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Abstract—The results of an analysis of mathematical models for a continuous fermentation process for lactic
acid production have been presented. Mathematical models are represented by equations with the kinetics of
the formation of lactic acid for strains of the following types: strains that consume only the main substrate
(most frequently, glucose) and do not form by-products; strains that form by-products; strains that consume
not only the main substrate, but also the substrate that forms during synthesis from the corresponding com-
ponent of raw materials; and strains that use both the substrate from the component that forms during syn-
thesis and simultaneously form a by-product in sufficiently large amounts. Kinetic relationships take into
account inhibition by biomass (X), a substrate (S), and a product (P). The resulting relationships for the con-
centrations of the products (in the general case, X, S, P, and B) have been presented, and, most importantly,
inlet characteristics (in the general case, D, S0, and M0) that ensure the real implementation of the technology
have been estimated. Computational relationships and algorithms for the calculation of characteristics in dif-
ferent variants of the formulation of problems have been given. It has been pointed out that, in most solutions,
there is the possibility of obtaining characteristics that ensure a set of implementing technologies. Data on the
sources of raw materials used in published scientific studies have been presented. A table with algorithms for
calculating the characteristics of steady states and numerical examples of calculating the characteristics of
steady states have been given.
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INTRODUCTION
A study of the kinetics of a biotechnological pro-

cess for lactic acid production and an analysis of a
batch fermentation method [1, 2] have shown that
researchers have great interest in the synthesis process
with the use of strains that produce lactic acid.

In [3], it is pointed out that lactic acid is considered
one of the most useful products used in the food, tex-
tile, pharmaceutical, and chemical industries as a raw
material for the production of propylene glycol,
acrylic acid, acetaldehyde, etc. Interest in lactic acid
has increased due to the possibility of using it as a
monomer for the production of biodegradable poly-
mers (PLA).

The potential of using lactic acid for the manufac-
ture of various products was shown in [4].

An extensive study of achievements in the field of
lactic acid production by microbiological fermenta-
tion was presented in [5]. The article contains 326 sci-
entific references. The main sections of the article are
as follows: (1) Introduction, (2) Microbial Lactic Acid

Producers, (3) Alternative Fermentation Substrates
for Lactic Acid Production, (4) Advances in Fermen-
tation Processes for Enhanced Lactic Acid Produc-
tion, and (5) Improved Lactic Acid Fermentation with
High Cell Density.

Naturally, the selection of microorganisms is the
key element determining the biotechnology of the pro-
cess. A list of microorganisms that produce lactic acid
was presented in [6]. The list is quite impressive (61
items). The types of substrates consumed by microor-
ganisms were also given in this article. However, as will
be shown below, naturally, not all of the listed micro-
organisms have attracted attention for the purpose of
developing a biotechnological process.

Ensuring the possibility of developing a biotechno-
logical process for lactic acid production is associated
with selecting the sources of raw materials with a com-
paratively low cost. Raw materials with a compara-
tively low cost for the production of lactic acid are
listed in Table 1 [3]. Data on productivity attained in
cultivation using different types of raw materials are
also given in this table. Naturally, Table 1 does not
1192
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Table 1. Literature data on raw materials for lactic acid production

Raw materials Microorganisms P, g/L QP, g/(L h) Reference

Molasses
Lactobacillus delbrueckii NCJMB 8130 90.0 3.8 [7]

Enteroccocus faecalis RKY1 95.7 4.0 [8]

Rye Lactobacillus paracasei no. 8 84.5 2.4 [9]

Sweet sorghum
Lactobacillus paracasei no. 8 81.5 2.7 [9]

Lactobacillus paracasei no. 8 106.0 3.5 [10]

Wheat
Lactoccocus lactiss ssp. lactiss ATCC 19435 106.0 1.0 [11]

Enteroccocus faecalis RKY1 102.0 4.8 [12]

Corn
Enteroccocus faecalis RKY1 63.5 0.5 [12]

Lactobacillus amylovorus ATCC 33620 10.1 0.8 [13]

Cassava Lactobacillus amylovorus ATCC 33620 4.8 0.2 [13]

Potato Lactobacillus amylovorus ATCC 33620 4.2 0.1 [14]

Rice Lactobacillus sp. RKY2 129.0 2.9 [14]

Barley
Lactobacillus casei NRRL B-441 162.0 3.4 [15]

Lactobacillus amylophilus GV6 27.3 0.3 [16]

Cellulose Lactobacillus coryniformis ssp. torquens ATCC 25600 24.0 0.5 [17]

Corncob Rhizopus sp. MK-96-1196 24.0 0.3 [18]

Waste paper
Lactobacillus coryniformis ssp. torquens ATCC 25600 23.1 0.5 [19]

Rhizopus oryzae NRRL 395 49.1 0.7 [20]

Wood
Lactobacillus delbrueckii NRRL B-441 108.0 0.9 [21]

Enteroccocus faecalis RKY1 93.0 1.7 [22]

Whey
Lactobacillus helveticus R211 66.0 1.4 [23]

Lactobacillus casei NRRL B-441 46.0 4.0 [24]
exhaust the complete list of possible raw materials for
the production of lactic acid.

One important component for developing the
technology of the process is the construction of equa-
tions for the kinetics of the process that determines the
rate of the growth of a population of microorganisms
and, as a consequence, the intensity of the formation
of lactic acid. Kinetic relationships were presented in
the review [1], and they are not considered in this
study. It should only be noted that, most frequently,
the form of kinetic relationships also determines the
mathematical expressions of a particular mathemati-
cal model for a continuous process, since the condi-
tions of inhibition for a particular strain of microor-
ganisms are taken into account in some kinetic rela-
tionships and they are not taken into account in
others.

The mathematical models of continuous fermenta-
tion processes can be represented by the three groups
determined by the types of strains: a group of strains of
microorganisms that consume only the main substrate
THEORETICAL FOUNDATIONS OF CHEMICAL ENGIN
(most frequently, glucose) and do not form by-prod-
ucts (or an insignificant amount of them); a group of
strains of microorganisms that form a by-product
which is sometimes quite valuable in a sufficiently
large amount; and a group of strains of microorgan-
isms that use, in addition to the main substrate, the
components of raw materials that produce the main
substrate during synthesis (with and without the for-
mation of by-products).

Some other features of the mathematical modeling
of continuous fermentation should also be pointed
out. First and foremost, this is the necessity of obtain-
ing the estimates of inlet characteristics that ensure the
possibility of the real implementation of the process.
Another feature is that the results of modeling make it
possible to obtain a set of the estimates of inlet charac-
teristics for the same value of productivity with respect
to lactic acid QP (g/(L h)), where QP = PD; P is the
concentration of lactic acid, g/L; and D is the dilution
rate, h–1. There is the possibility of obtaining estimates
for optimal conditions: maxQP and others.
EERING  Vol. 55  No. 6  2021
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Table 2. Numerical values of constants

YX/S, g/g α, g/g β, h–1 μmax, h–1 Pmax, g/L Km, g/L Ki, g/L

0.4 2.2 0.2 0.48 50 1.2 22
MATHEMATICAL MODELING 
OF CONTINUOUS FERMENTATION

A system of equations of a mathematical model for
the process that pertains to the first group for strains of
microorganisms that consume only the main substrate
and do not form by-products has the following form:

(1)

(2)

(3)

System of equations (1)–(3) was presented in sev-
eral studies cited below.

The calculation of the characteristics of the process
based on the solution to (1)–(3) depends on the form
of the relationship for the specific growth rate μ. A suf-
ficiently complete review of the forms of kinetic rela-
tionships for μ was presented in [1, 2], and it is not
given here, except for the variants that are used in the
present review. One of the first relationships for μ was
derived in [25] and has the following form:

(4)

A more complex relationship was used in [26]:

(5)

However, relationship (5), as well as (4), takes into
account inhibition only by the concentration of sub-
strate S, and it is very seldom used for the modeling of
the continuous process.

The equation for the specific growth rate in the fol-
lowing form is most frequently used in modeling:

(6)

in which inhibition by the concentrations of the sub-
strate S and the product P (lactic acid) is taken into
account.

A list of constants with numerical values [27, 28],
which were used in most numerical calculations in
modeling, is given in Table 2.

STEADY STATES
An analytical solution to system of equations

(1)−(3), (6) was presented in [29–31]. Block diagrams
of algorithms for calculating the characteristics of
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steady states in different variants of the formulation of
problems were also given in these publications. In the
generalized form, these algorithms are given in Table 3.

In addition to initial data, constants from Table 2
were used in algorithms presented in Table 3. Numer-
ical examples of the implementation of algorithms
were given in [29–31].

The graphical interpretation of steady states was
presented in [29, 31–35].

The following features were pointed out:
The extremal character of the dependences of the

productivity QP (g/(L h)) on Sf at a given value of D
and on D at a given value of Sf, as well as concentration
P (g/L) on Sf at a given value of D;

The presence of the multiplicity of steady states for
the same value of QP;

The limiting value of the dilution rate D = Dlim (h–1)
at which the substrate is washed out from the fermenter
without having time to enter into the synthesis process.

This emphasizes that there is the boundedness of
the range of values for the inlet characteristics Sf and D
that ensure the real conditions of the existence of the
technology.

The following two characteristics relate to con-
structing the region of real implementation of the
technology and are very important for estimating the
capabilities of the technological process: Dlim and QP.

The calculation of Dlim was presented in [32, 33]
using the following equation:

(7)

i.e., the value of D at which the substrate is washed out
from the fermenter without having time to enter into
the synthesis process. In this case, we have X = 0, P = 0,
and S = Sf.

The maximum possible value of Dlim was also given
in these publications:

(8)

which is determined only by the values of kinetic con-
stants. For max Dlim, the value of Sf = (KmKi)1/2 was
obtained.
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Table 3. Algorithms for calculating the characteristics of steady states for system of Eqs. (1)–(3), (6)

Reference Algorithm Initial data Result

 [29]

Algorithm 3 Sf, g/L, and D, h–1 S, g/L, X, g/L, and P, g/L are concentrations of compo-
nents in the outlet stream; QP, g/(L h) is productivity

Algorithm 4 Sfmin, g/L, Sfmax, g/L, and D, h–1

S, g/L, X, g/L, and P, g/L are concentrations of compo-
nents in the outlet stream at maxQP, g/(L h); Smax, g/L is 
the concentration Sf, g/L, that ensures max QP, g/(L h); 
maxQP, g/(L h) is productivity

 [30]

Algorithm 1 D, h–1
Sf, g/L is the concentration in the inlet stream;
S, g/L, X, g/L, and P, g/L are concentrations of compo-
nents in the outlet stream; QP, g/(L h) is productivity

Algorithm 2 Sf, g/L
D, h–1 is the dilution rate;
S, g/L, X, g/L, and P, g/L are the concentrations of com-
ponents in the outlet stream; QP, g/(L h) is productivity

 [31]

Algorithm 1 Sf, g/L, and D, h–1 S, g/L, X, g/L, and P, g/L are concentrations of compo-
nents in the outlet stream; QP, g/(L h) is productivity

Algorithm 2 Sfmin, g/L, Sfmax, g/L, and D, h–1

S, g/L, X, g/L, and P, g/L are concentrations of compo-
nents in the outlet stream at maxQP, g/(L h); Smax, g/L is 
concentration Sf, g/L, that ensures maxQP, g/(L h); 
maxQP, g/(L h) is productivity

Algorithm 3 Dmin, h–1, Dmax, h–1, and Sf, g/L

S, g/L, X, g/L, and P, g/L are concentrations of compo-
nents in the outlet stream at maxQP, g/(L h);
D, h–1 is the dilution rate that ensures maxQP, g/(L h); 
maxQP, g/(L h) is productivity
It is evident that the real value of D in the technol-
ogy should satisfy the following condition:

(9)
The second characteristic maxQP was presented in

[32] and calculated using the formula

(10)

Formulas for calculating the following characteris-
tics of the process were also given in [32]: Xopt, Sopt,
Popt, , and Dopt for maxQP. The general formulation
of the optimization problem was presented in [36].

The region for estimating the initial characteristics
Sf and D is constructed in the form of dependence for
a given value of QP < maxQP:

(11)
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THEORETICAL FOUNDATIONS OF CHEMICAL ENGIN
Relationships (11)–(12) were derived in [37]. The
coordinates of the so-called singular points that bound
the range of values for D and the range of values for Sf
were also given in this publication. The quantity D1 is
the minimum value of D for both of Eqs. (11) and (12),
and the quantity D2 is the maximum value of D for
both of Eqs. (11) and (12):

(13)

The calculation of the corresponding values of Sf,
i.e., Sf(D1) and Sf(D2), was presented.

Two more singular points for the range of allowable
values, namely,  and , were calculated using
the necessary condition with respect to D:

(14)

The values of D for  and D for  were calcu-
lated. Thus, a portrait of the allowable values of Sf and
D for any QP < maxQP was determined.

   μ
 = +    μ        +  

   

∓

1 2
m m

1,2 1 2
m m im

i

41 1 2 .

2 1 2

PQ KD
P KK

K

max
fS min

fS

= =1 2max minfor : for0; : 0.f f
f f

dS dS
S S

dD dD
max

1S min
2S
EERING  Vol. 55  No. 6  2021



1196 GORDEEVA et al.
Relationships that substantiate the existence of the
multiplicity of steady states for the process under con-
sideration were presented in [37–39]. This issue was
considered in more detail elsewhere [33, 39]. Compu-
tational relationships based on which two values of Sf
that ensure the same value of QP at a given value of D
in a real technology are determined (i.e., there are two
technological processes) were presented in [33]. Algo-
rithms for calculating the characteristics of the process
under the conditions of multiplicity were given. An
example of the results of numerical calculation for two
steady states was presented.

A more intricate problem was solved in [37], where
Sf was taken as the initial value and the values of D that
ensure the same value of QP were calculated. In this
variant, the range of allowable values [37] is divided
into three sections, for each of which based on a given
value of Sf its own computational relationship is used.
However, as was the case in [33], two values of D are
obtained for each value of Sf; i.e., there are two steady
states for the same value of QP. Examples of numerical
calculations for each of the sections were given.

It was shown in [40] that taking into account inhi-
bition by the concentration of biomass and the con-
centration of the product in a relationship for the spe-
cific growth rate can be written in the more general
form as follows:

(15)

Estimates for f and h in the processing of six exper-
iments with different concentrations of the lactose of a
strain of Lactobacillus casei were also obtained in the
same study. The values of f and h for all of the experi-
ments were 0.5. Only one experiment showed f = 0.7 at
h = 0.5.

These data were subsequently used in the modeling
of processes with other strains of microorganisms.

In the modeling of steady states, the authors of [41,
42] considered the possibility of using raw materials
that produce the main substrate during synthesis [41]
and strains of microorganisms that form a by-product
in sufficiently large amounts [42].

A process for producing lactic acid from wheat
flour was considered and modeled in [41]. Maltose,
during the hydrolysis of which the main substrate (glu-
cose) was formed, was used as a component that pro-
duces the main substrate. Computational relationships
for the characteristics of the steady-state process X, P,
S, and M0 were presented based on the solution to the
following equations of the model:

(16)

(17)

   μ = μ − −   +    
m

m m
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(18)

(19)

where M0 is the concentration of maltose in the inlet
stream, g/L, and S0 is the concentration of glucose in
the inlet stream, g/L.

The specific rate of microorganism growth μ was
used in the following form:

(20)

i.e., inhibition by the substrate and product was taken
into account.

Experimental studies were conducted in two vari-
ants: (1) S0 = 125 g/L and M0 = 60 g/L and (2) S0 =
115 g/L and M0 = 70 g/L.

The estimates of constants for (16)–(20), the val-
ues of which are given in Table 4, were obtained [41].

The numerical values of the characteristics of
steady-state processes, including the optimal one
(maxQP), were given.

Relationships for calculating the characteristics of a
process for lactic acid production using a strain of
Lactococcus lactis ssp. lactis ATCC 19435 were pre-
sented in [42]. The specific feature of the process is
that, in contrast to standard conditions, a by-product
is formed at a temperature of above 30°C. Thus, the
specific growth rate was used in the following form:

(21)

The rate of the formation of the product rP was as
follows:

(22)

The rate of the formation of the by-product  was
written in the following form:

(23)

Under standard conditions (pH 6.0 and 30°C), a
by-product does not form. For these conditions, we
have n = 2.06, α = 13.2, and β = 6.45 × 10–2.

The dependence of process parameters on tem-
perature was written in the following form:

(24)

The values for αa were as follows: A1 = 2.88 and
E1 = 53.9. The values for βa were as follows: A1 = 2.97 ×
10–2 and E1 = 543; A2 and E2 were not specified.

The temperature dependence was studied in the
temperature range from 30 to 37°C.
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Table 4. Identified values for the parameters of the model

Parameter Value

μmax, h–1 0.28

Pmax, g/L 98.6
YX, g(cell)/g(glucose) 0.053
YP, g(product)/g(cell) 0.82

KM, h–1 0.035

KS, g/L 0.5
n 3
A more complex mathematical model for the
description of a steady state in a fermenter using a strain
of Lactococcus lactis NZ133 was developed in [43].

The complexity of the mathematical model is that
it includes a large number of constants. The equations
of the model were as follows:

(25)

(26)

(27)

The values of constants were determined using
experimental data under the conditions of batch culti-
vation.

An algorithm for calculating the characteristics of
the process X, S, P, and QP for different values of the
inlet characteristics Sf and D was developed and
numerically implemented in [44] using the mathemat-
ical model presented in [43].

The numerical implementation of the algorithm
was performed using constants from [43]. One import-
ant characteristic is the presence of the extremal
dependence of productivity QP on D at values of Sf =
40 g/L and Sf = 60 g/L. The extremal dependence
emphasizes that there is the multiplicity of steady
states for the technology with this strain.

Relationships for optimal conditions and computa-
tional relationships for estimating the multiplicity of
characteristics for steady-state processes based on a
given value of the dilution rate D and the value of the
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substrate concentration Sf were presented using (25)–
(27) in [45–47].

It was shown [45] that the value of productivity is
determined by two characteristics, namely, the con-
centration of the substrate S and the dilution rate D;
i.e., QP = QP(S, D).

The extremum condition was written using two
relationships

(28)

with constraints on the inlet characteristics Sf and D.
The following relationship for the maximum pro-

ductivity was derived:

(29)

Three algorithms were described and numerically
implemented. The main algorithm solves the problem
of determining the values of Sf and D that ensure
maхQP.

The sequence of estimating the characteristic Sf
based on a given value of D under the condition that
QP < maxQP was presented in [46]. The range of possi-
ble values of D that does not contradict material bal-
ance equations (25)–(27) is determined beforehand.
The value of D is specified, and two values of Sf are
calculated. Thus, two steady states at one value of D
are determined. An algorithm of computations and
numerical calculation using constants from [43] were
presented.

A more complex variant of estimating a set of
steady states based on a given value of Sf at QP < maxQP
was described in [47]. The value of Sf can be specified
using material balance equations in three different
variants:

variant 1: Sf1 ≤ Sf < maxSf;
variant 2: Sf2 < Sf < Sf1;
variant 3: minSf < Sf ≤ Sf2.
Relationships for calculating the value of D for each

of the variants are different. Since the values of D are
limited for the conditions of practical implementation
of the technology D1 < D < D2, we have  at D1

and  at D2; maxSf and minSf are the limiting values
of Sf for a given strain of microorganisms.

The sequence of calculating the value of D when Sf
is specified for each of the variants was presented. For
the same variants, two values of D for each value of Sf
were numerically calculated; i.e., two steady states
were determined. Numerical calculations were per-
formed using constants from [43].

A more general mathematical model that takes into
account the formation of the by-product B (a set of all
by-products) and the use of the components of raw
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materials that produce the main substrate during syn-
thesis M0 was constructed in [48].

The mathematical model has the following form:

(30)

(31)

(32)

(33)

(34)

(35)

The mathematical model contains elements that
take into account the possibility of inhibition, which
are included into a relationship for kinetics: inhibition
by biomass (Xmax, n1), a product (Pmax, n2), and a sub-
strate (Ki).

The results of the transformation of system of
equations (30)–(35) are given in the appendix (formu-
las (A.1)–(A.11)), which are necessary for solving the
formulated problem.

The sequence of solving the optimization problem
at maxQP was presented in [48]. The specific feature of
solving it is that it is possible to obtain a set of values
for the characteristics of the process  and  for
the same value of maxQP. The results of numerical cal-
culations using constants from literature sources were
given.

A detailed analysis of the generalized mathematical
model from the standpoint of the assessment of steady
states was presented in [49].

Computational relationships were given for three
variants of the formulation of the problem. The most
interesting variant is the third, which is the most general.

For all of the variants, formulas for calculating the
maximum value of Dlim (when there is no feed, i.e.,
M0 = 0) were presented. The range of values for D is
formed using the following equation:

(36)

In variant 3, the value of S was given using the
mathematical model

(37)

An algorithm for solving the problem of estimating
X, S, P, B, M, and QP with the numerical values of con-
stants in equations was presented in [49].
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In [50], computational relationships were given for
estimating the characteristics of a steady state under
the conditions of specifying the value of the dilution
rate D, which are determined as the extreme values D1
and D2; i.e., D can be specified according to the fol-
lowing condition:

(38)
Computational relationships for D1 and D2 were

presented.
Multiplicity is formed under the conditions of

specifying D according to (37) and calculated using

formulas for  and  (formulas (A.2), (A.6),
and (A.7) in the appendix).

Relationships for constructing a set of steady states
that, in fact, ensure lactic acid production were
derived using the equations of the mathematical
model (30)–(35) in [51, 52].

In [51], the characteristics of multiplicity were esti-
mated based on the condition of specifying S0 within
the permissible limits, and M0 and D were determined
at a given value of productivity subject to the condition
that QP < maxQP.

The region of the possible assignment of S0 was
marked. The determination of the region was per-
formed by simultaneously solving Eqs. (A.6) and (A.7)

using (A.2). In (A.6) and (A.7), we have  and

 at M0 = 0. The region is bounded by the coor-
dinates of singular points. Singular points 1 and 2 were
obtained based on the solution to (A.8) with the sub-
sequent estimation of S0 for D1 and D2. Two more sin-
gular points 3 and 4 were determined as the maximum
value of S0 using (A.6) (singular point 3) and the min-
imum value of S0 using (A.7) (singular point 4), and
point 5 is the extremum point.

In the assignment of S0 for each of the singular points,
a steady state is always unique; i.e., there is no set.

The entire region of the possible assignment of S0 is
divided into three sections. This is due to the fact that
it is necessary to calculate the characteristics of multi-
plicity using different relationships for each of the sec-
tions:

(39)

(40)

(41)

where , , , and

.

It was shown that . The construction of sets
of steady states for the assumed value of QP was con-
sidered separately for each of the sections.
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Fig. 1. Portrait for the dependence of S0 on D at QP = 6 g/(L h): points 1–4 indicate the positions of singular points; point 5 indi-
cates the position of the extremum point. 
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Section II
A table with formulas for calculating M0 and D for
a given value of S0 for each of the sections was obtained
and presented. The results of numerical calculations
for each of the sections were given; i.e., the coordi-
nates of singular points using constants given in the
publication for the assumed value of QP were deter-
mined and the characteristics of the sets Set1*, Set2*,
and Set3* for each of the sections, respectively, were
formed.

Figure 1 presents a portrait of the dependence of S0
on D for QP = 6.0 g/(L h) with the boundaries of the
sections of calculation.

The characteristics of the estimation of multiplicity
for a given concentration of the component that pro-
duces the main substrate during synthesis M0 were
presented in [52]. As was the case in [51], the region of
the assignment of M0 within the permissible limits and
the corresponding values of S0 and D at a given value
of QP < maxQP was determined.

The region of the possible assignment of M0 was
determined by simultaneously solving Eqs. (A.6) and
(A.7) using (A.2). Here, in (A.6) and (A.7), the value
of  is according to (A.4) at S0 = 0.

Thus, we obtain the following two equations:
using (A.6):

(42)
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using (A.7):

(43)

The region is bounded by the coordinates of singu-
lar points. Singular points 1 and 2 are calculated based
on the solution to (A.8), from which we obtain D1 and
D2. For D1 and D2, the values of M0 are calculated:

(44)

(45)

Two more singular points 3 and 4 are calculated as
the maximum value of M0 using (42) (singular point 3)
and the minimum value of M0 using (43) (singular
point 4). The value of М0 for singular point 3 is calcu-
lated using (42) at D = D3; the value of М0 for singular
point 4 is calculated using (43) at D = D4.

As a result, the region of values for M0 was divided
into the following three sections:

(46)
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Fig. 2. Portrait for the dependence of M0 on D at QP = 6 g/(L h): points 1–4 indicate the positions of singular points; point 5
indicates the position of the extremum point. 
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where .

The construction of sets of steady states for the
assumed value of QP was considered separately for
each of the sections.

A table with formulas for calculating S0 and D for a
given value of M0 for each of the sections was obtained
and presented. The results of numerical calculations
for each of the sections were given, and the character-
istics of the sets Set1**, Set2**, and Set3** were
formed. Figure 2 presents a portrait of the dependence
of M0 on D with the indication of the positions of sin-
gular points and the boundaries of sections I, II, and
III. The portrait was constructed for QP = 6.0 g/(L h)
using table constants [52]; point 5 is the extremum
point.

Concluding this part of the review, we cite one
more study [53], which falls out of the general scheme
of the review, since it describes a special apparatus for
lactic acid production. The apparatus is a tube with a
diameter of 10 mm and a length of 400 mm with a bio-
film. The modeling (experimental) of a continuous
process was described and the results of experiments
were presented. There are no quantitative estimates
(the equations of the material balances) in the cited
study; however, based on conclusions, the apparatus is
promising for use.

( ) ( )< <0 4 0 0 1sect In Io :i ,I M D M M D

( ) ( )>0 2 0M D M D
THEORETICAL FOUNDATIONS OF
CONCLUSIONS

In conclusion, we cite two studies [54, 55] in which
there are no calculations of the characteristics of
steady states for lactic acid production; moreover,
these publications themselves are review articles. The
study [54] contains 63 references, and the study [55]
has 35 references.

The publication [54] is a review of current develop-
ments in the continuous fermentation of lactic acid
and a detailed study of the recycling of inexpensive raw
materials. A list of microorganisms with the main
characteristics of their cultivation in continuous fer-
mentation, including that with cell recycle, was pre-
sented. The possibilities of using alternative substrates
were described, and the general economic estimates
for continuous fermentation processes were given. It
should be noted that most references in the cited
review pertain to 2016 or earlier.

Interest in the study [55] is due to the fact that, to a
certain extent, this review broadens the review pre-
sented in [3] in the field of the food industry. In par-
ticular, the role of fermentation in food supply was
pointed out; i.e., it was emphasized that the following
properties of food are improved by lactic acid bacteria
(LAB): aroma, the preservation of properties, poison
prevention, and antibiotic properties.

A list of LAB for the food industry was presented:
the preparation of cottage cheese, yoghurts, bread
products, etc. It should be noted that there are no
quantitative characteristics in the cited publication;
thus, we have a purely literature review with the sub-
 CHEMICAL ENGINEERING  Vol. 55  No. 6  2021
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stantiation of conclusions from references to publica-
tions.

APPENDIX

(A.1)

(A.2)

(A.3)

(A.4)

(A.5)

(A.6)

(A.7)

The equations for calculating maxQP (the maxi-
mum value of QP) and the corresponding value of the
dilution rate Dopt have the following form:

(A.8)

(A.9)

(A.10)

(A.11)
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