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INTRODUCTION

Reduced performance of polymeric materials is the
result of many dynamic processes, which description is
associated with a number of difficulties; the main diffi�
culty is the ambiguity of the relationship between the
state of the system and the quantitative value of param�
eters. It is obvious that various polymeric materials
greatly differ from each other not only in their proper�
ties, but also in the mechanics of the destruction pro�
cess. At first glance, it may seem that there is nothing in
common between the destruction of the polymeric
materials containing encapsulated (Fig. 1) or fibrous
fillers (Fig. 2). However, the destruction of any poly�
meric materials and, especially, the fatigue failure does
not occur abruptly, but is a result of a number of reasons.
Despite the variety of polymeric materials, scenarios of
their transition from a workable to inoperative state are
uniform for all polymeric materials.

It is known that damage accumulates gradually in
polymeric materials, but under certain conditions,
failures occur abruptly [1–5]. Thus, the system makes
an abrupt transition from one state to another during a
continuous changing of external conditions. There�
fore, it is quite possible to use the principles of syner�
getics and the mathematical apparatus of the catastro�
phe theory, which is widely used to analyze a variety of
objects ranging from studies of human heart beat to the
theory of elementary particles to explain the sudden
failure of this system [6, 7].

In the technical literature, the term disaster implies
an abrupt change in a parameter that occurs as a sud�

den response in the system to smooth changes in
external conditions [1, 8].

Some authors determine synergetics as the theory of
dissipative structures, the theory of reversible dynamic
chaos, the theory of the formation of new qualities [1, 9,
10], etc. The term synergetics (cooperation) can be
interpreted in different ways, but most commonly this
term refers to the phenomenon of self�organizing of
systems that acquire new properties during the opera�
tion processes, and none of the components of this sys�
tem possesses the properties; i.e., the values of indica�
tors of the properties of the resulting system is more
than just the sum of all parameter items.

THEORETICAL ANALYSIS

The accumulation of damages is a dynamic system
in which the future is uniquely determined by the past;
this relationship is called heredity [1]. Small causes
may have large effects referred to in mathematics as
“sensitive to the initial conditions.”

In this paper, a theoretical approach is proposed
that makes it possible to find universal trends in the
behavior of complex dynamic systems. The essence of
this approach is to build a synergistic model of the
accumulation of damages in the polymer material
based on so�called soft modeling that uses plausible
hypotheses and value regularities rather than rigorous
mathematical models.

The process of the destruction of the polymer
material in this approach is considered to be a catas�
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Fig. 1. Sequence of the destruction of the epoxy adhesive material containing encapsulated filler upon application of (a) 50,
(b) 60, (c) 70, and (d) 80% from degradation.

trophe, and the processes that precede the destruction
are divided into a large number of scale levels. At each
of the levels, original smooth changes in the coeffi�
cient take place that characterize the losses of strength
in the polymer, followed by a sharp increase. An abrupt

change in a parameter causes the system to transition
from one scale level to another.

In the literature, four scale levels are usually distin�
guished, i.e., nano, submicro, micro, and macro lev�
els, which are characterized by significant features
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related to their heterophase structure [2–5] as applied
to the polymeric and composite materials. In fact, this
division is rather conditional and, in real systems, the
number of scale levels is greater. Each scale level is
characterized by its dimension, which in turn deter�
mines the number of parameters to be determined in
order to describe and predict the behavior of the sys�
tem [4]. In the present work, we do not attempt to
classify strictly scale levels. Our task was to find a

causal relationship in order to simplify the real situa�
tion and, at the same time, to see the picture of dam�
age accumulation in general.

In this paper, we take the time of the beginning of
main crack formation, which leads to an irreversible
change in the properties of the polymer material, for
the catastrophe (Figs. 1a, 2a). The description of
changes in the state of the system is performed using
the mathematical apparatus of the catastrophe theory.

270 µm 260 µm

270 µm 140 µm

(a) (b)

(c) (d)

Fig. 2. Sequence of fracture of the epoxy adhesive material containing a fibrous filler (carbon fiber) at different magnifica�
tions (a–d).
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In the classification of V.I. Arnold and I. Prigozhin
[8, 9], the loss of the efficiency is proposed to describe
using five equations that have received the appropriate
names (Table 1). All functions listed in Table 1 belong to
the class of cusp catastrophes. A distinctive feature of
the catastrophe theory is the versatility of the proposed
models and their geometric graphic representation.

In [6, 7], the procedure for finding the values of the
bifurcation point using the mathematical apparatus of
the catastrophe theory is described using the adhesive
material as an example and residual stresses as the out�
put parameter. In this paper, we propose a more general
solution, since various physical parameters that define
the behavior of the material under the influence of
external factors can be used as the output parameters.

The sequence for determining the accumulation of
damage in polymeric materials is shown in Fig. 3. The
feature of the proposed algorithm for determining the
coefficient of strength loss of a polymer material is that
the material structure is divided into n levels differing
by the scale. The traditional division into three struc�
tural levels, namely, the macrostructure, microstruc�
ture, and nanostructure, is not obvious, since this
approach does not include supramolecular and atomic
levels. The processes that take place at the atomic level
are described by methods of quantum mechanics,
including those that take place on the supramolecular
level, using methods of molecular and physical chem�
istry, and those that take place on the levels of macro�,
micro�, and nanostructures using solid mechanics.
The transition from one scale level to another occurs
abruptly, while inside of each level there is a gradual
increase in function V.

The object under discussion, the role of which can
be played by not only a polymeric material but also any
composite material, is presented as a complex hierar�
chical system with multiple scales. Despite that this
approach further increases the uncertainty and com�
plexity of the situation, it accurately quantifies the
point of time at which there is an abrupt change in the
determining parameter.

In order to mathematically describe the process of
accumulating damage in polymeric materials, we pro�
pose to use a small number of variables called channels
[8–10] that adequately reflect the kinetics of the pro�
cesses that occurs in the destruction of polymeric
materials.

EXPERIMENTAL

A number of authors describe the processes of
damage accumulation in polymeric materials propose
various models, which are second�order differential
equations [1–4]. In the present study, in order to eval�
uate coefficient V, which characterizes the strength
loss of a polymeric material, we propose to use the
equation of the fold catastrophe (Table 1) in the form
reported in shown below [9]:

(1)

where х is the coefficient that characterizes the crack
size (length, radius at the apex, and others) and u is the
coefficient that characterizes the rate of growth (posi�
tive values) or the braking (negative values) of the
crack.

The model used for the numerical description of
the behavior of polymeric materials on the example of
the catastrophe theory consists of a number of n (when
using the theory of the fold catastrophe, n = 2) inter�
acting elements differing by quantitative characteris�
tics of internal parameters. Consequently, the simpli�
fied system under study may be presented in the form
of a number of interacting units, and each link is char�
acterized by its own set of parameters. The studied sys�
tem is characterized by the presence of elements
between horizontal and vertical bonds. Vertical com�
munications characterize the dynamics of changes in
coefficient x. Horizontal bonds characterize proper�
ties of the system at one scale level, and their change
depends on the values of the numerical coefficient u.

Equation (1) provides quantitative estimation of
the output parameter V using very simple numerical
examples. This model is highly parametrically sensi�
tive and describes the behavior of polymeric materials
under loading, taking into account processes of the
relaxation and destruction. This model also allows one
to take into account the violations of the reversibility
of the structure of the material accumulated at various
loading conditions.

The basis for the proposed synergetic model of the
damage accumulation process is the assumptions that
processes of the plastic flow of the material are fol�
lowed by the formation of the new surface. Between
the two poles, fragile and elastic behavior of the mate�
rial, there is an infinite number of intermediate states.
The dynamics of the accumulation of damage on the
example of the simplest model of the fold catastrophe
is considered by coefficients u and x.

31 ,
3

V x ux= +

Table 1. Classification of forms of catastrophes

Nos. Type of the 
form Formula

1 Fold

2 Cusp

3 Swallowtail

4 Butterfly

5 Wigwam 

3
1V x u x= +

4 2
2 1V x u x u x= + +

5 3 2
3 2 1V x u x u x u x= + + +

6 4 3 2
4 3 2 1V x u x u x u x u x= + + + +

7 5 4 3 2
5 4 3 2 1V x u x u x u x u x u x= + + + + +
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Fig. 3. General scheme of the study: PM is polymeric material.
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≥

Thus, it is necessary to decide on the extent of the
destruction of the polymer material in order to unite
all the characteristics that describe the processes of
the accumulation of damage in materials into a sin�
gle index. This allows one to construct the most reli�
able predictions about the durability of polymer
materials.

RESULTS AND DISCUSSION

The numerical determination of coefficients x that
describe the size of the crack (length, radius at the
apex, and others) and coefficients u that characterize
the rate of growth (or inhibition) of the crack (some�
times called channels) is a very complex and, in many
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cases, unsolvable task. In this paper, it has been shown
how the properties within the system change when
changing coefficient u from –100 to +100 and step�
wise changes in the values of coefficient x occur from
1 to 18 using the fold catastrophe as an example.

For the convenience of analyzing the obtained
results, the negative values of the desired coefficient V,
which characterizes the strength of losses of the poly�
mer material, are shaded in gray. This allows one to
demonstrate the nonlinearity of the process of chang�
ing the coefficient that characterizes the loss of
strength of the polymeric material (Table 2).

Based on this simple numerical example, it was
shown how the system moves abruptly from one point
of the phase space to another one. Depending on the
numerical values of coefficients u and x, all of the
changes that occur within the system are divided into
fast and slow. For example, for values x = 1–6, there
are slow variations in coefficient V, whereas in the
range of х = 15–18 (when u = –100), there is a very
abrupt and significant change in the coefficient V that
takes place with a change in sign (Table 2).

However, during the transition from one state to
another, it is necessary to overcome the threshold
effect. If the change that arises in the system is less
than a certain critical value, the system returns to its
original position. In the synergetics, this action is
called power switching [1]. For the example considered
in Table 2, this abrupt transition occurs at several
points. For example, for values u = –100, these two
points are at х = 15 and х = 18. At the first point (at х =
15 and u = –100), there is a first local minimum. At
the second point (at х = 18 and u = –100), there is a
second local minimum, and this critical point is the
bifurcation point for this example. Similar points of
local minima occur at values u = –10, and they are
х = 3 and х = 6.

CONCLUSIONS

In this paper, based on the example of the fold type
of catastrophe, it has been shown that the process of
changing the properties of polymeric materials can be
represented as a consequent transition from one stable
state to another. The transition from one stable state to
another proceeds through the point of bifurcation.
Once the bifurcation point is passed, the new cycle of
the existence of the system emerges on the next scale
level. Thus, the use of the apparatus of the catastrophe
theory provides the prediction of destruction processes
in polymeric materials during the operation of con�
structions fabricated or reconstituted with their use.

NOTATION

u coefficient that characterizes the rate of
growth (positive values) or braking (negative
values) of the crack in the polymeric material

u1, u2, u3, u4, u5, un coefficients that characterize
the rate of growth (positive values) or braking
(negative values) of the crack in the poly�
meric material on 1, 2, 3, 4, 5, and n scale
level, respectively

   critical values of the coefficient that
characterize the rate of growth or braking of
the crack in the polymeric material on 1, 2,
and n scale level, respectively

V coefficient that characterizes the loss of
strength of the polymeric material

х coefficient that characterizes the crack size
(length, radius at the apex, and others) in the
polymeric material
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