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Abstract—Lebesgue constants (the norms of linear operators from C to C) are calculated
exactly for local parabolic splines with an arbitrary arrangement of knots, which were con-
structed by the second author in 2005, and for N.P. Korneichuk’s local parabolic splines, which
are exact on quadratic functions. Both constants are smaller than the constants for interpolating
parabolic splines.
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INTRODUCTION

For a function f: R — R, we consider a linear method S(z) = S(f,x) of approximating this
function on the axis R by polynomial splines of minimal defect of degree r (of order r + 1) with
arbitrary knots. One of the stability characteristics of the method S is the behavior of the uniform
norm of the operator S (as an operator acting from the space C' = C(R) of functions continuous
on the axis to C); this is the value

L=|Sllg= sup [IS(f)lc
flc<1
The number L is called the Lebesgue constant of the method S. The smaller this constant, the
greater the stability of the method with respect to a change in approximation conditions.

Various issues related to Lebesgue constants for interpolating polynomial splines (and their gen-
eralizations) were studied by Schurer and Cheney [1], Richards [2], Zhensykbaev [3], Tzimbalario [4],
Morsche [5], Subbotin and Telyakovskii [6], Kim [8,9], and many others. A fundamental result
in this area belongs to Subbotin and Telyakovskii [6], who proved that Lebesgue constants L of
interpolating N-periodic polynomial splines S, y () of degree r with uniform knots have asymptotic
behavior

L=|S.n|%= 72T In(min(N, 7)) + O(1), (0.1)

where the term O(1) is independent of N and r. Note that it is not always possible to calculate
the constants L exactly, and even finding orders of L in different parameters is of great interest.
It is natural to pose the question of studying Lebesgue constants for noninterpolating polynomial
splines (and their generalizations), which approximate (in some sense) continuous functions on a
closed interval of the real line R and on the whole real axis. Let us give more exact formulations.
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LOCAL PARABOLIC SPLINES S193

Let values {y;}jez of some function f(z) be given at the nodes of a uniform grid {jh};cz of the
real line with step h > 0: y; = f(jh), j € Z. Denote by §r+1 the normalized (in C') polynomial
basis spline (B-spline) of degree r (of order r+1) with support supp By41 = [0; (r+1)h] and uniform
knots 0, h, 2h, ..., (r+ 1)h (see, for example, [10, Ch. 1]). In 1975, Lyche and Schumaker [11] (see
also [10, Ch. 9]) constructed for any function f : R — R local polynomial splines of order (r + 1)
of the form

Sen(@) = S (f0) = 30 S Al G+ 9B (z—gh—"T1H)  @e®), (02

2
JEZ s=—k

where k = [r/2] and the real coefficients s were chosen from the condition that the formula
Sr41(f,x) = f(x) is exact for algebraic polynomials of degree r. It was proved that the choice
of the coeflicients is unique. A local spline of form (0.2) is not interpolating, since S,11(jh) # y;
(j € Z), and its value at a fixed point € R depends only on several values y; = f(jh) defined
by the supports of the shifts of the B-spline that contain the point . Lyche and Schumaker’s
results [11] were developed and generalized in different directions (see, for example, references in
the authors’ paper [12]). Methods of local spline approximation (with uniform and nonuniform
knots) became an effective tool for solving various problems in function approximation theory and
numerical analysis as a useful alternative for the interpolation method. It turned out (see, for
example, [10,13]) that the orders of approximation by local polynomial splines of order (r + 1)
with uniform knots of the classical Sobolev classes W of r times almost everywhere differentiable
functions in the uniform metric coincide with the orders of approximation of these classes by the
corresponding interpolation splines and are equal to the orders of the Kolmogorov widths of these
function classes. Recall that the function class W is defined as follows:

Wi ={f: [V eAc, |fT.. <1}

Here, AC is the class of locally absolutely continuous functions and ||g||z.. = ||g]lcc = esssup |g(z)].
zeR

In addition to the simplicity of construction, methods of local spline approximation (in contrast to
interpolation methods) possess useful shape-preserving and smoothing properties (see, for example,
[14-16] and references therein). It is natural to consider the question of comparing local and
interpolating splines in the sense of their stability to a change in the initial data (i.e., the numbers
y; = f(jh)). It is interesting to find which of these splines have smaller Lebesgue constants. Let
us pose the problem of calculating (or estimating) the Lebesgue constants

L=Srulle = sup [|Sr1(f:)lle
Ifllc<t

for Lyche and Schumaker’s local polynomial splines of form (0.2) S,1(f,z) [11]. At present, no
approaches to finding these values in the case of arbitrary r are known. First, it would be desirable
to obtain an asymptotic equality of type (0.1).

For parabolic splines (i.e., for » = 2) preserving quadratic function, the following equality will
be shown later (Theorem 1):

S5lG = 1.25.

Kim [8] proved that the Lebesgue constant for interpolating parabolic splines with a knot grid
shifted half-step (i.e., by h/2) with respect to the grid of interpolation nodes is L = /2 ~ 1.41.
The comparison of these results shows that, in the question of stability, local parabolic splines of
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5194 STRELKOVA, SHEVALDIN

form (0.2) (their coefficients y_1 = —1/8, 72 = 5/4, and 3 = —1/8 were found by Korneichuk [17])
have an advantage over corresponding interpolating splines.

On the class of functions W2 given on a uniform grid {jh};ez, Subbotin [14] constructed
in 1993 one more (noninterpolating) method of local parabolic approximation, which used parabolic
splines with additional knots and preserved certain locally geometric properties (monotonicity and
convexity) of the initial data y; = f(jh) (j € Z). In the periodic case, this method turned out
to be extremal in the sense of Kolmogorov’s and Konovalov’s widths. In 2005, one of the authors
of the present paper Shevaldin [15] extended this method to parabolic splines with an arbitrary
arrangement of knots. We have proved (see Theorem 2 below) that, for any grid of spline knots,
Lebesgue constants of such splines are equal to 1.

1. KORNEICHUK’S SPLINES

Let Bs(z) = Bs(x + 3h/2) (see, for example, [10]) be the normalized parabolic B-spline with
uniform knots —3h/2, —h/2, h/2, and 3h/2. It can be written in the form

o+ e[
3h? h h
— 227, el — 51,
1}33(37;):2}112 ;h : : ; ;2] (1.1)
(2 _m) » TE g 2]’
0. v d :_32h;32h}

For a function f: R — R, define y; = f(jh) (j € Z) and consider the sequence of linear functionals

1 5 1 .
I; = (— 8>yj_1 + 4yj + (— 8)yj+1 (j €Z). (1.2)
Consider the local parabolic spline
Ss(z) = S3(f,x) = > I; Bs(z — jh) (v €R). (1.3)
JEZ

Formula (1.3) is a special case of formula (0.2) for 7 = 2. Such local splines were studied by
Korneichuk [17]. He proved that, for any quadratic polynomial ps(z) € P,

S3(p2(+), ) = p2(z) (2 €R). (1.4)

Here, P, is the space of algebraic polynomials of second degree with real coefficients. Equality (1.4)
means that local approximation scheme (1.2), (1.3) preserves the space P,. It is easy to verify
that S3(jh) # vy; (j € Z); i.e., the constructed local splines are not interpolating. In addition,

Korneichuk proved that
9

2
ol (1.5)

sup ||f — Ssllc =
fewsz,

Let

d(W2)e =  inf inf - 1.6
m(W)e dim}\?mgmfilv%ogé%m||f glle (1.6)
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be the Kolmogorov width of order m of the function class W2 = W2 (R). It is known (see, for
example, [13]) that, for 1-periodic functions, the equality

h? 1
2 _ 2 o o
don1(Wi)e = dum(Wi)e = ¢ (h _ n)

holds, and an extremal subspace M,, (which implements the outer infimum in (1.6)) for even
m = 2n is the space of interpolating parabolic splines with uniform knots (their interpolation
nodes are shifted half-step with respect to spline knots) and Subbotin’s space of local splines [14].
Equality (1.5) means that, though Korneichuk’s splines approximate the class of functions W2 with
the same order h?, they do not form an extremal subspace (in the sense of Kolmogorov widths).
Consider now the Lebesgue constant of Korneichuk’s method [17]. We are interested in the answer
to the following question. Let all the numbers y; be such that |y;| <1 (j € Z). In this case, what
is the numerical value of the expression

Ly = max {|S3()]: [y;| <1 (G € 2)} 7
Theorem 1. The following equality hods:

Ly =1.25.

Proof. For x € [(I —1/2)h; (1 +1/2)h] (I € Z), the spline S3(x) defined by formulas (1.2) and
(1.3), in view of equality (1.1), can be represented in the form

1
~ 16h2

h

2 3h
2) + (—yi—1 + 10y, — yl+1)( 9 2t2)

S3(z) [(—yl—2 +10y,—1 — u1) (t -

5

h\ 2 1

+ (—y + 10y;41 — yz+2)(t + 2) ] = 16h2 E Yirs—19s(t), (1.7)
s=1

where t = x — lh € [-h/2;h/2] and

hy2 29
Q) = —(t - ) . @) =122 —10th + h%,  q(t) = —22t* + )

h2
9 )

2 2 hy?2
qa(t) = 122 + 10th + k2, q5(t):—(t—|—2) .
Without loss of generality, we can assume that { = 0. From (1.7), we have

1
1S3(z)| < 16th(lt) _12115?;2‘%‘7 (1.8)

where q(t) = 32°_, |¢s(t)]. Analyzing zeros of the quadratic polynomials ¢s(t) (s = 1,5), we find
that

h — 1
5(—4t? — 4th 4+ 3h?), —_ <t< 54V 3h,
2 12
—5++/13 5—+13
q(t) = 412 + 17h2, v h<t< v h, (1.9)
12 12
-1
5(—4t? + 4th + 3h?), g 1;/ 5h <t< Z
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From (1.9), we derive the equality

h h
H=a(-,)=a(,)=200% 1.10
e W =al =5 ) =a(, (1.10)
moreover, the equality in (1.8) is realized for y_9 = y1 = y2 = —1 and y_1 = yp = 1 in the case

t =—h/2 and for y_9 = y_1 = yo = —1 and yg = y1 = 1 in the case t = h/2. The statement of
Theorem 1 follows from (1.8)—(1.10).

2. LOCAL PARABOLIC SPLINES WITH ARBITRARY KNOTS
PRESERVING LINEAR FUNCTIONS

Consider on the axis R the node grid ... < z_9 < z_1 < 19 < 1 < T9 < ..., which is infinite on
either side, with h; = z;11 — x; and ;11 = 0.5(x; + xj41) (j € Z). For a function f € W2 (R),
we construct a second-order divided difference using the values of the function y = f(z) at the
points x;, T41, and x;jyo:

Yj+2 Yj+1

Ui
Wi, Yj+1,Yj+2] = floj, 1, xjq0] = . — + !

jen).
j1(hjp1 +hy)  hjpahy o hy(hjer + hy) ( )

A function f € W2 (R) is associated (see [15]) with the local parabolic spline

Sow) = So(F,2) = Flag) + 5 fas g w4 @) T I@D

4 hj+hj_1
hi_ h; hi_
+ 2,1 (@ — ;) flej1, 25, 2541] + ( ;Lflf[xjaxjﬂyxﬂz] - 2'1f[$j—1=xj7$j+1])
J J J
x (z — mj+1/2)i, x € [5;2541] (J € Z), (2.1)

where (2 — 2;11/2)% = max{0; (z — x;41/2)}*. For a uniform node grid h; = h (j € Z), spline (2.1)
was constructed by Subbotin [14]. The spline 53(33) has shape-preserving and smoothing properties

(see [15, Theorem 1]) and preserves linear functions. On the class of functions W2 (R), the
approximation errors

sup |f = Sillc, sup || — Sjllc
fews, fewz
were calculated for this spline in [15]. In the case of a uniform grid, Subbotin showed [14] that the

first value is h?/8 and the second is h/2.
In the present paper, we study the Lebesgue constant

Ly = max {|Ss(2)|: |y <1 (j € Z)}.
Theorem 2. The following equality holds:
Ly =1.
Proof. Collecting similar terms in(2.1) for z € [x;; 2,1 /2], we obtain

S3(z) = yj_1r1(x) + yjra(z) + yjaars(z), (2.2)
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where ) )
B 1 h; (x — ;) 3 (z—zj)
ne) = (4~ h ) n@ =, B2
_ 1 hj—1 (@ = zj)*hj
r3(x) = Byt + hy ( 4 +x—z;+ h? >
It follows from (2.2) that
[Ss(@)] = max. sl {1 ()] + [r2(2)] + [r3(2)]}- (2.3)

Let us show that the polynomials r1(z), ro(x), and r3(x) are nonnegative for x € [zj;2;11/2]-
Indeed, r1(x;) > 0, 71(241/2) = 0, and 71 (x;41/2) = 0; hence, r1(x) > 0 for & € [x;;241/2]. The
coefficient at 22 in the quadratic polynomial r5(x) is negative, ro(z;) = 3/4, and ro(x41/2) = 1/2;
then, ry(z) > 0 for © € [x;;2;11/9]. Further, r3(z;) > 0 and r3(z) > 0 for 2 > x;. Consequently,
r3(z) > 0 for = € [zj;7;41/2]. From inequality (2.3), we derive the estimate

Sa@)| < _max [nl{ri(@) + ra(a) + 730} (2.4

After simple transformations, we find that

ri(z) +ro(z) +r3(z) = 1.

Since |y;| <1 for all j € Z, we derive the following estimate from (2.4) for € [x;; 2,41 9]:

S3(2)] < 1;

the equality here is realized for y; =1 (j = s —1,s,5 4 1). Since formula (2.1) for the spline gg(l‘)
on the interval [xj;x;11] is symmetric with respect to the middle of this interval (i.e., the point

T = x41/2), we have the inequality |S3(z)| < 1 for z € [2j41/2;2j+1]. Theorem 2 is proved.
ACKNOWLEDGMENTS

This work was supported by the Russian Science Foundation (project no. 14-11-00702).

REFERENCES

1. F. Schurer and E. W. Cheney, “On interpolating cubic splines with equally-spaced nodes,” Nederl. Akad.
Wetensch. Proc., Ser. A, 71, 517-524 (1968).

2. F. Richards, “The Lebesque constants for cardinal spline interpolation,” J. Approx. Theory 14 (2), 83-92 (1975).

3. A. A. Zhensykbaev, “Exact bounds for the uniform approximation of continuous periodic functions by r-th order
splines,” Math. Notes 13 (2), 130-136 (1973).

4. J. Tzimbalario, “Lebesque constants for cardinal £-spline interpolation,” Canad. J. Math. 29 (2), 441-448 (1977).

5. H. G. ter Morsche, “On the Lebesque constants for cardinal £-spline interpolation,” J. Approx. Theory 45 (3),
232-246 (1985).

6. Yu. N. Subbotin and S. A. Telyakovskii, “Asymptotic behaviour of the Lebesgue constants of periodic
interpolation splines with equidistant nodes,” Sb. Math. 191 (8), 1233-1242 (2000).

7. Yu. N. Subbotin and S. A. Telyakovskii, “Norms on L of periodic interpolation splines with equidistant nodes,”
Math. Notes 74 (1-2), 100-109 (2003).

PROCEEDINGS OF THE STEKLOV INSTITUTE OF MATHEMATICS Vol. 289 Suppl. 1 2015



5198 STRELKOVA, SHEVALDIN

8.

10.
11.

12.

13.
14.

15.

16.

17

V. A. Kim, “Exact Lebesgue constants for interpolatory £-splines of third order,” Math. Notes 84 (1-2), 55-63
(2008).

V. A. Kim, “Sharp Lebesgue constants for interpolatory L-splines of a formally self-adjoint differential operator,”
Trudy Inst. Mat. Mekh. UrO RAN 17 (3), 169-177 (2011).

Yu. S. Zav’yalov, B. I. Kvasov, and V. L. Miroshnichenko, Methods of Spline Functions (Nauka, Moscow, 1980).

T. Lyche and L. L. Schumaker, “Local spline approximation methods,” J. Approx. Theory 15 (4), 294-325
(1975).

E. V. Strelkova and V. T. Shevaldin, “Local exponential splines with arbitrary knots,” Proc. Steklov Inst. Math.
288 (Suppl. 1), S189-S194 (2015).

N. P. Korneichuk, Splines in Approximation Theory (Nauka, Moscow, 1984) [in Russian].

Yu. N. Subbotin, “Inheritance of monotonicity and convexity properties in local approximation,” Comp. Math.
Math. Phys. 33 (7), 879-884 (1993).

V. T. Shevaldin, “Approximation by local parabolic splines with an arbitrary arrangement of knots,” Sib. Zh.
Vychisl. Mat. 8 (1), 77-88 (2005).

E. V. Strelkova and V. T. Shevaldin, “Form preservation under approximation by local exponential splines of an
arbitrary order,” Proc. Steklov Inst. Math. 277 (Suppl. 1), S171-S180 (2012).
N. P. Korneichuk, “Approximation by local splines of minimal defect,” Ukr. Math. J. 34 (5), 502-505 (1982).

Translated by E. Vasil’eva

PROCEEDINGS OF THE STEKLOV INSTITUTE OF MATHEMATICS Vol. 289 Suppl. 1 2015



