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Abstract—We improve the sum-—product result of Solymosi in R; namely, we prove that
max{|A + A|,|AA|} > |A|*/3+¢] where ¢ > 0 is an absolute constant. New lower bounds
for sums of sets with small product set are found. Previous results are improved effectively for
sets A C R with |[AA| < |A|*/3.
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1. INTRODUCTION
Let A, B C R be finite sets. Define the sum set, product set, and quotient set of A and B as

A+B:={a+b: ac A, be B}, AB :={ab: a € A, be B},

and

A/B:={a/b: a€ A, be B, b+# 0},
respectively. The Erdds—Szemerédi conjecture [3| says that for any € > 0 one has
max{|A + A|, |AA|} > |A]*.

Roughly speaking, it states that an arbitrary subset of real numbers (or integers) cannot have good
additive and multiplicative structure simultaneously. At present the best result in this direction is
due to Solymosi [10].

Theorem 1 (Solymosi). Let A C R be an arbitrary set. Then

Al
Aflog| Al

Al*

, A+ AP2|AA| >
flogla)” AT AlIAA

|A+ AP2|A/A| > 4
In particular,
|A|4/3

. 1.2
log!/3| A 12)

max{|A + A[, |AA|} >

Here and below we suppose that |A| > 2.

It is easy to see that bound (1.1) is tight up to logarithmic factors if the size of A + A is small
relative to A. The first part of the paper concerns the case where the product AA is small. We will
write a Sborb 2 aif a=0(blog’|A]), ¢ > 0. In these terms inequality (1.1) implies the following.

Corollary 2. Let A C R be a finite set and K > 1 a real number. Suppose that |A/A| < K|A|
or |AA| < K|A|. Then

A+ A| > |APPPKY2, (1.3)
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ON SUM SETS OF SETS HAVING SMALL PRODUCT SET 289

Estimate (1.3) was improved for small K (see, e.g., references in [9]; sharper bounds for the
difference of two sets having small multiplicative doubling can be found in [8]). Here we cite a
result from [9)].

Theorem 3. Let A C R be a finite set and K > 1 a real number. Suppose that |AJA| < K|A|
or |AA| < K|A|. Then
|A—|— A| 2 |A|58/37K_42/37. (1.4)

It is easy to check that the bound of Theorem 3 is better than Corollary 2 for K < |A[>/47.
Let us formulate our first result (its refined version is contained in Theorems 11 and 13 below).

Theorem 4. Let A C R be a finite set and K > 1 a real number. Suppose that |AJ/A| < K|A]
or |[AA| < K|A|. Then

A+ Al Z JAP2ET0 and A+ A] 2 |ARRE9/,

Theorem 4 is stronger than Theorem 3 and refines estimate (1.3) for K < |A[Y/3.
In the next theorem we improve bound (1.2) (its refined version is contained in Theorem 15).

Theorem 5. Let A C R be an arbitrary set. Then
max{|A + Al [AA]} > |4/,

where ¢ > 0 is an absolute constant.

In addition, we consider a “critical” case of Solymosi’s theorem, i.e., the situation where the
reverse inequality to (1.1) holds (see Proposition 14).
We use a combination of methods from [10] and [7] in our arguments.

2. DEFINITIONS AND PRELIMINARY RESULTS

The additive energy E* (A, B) between two sets A and B is the number of the solutions of the
equation aq + by = ag + by for aj,as € A and by, by € B (see [11]):

E+(A,B) = Hal—{—bl =ag+by: aj,as € A, by,by € B}‘

The multiplicative energy E* (A, B) between two sets A and B is the number of the solutions of the
equation a1by = agbe for aj,as € A and by, by € B (see [11]):

EX(A,B) = Halbl = aoby: ai,a0 € A, b1,bo € B}‘

In the case A = B we write ET(A) for ET(A, A) and EX(A) for EX(A, A). Having A € A/A, we put
Ay = AN AA. Clearly, if 0 ¢ A, then

E(A) = 3 AP (2.1)

AEA/A

and similarly for the energy E*(A4). Finally, the Cauchy-Schwarz inequality implies for 0 ¢ A,
Ay C A, and Ay C A that

EX (A1, A2)|A/A| > [A1P| Ao, EX(Ar, A2)|AA| > | A1 P Ag]?. (2.2)

In particular,
EX(A)A/Al > |A]Y,  EX(A)]AA] > AL (2.3)
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290 S.V. KONYAGIN, I.D. SHKREDOV

Solymosi’s Theorem 1 can be derived from a slightly more delicate result on an upper bound for
the multiplicative energy of a set in terms of its sum set (see [10]). Estimation of the cardinality of
the set on the left-hand side of (2.4) is the main goal of our crucial Lemma 10.

Theorem 6. Let A, B C R be finite sets with min{|A|, |B|} > 2 and 7 > 1 be a real number.

Then

|A+ Al -|B+ B|
) .

Hz: |[AnaB| > 7} < (2.4)

In particular,

EX(A,B) < |A+ A|-|B + B|log(min{|A],| B|}). (2.5)

We need the assertion from [5, Lemma 7|. In |7, Lemma 27| the same result was obtained with
the redundant factor log? d(A).

Lemma 7. Let A C R be a finite set. Then for any finite set B C R and an arbitrary real
number T > 1 one has

. _ Al - [BJ?
{z € A+ B: |ANn(z — B)| > 7}| < d(A) 3 (2.6)
where
- |ACP
d(A) := min .
W=22%141- 1

Obviously, if |A/A| < K|A| or |AA| < K|A|, then d(A) does not exceed K2. The quantity d(A)
is a more delicate characteristic of a set than |A/A|/|A| or |AA|/|A|. For example, the rough
estimate (1.4) can be derived from the stronger one

A+ Al 2 [P (a(A)) 2 (2.7)

(see [9]).
Lemma 7 implies the following result.

Corollary 8. Let Aq, Ay, A3 C R be any finite sets and o1, s, ag be arbitrary nonzero num-
bers. Then the number

0'(0[1141,0[2142,0[3143) = Halal + asas + azaz =0: a1 € Al, as € A2, as € A3}| (28)
does not exceed O((d(Ay))'/3|A1|Y/3] Ax|?/3| A3|?/3).

Proof. Without loss of generality, we can suppose that a3 = 1. Then the number (2.8) is

o= Z |A1 N (x — agAg)|. (2.9)
.’L'G(*CVSAS)

Let us arrange the values of |A; N (z — a3A2)| in decreasing order, that is,
’Al N (1‘1 — 042142)’ > ’Al N (1‘2 — OéQAQ)’ > ..

Using Lemma 7, we obtain |A; N (z; — aaAs)| < (d(A1))Y/3|A1|Y/3|A2)?/3571/3. Substituting the
last bound into (2.9), we get

o < (d(AD)P AL AP A5,
as required. [

PROCEEDINGS OF THE STEKLOV INSTITUTE OF MATHEMATICS Vol. 290 2015



ON SUM SETS OF SETS HAVING SMALL PRODUCT SET 291

The last result of the section connects the quantity ET(A) with |A/A| and |AA|. We follow the
arguments from [2] in the proof.

Theorem 9. Let A C R be a finite set. Then

|A/A]- AP log| Al > (ET(A))*,  [AA]-|A]"log|A| > (EF(4))". (2.10)

Proof. Without loss of generality, we can suppose that all elements of A are positive. For
r € R put

N(z) = |AN (z — A)|.

We have
> N(z)=|AP, > N(z)=ET(A). (2.11)
T€EA+A T€A+A
Let
E*(A)
F = A+ A: N .
{xe + (x) > 2|A|2}

Then

> N*(z) <) N(x) EQE‘;) .
x¢F

T¢F
Using this and the first formula of (2.11), we obtain

+ +
5 ) < ARG = s

Applying (2.11) once again, we get

> N*(x) > E+2(A). (2.12)
zeF
Put
U= N().
zeF

Because of (2.12) and the trivial bound N(x) < |A|, we have

E*(4)

> . 2.1
U= g4 (2.13)
Further, by the definition of the set F
2|A2U
F| < .
= e
Using this and inequality (2.13), we obtain
4|A1PU
F Al < . 2.14
FI+141< By (214)

Let us consider the set
P=(AUF)x (AUF)
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292 S.V. KONYAGIN, I.D. SHKREDOV

of points in R? and estimate the number T of collinear triples in P (points in a triple are not
necessarily distinct). On the one hand, a general upper bound for the number of such triples in
Cartesian products [11, Corollary 8.9] yields

T < |AUF[*log|A.
Because of (2.14), it implies
|APU* log| A]

< @)

(2.15)

On the other hand, for x € A put
Fz)={ye A: x+ye F}.
Fixing e, f € A, we find from (2.2) that there are at least

F2(e)F(f)
min{|AA|,|A/A]}

quadruples (a, b, ¢,d) such that ab = cd, a,c € F(e), and b,d € F(f). They form at least T'(e, f)
collinear triples

T(eaf) =

It follows that

2
z mln{\AA[ |A/Al} Z FHe)F(f) = mm{]AA\ |A/A|} (ZF )

e,feA

By the Cauchy—Schwarz inequality,

2
> Fe) > (ZF(@) |A|7Y = U?|AI7L

e€A ecA

Therefore,
1

> 44|72, 2.1
2 min{lA4), /4 YA (2.16)

Combining estimates (2.15) and (2.16), we obtain the required result. O

3. PROOF OF THE MAIN RESULTS

We begin with a key technical lemma.
Let ACR,0¢ A, be a finite set and 7 > 0 a real number. Let also S. be a set such that

SLCS,={\ T<|A\ <271} CA/A
and for any nonzero a1, ag, az and different A1, A2, A3 € S~ one has
O'(OélA)\l ) 04214)\2704314)\3) S g.

Lemma 10. Let ACR,0¢ A, be a finite set, T > 0 be a real number,

320 < 12 <|A+ Ao, (3.1)
and S, and o be as defined above. Then
3IS'I
A+ AP > 3.2
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Proof. We follow the arguments from [10]. Without loss of generality, one can suppose that
A C R*. Consider the Cartesian product A x A and the lines [) of the form y = Az, where A € A/A.
Clearly, any line [ intersects A x A at the points (z, Ax), x € Ayx. Put Ay =1\ N (A x A).

Let 2 < M < |S.| be an integer parameter, which will be chosen later. Arrange the elements of
the set S_ in increasing order and split them into groups of size M of consecutive elements. We get
k> [|SH|/M] > |S.|/(2M) such groups U;. For the lines I in each of these groups, we take the
points lying in the sets Ay and consider all their sums. Clearly, the sums belong (A + A) x (A + A)
and thus their total number does not exceed |A + AJ2. On the other hand, by the inclusion—exclusion
principle the number of such sums in any fixed group U; is at least

M
Pj ::7-2<2> _ Z [{z: 2 € (A +Ax) N (A, + Ax)
A1, €U
M F#A2, A3# A, { AL, 2 #{ A3, 4}
M
:Tz<2> _ 3 EN- M) (3.3)
A1, €U

A1F#A2, A3#A, {1, 2} #{ 3,4}

Fix A1,..., A4 and prove that the quantity E(A1,...,\s) does not exceed o.

Either all the numbers Aq,..., Ay are distinct or two of them coincide but the other two are
different and differ from the first two numbers. In any case one of these numbers differs from the
other three. Without loss of generality, we can assume that it is A4. If

z = (21,22) € (Ax, +Ax,y) N (A, + Ay,

then 21 = a1 + ag = a3 + aq and 22 = Aja; + Aaaz = Azaz + A\gay for some a; € Ay, (1 =1,2,3,4).
It follows that

0 = Aaj + Aeag — Azas — A\gaq — Ag(a1 + ag — ag — ay);
hence
(M — A)ar + (A2 — Ag)ag — (A3 — A\g)az = 0.
The number of triples (a1, az,as) satisfying this equation is
(M = XA, (A2 — M)Ay, (A1 — A3)Ay,) <o
Returning to formula (3.3) and using the bound £(Aq,...,\s) < o, we get

M
pj272<2> — oM.

! ! 2n72
|A+A|2 > ’S’r‘ <7_2<M> _O_M4> > ’S’r’ <T M —O'M4>.

Hence

- 2M 2 - 2M 4

Put M = [\/72/(80)]. The required inequality M > 2 follows from the first condition of (3.1). In
addition, if we have M < |S.|, then

2| g/ 3|qr

‘A—I—A‘z > Mt ‘ST‘ > T ’ST’ ’

16 128y/0

as required. Suppose that M > |S.| and assume that inequality (3.2) fails. Then
3|87 M T4
< < ,
128y/o ~ 128\/0 = 2560
which contradicts the right inequality in (3.1). This concludes the proof of the lemma. [

A+ AP <
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Let us prove the first part of Theorem 4, which is our main result on sets with small product
set. It is easy to see that the theorem below refines Solymosi’s estimate (1.3) for K < |A|'/4.

Theorem 11. Let A C R be a finite set and K > 1 a real number. Suppose that |AA| < K|A|
or |AJA| < K|A|. Then
EX(A) < KY4AP/8|A+ AP?10g®4| Al (3.4)

In particular,

|A+ A| > |A|¥912K=5/610g71/2|A). (3.5)

Proof. Estimate (3.5) follows from (3.4) via inequality (2.3); thus it is sufficient to prove (3.4).

Without loss of generality, we can suppose that 0 ¢ A. Let L = log|A|. In the light of
inequality (2.5) it is sufficient to check bound (3.4) just for K2 < L?|A 4+ A[*|A|=>. From this
bound and Solymosi’s estimate (1.1), we derive

A+ Al > |AMVBL7Y2, (3.6)
Further, because of d(A) < K2, we have
d(A) < L*|A + A" A| . (3.7)

Take a parameter A = CL3/4(d(A))Y/8|A + A|3/?|A|711/8, where C' > 0 is an absolute constant that
will be chosen later. The constant C' depends on another constant C; > 0 that will be chosen later
as well. By (3.7)

d(A)’A‘ <K L3/2(d(A))1/4’A+A’3‘A’_11/47

and for sufficiently large C' we have

Cid(A)|A| < A% (3.8)
Further,
EX(A) =) [AnzAP < AJAP+ ) > |AnzA?.
z J21 z: 21" TA<| ANz A|<27A

Note that in this formula, for |A| large enough, it is sufficient to consider j satisfying the inequality
2 < |AI'VE|A + A7 (3.9)
Indeed, suppose on the contrary that 2/ > |A|'Y/8|A + A|=3/%. Then by inequality (3.6) we get
A] 2 29 > CLY(d(A) 5|4 + AP APYS A 71/5] 4 4+ 475/
= CL¥*(d(A)VBIA+ AP/ > LA+ AP/ > |APY/32 L3S,

which is impossible for large |A|. Let 7 = 2"'A and o = 0(S;). Take an arbitrary A € S,. By the
definition of the set Sy, we get d(Ay) < |A|7~!'d(A). Applying Corollary 8 and using the definition
of the set S, once again, we get

ol Ay, agAy, a3A)) <o
for any nonzero numbers a1, a9, and ag, where
o < (JA|r7rd(A))Y375/3, (3.10)
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and we can take o = M (d(A))'/3|A|*/37%/3 where M > 0 is some constant. Put C; = (32M)? and
choose the constant C' in such a way that inequality (3.8) holds. It follows that

A3 > 32M (d(A)) 3 A3,
Hence for 7 > A we have
7% > 32M (d(A))V/3 A3/,
Thus, the first condition of (3.1) is valid.
For any j and sufficiently large |A|, in view of inequality (3.9), we obtain
T =27TA < CL¥*(d(A) V3| A+ AP/Y < M3/B|AVB(d(A) Y3 A + AP/A

It follows that
72 < MY AP/ (d(A)) LA + A%,

and thus the second inequality of (3.1) holds.
So, both conditions in (3.1) for 7 = 277! A are satisfied and we can apply inequality (3.2) of
Lemma 10 to estimate the cardinality of the set Syj-1. Using (3.2) and (3.10), we get

1/6|A|1/6|A—{—A|2

EX(4) < AJA]* + Z (d(A) 25 /3 A1/3

j=1

< AJA]2

It follows that
EX(A) < L3/4(d(A))1/8‘A’5/8’A+A‘?’/z < L3/4K1/4‘A’5/8’A—|—A’3/2.

This completes the proof of the theorem. [

In the next result we suppose that Solymosi’s inequality (1.1) cannot be improved. We will show
that this assumption implies a lower bound for the additive energy of a set and its product set AA.

Lemma 12. Let ACR,0¢ A, be a finite set and L > 1 a real number. Suppose that
|A+ AP2|A/A| < LA (3.11)

Then there exist T > EX(A)/(2|A?) and sets S. C S, C AJA, |S;|T% = EX(A), |SL| > |S,|/2, such
that for any element X\ in S, one has

EF(Ay) 2 7L (3.12)
and
|Ax/Ay| = 721716, (3.13)
Similarly, if
|A+ AP*JAA| < L|AY, (3.14)

then there exist T > EX(A)/(2|A|?) and sets S. C S, C A/A, |S;|7? = EX(A), |SL| > |S-|/2, such
that for any X € S one has (3.12) and

|AyAy| > T2 L7, (3.15)

Proof. We only consider the set A/A because the arguments in the case of the set AA are
similar. One can assume

L = max{1,|A + AP|A/A| - |A]"*}.
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By the Dirichlet principle there is a 7 > E*(A4)/(2|A[*) such that |S;|7? > EX(A). From (2.3),
we have

4
A

‘ST’TQ ~ .
|A/A]

(3.16)

If |S;| > 2, then by S” we denote the set of cardinality [|S;|/2] consisting of all A € S; with the
minimal additive energy E*(A,), and put S, = S, \ SZ. It is sufficient to check that for some
A € S” one has

ET(Ay) = 7L (3.17)

In the case |S;| = 1 we put S, = S” = S;, and it is again sufficient to check inequality (3.17).
Put o := maxesy /27E(A,). Bound (3.12) follows from the inequality

o> L7, (3.18)

which is the aim of our proof.
By the Cauchy-Schwarz inequality, for any «, 3 # 0 and arbitrary sets Ay,, Ay,, and A),,
A1, A2, Ag € SZ, one has

o(Ax, aAy,, BAy,) < AN [V2(ET (AN, BAN))Y? < (20)2ET(AN)VET (AN, < 0.
If both conditions (3.1) of Lemma 10 (with SZ instead of S.) are satisfied, then we have

’A—I—AP > 7—3|S7,'/| > 7—3|ST|
T 128\/o T 384\/o
Using condition (3.11), we obtain
S-|m3|A/A
01/2>>| IT°| A/ |

AL (3.19)

Substituting inequality (3.16) into (3.19), we get (3.18).

If the first condition (3.1) does not hold, then we obtain (3.18) immediately. Suppose that the
second condition (3.1) fails, that is, 72 > |A + A|\/o. By inequality (2.3) for sums, we have a lower
bound for o, namely, 02 > 27°|A + A|~!. But then

> A+ A* 275 A4 AT,

which is impossible because, clearly, the parameter 7 does not exceed the size of A.
Thus, we have proved inequality (3.12). Using Theorem 9, we obtain inequality (3.13). This
concludes the proof of the lemma. [

Now let us obtain the second main result of the paper concerning the sets with small product
set. It is easy to see that we improve inequality (1.3) for K < |A|'/3.

Theorem 13. Let A C R be a finite set and K > 1 a real number. Suppose that |AA| < K|A|
or |AJA| < K|A|. Then
|A+ A| > |A|O/32 19732, (3.20)

Proof. Consider the situation where |[A/A| < K|A|. The case |[AA| < K|A| is similar. One
can suppose that 0 ¢ A. Let us apply Lemma 12, where

L = max{1,|A + AP|A/A| - |A]"*}.
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Take any A in S. and use inequality (3.13) combined with the lower bound for 7. It yields
|A/Al = |AN/AN 2 21710 = (BX(A))*|A] L1
Further, because of (2.3), we have
|A/A| Z | A A/A2 LT,

It follows that
Lz |AJVAA/AI73S,
After some simple calculations we obtain the result. [
Theorem 13 improves Theorem 11 for K > |A[?/%3.

Let us obtain a result on the multiplicative energies of A/A and AA in the “critical case.”
Proposition 14. Let A C R be a finite set. If condition (3.11) holds, then

EX(A))3
e 1/ 2 (3.21)
If condition (3.14) holds, then
EX(A))3
EX(AA) > (L32(|A)|‘)1 . (3.22)

Proof. Without loss of generality, we can suppose that 0 ¢ A. Let us begin with inequal-
ity (3.21). Put II = A/A. Using Lemma 12, we find a number 7 and a set S, satisfying all
implications of the lemma. By the Katz—Koester inclusion (see [4]), namely, Ay/Ay C IIN AL, we
see that for all A € S. the following holds:

TN AT > |Ay/Ax| = 721716,

Hence
> AAL 2 L7157%S, ] 2 LTI9EX(A). (3.23)
es:

Using the last bound as well as the Cauchy—Schwarz inequality, we get (3.21).

Now put II' = AA. Then, by the Katz—Koester inclusion, we have AyA, C II'’ N I’ and the
previous arguments can be applied. This completes the proof of the proposition. [

Thus, if |A/A| < [A]*? and L < 1, then inequality (3.21) and bound (2.3) imply EX(A/A) >
L=32|A/AP? > |A/A]2. In other words, the multiplicative energy of the set A/A is close to its
maximum possible value. We use this observation in the proof of the final result of the paper.

Theorem 15. Let A C R be an arbitrary set. Then for any ¢ < 1/20598 one has
max{|A + A, |A/A[|} > |A|*/3+¢ (3.24)

and
max{|A + A, |AA[} > |A[*/3+e, (3.25)

Proof. We prove estimate (3.24) because inequality (3.25) can be obtained similarly. Without
loss of generality, suppose that 0 ¢ A. Now assume that inequality (3.11) holds with some parame-
ter L. Let also |A/A|?> < L'|A|*. Our goal is to find lower bounds for the quantities L and L’. Using
Lemma 12, we have 7 > EX(A)/(2|A4]?) and sets S. C S, C A/A, |S; |72 = EX(A), |S.]| = |S,|, such
that for any element )\ in S’ one has |Ay/Ay| = L7172, Using this as well as the KatzKoester
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inclusion, we obtain

SIS na(A/4)] = S JA/ANMA/A) = 3 A /AN 2 L707S,
z€A/A AeSL €S

In view of the last bound and the Cauchy—Schwarz inequality, we get

AJAIEX(SL, AA) = 1A/A] S ISLaa(A/A) = 14741 S 1SN a(A/A)2 2 L3278, 2
T€AAJ/AA T€A/A

Applying the Cauchy—Schwarz inequality once again, we obtain
EX(S7) 2 L™%7%) S, [1|A/A|72(EX(A/A)) ™ 2 L™MEX(A)7°|A/A|°(S:* = 0| S: [,
where n = L=4EX(A)75|A/A|7>. We have
03> LB (A) (B (A)| A7) | A/A]7° = L7 (A)T] 4] ~12|A /A2
> L0 A/AI) A2 A /A = A4 A > L)

In other words,
EX(S7) 2 L) ~8: .

By the Balog-Szemerédi-Gowers theorem from [1] (see also [6]), there exists a set S’ C S.,
|S”| > n|S,|, such that [S”/S”| < n=4|S”3|SL|~2. Since S” C S,, we obtain

S lAnaS) =Y [ANMA| > 7S]
acA \es!

and hence there is an a € A such that for the set A’ := AN aS” one has
A’ > 7|SY) - A7 (3.26)

It follows that
L MUSIE _IStSIPIAl gl st
A [SY TSy T [SHt

d(A')
Using inequalities (2.3), (2.7) and the estimate for d(A’), we get
A+ Al 2 A+ 4| 2 AP dAD) V5 2 (|87 AT (el AL S s
> 18, |8/37 (7| A[71)TO/3T168/3T > (EX(A))58/37) A|=T/37,)168/37 . —1
_ (Ex(A))58/37‘A’779/37n971/222 (L764E><(A)‘A/A’f5)1/6
> (E><(A))58/37‘A’—79/37(L—64(L/)—4)971/222 (L—64E><(A)‘A/A’—5)1/6
— [ ~L0T52/3T (EX( A))385/222| 4|=TO/3T([/)=1942/11L) 4/ 4|=5/6
> [ L0T52/37(| A4 A ) A7 1)385/222| 4| 7TO/ST (1)~ 1942/ 111 4 /4|56
— [ ~10752/37 (/) =1942/111 4583/111| 4  A|=95/37
> L’10752/37(L')’1942/111|A|533/111((L’)1/3|A|4/3)_95/37

_ |A|51/37L’10 752/37(L/)7679/37.
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The last estimate is greater than |A|*/? by a factor of some power of |A|. Easy calculations show
that one can take any number less than 1/20598 for the constant c¢. This concludes the proof. [

Remark 16. It seems likely that the arguments of the proof of Theorem 15 allow one to

slightly improve the lower bound for the size of A + A in Theorem 13 when K < \A[l/ 3. We have
not performed such calculations.
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