at
most N harmonics in view of (6.27) and (4.3).
Let us proceed to estimating the error of approximation of the function f by the polyno-
mial ¢y (f; ) in the metric of L,:

L o)
1 =t DI < || Gt — tiD| L[+ >0 AL =2 3P (0,1) + 32(0,7); (6.28)
=1 l=u+L+1

~

in this case, due to the choice of L, the estimate for the “tail” Ja(p,r) is already proved in (6.7).

Hence, it remains to estimate J §3+) (p, 7). Successively applying Lemmas T1 and B, Theorem A and

taking into account the condition 7 = ; — 71" and the choice of the number L, we obtain

<<Z S 2G| AR ()Ll

=1 ach'l;f]
L ;
DI AL Y. 2T 2% AL(f ) Ly
=1 acb(a(ut+l-1))

T

L q
11 T —Ta(uw T as w
<> Mot <+l>{ >oo2 quAau;x)\Lpuq}

aeb(a(utl—1))
L 1 1
< Yopreletr G )T KT 9 AL (Sl
=1 a€cb(auta(l-1))
—ra(u+L —ra(u+L)r _ N
< 2 Ta(u )er|B187171an < 2 Ta(ut+L)r (2au(au)n ) ™ NTTT (6.29)
Thus, combining estimates (6.28), (6.7), and (6.29), we see that
—c+ 1_1
If = tn(HILe| <N >Te e,

which implies the required estimate for the class B

on(Bim TW L) < N~°F

Now, let 1 < p =17 <2 Let f € By and L € N, N3(I) from (6.25) (I € z1), and N € N
be chosen as in the previous case, and let the sets 0[l; f] C O(a(u + 1 — 1)) with #6[l] = N5(I) be
defined by the condition

2% AU (f; @)Lyl = 2 |AR (f; @) Lyll,  a €Ol; f], o €0l f] = 0(a(u+1—1))\O[L f].
Then the polynomial

L
p)i= Y ANfim) 4y Y AL(fiw)

am<au =1 aeb[l;f]

has at most N harmonics in view of (6.27).
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Now, let us show that this polynomial ¢x(f;x) gives the required approximation error for the
function f in the metric of L,. We have

> Y araf

=1 act'[l;f)

I1f = tn ()Ll < ol +32(0.0) = 37 (0,9) + 20, p); (6.30)

(3+

here, in view of the choice of L and (6.17), it remains to prove the required estimate for J; )(p, p).
Arguing as in part C of the proof of the upper estimates in Theorem 6.1 above, we obtain

1_17

q
20E7D Y 2 YAY(fr ) Ly
acl(a(utl—1))

L
3 .y < 275y
=1

P_y
[ > 2asq|rA;“<f;x>\Lpuq] > 2 AL(fi)lL,|

ael[l; f] act'[l;f]

< (g ot )Z2<““’ 2P ST 2 AL ()L, |

acb(a(ut+l—1))

L
=2y Y, AL

=1 acb(a(u+l-1))

< 27s el N T 2 A (fr )| Ly |11 < 27 P F B |
aEN?
< 275wt Lp (20U (qgy) 1) =P < NP, (6.31)
Substituting the estimates contained in (6.31) and (6.17) into (6.30), we arrive at the inequality
1f =t ()| Lpll < N7*

This implies the required upper estimate for the class By:

on(Bim, ™ L) < N7<. (6.32)

pqg >

Now, the upper estimates in case I of Theorem 2.1 are completely proved. [

7. UPPER ESTIMATES: CASES II-1V

Just as in Section 6, we will prove the upper estimates in the cases II-IV considered here for
the wider classes H:Y instead of By

Theorem 7.1. The following estimates hold for the best N -term trigonometric approximations:
II. Let 1 <p<2<r<oo,1<g<o0, and ¢ > 11). Then

o (W35, TV, L) = N (log™* N)<+s—§,+1— :.

II. Let 2 <p<r<oo, 1 <q< o0, and§>§. Then

(HCG ‘I(k),Lr) — N—C(logw—l N)c—l—e—i—;—;.

Py’

IV. Let 1 <p<o0,1<qg<o0, a,nd§>pl*. Then

on (Ho, TM, Loe) < N7 72 (log® ™! N)*™ 0 T4 (log V) 2

PROCEEDINGS OF THE STEKLOV INSTITUTE OF MATHEMATICS Vol. 293 2016



26 D.B. BAZARKHANOV

Consider another auxiliary class of functions (¢ > 0, € € R)
W = {f € Ly | 2°9(al) "V A <1, 1€ No}

(the sequence (f;) is defined for f € Ly in Section 5, see (5.1)).
The following statement is valid.

Lemma 7.1. Let 2 <r <oo,¢ >0, e € R, and » € (0,5). Then there exist constructive
methods An(-,r,3¢) and An(-, 00, ) of N-term trigonometric approximation that are based on the
algorithm 1A (e) and provide the following estimates for f € W':

If = An(F.7, )| L] < N7 2 (log" ™ N)s*e,
If = An(f, 00, 3)| Loo|| < N7572 (log" ™" N)***(log N)>.

Proof. Clearly, it suffices to derive the required estimates for numbers N € N of the form
N =< 2%(qu)" ! u € N. Let f € W5¢. By Theorem D and the definition of W<, for all I € Ny and
any N (l) € Ny we have (see also (4.3))

11 = Gy (FILe | < (N(D) ™2 [| il All < (N (1)) 2 - 275 (al) D), (7.1)

ars _1 1 A _1 _9—sal (n—l)(e—l—é)

1fe = Gy (D[ Looll < (N (D)™ 2 (aln) > [ il Al < (N (1))~ > - 27" (al) - (12)

Now, we fix s € (0,¢) and define the numbers (depending on u)
N(l) = [20= =D @yt I=utlu+2,.... (7.3)
Consider the polynomial
An(for s m) = SEr(fia) + Y G (fis )
l=u+1
By construction, the number N of harmonics of such a polynomial can be estimated (see (5.6)
and (7.2)) as
N < 2au(au)n—1 4 gau Z 2ua(l—u)(al)n—1 - 2au(au)n—1‘
l=u+1

Let us estimate the error of approximation of the function f by the polynomial An(f,r,s) in
the metric of L,. In view of (7.1), for 2 < r < co we have

If = An(fr) Ll <30 i = G (DL

l=u+1

< Z (N(l))—; .2—§al(al)(n—1)5 < Z 2—;a(u—%(l—u))(al)—é(n—l) .2—§al(al)(n—1)e
l=u+1 I=u+1

— 9~ yau(l+x) Z 2—(;—;%)al(al)(n—1)(e_;) < 9— sau(l+x) | 2—(;—;%)au(au)(n—1)(e_;)
l=u+1
= 97 (+2)au gy D(2) < N2 (log ! NS,

Similarly, using (7.2) instead of (7.1), we obtain the required estimate for the uniform approximation
of f by the polynomial Ay(f, o0, 5).
The lemma is proved. [
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Proof of the upper estimates in Theorem 7.1. II, IV (p < 2). First, consider the case of
1<p<2<r<oo LetfeH,. Then, successively applying inequality (4.12) (or (4.13)) and

Holder’s inequality and taking into account the definition of the class Hy, we have

Al < 3 JAR(folAl < S 2 AN (@) Ly

acb(a(l-1)) acb(a(l-1))
< 2al;J (al)(nfl)(lf (11) ) 2—alg(al)(n71)e _ 27al(<f 11] ) (al)(nfl)(eJrlf ; ) .

Hence, by Lemma 7.1 (with ¢ — 11) and e+ 1 — é instead of ¢ and €), we obtain
I = An(Fr )|l < N7 72 (1o N)T T

— Apn ,oo,%Loo<<N<11JélonlNCEzlvlflJloNé
g g
Then it follows that

(Hzgfq’ g(k) ) < Nt zla -3 (log”* N)§+ef ; 41— ; ,

on (FSS, TR, L) < N™5F 072 (log" ™! N) 5174 (log N) 2.

IIL, IV (p > 2). Now, let 2 < p < r < co. Then the norm inequality ||-|La|| < ||-|Lp|| implies the
elementary embedding Hyo — H;eq, and in view of what has already been proved above we obtain
(for r < o0)

o (855, T, 1) < N~5(log"} W3,

o (Hy5, T, Log) < N7*(log"* N)* 274 (log N) &,

PP
as required. [

Thus, all upper estimates in Theorem 7.1, and hence all the remaining upper estimates in
Theorem 2.1 (in view of (5.3)), are completely proved. It remains to prove the lower estimates (in
Theorems 2.1, 6.1, and 7.1).

8. LOWER ESTIMATES: CASE I
First, we make a general remark that follows from Lemma M. Let 1 < p,q < 0o, s € R", and
[ €Ly If (2%AL(f;7)) € £y(Lyp), then f € By and
1f1Bpg" | < (27 A5 (f; ) 1q (Ly) | (8.1)

(see [3] for a proof).
It is also clear that when deriving the lower estimates (in all cases I-1V), we can restrict ourselves
to a sequence of numbers N € N of the form N < 2%%(au)" ! (log(au))’, u € N, where b € {0,1}.

Proof of the lower estimate in Theorem 2.1, case I. A. Let first 1 < p <r < 2. Consider
the function

fl (1’; u) DAa (au) Z Dp(m a)

acl(au)
Let us estimate the norm of f1 in the space B,;". By Lemma A, (4.1), and (7.1), we have (for ¢ < o0)
IACWIBEIT < Y 2Dy | LlF & D2 2217007 9 (0 )1y
acl(au) acl(au)
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similarly we obtain

1
1f1 ()| Bem || < 27+,

Therefore, the function

1

g1(z) = g1 (z30) == cfi(z;u) - 27°C170) (qu) T g

belongs to the class B/ (with a constant independent of u), 1 < ¢ < oc.

Now, take an arbitrary spectrum A € Z¥, #A = N, where N € N is chosen in such a way that
4N < #A,(au) and N < 29%(qu)" 1.
Denote by 2 the set of o € 6(au) for which

(AN plm, ) < #olm,a).

Due to the choice of N, we have #2 > J #6(au).
Then, by Lemma T2, we obtain the following lower estimate for any polynomial ¢t € T(A):

1—1 T * T
lgr — 1L, )" > S0 22T )" AL (g1 — ¢, 2)| Lol
a€cfb(au)

;
> 2au(;fi)r ) 2fau(<+lfi)r(au)—(n—1)2 Z [ Z 1]
ac LEep(m,a)\A
> 2au(%—i)r ) 2—au(g+1—i)r(au)f(n71)g . gau ((J,U,)nil

~ (2 D ) DY

)

ie.,
11 e
g1 — L] > N~ (log"  N) ™ot 7
Therefore,
1 1 1 ) L
a5 50,1, 5 gy

Thus, the required lower estimate is proved provided that ¢ — 11) + 2 - (11 > 0.

If ¢ — 11) + 3 — ; < 0, then the desired lower estimate follows from the analysis of the isotropic

casen=1(=>m=k seR}, ¢=7)

1 1
UN(BIS,];,S(k),LT) >N Ter, (8.2)

Recall that estimate (8.2) was established in [9] (see estimate (2.2)). Estimate (8.2) can also
be proved by means of the lower estimate for the best N-term trigonometric approximations of
appropriately chosen cubic smooth means

J
Z A?k (Gerk(lf 1y x)
j=1

of the periodized Bessel-Macdonald kernel.

B. Now, let 1 = p < r < 2. Applying the periodized Bessel-Macdonald kernels, we construct
a function in the class Bf7* that is poorly approximated by N-term trigonometric polynomials.
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Since G5 € B (T*) (see Section 3), for the function
G (@) = [] Ga (2",
VEZn
in view of the easily verifiable equality
ATMGM 0y = ] At (Gs,,2¥), o e N,
VEZn
it follows from (3.3) that
2% | AIM(GIM, 2)| Ly | < 1, a €N, (8.3)

ie., G e Bs™ . Taking into account the remarks on the composition of the operators Ag and A,

(see Section 4) and Lemma M, one can easily show that the function
folw) = folw; G5y = 7 AT(GEsa)
acl(au)
satisfies the following norm estimate in the space By (1 <g<o0):

q
< D 2MALGI )| L0
acl(au)

IfolBig |7 = Y 22 Ly

o’eNG

Z Al o Ag(égm);x)
acl(au)

< #0(au) < (au)"L;
its norm in B{7 is estimated in a similar way: || f2|Bj%|| < 1. Thus, the function
02(2) = go (s G5 ) = elaw) "V fo(a: GUVu), 1< g <ox,

belongs to the class B{j* (with a constant independent of w).

Now, arguing as in part A and retaining the notation adopted there, we obtain the following

chain of inequalities for any polynomial ¢ consisting at most N harmonics:

1_1
lgs = HLe "> 3 20T A (gy — 1 2) Lo
a€cfb(au)

2 2
>>2aur<;—i><au)—<n—1>zzl > (Z M&)) H(l+£"§”>‘5”]
£en(

ac VEZnp

m,a): 1(€)=0 \ o/ €ZF

> 2aur( ; — 11" ) (au)f(nfl) g Z g—amsr  gam ; r
ae

- 2aur(é—i)(au)7(n71); . 9—aurs  gauj (au)nfl _ 2—aur(§—1+i)(au)(nfl)(i*;)r.

therefore,
ON (92, g(k)’ LT) > N7<+17i (lognil N)§_1+ i - ; :

This implies the required lower estimate for the class Biy"

ON (Biq:]n7 {Z(k)a LT) > N7<+171 (lognil N)§*1+ f 7; )

again provided that ¢ — 1 + 2 — é > 0. In the case of ¢ — 1+ 3 — 1 < 0, the necessary lower

q
estimate follows from the above-mentioned result (2.2) from [9] for the isotropic class Bk, [
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9. LOWER ESTIMATES: CASES II AND III

To derive the lower estimates in case I1I, we apply Nikolskii’s duality relation (3.3). Namely, from
the definition of the best N-term trigonometric approximation of a function f € L, (1 < r < 00),
by virtue of relation (3.3) we deduce the equality

T®) L) = inf ) lglLe] =1, §(€) =0, €€ Al
on (f, 2%, L) AcmgQA:Nsup{£f9> gL ]l = 1, §(§) =0, € € A}

Therefore, to obtain the lower estimate
JN(F,Q(k), Lr) > ap,

it suffices to show that for every IV there exists a function fy in the class F and for an arbitrary
spectrum A C Z*, #A = N, there exists a function ¢a(z) = pa(; fo) with ||pa|L| = 1 and
oa(§) =0, £ € A, such that

(fo,pr) > an (9.1)

with a constant independent of V.

Proof of the lower estimates in Theorem 2.1, cases II and III. A. Let first p > 2. In
this case, to construct a function fo from the class Bjg*, we need the well-known Rudin-Shapiro
trigonometric polynomials R;(2), j € N (see, e.g., [12, Ch. 4]). For every j € N, this polynomial
has the form

271
Ri(z) = Y R(Q)em™*
(=211
with coefficients {J\{(C) € {-1,1}, ¢ =27"1,...,2/ — 1, and its uniform norm is estimated as

1R Loo| < 220D,

Consider the function

f3(z) = fa(wiu) = > R = > I II Rew(@x).

acl(au) a€l(au) VE€Zn K€k,

It is clear that
Al(fsa) =Rala) i a € f(au),

A (fs,z) =0 if aeNj\6b(au).

Let us estimate the norm of the function f3 in the space B3J;. According to (8.1) and the properties
of the Rudin-Shapiro polynomials, we obtain (¢ < co)

IfalBl < S0 2% Ra|Loofl T 209 2030 90 2) gy,
acf(au) a€b(au)

similarly,

73] Bl < 27 (+2).
Therefore, the function
93(2) = ga(azw) = ¢- 272 (@) fy(a)
belongs to the class B3, (with a constant independent of u).
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One can see from the properties of the Rudin—Shapiro polynomials and the construction of the
polynomial fs5(z;u) that the Fourier coefficients f;,({,u) of the latter take values +1 or —1 for
€€ p(m,a) NNF =: py(m,a), a € O(au), and 0 for all the other €.

Again, take an arbitrary spectrum A C ZF, #A = N, where N depends on u and is chosen so
that 2F72N < #A,(au) and N =< 2%(qu)"~!. Denote by 2 the set of those a € 6(au) for which

#(AN i (m,a)) < ) pi(m, ).

In view of the choice of N, we have #2 > 6(au).
Now, consider the function

() = alriu) = fala) = Y Fa(€)e .

geA

It is clear that

~

YA€) =0 for all &€ A.

By the Parseval identity, we have
loalLel® = Y AP = > > [a@*

I/ a€b(au) E€py(m,a)

Hence, on the one hand, we obtain the upper estimate
loalZel> < >0 Y 1=a™(aw)"!
a€b(au) £€pt(m,a)

and, on the other hand, the lower estimate

||T,Z)A|L2||2 > Z Z |7;/Z)\A(£)|2 = Z Z 1> ; Zer(ma a) = ; Z 2o

€ gepy (m,a) ae E€py (m,a)\A ac?l ac
= 20U = 29 (qu)" L,
Therefore,

1 1
lal Lol = 224 (au) "~ V2.

Now, we introduce the function

1
AN g )

It follows from the above constructions and estimates that
(g3, 00) > 273" (au) "D 27 (2 ()~ a (f5, )
= (e () DG 0y | L2 = 2759 () (27 a) < N7 (log N2

Hence, in view of the arbitrariness of the spectrum A and relation (9.1), we obtain

1

on (B, TM) Ly) > N=5(log" ! N)* 2. 9.2)

00q?

Using the elementary embedding B3 — B,;" and the inequality || - [Lz|| < [| - [L||, we then finally

ooq
derive the following estimate for the class B)f" in case III:

on (BT, T, L) > N~5(log" ! N)*+2 s
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B. Let, finally, 1 < p < 2. Then, by virtue of the obvious inequality

sm sm k
Z ON
on (B, TW L) > on(BS®, W Ly),

pg > pg >

the required lower estimate follows from the already analyzed case I with r = 2.
Thus, all the lower estimates in Theorem 2.1 are completely proved. [

Now, let us discuss the lower estimates for the best N-term trigonometric approximations of the
classes Hyp.

Proof of the lower estimates in Theorem 6.1 for ¢ # 11) — % + ; and in Theorem 7.1.
Consider the functions

hj(x) = hj(x;u) = (au)(”fl)egj(x;u), j=1,2,3.

It is clear that in the situations analyzed in parts A and B of the proof of the lower estimates in
case I of Theorem 2.1 (Section 8) and in part A of the same proof in cases II and III (above in the
current section), the previous considerations imply the estimates

1 2 1
on (h, T L) > N0~ (logn M) 7o)y
O'N(hg,‘z(k),L ) > N+ (logn 1N)e+(<—1+§—}1)+,
O-N(h?,,‘z(k),Lr) > N*C(lognfl N)eJrCJr;f

Next, by Theorem A and the remark on the compositions A} o A*, and AY o AZ, (see Section 4),
the inclusion g; € Bp;* readily implies that h; € Hyo, 7 =1,2,3.

Thus, it follows that in all the cases considered in Theorems 6.1 and 7.1 except for the case
when ¢ — 11) + 3 — (11 = 0 in Theorem 6.1, the upper estimates established there are order sharp.

In particular, Theorem 7.1 is completely proved. [

It remains to consider the lower estimates for the class H;f] inthecaseof 1 <p<r<2,r>1,

andg—ll)—|—2—(11:0.

T

T
we choose a number L € N satisfying (5.8) and then, for every | € zp, take an arbitrary set

0[] C O(a(u+1— 1)) with

Proof of the lower estimate in Theorem 6.1 for ¢ = 11) -2 4 ;. Depending on u € N,

#0[1] == [27"#0(a(u+1—-1))| +1;

it is clear that #6[l] < 2¢L=0 [ ¢ 7.
Let first 1 < p <r < 2. Consider the function f; defined by the formula

fa(x) := fa(z;u; L) Z Z Dyim,a) (T
I=1 aecd[l]

Let us estimate the norm of fy in the space H5;. By Theorem A and relation (8.3), taking into
account the remark on the compositions A¥ o A*, (Section 4) and (4.1), we obtain (¢ < 00)

Hf4!H§2Hq—lse%g{(2<“l(al)(l”)e)q > HAZ(f4;w)!Lqu}
0

a€cf(a(l—1))

< max{(z<a<u+l>(a(u+l YTV 1D mey [ Lp }

€z
L a€cfl]
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< max{ (QW(”H)(a(u +1)) (1-n) Z gam (1=} }

lez
~ a€cll]

=< max{ (290D (afu + 1) 0701 20 )y}

lezy,

= max{ <2(§+1_ )“(“+l)( (u + l))(l—")f)q 279 (g(u + l))n—l}

lezy,

= o rlrelgz({z(m*é*é)“(W)(I(a(u n 1))("*1)(2*6)Q} = K(r).

If r=2, then¢+1— 11) — (11 = 0; therefore, in view of the choice of L, we obtain

%(2) = 2% masc{ (au) V(0 77, (a(u + £))"DG9) < 2 () D1,

If1<r<2,then§+1—;—}1:1—§<O;theref0re,weﬁnd

5 (r) = 200 - 9(SH17 5= )aue () (= (G =)a — oS+ Jama gy (=1 (=),
Hence, for all 1 < r < 2, we have
5 (r) = 2(5H175) @4 () (=D (599,
Thus, we obtain the norm estimate
2 HS || < 27267 5) (qu) "D (079,

similarly we get

| fal gl << 226172 (au) ==,
Therefore, the function
hy(x) := hy(x;u) == c- 27(1“(&17;)(au)("fl)(ﬁ;)ﬁ;(x;u)

belongs to the class Hyy (1 < ¢ < oo) (with a constant independent of u).
Now, we choose N € N from the conditions

aN < Z Z #p(m, a) N = 2%(au)" ! log(au).
=1 aell]
For A C Z* with #A = N, we introduce the notation

#(Aﬂ U p(m,a)> §c2-2“<“+”},

acl]l]

={a e dll] | #(ANp(m,a)) < cs#tp(m, )},  lez”

2 =2z"(A) = {l €7y,

One can easily verify that the positive constants c1, ¢z, and c3 can be chosen (independently of )
so that #z* > ¢4 L and 0*[l] > ¢50[l] with constants c4,c5 € (0,1) that are also independent of w.
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It remains to prove the lower estimate for the error of approximation of f; by an arbitrary
polynomial t € T(A) in L,. By Lemma T2 and the Parseval identity, taking into account the choice
of z* and 0*[l], we obtain

Ifs—tLe]">>" > 22 (2 =1 )| A% (fy — t,2)|Lo||” > 3 gelth( =) 3 gom:

lez* ach~[l] lez* aebh*[l]
- Z 2a(u+l)(1—1)r#9*[l] — gau Z 2a(u+l)(1—f)r(a(u + l))nfl _. 8(7“) (9.3)
lez* lez*
If r = 2, then the choice of L yields
E(2) =2 Z(a(u + )" = 2% (qu)" L = 2% (au)™ log(au).
lez*

If 1 <r <2, then
E(r) > 2. 2a(“+L)(1_2)r(a(u + L)L = 2au(1_i)r(au)"_1 log(au).

This estimate and (9.3), in view of the arbitrariness of the spectrum A, imply the following lower
estimate for 1 < r < 2:

on (ha, ™, L,) > 2 au(srl- )(au)(n_l)(e_flz) -2au(1_1)(au)("_1)i(log(au))l

— 275 0) (au) ™ D0t (log(au)) = N~ ™7 (log™ ! N)<(log log N) 4

Hence, we arrive at the required lower estimate for the class Hy
1 1 1
on (Hyg, T® L Ly) > N "o (log" "t N)¢(loglog N) 4. (9.4)
In the case of 1 = p < r < 2, we consider functions f5 and hy that are defined by analogy
with the functions f; and h4 except that the Dirichlet kernels D, o) () should be replaced by

appropriate “sections” of the Bessel-Macdonald kernels Ag(és;w). Just as above, combining the
arguments related to the estimates for fo and g9 from part B of the proof of the lower estimate in
case I of Theorem 2.1 (Section 8) and for f4, one can easily verify that the function hs belongs to
the class Hi and

JN(h5,T(k),L ) >N~ sH= (log" L Nye (loglogN);7
which implies the required estimate (9.4) for p = 1.
Thus, Theorem 6.1 is also completely proved. [

In conclusion, we make a few remarks.

Remark 9.1. In case IV, the lower estimate

(B;:]n’ g(k) ) > N_H_ pl* _é (1ng—1 N)g— pl* +1— [11

holds, which follows from the estimates established in Theorem 2.1: for 1 < p < 2, from case I with
r =2; for 2 < p < 00, from case III with r» = p; and for p = oo, from (9.2).

Remark 9.2. The classes H;; and W’ are analogs of the classes H;, and W’f (which are
Hgo o|A%] and W5 [A*] in our notation, respectively) considered by Temlyakov in [30] (see also the

lGN()),
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(fz(x) =3 AL(fiz)

la|=l
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we use the sequence (5.1); in other words, we use the system W™ instead of T(*) | which, in particular,
has allowed us to analyze the cases when p € {1,00}. The classes HS¢, which play an auxiliary role

P
(just as Hyg in [30]) in the proof of the upper estimates for the classes By, are nevertheless of
some independent interest: in the “limit” case I with ¢ — 11) + 2 — ; = 0, there is a difference in the

decrease rates of (6.1) and (2.1).

Remark 9.3. Here we have not touched upon the results on the classes MW;(']I'k) with
bounded mixed derivative at all. These results are closely related to those mentioned in Re-
marks 2.1(a)-2.1(c), and we are going to discuss them in a forthcoming paper devoted to the
best N-term trigonometric approximations of the Lizorkin—Triebel classes Ly, because the scale of
Lizorkin—Triebel classes naturally includes the classes MW3.
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