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EXISTENCE AND STABILITY OF STATIONARY SOLUTIONS
WITH BOUNDARY LAYERS IN A SYSTEM OF FAST AND SLOW
REACTION-DIFFUSION-ADVECTION EQUATIONS WITH KPZ
NONLINEARITIES
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The existence of stationary solutions of singularly perturbed systems of reaction—diffusion—advection equa-
tions is studied in the case of fast and slow reaction—diffusion—advection equations with nonlinearities
containing the gradient of the squared sought function (KPZ nonlinearities). The asymptotic method
of differential inequalities is used to prove the existence theorems. The boundary layer asymptotics of
solutions are constructed in the case of Neumann and Dirichlet boundary conditions. The case of quasi-

monotone sources and systems without the quasimonotonicity requirement is also considered.
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1. Introduction. Statement of the problem

We consider a system of fast and slow reaction—diffusion—advection equations with KPZ nonlinearities,
which is a special case important for applications and allowing one to obtain constructive conditions for the
existence and Lyapunov stability of solutions such as the stationary solutions of the corresponding parabolic

problem
du
dx

,d*u
dz?

d?v dv\?
Noy(u,v) == 42 —B(v,x)(dx) — flu,v,2,€) =0, 0<z<1,

No(u,v) =2 Y — 2 A(u, a:)( )2 — glu,v,3,€) =0,

(1)

where ¢ € (0;¢0] is a small parameter. Such systems naturally arise in modeling fast bimolecular reactions in
the case where one of the sources (reaction, nonlinear source, interaction) is intensive (of the order of 1/¢2)
and the other one is of the order of unity (see, e.g., [1]).

We assume that the function u(x) satisfies one of the following versions of boundary conditions:

o' (0) = u®, u' (1) = ul, (N)
u(0) = u°, u(1) = u'. (D)

For the function v(x), we pose the Dirichlet condition
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In what follows, we respectively let (1.N) and (1.D) denote the problems where either the Neumann
condition (N) or the Dirichlet condition (D) is imposed for u(z). We omit the letter notation in the cases
where the form of the form of the boundary condition is unimportant.

A special feature of the problem under study is the presence of terms containing the gradient of the
sought function squared. The nonlinearities of this type are called Kardar—Parisi-Zhang (KPZ) nonlin-
earities and are widely used in modeling population dynamics processes (the squared gradient describes
nonlocal interactions [2]), the free surface growth in the theory of polymers and in the nonlinear theory
of thermal conductivity (see, e.g., [3] and the references therein). We note that this system of equations
is also of definite theoretical interest: the square is the maximum (limit) exponent at which the Bernstein
conditions for the nonlinearity growth are satisfied (the nonlinearity belongs to the class of Nagumo func-
tions, see[4]-[9]). The stationary solutions with boundary and internal layers of the initial boundary value
problem were considered in [10] only in the case of a fast equation.

Let the following conditions be satisfied.

Condition Al. Let the functions g(u,v,z,€), f(u,v,z,e) be defined on the set Oy := (u,v,z,&) €
I, x I, x [0; 1] x (0; £¢], and let A(u, x) and B(v, z) be respectively defined on the sets Qg := (u,x) € I,, x [0; 1]
and Q3 := (v,x) € I, x [0;1] and be sufficiently smooth functions of their arguments.

We consider the degenerate differential-algebraic system

g(u,v,x,O)ZO,
d?v dv'\?
de—B(v,x)(dx) — f(u,v,z,0) =0, 0<x<l1.

We require that the following solvability condition be satisfied for this system.

Condition A2. Let the equation g(u,v,x,0) = 0 have a solution uw = @(v,x) such that
gu(p(v,x),v,2,0) > 0 for (v,z) € Q3 and let the problem

d2U—B(vx) dv 2—f( (v,z),v,2,0) =0 0<z<1
de ) dx (00 ) ) - ) )

v(0) = 2°, v(1) =o',
have an isolated solution v = vg(x).

We set tg(x) = ¢(o(z),z), € [0,1]. It also follows from Condition A2 that g,(z) = gu(@o(x),
To(x),x,0) > 0, x € [0,1] (here and hereafter, the bar over a function or over its derivative means that its
value is taken at the point (@p(x), (), x,0)).

In problem (1.D), we require the satisfaction of the standard condition that the boundary values u°, u!

belong to the domain of influence of a root of the degenerate equation.

Condition A3. Let the following inequalities be satisfied:
/ 9(s,70(0),0,0) eXp(Z/ A(o,0) dcr) ds >0 for all @ € (7g(0),u’],
1o (0) s

/ 9(s,70(1),1,0) exp(Z/ Ao, 1) dcr) ds >0 for all 1 € (ug(1),u'].
o (1) s

Below, we formulate additional conditions used to construct the asymptotics and to prove the existence
of a solution with the constructed asymptotics.
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2. Asymptotics of the solution

The formal asymptotic approximations of the solutions of problems (1.D) and (1.N) are constructed

by the Vasil’eva method (see [7]) in the form

a(l‘,é‘) = 110(:1;) + Eﬂl(ﬂi) “+ -+ gnﬁn(x) e

B(a,<) = Bo(z) + 5 - ()
v(z,e) = Vo(x) + vy () + -+ "0 () + -+,

and the boundary parts in a neighborhood of = 0 for u° and v° and in a neighborhood of x = 1 for u!

and v! are
Lu(r,e) = Lug(1) + eLua (1) + - + " Lup (1) + - - -,
)

= Log(1) + eLvi (1) + -+ " Loy (1) + -+ -,
n,€) = Rug(n) +eRui(n) + - +e"Run(n) + -,
) = Rvg(n) +eRvi(n) +--- + " Rup(n) + -,

ay)

S
==
3

M

where 7 = x/e, n = (1 — ) /e are extended variables in neighborhoods of the points z = 0 and z = 1.

We introduce the functions

du du\?
G(adx,u(x),v(a:),a:,s> = A(u, x) (de) +g(u,v,z,¢),

dv dv\?
F e|l:=8B €).
(G ulo)vtaae) o= Blo.a) (G ) + fluvoee)
For these functions, we use the Vasil’eva representation, separating the regular and boundary components,

G =G+ LG+ RG, F=F+LF+RF,

where

G = G(%Z@ o), a(z, ), o(x, ), x,a),

LG = G( jﬁ (te,e) + d;Tu (1,¢),u(Te, €) + Lu(t,e),v(7e, &) + Lu(T, ), TE,E) -
G( du (te,e),u(re, e),v(re, €), TE,E), (8)
RG = G( —ne, ) + dj;u (rye),u(l —ne,e) + Ru(n,e),v(1 —ne,e) + Rv(n,e),1 — ne, E) -

gz
du _
( dr 7766 (1_77&8),”(1_77&8),1—77575)7

and the terms in the representation for F' are similar. Further, the original system standardly splits into
regularly perturbed equations for regular and boundary layer parts of the asymptotics (for the regular part,
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the differential operator in the first approximation is subordinate, i.e., the first equation is considered as
a finite equation):

d*a d?v
2
© 2 ’ dz? ’

d?>Lu d’>Ru

dr? ’ dn2 ’ (9)
d*Lv 9 d*>Rv

= 2LF = 2RF.
drz ~ ST g T F

These equations are related by the boundary conditions supplemented with the standard conditions of
decrease in the extended argument at infinity for the boundary functions: in the case of Neumann boundary

conditions,

1

dL d d
uO,s)—f—a Fu (L,e) =eu,

( U
dr dx dn
Lu(4o00,e) =0, Ru(4o00,e) =0,

d
(0,e)+¢

(0,¢) = eu®, dz

in the case of Dirichlet boundary conditions,

Lu(0,¢) + w(0,¢) = u°, Ru(0,¢) + u(1,¢) = u',
Lu(400,¢) =0, Ru(400,e) =0

and
Lv(0,¢) + 9(0,¢) = 2°, Rv(0,¢) +9(1,¢) = o',

(10)
Lv(+o0,e) =0, Ry(+00,¢e) = 0.

The coefficients of asymptotic representation (5) are determined in the following order. At the kth
step, we first determine the boundary functions of the v component, then find the functions @y and vy, and
then determine the boundary functions of the u component. It follows from Egs. (9) and the conditions
at infinity that Lug(7) = Rug(n) = 0 for kK = 0,1,2 in the case of Neumann boundary conditions and for
k = 0,1 in the case of Dirichlet boundary conditions. The regular part of the asymptotics, i.e., the functions
to(x) and vo(z), are determined from the degenerate system defined in Condition A2.

In the case of the Dirichlet condition, the problems for Lug and Rug become

= Alao(0) + Luo(r)0) 5 ) -+ 9(a0(0) + Lua(r), 0(0),0,0),
2 U U 2
i = Atao(1) + Rua(n), 1) (51 )+ g(a(1) + Ruo(o), w1, 1,0), .

Lug(0) = u® — 1p(0), Rug(0) = u' —ap(1), Lug(+oo) =0, Rug(+oo) = 0.

It is well known that the solvability of these problems is guaranteed by Condition A3. In this case, there
exists a unique monotone solution of each problem. The solutions of problems (11) are determined in
quadratures and have a standard exponential estimate (see, e.g., [8]). In the case of Neumann boundary
conditions, these problems have zero solutions.

Because Lvi(7) = Rvi(n) = 0, the functions @1 (x) and v1(x) in the regular part of the asymptotics
can be found from the boundary value problem for the linear differential-algebraic system of equations with
zero boundary conditions:

Julil + guU1 + ge = 0,
d251 dvg dvy dvg
dx? -2 dz dx _Bv< dx
71(0) =0, 71(1) = 0.

2
)Ul_fuul_fvvl_fszo, 0<z<l, (12)
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Investigating the identity g(y(v,x),v,z,0) = 0 in Condition A2, we obtain a relation between g, and g,
Qu@v + g'u =0.

We express @1 from the first equation of the system and, taking this relation into account, substitute it in
the second differential equation. We then obtain the problem

d2@1 dvg dvq dvy
— 2B — v

dx? dx dx dx
51(0) = Oa ’Dl(l) = 07

2
> +fv+§0vfu>vlzf17 O<x<17 (13)

where fq is a known function. The linear differential operator of problem (13) is not self-adjoint (it reduces
to the divergence form by a well-known change of variables). We now formulate a condition that ensures the
existence and uniqueness of the solution of the boundary value problem and hence of differential-algebraic
system (12) (also see Theorem 3 in [11]).

Condition A4. Assume that the inequality

duo\* - _
BU( UO) T fo At @ofu> —Xo
dx

holds for all x € [0, 1], where A is the principal eigenvalue of the problem

20 dvg d¥ -
— 2B MW =0, O0<z<l,
dx? dx dx + * (14)

T(0)=0, ¥(1)=0.

The existence of a positive principal eigenvalue A\g and of the corresponding positive eigenfunction
U(z), z € (0,1), of problem (14) is a will-known result (see [12], Theorem 4.3).
For Neumann boundary condition, we obtain the following problems for Lu; and Ruq:

dQLul _
4 = §u(0)Luy,
d2RU1
= gu(1)Ruq,
dLuq 0 dug dRuq 1 dug
e - — — 1

Luy(+00) =0, Ruy(+00) = 0.

Each of equations (15) is an equation with constant coefficients. Their solutions up to a factor are expo-
nential functions with the respective exponents —+/g,(0)7 and —+/g.(1)n.
For the Dirichlet condition, the problems for Lu; and Ru; become

d2LU1 _ dLUQ dLu1 0A _
PP 2A(1p(0) 4+ Lup(7),0) i o (8u (9(0) + Lug(1),0) X
dLug\®> 0
x ( dfo) n 8Z(u0(0)+Lu0(7),vo(0),0,0)>Lu1 = Lgi(7),
d2RU1 _ dRUQ dRul 814 _ (16)
i —2A(up(1) + Ruo(n), 1) dy dn — <8u (top(1) + Ruo(n), 1) x

x (d§:0> + gz (@0 (1) + Ruo (), 50 (1), 1a0))R“1 = Rou(n).
Lur(0) = —u1 (0), Ruy(0) = —uq(1), Luy(+00) =0, Ruy(+00) =0,
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where Lg; and Rg; are known exponentially decreasing functions, standardly expressed in terms of the
coeflicients of the asymptotic approximation obtained at the preceding stage. In particular, Lg; has the form

2 _
Lagy (7') = (({;1;1 (@0(0) + LUQ(T), 0) (d-s:f0> + gz (ﬂQ(O) + LUO(T), 170(0), 0, 0)) <CiluxO (O)T + Uy (0)) +

+ <8A (7i0(0) + Lug(7),0) <dL“°) + 99 0(0) + Luo(r), 5(0), 0, 0))r n

ou dr ox
+ 29 (0(0) + Lun(r).50(0).0.0) + 24(0(0) + Lu(r).0) " (0) 2+
+ 07 @0(0) + Luo(r).20(0).0,0) 4 07 + 01(0)). .

The solutions of problems (16) can be obtained explicitly; for example, for Lu;(7), we have

=—-u ’D(T)—f}T ’ ! - v(K K)dk ds
Lun(r) = =m(0) 0 = itr) [ b [ s Lo s, (18)

where
- dLU()

§
() = exp( -2 [ (w00 + Lual) 0 ). o) = 5"

The boundary functions of the v component in the next orders are determined from similar problems
(with the same differential operator), and their solutions can be obtained in explicit form.

The boundary functions of the v component of an order k£ > 3 in the case of Neumann boundary
conditions and of and order £ > 2 in the case of Dirichlet boundary conditions are determined from
inhomogeneous equations whose solutions can also be written explicitly. The problems for Lvy and Ruvy, are

d2 Loy, d? Ruy,
g2 = LF}_»(7), dn? = RFy_2(n),

where LF),_s, RF},_o are the coefficients of €#~2 in the expansion of LF and RF in a power series in €. In
the case of the Neumann condition, we obtain LFy = 0 because Lug = 0, Lvg = 0, and Lv; = 0. Therefore,
we also have Lvs = 0. We similarly obtain Rvs = 0. For Lvz, we have the problem

2 V.
ddi; = LFy(1) = fu(t0(0),00(0),0,0)Lus(7), 19)
Lvg(c0) = 0.

For Lws,, in the case of the Dirichlet condition,
LFO(T) = f(ﬂ()(O) + LuO(T)v ’60(0)7 Oa 0) - f(aO(O)a T]O(O)v Oa 0)

is an exponentially decreasing nonzero function, and the function Lvy is determined from the problem

d2 L’U2

dr? = LF()(T), LU2(OO) = 0. (20)

Obviously, after double integration of exponentially decreasing functions LFy(7), LFi(7) in (19) and (20),
we also obtain exponentially decreasing functions. An arbitrary linear part arising in these functions is
identically zero due to the conditions Lvs(co) =0 and Lvs(co) = 0.
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Thus, the conditions at infinity are sufficient for uniquely determining the functions Lvs(7) and Lus(7)
in problems (19) and (20). We similarly determine Ruvy(n) and Rwvs(n). The boundary functions of the
v component in the next orders are determined from similar problems similar to (19) and (20), and the
solutions of these problems are also obtained by double integration.

The functions @ (z) and x(x) in the regular part of the asymptotics in the next orders in € are deter-
mined from the boundary value problems with the same differential-algebraic operator as in the problem
for @y (x) and v ().

The process of finding the coefficients of asymptotics (5) can be extended to any order in €. It standardly
follows from the method for constructing the asymptotics that the nth-order partial sums U, (x, ¢) for the u
component and V,,(z,¢) for the v component satisfy the first equation of system (1) with a discrepancy
O(e™*!) and the second equation with a discrepancy O(e"~1).

3. Existence and asymptotics of the stationary solution

To prove the existence of a solution in each of the cases discussed in what follows, we use the asymptotic
method of differential inequalities (see survey [6] and the references therein). The main idea of this method
is to modify the obtained asymptotic form so as to obtain the lower and upper solutions of the problem
under study. We recall the definition of upper and lower solutions.

Definition 1. Functions

Blz,e) = (B*(z,e), % (z,e)) and afx,e) = (a(z,¢),a"(x,¢€))
are called an upper and a lower solution of problem (1) if they satisfy the following conditions.
1. The ordering condition: a*?(z) < “Y(z,¢), x € [0;1].

2. The action of the operator on the upper and lower solutions:
for all x € (0;1), a¥(x,¢) < v < BY(z,¢€),

dQﬁu dﬁu 2
u — 2 _ 2 U _ u <
Nty =25 2ae (1)) o) <o,
d*a® do\?
< w = 2 — 2 u _ u
0 < Ny(a*,v)i=¢ PRI Ala ,x)( da:) gla®, v, x, ),

and for all x € (0;1), a¥(z,¢) <u < B%(x,¢),

d2ﬁv dﬂv

2
Ny (u, BY) := 2 —B(ﬂ”,x)( i > — f(u,B% z,e) <0,

d?a? da®

2
0 < Ny(u,av) := d? —B(a”,x)<dx) — f(u,a’, z,¢).

3. The condition on the boundary:
a”(0,¢) < < BY(0,¢), a’(1,6) < o' < BY(1,¢),

in the case of Neumann boundary conditions,
do™ ag* do™ 1 dg
<
dx dx (0.¢), -

and in the case of Dirichlet boundary conditions,

(0,6) > u® >

a"(0,e) <ul < BY(0,¢), a“(1,e) <ul < BY(1,¢).
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It is well known (see, e.g., [13] and the references therein) that if there exists a lower and an upper
solution of problem (1), then this problem has a solution (u(z,¢),v(z,)) such that, for all z € [0, 1],

a(z,e) <wulz,e) < g% (x,e),

(21)
o’ (z,e) <wv(z,e) < %z, ¢).

3.1. Neumann boundary conditions. We consider problem (1.N) with the following quasimono-
tonicity condition.

Condition A5. Assume that the vector function (g, f) is quasimonotone nonincreasing in (u,v) in
the domain of definition for a sufficiently small € > 0.

This condition means that g, < 0 for a fixed v and f, < 0 for a fixed v in their range.
We consider the differential-algebraic system

Gu(T)71 + Go(2)72 = ha(z),

A2 dvg dy2 dvo \* = = 929
29BN g (M), e + Rl =), ze@D), ()

72(0) >0, 72(1) > 0,

where hi(x) > 0, hao(x) < 0 for x € [0,1]. The following result holds.

Lemma 1. Under Conditions Al, A2, A4, and A5, differential-algebraic system (22) has a solution
v1(x) > 0, y2(x) > 0.

To prove the lemma, we express v1(x) in terms of y3(z) and obtain a problem for o (z) (similar to
problem (12) for o1 (x)),

Ay, dvg dAyo dvg
— 2B — v
dx? dr dzx dx

’}/2(0) > 0, ’yg(l) > 0,

2
> +fv+%fu>“/2 = h(x), 0<z<l, (23)

where h(z) is a known function with h(z) < 0 for x € [0,1] due to Condition A5 (f,(z) < 0) and the
condition hi(x) > 0. Obviously, @« = 0 is a lower solution of problem (23). One can show that for
a sufficiently large positive constant M and a positive eigenfunction W (z), the function 8 = MW (z)
corresponding to the principal eigenvalue of the problem

>V dvg dW

— 2B kU =0, —d<xr<1l+4+46, 6>0,

dx? dx dx + v * (24)

U(=6) =0, U(1+0)=0,

for sufficiently small § is an upper solution of problem (23). The condition 5 (z) > 0 and the first equation
in the differential-algebraic system imply that ~;(z) > 0.

Theorem 1N. If Conditions Al, A2, A4, and A5 are satisfied, then a solution (u(x,e),v(x,¢)) of
problem (1) exists for sufficiently small € and has the asymptotic representation

u(z,e) = Z ek (z) + Z ¥ Lug (1) + Z ¥ Rug(n) + O(e™™),
k=0 k=0 k=0

v(x,e) = i eF o () + i ¥ Loy (1) + i eF Ry (n) + O(e™ ), z € 10,1].
k=0 k=0 k=0
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Proof. We choose a lower and an upper solution of problem (1.N), (aj i, a5, 1) and (B 1, B85,1) as
a modification of the formal asymptotics of the order (n 4+ 1). For the slow component v, these are the

functions
n+1 n+3
ab 4 (z,€) Z "o (z) + Z ¥ (Lug (1) + R (n)) — " la (),
n+1 n+3 (25)
Bii(z,€) Z %o (x) + Z ¥ (Lop (1) + Rup(n)) + " s (z),
and for the fast component u, the functions
n+1
ay . (z,€) Z ¥ (g (z) + Lup (1) + Rup(n)) — "y (z) — " T2[e ™ 4 o771,
(26)

n+1
By ii(x,€) Z ¥ (g (z) + Lug (1) + Rug(n)) + "y (z) + "2 e + e "1).

In expressions (25) and (26), the positive functions 1 () and 2 () are defined in Lemma 1. The standard
exponentially decreasing extra terms in the lower and upper solutions ensure the satisfaction of the boundary
inequalities. Ordering condition 1 (see Definition 1) is then obviously satisfied. The differential inequalities
can be verified by substitution. For the upper solution, by the quasimonotonicity condition, the following
differential inequalities must be satisfied:

Nu(53+1(f€75)755+1(%€)) S 07 Nv(ﬁﬁﬂ(%&)aﬁzﬂ(xﬁ)) S 0. (27)

Substituting 3}, and 3}, defined in (25) and (26) in (27), after simple transformations based on the use
of equations for the terms of the formal asymptotics, we obtain

Nu(Bisr(@,€), B (2,6)) = =" THgu(@)m + Go(@)y2] + O(e"H?) = =" hy(2) + O("H?) < —ea™

2 _ _ 2
Nv(ﬁﬁﬂ(fv,s),ﬁiﬂ(w, €)) = gntt (Lil;; — ZBCEZCO CZCQ - B, (Lj;;o) Y2 — fu% - fﬂz) + O(5n+2) =
=" hy(z) + O(e"T?) < —ce !
(28)
for sufficiently small € due to Lemma 1. The differential inequalities for the lower solution can be verified
similarly. Thus, all conditions for determining the lower and upper solutions are satisfied. The solution of

problem (1) exists and satisfies the inequalities

a1 (2,€) Su(e,e) < By (w¢),
api1(2,€) <v(z,e) < B4 (2,€),

which imply the estimate in Theorem 1N.

We now counsider problem (1.N) under the following quasimonotonicity condition.

Condition A5*. Assume that the vector function (g, f) is quasimonotone nondecreasing in (u,v) in
the domain of definition for sufficiently small €.

This condition means that g, > 0 for a fixed u and f,, > 0 for a fixed v in their range. In this case, due
to the quasimonotonicity condition, the following differential inequalities must be satisfied for the upper
solution:

Nu(ﬁ;t—i-l(xvg)v a;}H-l(xﬂ E)) S 07 Nv(az+1(x75)7ﬁz+l(xﬂ E)) S 0. (29)

1186



In this case, the key role in the proof of an analogue of Theorem 1IN is played by the positivity of the
solutions of the boundary value problem for the differential-algebraic system

Gu()Y1 = Go(2) Y2 = h1(2),

dz’}/z dvg dye dy
—2B - B,
dx? dx dx (da:

72(0) > Oa 72(1) > 07

2
) Yo + ful@)nr — fo(2)y2 = ho(), r € (0,1),

where hi(z) > 0, ho(z) < 0 for z € [0,1]. The proof is completely similar to the proof of Lemma 1. Thus,
the following theorem similar to Theorem 1N holds.

Theorem 2N. If Conditions A1, A2, A4, and A5* are satisfied, then a solution (u(zx,e),v(x,€)) of
problem (1) exists for sufficiently small € and has the asymptotic representation

u(z,e) — Up(z,e) = O(e™M), v(x,€) — Vp(z,€) = O(e" ™), x €10,1],

where U, (x,€) and V,,(z,¢) are nth-order partial sums of the asymptotics of problem (1.N) constructed in
Sec. 2.

We consider problem (1.N) in the case where the quasimonotonicity condition is not satisfied. This
means that g, for a fixed v and f, for a fixed v change the sign in the domain of definition (between the
lower and upper solutions). In this case, the following differential inequalities (see Definition 1) must be
satisfied for the upper solution:

Nu(Brt1(w,€), ) i (2,8) <v < By (@,e),

<0,
B (30)
Ny(u, By (x,€)) <0, ap(xe) <u< By (xe).

These differential inequalities, just as in the cases considered above, are ensured by the positivity of solutions
of the differential-algebraic system that takes the form

Gu(T)71 — 5190 ()72 = ha(7),
Ay, dvg dryo dvg
— 2B - B,

dx? dr dx dx

72(0) >0, Y2(1) >0,

) v+ sofu(@)m — Fu@he = ha(e), @€ (0,1), (31)

with some choice of hy(x) > 0 and ha(z) < 0 for z € [0,1], s; € [—1, 1]. Following the scheme of the proof
of Lemma 1, we can show that v;(x) and vo(z) are positive if the following condition is satisfied.

Condition A5**. Assume the condition

dvg 2 = =

B0 )+ Fo ol > =do
x

to be satisfied for all € [0, 1], where \g is the principal eigenvalue of the problem defined in Condition A4.

Theorem 3N. If Conditions Al, A2, A4, and A5** are satisfied, then a solution (u(z,¢),v(z,€)) of
problem (1) exists for sufficiently small € and has the asymptotic representation

u(z,e) — Up(z,e) = O(e™M), v(x,€) — Vp(z,€) = O(e™ ™), x € [0,1],

where Uy (x,€) and V,,(z,€) are nth-order partial sums of the asymptotics of problem (1.N) constructed in
Sec. 2.
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3.2. Dirichlet boundary conditions. In the case of Dirichlet boundary conditions for the u com-
ponent, we consider problem (1.D) following a similar strategy with necessary variations in the structure of
the upper and lower solutions. If quasimonotonicity Condition A5 is satisfied, then we have the following
theorem.

Theorem 1D. If Conditions A1-A5 are satisfied, then a solution (u(x,<),v(x,€)) of problem (1) exists
for sufficiently small ¢ and has the asymptotic representation

u(z,e) — Up(z,e) = O(e™), v(z,e) — Vp(z,e) = O™, z €[0,1],

where Uy (x,€) and V,,(z,€) are nth-order partial sums of the asymptotics of problem (1.D) constructed in
Sec. 2.

The proof of Theorem 1D is similar to the proof of Theorem 1N. The lower and upper solutions of
problem (1.D) are given by

n+1
abyy(w,e) =Y e"(uk(x) + Lun(r) + Ruk(n)) — "y (@) — e (Lua(r) + Rua(n)),
k=0
n+1 (32)
By (x,e) =Y e¥(ur(@) + Lup(r) + Rur(n)) + "'y (x) + " (Lus(r) + Rug(n))
k=0
and
n+1 n+3
abyy(@,e) = Y Fop(a) + D F(Lon(r) + Rug(n)) — £"y2(w) — €73 (La(7) + Rva(n)),
k=0 k=2
n+1 n+3

Bria(w,e) = Y o) + Y e (Lon(r) + Run(n) + " () + " (Log(r) + Rog(n)),
k=0 k=2

where the positive functions 1 (z) and v2(x) are defined in Lemma 1 and the positive functions Lu,(7),
Run(n), Lua (1), and Ru,(n) are to be found from the problems

d?Lu, _ dLug dLug 0A  _
PP 2A(p(0) + Lug(7),0) i dr <8u (o (0) +
dLug\®> 0
+ Luo(7), 0)( d;“)) + 5 @0(0) + Lug(r), 5(0), 0, 0)) Lug =

= Lga(7) — Coe™"°T = 1) (1),

d?’Ru,, _ dRug dRuy 0A
e = 2A((1) + Rugln). 1) T — (o) +
33)
dRup\® 9 (
) () 4 7 w0(0) + Rug(a).70(1).1.0) ) R, =

= Rga(n) = Cre™™" = 4a(n),
d*Lvg, d®Rvq
d772 - Rfa(n)a
Lu,(0) =0, Ruo(0) =0, Lug(400) =0, Rug(+00) =0,
Lvy(+00) =0, Rug(+00) =0,
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where Cy, C1, ko, and k1 are some positive constants chosen such that 1, (7) and ¥, (n) are negative and
Lgo(7), Rga(n), Lfs(7), and Rf.(n) are known standard exponentially decreasing functions arising after
substituting the modified lower solutions in the regular parts of the asymptotics. For example, Lg,(7) and
Lf. (1) are given by

Lga(r < 0) + Luo(r), 0)<d§f°)2)71(0)+
+(8 (10(0) + (). 50(0).0,0) = 0 (70(0) 0(0),0.0) ) 0) +
+ (52 @00 + Duo(r). 0(0,0.0) = 5 (30(0), 70(0),0.0) ) 12(0), a0
L1(7) = (b 0000) + Zaa(r), 0(0),0,0) = o (30(0),20).0.0))
< (1(0) + o))+ (] (80(0) + L) 20(00,0,0) 2(0) -
of

— (ii0(0), To(0), 0,0)72(0).

The functions Rgq(n), Rfa(n) have a similar form. The functions Lug(r) and Rug(n) in the upper
solution are determined from similar problems, with ¢g(7) and ¥g(n) being negative. The exponentially
decreasing positive corrections to the lower and upper solutions of the u component are determined by
formulas similar to (18). The exponential corrections to the lower and upper solutions of the v component are
determined by double integration, and they are chosen such that, when verifying differential inequalities (27),
the coefficient of " *1 containing the functions Lug(7), Lus(7), Ruo(n), and Ru,(n) vanish. The functions
Lvg (1) and Rvg(n) are determined similarly.

Differential inequalities (27) can be verified standardly. Ordering condition 1 in Definition 1 is obviously
satisfied. For the upper solution, by Lemma 1, we have

Nu(ﬁ;f—i-l(x, E) ﬂnH(x 6)) n+1[gu( )’71 + gv(ff)"m] _ é_nJrl(COefnor + Clefmn) + O(€n+2) _
= —e"Hpy(2) — "M (Cpe ™ 07 4 Cre™ 1) + O(e"F?) < —ee™ L,
A2y, dvo drya dvg \* _ _
u v n+1 n+2
No(Bryr(@,€), Bpya(z,€)) =€ * ( de? 2B dr dr BU( du ) Y2 — fuv1 — fWQ) +0(e"t?) =
_ EnJrlhg(:E) +O(<€n+2) < —CEn+1

(35)

for sufficiently small for sufficiently small e. The differential inequalities for the lower solution can be
verified similarly.
If quasimonotonicity Condition A5* is satisfied, then the following theorem holds.

Theorem 2D. If Conditions A1-A5* are satisfied, then a solution (u(z,e),v(z,¢€)) of problem (1)
exists for sufficiently small € and has the asymptotic representation

u(z,e) — Up(z,e) = O(e™M), v(x,€) — Vp(z,€) = O(e" ™), x €10,1],

where U, (x,¢) and V,,(z,¢) are nth-order partial sums of the asymptotics of problem (1.D) constructed in
Sec. 2.

The verification of differential inequalities in this case practically repeats that in the proof of Theo-
rem 1D.
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We next consider the case where the quasimonotonicity condition is not satisfied. In this case, inequal-
ities (30) must be satisfied for the upper solution. Proceeding as in the proof of Theorem 1D, we see that
expressions (35) have the same form as in the proof of Theorem 1D. But the functions +;(z) and v2(x)
are then determined as solutions of differential-algebraic system (31) under Condition A5**. These func-
tions are also used to determine boundary layer corrections for the upper and lower solutions in (32). The
following theorem holds.

Theorem 3D. If Conditions A1-A5** are satisfied, then a solution (u(x,e),v(x,€)) of problem (1)
exists for sufficiently small ¢ and has the asymptotic representation

u(z,e) — Up(z,e) = O(e™M), v(z,e) — Vp(z,e) = O™, z €0,1],

where U, (x,¢) and V,,(z,¢) are nth-order partial sums of the asymptotics of problem (1.D) constructed in
Sec. 2.

4. Asymptotic stability of solutions

The solution of boundary value problems (1.D) or (1.N), whose existence is proved in the theorems in
the preceding section, can be regarded as stationary solutions of the corresponding initial boundary value
parabolic problem for the system

0%u ou\®  Ou
2 — 2 — —_ =
L) = s Ao (o ) = 5 otwoae) =0,
0%v ov\® v (36)
Ly(u,v) := P B(v,a:)(ax> o flu,v,2,6) =0, O0<ax<1,t>0,
u(z,0,¢) = u’(z, ¢), v(z,0,e) = v°(x, €), x € [0,1],

with prescribed boundary conditions for these problems. We let us(x, €) and vs(z, ) denote these solutions.
The Lyapunov stability of these solutions treated as stationary solutions of problem (36) obviously follows
from the fact that the lower and upper solutions of the boundary value problem are the lower and upper
solutions of problem (36) under the condition

Oy (z,e) Sul(z,e) S Buyg(@e),  apy(@e) Sv'(z.e) < By (@e).

The proof of the asymptotic Lyapunov stability of the solutions us(x,¢) and vs(z, €) as stationary solutions
of problem (36) is based on the use of the approach that is efficient in many classes of problems and amounts
to constructing the upper and lower solutions of a special structure (see [6] and the references therein).
We seek the upper and lower solutions of problem (36) in the form

Us(w,t,€) = us(x,€) + (ﬁ;;rl(xvg) - uS(xvg))e_)\stv

Ua(z,t,€) = us(x,€) + (041 (x,€) — us(x, 6))67?“, (37)
Vs(z,t,€)) = vs(x,€) + (BLq (z,8) — vs(2,€))e <,

Val(z,e) = vs(x,e) + (afLH(x £) — vs(z,€))e e, re€(0,1), teRT,

where (a4 (z,€), o (2,€)) and (By, (2, €), By 1 (x,€)) are the lower and upper solutions of this problem
and A > 0 is a constant. The standard transformations based on the use of equations for the terms of the
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asymptotics of stationary solutions, differential inequalities for stationary lower and upper solutions, and
the estimates for the difference of the derivatives of the asymptotic solutions

dus(z,e)  dUp(z,¢)
dz dx

dvs(z,e)  dVi(z,¢)

= O n
("), dz dz

= 0(e"th), (38)

which follow from the theorem proved in [7] for the general boundary value problem (see the proof of
a similar estimate in [14] for details), show that the corresponding differential inequalities are satisfied for
the upper and lower solutions determined by expressions (37). In particular, after the substitution and
under quasimonotonicity Condition A5 for the stationary solution, as defined in Theorem 1N, we have the
upper solutions

Lu(Us, Vs) = e ' (Nu(Briy1 (2,€), By (2,€)) + eA(Bipy — us) + O(eH2)) <0,

39
Lv(Uﬁa Vﬂ) = e—)\st(/\/‘v( z+1($75)755+1($75)) + 5/\(5:;“ - Us) + 0(62n+2)) < 0 ( )

for sufficiently small € and A > 0 for n > 0 due to differential inequalities (35) for N, (8%, (z,€), By 41 (x,€))
and Ny, (BY 1 (z,€), BY 41 (2,€)), because (BY, | —us) = O(e™) and (87, —vs) = O(e™*'). The differential
inequality for (Uqy(z,t,€), Va(x,t,€)) can be verified similarly.

The verification of the conditions of problem (1.D) is completely similar. It follows from (39) that
a solution of problem (36) exists under the condition a¥(x,e) < u®(x,¢) < B¥(z,¢), af(x,e) < v0(z,e) <
BY(x, e), where the lower and upper solutions are as in (37). The local uniqueness of the solution of boundary
value problem (1) follows from the uniqueness theorem for the solution of the problem and the structure of
the lower and upper solutions in (37).

Theorem 1NS. Under Conditions A1, A2, A4, and A5, for sufficiently small e, the stationary solution
(us(z,€),vs(x, €)) is asymptotically Lyapunov stable as a solution of problem (36), with the stability domain
not less than

[af (z,€); B (z,€)] x [of (x,€); BT (z,€)),
and is locally unique as a solution of problem (1) in this domain.
Theorem 1DS. Under Conditions A1-A5, for sufficiently small e, the stationary solution (us(z,¢),

vs(x, €)) Is asymptotically Lyapunov stable as a solution of problem (36) with the stability domain not less
than

[} (2, €); B (z,€)] x [ (x,€); BT (z,€)),
and is locally unique as a solution of problem (1) in this domain.

For stationary solutions whose existence was proved in Theorems 2N, 3N, 2D, and 3D, the corresponding
analogues of these theorems also hold.
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