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INTRODUCTION

Consider, as in [3,5-7], instead of one scaling function a system of k functions {¢!(z): | = 1,k}
whose shifts and compressions generate by Mallat’s classical scheme the corresponding multireso-
lution analysis of dimension k& > 1. Keinert noted [2, Ch. 10] that there exist methods of wavelet
construction from known multiscaling functions satisfying “basic regularity conditions.” In [4], a
universal method was proposed for constructing biorthogonal bases of multiwavelets in the case
when multiscaling functions are compactly supported. In our paper, the method of multiwavelet
construction from multiscaling functions does not involve any additional constraints except for
condition (e) of the following known definition of an MRA.

Definition. A sequence of nested closed subspaces
L.cV;cVipc... (Jez) (0.1)

of the space L%(R) is called its multiresolution analysis of dimension k& (MRAy) if it satisfies the
following conditions:

(a) Uj Vi= L*(R);
(b) M, Vi ={0}
(c) f(x) eV, &VIEZ f(x—1/2) € V;
(d) f(z) eVo&VjeZ f(2z) € V;
(e) there exist functions ¢*(z), s = 1,k, from Vi C L?(R) such that the set of their integer
shifts ¢*(z — n), s = 1,k, n € Z, forms a basis of the space Vj orthonormal in L(R).

The functions ¢'(z), p?(x),...,¢"(z) are called multiscaling.
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ORTHOGONAL MULTIWAVELET BASES S163

The main result of the present paper is an algorithm for constructing orthonormal bases of
multiwavelet spaces from known orthonormal bases of multiresolution analysis spaces.

Similarly to the case of one scaling function, wavelet subspaces W; corresponding to an MRA},
are defined by the conditions

Wj + Vj = Vj+1, Vj € MRA,, j €, (0.2)

where + means the orthogonal sum of subspaces.

1. NECESSARY ORTHOGONALITY CONDITIONS
IN TERMS OF MASKS OF SCALING FUNCTIONS

The material presented in this section is well known (see, for example, [2, Ch. 7]), similarly
to the case k = 1, and is given here with the aim of introducing necessary notions and notation.
Let us write scaling relations for functions that form a basis of spaces of an MRAj. For this, we
introduce a scaling vector function (a column)

As follows from the definition of an MRAj, the components of the vector function ®;,(z) =
21/ 29(27x —n) form an orthonormal basis of the space Vj; hence, condition (0.1) is equivalent to
the equality

L*(R)

o) Y 11,0 13)
ne”z

with matrix coefficients 11 19 1,k

h/n7 hn7 A hn’

v hat nEt o Rk
=
};1;,'1 k2 Bk

and componentwise convergence in L?(R) of the series in (1.3). This is equivalent to the fact that
the sequences of complex numbers {hy;°}nez (7, s = 1, k) belong to 1?(7Z).
After the Fourier transform, equality (1.3) takes the form

B(w) = M(;’)@(;’) (1.4)

where

ml’l(u)) ml,Q(w) ml,k(w)
1 —2minw m2’1(w) m272(w) m27k(w)

Mw)= , Y Hpe *™m =
V2 ner m’“(w) mb2(w) mbF (w)

The matrix M (w) is called a mask of the system of scaling functions; its elements

2 1 .
mT,S(w)]‘; \/2 Z h;,se—anw
nez
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5164 PLESHCHEVA, CHERNYKH

are 1-periodic functions square integrable on [0,1), i.e., functions from L2[0,1). Let us write
(®(z),®(x —n)) = /@(x)[fb(x — n)]*dz, where [®(z)]* = [p!(z),¢%(x),...,oF(x)]. Here and
elsewhere, A* = (A)TRis the complex conjugate transpose of A. It is clear that the condition
/RQOT(.’E)QOS(CC —n)dx = 0,400, (r,s =1,k,n € Z) of the orthonormality of the system {¢*(z —n) :

s=1,k,n € Z} is equivalent to the matrix equality (with the unit matrix I of dimension k)

(®(x), ®(x —n)) = do,nl.
As in the classical case, passing to Fourier transforms, we get

~

(B(x), ®(x —n)) = (B(w), B(w)e™2™) = / O (w)[®(w)]* X ™ dw = Jo,1.
R

Representing the integral from this relation as the sum of integrals over the intervals [I,! + 1] and
replacing in these integrals w by w — [, as in the classical case (see, for example, [1, Ch. 1]), we

obtain
+1
/<I>( B ()] €27 oy Z/ J* e2mine g,
2 1€z
1 1
/ (w — D[O(w — D] > Dy = / D(w—1)[® (w—l)]*]e%mwdw = do.nd,
leZ 0

which yields a necessary and sufficient condition of orthogonality in L2(R) of the system
{*(x —n): s=1,k,n €L}

S (w1 [Bw—1)]" =1 (1.5)

IEZ

This condition implies the known necessary condition for the masks M (w), which will be given
here in a new form reflected in the following statement.

Statement. Let

mb(w) mbF(w) m11<w—|—;) ml’k(w—f—;)
M) = [M(w)M(w N 2)} _ m*! (w) m**(w) m>! (w + ;) m>F (w + ;)
mh(w) mbk(w) mh (w—i— ) mh (w—|— )

If the system {@*(x —n): s = 1,k, n € Z} is orthonormal, then

» ..

M(w)(M(w)) 1.

Proof. As follows from equalities (1.4) and (AB)* = B*A*,
S-S o R I
leZ

PROCEEDINGS OF THE STEKLOV INSTITUTE OF MATHEMATICS Vol. 288 Suppl. 1 2015



ORTHOGONAL MULTIWAVELET BASES S165

Applying a known scheme, we decompose the latter sum into two sums, with even and odd I. Then,
using condition (1.5), we get

a.a. w w\71* w 1 w  1\7*
P () ()] (G ) MG+ )] L
2 2 + 2 * 2 2 * 2 (1.7)
Changing in this equality w/2 for w, we can easily verify that it can be written in terms of the
introduced matrix M(w) in the following equivalent form:

« a.a.
M(w)(M(w))* "=" 1. (1.8)
Indeed, for example, the first element in the first row of this matrix is

2
)

k , & ]
; !ml’s(wﬂ + ; ‘ml’s (w + 2)

where the first and second sums are the first elements of the first row of the matrices M (w)[M (w)]*
and M (w + 1/2)[M (w + 1/2)]*, respectively. The remaining equalities are verified similarly. O

2. BASES OF MULTIWAVELET SPACES

Let us construct wavelet spaces W; (j € Z) using the matrices M(w). As follows from (0.2), it
is sufficient to construct Wy such that Wy 4V = V4, since it is clear that W; = dJQWO for remaining
J € Z, where dj is the operator of binary compression: (daf)(z) = f(2x). Further, we construct a

vector function

T

() = (¥' (@), 02 (@), 0" (@), V(@) eLAR), s=1k, (2.1)

such that {¢*(x —n)}, s =1,k, n € Z, is an orthonormal system in the space Wy C V;.
For the function 1%(z) to lie in Wy C V4, there must exist matrices Hy composed of elements
{hi**}pez € I such that
L2(R
v(@) ST HYV20(20 — ). (2.2)
nez

Here, the series of vector functions in the right-hand side of the equality converges componentwise
in L2(R). In terms of Fourier transforms, equality (2.2) looks as follows:

T(w) = M¢(°2J)&>(°2J) (2.3)

where the mask of the multiwavelet system MY (w) is given by the expression

1,1 1,2 Lk

my (W) my(w) ... omy (W)

1 o m>t (w) m2’2(w) mQ’k(w)

MY (w) = /2 > Hye i = W ¥ ¥ , (2.4)

nez k1 k2 ke k

my (w) myt(w) ..o omy (W)

1 A

W) = ) SR L0 (s = 1K)

ne”L
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5166 PLESHCHEVA, CHERNYKH

Introduce the matrix

1,1 1k 1,1 1 1k
my (w) my (w)  my (w—i— 2) my (w-i— 2)
2,1 2,k 2,1( 1) 9 k( 1)
m.;(w m,(w) m w + m w +
MY (W) = v @) g W) my 92 ¥ 2 (2.5)
mk,l(w) mk,kz(w) mk,1<w n 1) mk’k(w n 1)
" " " o) " 5

and express in terms of the matrices M(w) and MY (w) conditions of orthonormality of the sys-
tem {Y'(z — n),v*(x —n),...,¥*(x — n)}l,ez and orthogonality of the spaces Vy and Wy =
span{y" (x — n)}.

Theorem 1. Let {¢*(x —n), s = 1,k, n € Z} be an orthonormal system. Then, a system
{Y*(x —n), s=1,k, n € Z} of form (2.2) is orthonormal if only if

M (w) (M (w))" 1, (2)
and the spaces WO and Vy are orthogonal if and only if
MY () (M(w))* =" 0, (2.7)

where 0 is the zero matrix of dimension k X k.

Proof. The proof is similar the case of an MRA;. Let a system {°(z —n), s = 1,k, n € Z}
be orthonormal. Then, the validity of equality (2.6) is obtained by a modification of the proof of
the statement from Section 1: one should use (2.3) instead of (1.4), replace ®(w — ) by ¥(w — 1),
preserve ® in the right-hand side of (1.6), and replace M by MY applying notation (2.5). As a
result, we obtain (2.6) instead of (1.8). It is easily seen that, in contrast to the statement, this
argument is invertible if we assume the orthogonality of the system {¢®(z —n), s = 1,k, n € Z}.

Let us prove the equality

Y o(w-DTw-1) =0

leZ

by the usual scheme. As always, the condition (¢"(z — n),¢*(z —1)) = 0, r,s = 1,k, n,l € Z,
of orthogonality of the spaces Wy and Vj is equivalent to the conditions

(®(x),¥(r —n))=0, necZ, (2.8)
or, in terms of Fourier transforms, to the condition

~

(D(w), U(w)e 2™y = / O (w) [ (w)]* ™™ dw = 0.
R

Applying standard transformations (see the proof of formula (1.5)), we find that (2.8) is equivalent
to the equalities

1
/Z D(w— D[T(w—D]*e¥™dw =20, nez,
o €z
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which imply

D 0w —)[¥(w 1) =0.

IEZ

Substituting representations (2.3) and (1.4) into this equality, we get
Sat oo =3 (7, )a(?, e (7 )e (7, )]
leZ

S e R O e ()

As in the classical case, using the transformations from the derivation of (1.7), we find that (2.8)

implies the equality

w w\1* w 1 w 1\1*a.a.

M) v () (o)) = e >
2 2 + 2 * 2 2 + 2 0 (2.9)
Inserting in (2.9) between the factors M and M¥ the matrix I in the form
S EICEO
2 2

for m = 2] and m = 2[ + 1, we see that these transformations are also invertible: (2.9) implies (2.8).

As in the proof of the statement, it is easy to verify that equality (2.9) after changing w/2 for w
is written in terms of the matrices 9t(w) and MY (w) in the form

M(w) (MY (w))* 2 0. (2.10)

Indeed, for example, the first element in the first row of this matrix is S35, m" (w)mllp’s(w) +

Zle mbs(w+1/ 2)m11b’s (w+1/2), and the first and second sums are the first elements in the first
row of the matrices M (w/2)[M¥(w/2)]* and M (w/2 +1/2)[M"¥(w/2+ 1/2)]*, respectively. Similar
arguments are carried out for the remaining elements. O

If we find a matrix 9% (w) satisfying Theorem 1, then the functions ¢*(z), s = 1, k, are uniquely
found from the part MY (w) of this matrix and formulas (2.2) or (2.3). By Theorem 1, integer shifts
of these functions generate an orthonormal system in the space Wj.

Let us describe an algorithm for constructing masks of multiwavelets from known masks of
multiscaling functions.

Consider the case k = 2 and then extend the method of constructing 9¥(w) to all even k.
Compose the determinant

1 12 23 (2

1 1
1,1 1,2 1,1 1,2
mbl(w) mb2(w) m (w + 2) m (w + 2)
by (w) = det , (2.11)

1 1
m2l(w) m22(w) m>! (w + 2) m?22 (w + 2)

at(w) a?(w) al (w + ;) a? (w + ;)
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— . — —
where i; are unit vectors: i; = (1,0,0,0), ..., i4 = (0,0,0,1); m™*(w) are elements of the mask

) _ (1 2 1 2 fo T : :
M (w); the vector a(w) = (a'(w),a®(w),a (w + 1/2),a?(w + 1/2)) is linearly independent with the

vectors
—_

my(w) = (mlvl(w),fmva(w),ml’1 (w + ;),'mlv2 (w + ;)),

 —

me(w) = (val(w),vaQ(w),val (w+ ;),m?v2 (w + ;)),

and a'(w) and a?(w) are arbitrary 1-periodic functions from L2[0, 1).

e
It is easy to see that the scalar product of a vector of type by (w) and the vectors ch in the
space [? coincides with the determinant obtained by replacing the first row in determinant (2.11)

—_
by (c1,c2,c3,c4). Therefore, the vector by (w) := (b (w), b?(w), b3 (w), b}(w)) constructed in this way
is orthogonal in the space I3 to the vectors

m'(w) = (ml’l(UJ),ml’Q(W) m 1(w+ ;) 12<w+ ;))’

T (o (e )

it is also 1-periodic since the elements and the corresponding algebraic complements of the vectors
in the first row of determinant (2.11) are 1-periodic. It is seen from the formulas

1 1
mb2(w) mbl (w+ 2) ml:2 (w—i— 2)

1 1
bi(w) =det | m22(w) m2! (u) + 2) m22 (w + 2) ;

a?(w) al(w—l—;) (w—l—é)
mil(w) mb2(w) mb 2( )
,)

biw) = det | m2lw) m22w) m22(w+

at(w) a?(w) (w + 2)

that b3(w) = bi (w+1/2), since the determinant b} (w+1/2) is obtained from the determinant b3(w)
by an even permutation of columns. It is verified similarly that bj(w) = b?(w + 1/2). Thus, the
—_

vector bj(w) has the form

—_
bi(w) = (b1(w), b} (w), by (w + 1/2), bF(w + 1/2)).
—_— N
Substituting now into the fourth row of determinant (2.11) the vector by (w) instead of a(w), we

obtain the new vector

— — — —
11 19 13 14
. mbl(w) mb2(w) mbl (w + ;) mi2 (w + ;)
ba(w) = det m?>l(w) m22(w) m>! (w + ;) m?22 (w + ;) ' (212)
biw) ) bi(w+ ;) b (w+ ;)
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e
It is clear that the vector bo(w) also has the form

(@ o= (b4, B3 b (w0 + 1), 03 (4 1)

and is orthogonal to the vectors m!(w) and m?(w). Replacing in determinant (2.12) the first row

N '
by b1 (w), we see that by (w) Lbe(w) in the space 3.
Using these vectors, we can construct

my,(w) = (ms’l(w) ms? (w), m* (w + 1) ms? (w + 1)) s=1,2
) ) ) 110 s 1) 9 ) 110 9 ) ) &y

setting my,(w) = bs(w)/[|bs(w)l[;z. Thus, we have constructed the masks and the matrix 90, of
multiwavelets from the system of scaling functions of an MRAs, more exactly, from the elements
of the mask matrix of this system. By construction, the mask MY (w) satisfies Theorem 1, and its
elements look as follows:

bg(w)

—_— Y
bs(@)llz

T

m"¥(w) = r,s=1,2.

Similarly, we construct wavelet bases for other even k:

11 (23 Tk+1 19k
1 1
mbl(w) ... mbk(w) mbl (w—l— 2) oo mbk (w—l— 2)
k,1 k,k k,1 1 k,k 1
bi(w) =det | mFl(w) ... mFFw) mhk (w—|—2) co.ombk (w+2> , (2.13)
1 1
al(w) ... di(w) a%(w—i— 2) af(w—f— 2)
1 k 1 1 k 1
ap_(w) ... af_y(w) a4 (w—i— 2) ceoag_y (w—i— 2)

—_—
choosing arbitrary 1-periodic functions aj(w) from L2[0,1) so that the last 2k — 1 rows of the

determinant are linearly independent.
— —_ —_

Further, we write by (w) instead of a1(w) in (2.13) and obtain be(w), and so on. As a result, we

get the system of vectors {b;(w),...,bx(w)}, which, after a unit normalization in (3, defines the
matrix 9y (w). Obviously, this matrix has form (2.5) and satisfies properties (2.6) and (2.7).
Now, let k£ be odd. Consider the vector

- — — —
11 (2% Tk+1 2k
1 1
mbl(w) ... mbF(w) mbl (w—i— 2) ... mbk (w—i— 2)
~ k1 k,k k1 1 k,k 1
b1 (w) = det mhl(w) ... mPFw) mk (w—|—2> ceoombs (w—i—Q) ' (2.14)
1 1
alw) ... dw) a (w—i— 2) a'f(w—l— 2)
1 k 1 1 k 1
ap_(w) ... af_y(w) ap_, (w—i— 2) ceeoag_y (w—i— 2)
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—_— - - —
The constructed vector by (w) = (b}(w),b3(w),...,b%¥ (w)) is 1-periodic in w; it is not equal to

(I;%(w), b (W), l;v%(w +1/2)...,b(w+1/2)) as in the case of even k, because, since the number of
permutations of columns of algebraic complements to elements from the first row of matrix (2.14)

~ =
is odd, we have the equalities b%(w + 1/2) = —b™(w) for s = 1, k. Transform the vector by(w) so
that it satisfies the required condition. For this, we multiply it by the function \;(w). The resulting
= —_
vector Aj(w)by(w) is orthogonal in I3, to all m*(w), s =1,...,k, and is written as follows:

o

N ~ ~ — —
b (w) == A (W)b1 (w) = (A1 (W)} (w), ..., A (w)bf(w), M1 (W) (W), ..., A (w)b2F (w)).

Let us find conditions on Aj(w) that are necessary and sufficient for the vector b;(w) to have
the same structure as in the case of even k, i.e., conditions for the coincidence of the component
bi(w+1/2) = M(w+ 1/2)b~“f(w +1/2) for s = 1,k with the component b¥%(w) = A (w)bF+¥(w).
Obviously, by the above equalities for bE(w + 1/2), it is sufficient to impose on the function A\ (w)

the condition )
Mw) = — A (w + 2) (2.15)

additionally to the condition of 1-periodicity. We now can substitute the obtained row function

—_ = _—

b1(w) = A (w)b(w) into determinant (2.14), replacing the row aj(w) by it. Further, proceeding
= RN —_—

similarly, we find be(w) and construct be(w) = Ag(w)be(w) with Ag(w) = —A2(w + 1/2), and so on.

As a result, after the normalization in l%k of the row vectors b_; for r = 1,k, we obtain matrix

functions MY and MY with the same properties as for even k.

Having obtained the masks M¢(w) of multiwavelets, we find, as in the classical case, an
expression for Fourier transforms of multiwavelets in terms of Fourier transforms of multiscaling
functions by formulas (2.3). The inverse Fourier transform yields vector function (2.1) and, hence,
the family of multiwavelets wil, s =1,k, j,l € Z. The same result can be obtained by expanding
M¥(w) into a trigonometric series with matrix coefficients HyY and then applying formula (2.2) for
the construction of vector function (2.1).

In the following theorem, we assume that the masks MY (w) are constructed according to the
presented scheme as the corresponding submatrices of the matrix 9% (w).

Theorem 2. The system of functions ¥*(x —n), s = 1,k, n € Z, recovered from Fourier
transform (2.3) of the corresponding vector function U(x), where the mask MY (w) is defined above,
forms a basis of the space Wy.

Proof. Let f(z) € Wy, ie., (1) f(z) € V1 and (2) f(z)LVh. By condition (1), we have
fx) =3z ol ®; ,,(z), where elements of the row vector Cf lie in 12 (Z), or, equivalently,

w w
o) =m!(3)3(5)
Fly=m!(£)8(%),
. ‘
where m/ (w) =Y, o Cie2min is a 1-periodic vector function of dimension 1 x k.
By condition (2), (f(z), ¢! (x — n))r2m) = 0 for I = 1,k. Since the components of the vector

~

functions f(w)®(w) are integrable, this condition can be written in terms of Fourier transforms in

[ () (S)(5) ae=0 ez

R

the form
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Divide the integral into the sum of integrals over the intervals [v,v + 1] and then pass to the
integral over the interval [0, 1]. Considering separately the sums over even and odd v and using the
properties of a matrix product and equality (1.5), we obtain the equivalent equality

R/ (] +m (5 )[m(5 #,)] Jermeo=o vmer

Therefore,
mf (@) [M(w)]" +m/ (w+ 2) [ (w+ ;)} Taa g (2.16)

By (2.6), we have
-

m! (w) = a(w)M¥(w),

—

where a(w) is a 1-periodic row vector of dimension k. Using equalities (2.16) and (2.10), we find
—

conditions on a(w). It is easy to see that

= (afor )=o) )] 2 T
ofory) =l o =a(Tr()a(5) =e(F)i0r e

~

—
Here, as seen from (2.17), a(w) is a 1/2-periodic row vector of dimension k; consequently, f(w) is

the product of a 1-periodic vector and \/I\l(w) Applying the inverse Fourier transform, we find that

f(@) =) Dp¥(x —n),

nez

where D,, are the matrix coefficients from the expansion

w
_ —2minw
a( 5 ) = Z D,e . O
neZ
. g
These bases are defined nonuniquely, up to the chosen vectors as(w), s = 1,...,k — 1, and
functions Ag(w), s = 1,...,k, with the required properties. For even k, we can multiply the

—
constructed vectors b,(w) by the functions A, (w) with period 1/2. However, in the normalization

of the vectors m , 7= 1,k, for any k € N, the arbitrariness in As(w) remains only in the form of
the factors ju,.(w) for even k and €™y, (w) for odd k with 1/2-periodic functions j,.(w) such that
|y (w)| = 1. Note that the method makes it possible to construct for a given family of multiscaling
functions a family of wavelet bases that is richer as compared to the classical case due to the

_—
mentioned arbitrariness in the choice of the vectors as(w), s=1,...,k — 1.
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