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THE FOCUSING COUPLED MODIFIED KORTEWEG-DE VRIES
EQUATION WITH NONZERO BOUNDARY CONDITIONS:

THE RIEMANN-HILBERT PROBLEM AND SOLITON
CLASSIFICATION

Xinxin Ma*

The focusing coupled modified Korteweg—de Vries equation with nonzero boundary conditions is inves-
tigated by the Riemann—Hilbert approach. Three symmetries are formulated to derive compact exact
solutions. The solutions include six different types of soliton solutions and breathers, such as dark—dark,
bright—bright, kink-dark—dark, kink—bright—bright solitons, and a breather—breather solution.
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1. Introduction

The modified Korteweg—de Vries (mKdV) equation was first introduced by Miura [1] as a natural
extension of the KdV equation. It appears in many physical contexts, such as meandering ocean currents [2],
acoustic waves in a certain anharmonic lattice [3], the Alfvén waves in a cold collision-free plasma [4], and
so on. As a consequence, the equation has been studied extensively and many important results have been
obtained [5]-[12].

In recent years, multicomponent integrable models have attracted considerable attention because of
their physical significance in many fields such as optical fibers [13], [14], Bose—Einstein condensate [15], [16],
and nonlinear optics [13]. An extension to the multicomponent equations is needed to describe different
physical phenomena. For example, we know that the scalar nonlinear Schrédinger (NLS) equation controls
the propagation of light pulses with fixed polarization, but when we consider the polarization effect in
the pulse propagation along an optical fiber [17], we should use its two-component version. And when
it comes to the effects of polarization or anisotropy in birefringent fibers [18], the short-pulse equation
characterizing the propagation of ultrashort optical pulses in nonlinear media should be replaced by its two-
component counterpart to describe the propagation of ultrashort pulses in birefringent fibers. Moreover,
multicomponent integrable systems are rich in mathematical structures, and therefore their studies from
different standpoints offer completely different experiences and challenges. Generalizations of the mKdV
equation to the multicomponent case have been proposed and studied by several authors [19]-[24].
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In this paper, we consider the focusing coupled modified Korteweg—de Vries (fcmKdV) equation

At + duzz + 3/al’az +3a a0 =0,  a=(q1,)", (1.1)

where the superscripts T and || - || represent the matrix transpose and the standard Euclidean norm, and
0 denotes a zero matrix of the appropriate size. In 2017, multisoliton solutions of the fcmKdV equation
decaying rapidly for large |x| were obtained in [25] by using the inverse scattering transform (IST) method.
In 2020, Wang et al. [26] obtained the nonlinear stability of breather solutions of the femKdV equation.

To better understand nonlinear phenomena of integrable systems, it is important to use various meth-
ods to find their exact solutions, among which the Riemann-Hilbert approach is always considered as an
effective tool for solving initial-value problems. The Riemann-Hilbert approach is the modern version of
the IST method. It has become evident that this method is also applicable to the long-time asymptotics
of solutions to a wide range of integrable systems [27]-[29]. In addition, integrable nonlinear systems with
nonzero boundary conditions (NZBCs) have numerous applications. Recent experiments with Bose—Einstein
condensates have shown a proliferation of dark—dark vector solitons in the dynamics of two miscible super-
fluids experiencing fast counterflow in a narrow (cigar-shaped) condensate [16]. Problems with NZBCs are
also relevant for the modulational instability in optics and the generation of rogue waves [30], [31]. In this
paper, we use IST to solve the fcmKdV equation with the NZBCs

lim q(z,t) = qu, lax|l = g0 > 0, (1.2)

z—+o0

where q+ = (q1+, g2+ )T. We note that the defocusing cmKdV equation with NZBCs was considered in [19].
Compared with the latter problem, we show that the focusing one in this paper has a more complicated
spectral structure and richer classification of the discrete spectrum, leading to abundance of soliton solutions.
We also want to explore the soliton classification for this problem.

This paper is organized as follows. In Sec. 2, for the potential q(x,t) such that q(-,t)—q+ € L*(R), the
Jost eigenfunctions and scattering coefficients are defined in the direct problem. The auxiliary eigenfunctions
that can comprise a complete set of analytic eigenfunctions are given. The symmetries and asymptotic
behavior of the eigenfunctions and scattering coefficients are systematically obtained. In Sec. 3, a matrix
Riemann—Hilbert problem (RHP) for the inverse problem is formulated, and the trace formula and the
asymptotic phase difference are given. In Sec. 4, a compact matrix-form formula for general soliton solutions
is derived in the reflectionless case, including an arbitrary combination of six different types of solitons.
The conclusions are given in Sec. 5.

2. Direct problem

The Lax pair for Eq. (1.1) is given by

o =Xp, Xzt k) =iko +Q,

2.1
o =Te,  T(x,t k) =4k*Q+ 2ik(2k*0 + 0Q* + Q,0) +2Q° — [Q, Q.] — Qua, @1
where
. 0 q°
o= dlag(_lvlal)a Q(xat) = ’ (22)
-q 0
and |-, -] denotes matrix commutator.
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2.1. Jost eigenfunctions and the scattering matrix. To introduce Jost solutions, we must first
study the asymptotic spectral problem for (2.1) as x — +o0,

P+, = X104, X4 =iko + Qx,

2 : 2 2 3 (2'3)
O+t =T1o4, Ty =4k°Q4 + 2ik(2k*c + 0Q7) + 2Q3,
where
0 qf
Q= :
—q+ O
The eigenvalues of X4 are ik and +i\, where
ACk) = /R + g3, (2.4)

We note that A(k) is multivalued. As usual, this situation can be obviated by introducing the two-sheeted
Riemann surface defined by (2.4). Its branch points are the values of k for which A(k) = 0, i.e., k = %iqo.
This Riemann surface is constructed by gluing two copies along the branch cut i[—qo, go]. We define A(k)
such that Im A(k) > 0 is the upper-half plane on the sheet I and the lower-half plane on the sheet II, and
Im A(k) < 0 is the lower-half plane on the sheet I and the upper-half plane on the sheet II.

For convenience, we introduce the uniformization variable as

z=k+ A\, (2.5)

whose inverse map is given by

k:;(z—é), /\:;(z+2), (2.6)

where 2 := ¢2/z. Let Cy be the circle of radius qo centered at the origin in the complex z plane. Then the
branch cut on either sheet is mapped onto Cy: the first sheet Cy is mapped onto the exterior of Cp, and
the second sheet Cyy is mapped onto the interior of Cy. We also have z(k, A1)z (k, Ai1) = ¢3.

We next perform the IST on the complex 2z plane. On either sheet of the Riemann surface, we can
take the asymptotic eigenvector matrices in the form

Ei(2)=< ' 0 _iq°/z>, (2.7)

—iq+/z qi/q aq+/q

whence
EL'XyBy =iy, Ai(2) = diag(=\. k), 28)
E{'TLE. = iAo, Ay (z) = diag(—2A(2K* — ), 4%, 2X\(2k* — 7)), '
where qf = (ga+, —q1+)T. For future reference, we note that
@
detEi(z) =1+ zg = (z). (2.9)

The continuous spectrum k& € (R U i[—qo, qo]) consists of all values of k (on either sheet) such that
A(k) € R. The corresponding set is ¥ = RU Cj in the complex z plane. In that way, for z € ¥, we can
define i (x,t, z) as the Jost eigenfunctions with the boundary conditions

ot (z,t,2) = E4(2)e®@H2) 4 o(1), x — oo, (2.10)
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where O(x,t,2) = A1(2)x + A2(2)t = diag(61(x,t, 2),02(z, t, 2), —61(x,t,2)). As usual, we introduce the
modified Jost eigenfunctions

/’L:‘:(x’ t? Z) = @i('x7 t’ Z)e_ze(m7t/2)7 (2'11)
such that
lirin pt(z,t,2) = Ei(z), z € L. (2.12)
T—r T 00

The spectral problem for pi(z,t,2) is defined by

(Eilui)w + i[Eiluia Al] = EilAQiuia

(2.13)
(Ex'pa)e +i[EL e, As] = ET' AT g

where AQy = Q— Q4 and AT, = T —T4. Using these linear equations, it can be proved that uy(x,t, 2)
are well defined.

Theorem 2.1. Let q(-,t)—q+ € LY(R). Then the columns of pus(x,t, 2) can be analytically extended
to the corresponding domains in the complex z plane,

p—1: D, poo:C_, p—3: Dy,

(2.14)
P Das pp2:Chy py 3 Ds,
where the analytic domains D1, ..., D4 and C;, C_ are
Dy ={z|Imz >0, |2] >q}, D2={z[Imz<0,|z]>q},
D3 ={z|Imz <0, |z] < qo}, Dy={z|Imz >0, |z] <qo}, (2.15)

C_ ={z|Imz < 0}, Cy={z|Imz > 0}.

We next introduce the scattering matrix in a standard way. Because tr X = ik and tr T = 4ik3,
it follows from the Abel theorem that

0 i@ () o i®(tz)
1O(T,1,2)] — 1O(x,t,2)] 21
P det[oy (z,t, 2)e ] ot det[py (z,t, 2)e ] =0, (2.16)
which implies that
det o (2,1, 2) = v(z)e?2(@H2), z €X. (2.17)

As a result, for z € Xg := X\ {Ziqo}, v+ (x,t,2) and p_(z,t,2) are two fundamental solutions of linear
system (2.1), and hence a 3 x 3 scattering matrix A(z) must exist such that

o_(z,t,z) = 4 (z,t,2)A(2). (2.18)

Because of the explicit time dependence of boundary condition (2.10), A(z) is independent of time. Com-
bining (2.18) with (2.17) yields
det A(2) =1, z € Xo. (2.19)

We set B(z) := A7!(z) = (b;j(z)) for convenience. Furthermore, we obtain the following theorem.

Theorem 2.2. Under the same hypotheses as in Theorem 2.1, the scattering coefficients can be ana-
Iytically extended to the corresponding domains in the complex z plane:

all(z) : Dl, CL22(Z) : (C,, a33(z) : D4,

(2.20)
bll(Z) : DQ, bQQ(Z) : (C+, bgg(z) : Dg.
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2.2. Auxiliary eigenfunctions. To formulate a complete RHP, four more eigenfunctions for (2.1)
that are respectively analytic in four fundamental domains must be constructed. For this, as in [32], we turn
to the adjoint problem

¢r =X(2)@, @ =T(2)@, (2.21)

where X(z) = X*(z*) and T(z) = T*(z*). As before, for z € ¥, we define the adjoint Jost eigenfunctions
P+ (x,t, z) for (2.21) satisfying boundary conditions

@i (z,t,2) = B (2%)e®@hH2) 4 o(1), x — +oo. (2.22)

Under the same assumption as in Theorem 2.1, by introducing the modified adjoint Jost eigenfunctions
fis(x,t, 2) = @iz, t, 2)e’®@H2) it can be shown that the columns of jis(x, ¢, z) can be analytically extended
to the corresponding domains:

-1 : Doy fioo0:Cyy o3 Ds,

) ) (2.23)
1: Dy, fiy2:C, fir3: Dy.

For z € %, we have det ¢ (z,t,2) = v(2)e (=42 Consequently, for z € o, we introduce the corre-
sponding scattering matrix as

P_(z,t,z) = o4 (z,t, 2)A(z). (2.24)

By simple calculation, we can obtain the following fact.
Proposition 2.1. If p(x,t, z) and q(z,t, z) are any two solutions to adjoint problem (2.21), then
r(z,t,z) = 2@ [p x §)(x, t, 2) (2.25)

is a solution of the original Lax pair (2.1), where x denotes the usual cross product.

Recalling the definition of the adjoint problem, we conclude that
Ox(z,t,2) = pi(x,t, 2%), z€X. (2.26)

By the above results, we can build four new solutions of the original spectral problem (2.1), referred to as
the auxiliary eigenfunctions, as

xi(z,t,z) = ¢!’ th)[QOi,l ](%,t, z"), z € Dy,
xa(,t,2) = e'f2! w,t7z)[(p*_ 1 X 90+ 2](95775’Z*)a z €Dy, (2.27)
x3(z,t,2) = ¢!’ th)[QOi,? ](%,t, z"), z € Ds,
xa(z, t, z) = €2 ””’t“z)[ T X9 3](33,75, 2", z € Dy.
The corresponding modified auxiliary eigenfunctions are defined as
mj(x,t,z) = xi(x,t, 2 el (@t.2), zeD;, j=1,2,
) = xyet2) ; 025

ml(xataz) :Xl(xatvz)e_wl(z’t’ﬂa z€ Dy, 1=3,4
By using above results again, we establish the following relation in a straightforward way.

602



Lemma 2.1. For all cyclic permutations of the indices j, I, and m with z € X,

02 (x,t,2) [‘PZI:J X ‘F’lm](% ta Z*)

oz, t,z)=e , (2.29)
! 75(2)
where 71(z) = 73(2) = 1 and 72(2) = 7(2).
It is useful to note that
(det )T = (P2 X P8, P+.3 X P+ 1, P41 X P 2)P1, z € Yo, (2.30)

where I denotes the 3 x 3 identity matrix. Thanks to this identity and scattering relation (2.18), we have
the following corollary.

Corollary 2.1. The scattering matrices A(z) and A(z) satisfy the relation
A(z) =T(2)[A1(2)]" T (2), z € Yo, (2.31)

where T'(z) = diag(1,v(z),1).

Applying scattering relation (2.24) and relation (2.29) to the auxiliary eigenfunctions (2.27) and then
using (2.31) yields the following statement.

Corollary 2.2. For z € X, the Jost eigenfunctions ¢+ 1(x,t,2), ¢+ 3(z,t, z) have the decompositions

poal@wt )= L fu(E) Fam@e-a( = L Pal) +an(@e-al)l
az(2) ass(2)
poalat) = ba) Fan(leoa @) = | Re() + an(z)e- (),

i : (2.32)
ora(x,t,z) = bas (2) [x3(2) + b31(2)p+3(2)] = oo (2) [X4(2) + ba1(2)p+ 2(2)],

i t,2) = 1)mma+@aawﬂ@»

(b + el =

bll(z

2.3. Symmetries. Symmetries of the eigenfunctions and scattering coefficients determine the dis-
tribution of the discrete spectrum, degrees of freedom of the soliton parameters, and solvability of the
problem.

2.3.1. First symmetry. We first consider the transformation z — 2*. The following result is
a straightforward consequence of the fact that Q' = —Q and 0Q = —Qo, where t denotes the conju-
gate transpose.

Lemma 2.2. The Jost eigenfunctions v+ (x,t, z) admit the symmetry relation
ol (,t,2°) = C(2)pL (2, t, 2), z €3, (2.33)

where C(z) = diag(y(z),1,7(2)).

Using identity (2.30) and symmetry (2.33), substituting the (2.32) into it, and applying the Schwartz
reflection principle, we obtain the following lemma.
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Lemma 2.3. The Jost eigenfunctions satisfy the symmetry relations

e—i@g(r,t,z)
¥ * - 7ta ’ €D )
e 1(2%) 022(2) [p—2 x x2](x,t, 2) z € Dy
e—iGQ(z,t,z) [ ]( ) D
X p_1|(x,t,2), z € ,
o _ ) v(2)ain(z) e '
()07)2(Z )_ —i0 ( t )
TN l(e,t,2), zeD
- X a:) ) ) )
eazs(x) 7" '
e—i@g(r,t,z)
QOi)3(Z* [X3 X @772]($,t,2), S -D37
azz(2) (2.34)
efieg(w,mz) ’
* ) = X ,t,2), € Dy,
1 1(z") baa (2) [p+,2 x xal(z, 2, 2) z € Dy
efieg(w,tpz)

* ( *) A/(Z)b33(z) [<p+,3 X Xg](J;’t, Z) = Dg,
+,28 ) =

v —if
O e x prall@t2), 2D
= X x,t,z), z€ ,
~(2)b1 (2) X2 X P41 2
e—iGQ(z,t,z)
* * t Dy.
(p+73(2 b22(2) [X4 X @-‘1—,2](3:) 72)7 Z € Dy

We now explore the impact of the first symmetry on the scattering matrix. The next lemma follows
from symmetry (2.33) and scattering relation (2.18).

Lemma 2.4. For z € Xy, the relation between the scattering matrices A(z) and B(z) is
AT(z*) = C(2)B(2)C 1 (2). (2.35)

Recalling the analyticity of the scattering coefficients, we conclude from the Schwartz reflection principle
that

b11(2) = aj1(z7), z € Ds,
ba(s) = af(z"), € Cs, (2.36)
bss3(z) = ajs(2"), z € Ds.

2.3.2. Second symmetry. We next discuss the transformation z — —z*. It is easy to prove the
following lemma.

Lemma 2.5. The Jost eigenfunctions ¢4 (x,t, z) have the symmetry
pulo,t,2) = Ph(at,—2"), e (2.37)

We now discuss the symmetry of the scattering matrix in the context of the second symmetry. Substi-
tuting (2.37) in scattering relation (2.18), we obtain the following statement.

Lemma 2.6. For z € X, the scattering matrices satisfy the symmetries

A(z) = A*(~z%),  B(z) =B*(~z"). (2.38)
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Then the Schwartz reflection principle allows us to conclude that

ai1(z) = aj;(—=2"), z € Dy,
a2 (%) = asy(—2"), zeC_, (2.39)
asz(z) = azs(—2"), z € Dy.

Finally, we combine symmetries (2.37) with definitions (2.27) of the auxiliary eigenfunctions to arrive at

the following lemma.
Lemma 2.7. The auxiliary eigenfunctions admit the symmetry relations
xj(x,t, 2) = x;(z,t, —2%), zeD;, j=1,...,4 (2.40)
2.3.3. Third symmetry. Finally, we study the transformation z — —2Z.

Lemma 2.8. The Jost eigenfunctions ¢4 (x,t, z) satisfy the symmetry
o (z,t,2) = pi(x,t, —2)II(2), z €L, (2.41)

where
0 0 —iqo/z
mz=| 0 1 0
—iqo/z 0 0

Combining symmetry (2.41) with scattering relation (2.18) yields the following lemma.
Lemma 2.9. For z € Xy, the scattering matrices A(z) and B(z) admit the symmetries

A(—2) =TI(2)A(2)IT*(2), B(—2) = II(2)B(2)II"*(2). (2.42)
Using the Schwartz reflection principle, we conclude that

all(z) = a33(—2), z e Dl, (243)
CLQQ(Z) = agz(—fi), zeC_.

To see how the third symmetry affects the symmetry of the auxiliary eigenfunctions, we substitute (2.41)
in (2.27).

Lemma 2.10. The auxiliary eigenfunctions obey the symmetries

Xl(x,t,Z): _Zqo X4($,t,—2), ZE-Dla
iz (2.44)
xa(z,t,2) = — ZO xs(@,t,—2), z € Ds.
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2.3.4. Reflection coefficients. We note that we cannot exclude the possible existence of zeros for
a11(z) and bea(2) along 3. To solve the RHP, we focus on the potentials without spectral singularities [33].
For z € ¥, there are three reflection coefficients in the inverse problem, which are given by

agl(z) CL31(Z) CL32(Z)
zZ) = s zZ) = s Z) = . 245
p1(2) o (2) p2(2) o1 (2) p3(2) a2 (2) (2.45)
They have the following symmetries. We first consider the effect from the first symmetry:
12(27) 13(2) 1 b35(2")
2) = ~(z ’ 2) = ’ 2) = 2 ) 2.46
N B NS B BTN (240
Next, the second symmetry leads to the relations
Finally, due to the third symmetry, we obtain that
. 1z a93(z 127(z) b3, (2" . a13(z bi (z*
pl(—Z) _ 23( ) _ ’Y( ) Z:2( *) ’ pz(—Z) — 13( ) _ Z:l( *) ’
qo as3(2) Qo b33(z*) ags(z)  b33(z*) (2.48)
. . b* * .
pa(—3) = o ar2(z) _ igo b31(27)

z a(z) B _Z’Y(Z) bip(2*)

2.4. Asymptotic behavior. We next study the asymptotic behavior of the eigenfunctions and scat-
tering coefficients as k — oo. Because z(cor) = oo and z(oor) = 0, we discuss the asymptotics both as
z — oo and as z — 0. Specifically, substituting the corresponding standard Wentzel-Kramers—Brillouin
expansions in differential equations (2.13) with boundary conditions (2.12) leads to the following lemma.

Lemma 2.11. As z — oo, the columns of the modified Jost eigenfunctions p(x,t,z) in the corre-
sponding analyticity domains have the following asymptotic behavior:

Lo 2
fan (ot 7) = 1+ Z/iool[qo laly, )] dy o(z-2), (2.49)
—iq(x,t)/z
(g 2(z,t, 2), pa 3(x, t,2)) = 0 0 +o(z71). (2.49b)
AR at/qo  a+/qo

Using the last two terms in (2.49a), we obtain the following proposition.

Proposition 2.2. The solution q(z,t) = (q1(x,t), g2(z,t))T of the femKdV equation with NZBCs can
be expressed as

gj(x,t) = i im [z (2,8, 2)] G411 (2.50)

Lemma 2.12. As z — 0, the columns of the modified Jost eigenfunctions py(x,t,z) in the corre-
sponding analyticity domains have the following asymptotic behavior:

_ 0 —iqo/z o
(,U“:i:,l(xvta Z),,LLﬂ;g(ZIJ,t, Z)) - <_ZQj:/Z 0 ) + (1)3

(2.51)
pxo(z,t, z) = (in/QO> + o(z).
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Substituting the above asymptotics in representations (2.28) for the modified auxiliary eigenfunctions
yields the following corollary.

Corollary 2.3. The modified auxiliary eigenfunctions m;(x,t,z) (j = 1,...,4) in the corresponding
analyticity domains have the following asymptotics:

T 2 T 2
(m1,ma, m3z,myg) = 0 0 did-/a did-/4 +o(z7Y), z = 00,
d-/9 d+/qo 0 0
. . (2.52)
—1 - —1 — 0 0
(m1,ma, mg, my) = iaid-/(z00)  ~idid-/(za) ) _ +o(1), z—0.
0 0 —iqy/z —iq_/z

Next, we investigate the asymptotic behavior of the scattering coefficients. Combining the asymptotics
of the Jost eigenfunctions in Lemmas 2.11 and 2.12 with scattering relation (2.18), we arrive at the following
statements.

Corollary 2.4. As z — oo, the scattering coefficients in the corresponding analyticity domains have
the asymptotic behavior

T T
ain(z) =14 o0(z71), age(2) = q+;17 +o(z71), aszz(z) = q+(2:17 +o(z71),
90 dp
. : (2.53)
_ qrq- —1 qyq- 1
bii(z) =14 o0(z71), baa(2) = 2 +o(z7Y), b33(z) = 2 +o(z7H).
0 0

Corollary 2.5. As z — 0, the scattering coefficients in the corresponding analyticity domains have
the asymptotics

T

T

aji(z) = q2§7 +o(2), asa(z) = nglf + o(2), asz(z) =1+ o(z), (2.54a)
T T

bi(z) = ng, Yo(z),  bal(z) = q;g‘* Yo(z),  bu(z) =1+ o0(2). (2.54b)

3. Inverse problem

In what follows, we formulate the corresponding RHP and then obtain a reconstruction formula and
the trace formula.

3.1. Riemann—Hilbert problem. We start by introducing the piecewise meromorphic function

—,l(xa tv Z)

1% ml(xvta Z)
M = D
(x7t) Z) < al]_(z) ?/’L+)2($?t7z)7 b22(2) >7 z 6 1)
M(z,t,2) = | py1(z,t, 2), i3, 2) , ma(@;, 2) z € Do,
’ agg(z) bll(Z) (3 1)
m3($,t,2) N*?(xataz) '
Mz, t,2) = ’ t D
(ﬁ, 7Z) < bgg(Z) 3 GQQ(Z) 7M+,3($7 7Z) 9 z e 3
my(z,t,2) w—s(z,t,2)
Mz, t, 2) = t ’ Dy.
(xv 7Z) < b22(z) ,/J,+72(!E, 72)7 agg(Z) 5 z e 4

We next study the jump conditions of the matrix function M(x, ¢, z) across the contour ¥. Thus, we set

My (z,t,2) = lim M(z,t, %), z €Y,
e
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where Dy = Dy U D3, D_ = Dy UDy4. Here, ¥ = ¥; U Xy U X3 U Xy, where X; is the boundary of
D N Dgj41) mod 4- We define the orientation of the boundary ¥;, j = 1,...,4, such that D, is always
on its left side. Then by combining scattering relation (2.18) with decompositions (2.32), we conclude that
the following lemma holds.

Lemma 3.1. The function M(x,t, z) satisfies the jump conditions

M, (z,t,2) = M_(z,t, 2)G(z, t, 2), z €L, (3.2)
where
G(z,t,2) = eie(z’t”z)(}j(z)e‘ig(r’t’z), z€Y¥;, j=1,...,4, (3.3)
with
1+ ( )lﬂl(Z)|2 +[p2(2)? (Z)PT(Z) p5(z) — pi(2)p3(2)
Gule) = pi(2) 1 ) | PR
p2(2) = p1(2)p3(z) —p3(z)  1+(2)lps(2)?
1—p5(z")p2(2) 0 p3(z")
GQ(Z) = 0 1 , z € X,
—p2(2) 0 1 (3.4)
. b12(2) w/n
. ( ) 1 + |p2((23|2 CLQQ(Zl)agg(Z) pZ(Z) ,
2) = az1(2 * , PSS )
’ _bgz(z)bgg(z) CLQQ(Z)bQQ(Z) A/(Z)p?) (Z) ’
—p2(2) p3(z) 1
1= p2(2)p3(27) 0 —p5(27)
Ga(z) = 0 1 0 : z € Xy
p2(z) 0 1

The following symmetry holds:
G(z,t,2) = C1(2)G(x,t,2%)C(2), z €. (3.5)

Moreover, using the asymptotics of the eigenfunctions and scattering coefficients with the restriction that
q.+ is parallel to q_, we derive the following result.

Lemma 3.2. The matrix M(z,t, z) admits the normalization conditions

M(z,t,2) = My, 4+ o(z71), z — 00,

M(x,t,z)z—;Mo—l—o(l), z—0,

where

1
Moo = lo 0 ) MO = 0 0 o . (37)
0 qy/9 da+/q qr. 0 0

The next lemma follows from (2.36), (2.39), and (2.43).

608



Lemma 3.3. If zg € D1, then

bao(20) = 0 <= a22(25) = 0 <= ag2(—2;) = 0 <> baa(—2p) = 0 <> baa(—2;) = 0 <=

<> ag2(—20) = 0 <= ag2(%p) = 0 < baa(25) =0, 3.8)
a11(20) =0 <= b11(25) = 0 <= bz3(—2%)) = 0 <= a33(—%p) = 0 <= a11(—2}) = 0 =

< b11(—20) = 0 <> b33(%p) =0 <= a33(%;) =0

These relations indicate that it suffices to study the zeros of ai1(z) and bea(z) for z € D;. In this
paper, we consider the zeros in the simple cases. Hence, there are six possible types of discrete eigenvalues:

1. {&, N 1 is the set of all type-I eigenvalues; a11(&,) = 0 and baz(&,) # 0 for Re&,, = 0;

n=

. {wn}ﬁfil is the set of all type-II eigenvalues; a11(wy) = 0 and bez(wy,) # 0 for Rew,, # 0;

[\

. {nn}fl’il is the set of all type-III eigenvalues; a11(n,) # 0 and baa(1,) = 0 for Ren,, = 0;

w

. {zn}gil is the set of all type-IV eigenvalues; a11(z,) # 0 and boa(z,) = 0 for Re z,, # 0;

>~

) {I/n}f.bvil is the set of all type-V eigenvalues; a11(vy) = baz(vn) = 0 for Rev,, = 0;

ot

. {¢u}Ns | is the set of all type-VI eigenvalues; a11((,) = baz(Cn) = 0 for Re (¢, # 0.

(=]

Lemma 3.4. The meromorphic matrix M(z, t, z) satisfies the residue conditions

Res M(!E, t, Z) = An(M:;(fn), 0, 0)7

2=En
2 ~
Res Mz,t,2) = — 1, A47(Ms(~£}),0,0).
z=—&} (gn) (3 9)
Res M(z,1,2) = —A7,(0,0, My (£}), '
2 ~
Res M(z,t,2) = gg A,(0,0, M, (=&,));
z=—&p, n
Res M(z,t,2) = B, (Ms (), 0,0),
p
Be§* M(QZ, t Z) - - (w,.?)g B;(MB(_ZJ:L)7 0, O)a
Res M(z,t,z) = =B (0,0, M;(w})),
Res M(z,t,z) = an(0,0,Ml(—@n)),
zZ=—Wn w
n (3.10)
Res M(z,t,z) = —B,,(M3(-w;),0,0),

(%
Z=—wy,

2
R@\S M(ﬂf,t,Z) = q% Bn(Mg(an),0,0),

Z2=Wn w
B_es M(ﬂf, tv Z) = B’n«(oa Oa Ml(_w”))v
q2
Res M(z,t,2) = = 70, B3(0,0,Mu(@}));
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Res M(z,t,2) = C (0,0, M2 (1)),

2=
. 3 *
Res M(z,t,2) = ‘D 0 (0.M(=;),0)
a=— (1) v (m37)
C (3.11)
Res M(z,t,z) =— " (0,Ms(n)),0),
z=n;, ( ) ’7(77;;)( 3(1),0)
Reb: M(fl:,t, Z) = ano OH(MZ(_ﬁ”)voao)?
Z2=—"n n

Res M(z,t,z) = D, (0,0, Ms(z,)),

2=2n

. 3 D*
Res M(z,t,2) = tdo "

2=—25 (Z*)B 7(2*)(0,1\41(—2;),0),

D*
zfiezé M(x,t,z) = _’Y(ZZ) (OﬂMB(Z:L)’O)’
ZE_GE M(Qf,t,Z) = ZZ?O Dn(MQ(_én)aovo)a
n n 3.12
Res, M(z,t,z) = —D; (0,0, Ma(—2z,)), ( :
. 3
iqq Dn R
R M t - O M n 70 9
z:eii (CE, 72) Z% W(zn)( ) 1(2 ) )
Res M(z,t,2) = " (0, My(~2,),0)
€S T,l,2) = P —Zn), ’
Z=—2n 7(zn) ’
190 1« -
Res M(z,t,2) = " D;(M2(%;,),0,0);
zP;?/S M(fl:,t, Z) = En(MZ(VTL)vOaO)v
. 3 E*
Res M(z,t,2) = “503 " (0,M3(-7,),0),
z=—Uy (Vn) V(Vn)
B ) (3.13)
ZR:?/S* M(ﬁ,t,Z) - ’}/(V*)(()’Ml(yn)’())’
_ G0 5 .
Res M(z,t,2) = E,(0,0, My (—1y,));
Z=—VUn Un
z}iecs M(Qf,t,Z) = Fn(MQ(Cn)aovo)a
Res M(z,1.2) = 'O T (0 My(-¢2).0)
zzfc;; (Cn) ’Y(Cn)
F*
Res M(z,t,2z) =— " (0,M1(¢}),0),
z:ecs;,; (x,t,2) ’y(C;;)( 1(¢,), 0)
Res M(x,t,2) = 190 Fn(Ovo’MQ(_é”))’
#==n n (3.14)
Res M(a,t,2) = ~F;(Ma(~(). 0,0) |
. 3
iq5 Fn »
Res M(z,t,2) = 0,M5(¢n),0),
HEMEED = 4 g, O Malen: 0
Res M(z,4,2) = 1™ (0,My(=Cy),0)
T,l,2) = 5 —5n) ’
z2=—C(n ’Y(Cn) !
Res M(x,t, 2) = ng FZ(0,0, M (CF))
z=Ck n



with the normalization constants

A, = an/b22(€n)ef2i91(fn)’ B, = b"f)”(‘””) 201 (wn) Cn =, e ilO1+62) ()
at1(6n) ahy (wn) b (1)

T N N SN L QTS AN
bo(2n) ah1(vn) at1(Gn)

where a,, by, cn, dn, €,, and f, are constants satisfying

* * *

Gp =0y, Cp=2C,, €n==e, (3.15)
and wheren =1, ..., Ny for equations involving £,, n = 1,..., Na for equations involving w,,n =1,..., N3
for equations involving n,, n = 1, ..., Ny for equations involving z,, n = 1,..., N5 for equations involving
vn, and n =1,..., Ng for equations involving (,.

When there are no zeros of aj1(z) and baa(z), that is, the RHP is regular, the uniqueness of its solution

is equivalent to the vanishing Lemma [34], [35].

Lemma 3.5. Suppose that no discrete spectrum is present, or the RHP has no poles. Then the RHP
defined in (3.1)—(3.7) has a unique solution.

However, the RHP defined in (3.1)—(3.15) has many singularities. According to [36], the RHP with
poles can be mapped into a regular one. This RHP can be regularized by subtracting the leading terms
of the asymptotic behavior and the pole contributions from the jump conditions. Then by the Plemelj’s

formula [37], we obtain the following theorem.

Theorem 3.1. The general solution of the RHP is given by

Res,—¢ M Resz .M Res__ oM Res_ . M
M(z,t, z) )+ Z @a=tn VL | & 4 ST 4 én i
7= 6n -G 2+ & 2+én

Res.—,, M Res.——,M Res.—,- M Res,—_,, M
+ Z - - - +
Z— Wnp z+wy z—wy 2+ wp

Res.— - M Rebz 5, M  Res,— 5, M Res,;—5: M
+ + +
z—i—wn z— Wy, z + Wy, z—w*

Resz:nn M ReSZ:n* M Resz:,ﬁ* M Resz:,ﬁn M
+ " + " + +

N\ 2= z—mnk zZ+ 0k Z2+Mn
N.

N 24: (Resz_zn M N Resz:,zf M N ReSZ:z:L*M N Res,—_,, M N
—_ 2 — Zn z+ 2z z—2z z24+ zn

Res,=_3: M Resz ;M Res,—_3; M Res,—:x M
n + n + +
z+ Zk Z— Zn z+ Zn z—Zk

Res,—,, M Res.—,- M Res.—_p»M Res,__, M
+ " " +

Z—Up z—Uk z+ Uk Z+Up

(Resz Cn n Reszzfq M " Resz:q M n Resz:*(n M

z—C(n z+ ¢k z—Ck 24 Cn
Res z:%*M Res,_: M Resz_ié M Resz 5*M)
+ +
Z+<* Z_Cn Z+Cn Z_C*
M_(z,t,¢)(G(x,t,¢) —T)
2m/ L d¢, »eC\X. (3.16)
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Using the symmetries of the eigenfunctions, we can simplify the columns of M(z,t, z) as

MK Ma(kn) A LoMa(l) 1 [ M_(G-1I
M1(z):E+,1(z)+Z:1 Z_Bk(n )+z:1 z_zl(n )+2m_/2 (C_Z)l(o dc,

dg,

> LM, 1 /M_<G—I>2<c>
2 (s (3.17)

sl —z—1x  2mi

(]

M;(z) = B4 2(2) —

n=1

N No .
KM, (k;, 1qo L, Mo (1,
M) =B -3 M) 5 )

n=1 n

L[ M_(G-1)3(()
J

n=1
d
2mi C—z ¢
where k,,, K,, and l,,, L,, are given in Appendix A.1 with N1 = 2Ny +4N5 and N5 = N3+ 2N, + N5+ 2Ng.

From formula (2.50), we deduce the following theorem.

Theorem 3.2 (reconstruction formula). The solution q(z,t) = (qi(x,t),q2(x,t))* of the femKdV
equation (1.1) with NZBCs (1.2) is reconstructed as

Nl N2
. . 1
gj(@,t) = gt +1 Y KaMina(kn) +i Y LaMiaa(ln) — 9 /Z[M—(G = D]g+ni(z)dz. (3.18)
n=1 n=1

3.2. Trace formula and the asymptotic phase difference. We next reconstruct the analytic
scattering coefficients in terms of scattering data. Thus can be achieved by constructing another RHP,

as shown in Appendix A.2.

Lemma 3.6 (trace formula). The analytic scattering coefficients ay1(z) and baa(z) can be expressed as

bgg(z) =0

)
“Le-merm b ecooeraere-a”
L ()
X exp [— o /R CO— . dC], z € Cy, (3.19a)

i T (G2 2 T v 1 (2 G (2 G
sz;,ﬂl(ws;)z z),gz—u;,ﬂu—cmzw)
XeXp[eri/Eg(—Oz d¢|, ze€ Dy, (3.19b)

where § = +1 and the matrices Jo(z) and J(z) are respectively defined in (A.5b) and (A.9a)—(A.9d).
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Next, comparing the asymptotic behavior of the trace formula for ai1(z) as z — 0 with the result
in (2.54a), we obtain that

§ = (—1)Na+Ns exp[%lm_/EJ(Zz) dz]. (3.20)

Furthermore, we decompose the above integral term into

—q J —m/2 )
H, = / 1iz) dz, I = / 1J2(qoe™) da,

0 w/2 }
H; = / Jgiz) dz, I3 = / 1J4(qoe™) da,
‘I(Z)o y ’TO (3.21)
Hy; = / 1(2) dz, I, = / iJ2(qoe™) da,
% z —m/2
—q0 0 .
Hy = / B g = / iJ4(qoe™) dov.
0 z /2

Applying the symmetries of the reflection coefficients to the jump matrices J;(z) shows that H; = —Ho,
Hs = —Hy, I = —14, and Iy = —I3. It hence follows that

§ = (—1)NetNs, (3.22)

Corollary 3.1 (asymptotic phase difference). The potential q(x,t) has the same boundary condition
d+ = g_ at infinity when N3 + N5 is even. The potential q(z,t) has the opposite boundary condition
4+ = —q- at infinity when N3 + Nj is odd.

4. Reflectionless potential and soliton solutions

We now explicitly construct the potential q(x,t) in the case of a reflectionless potential, that is,
p1(2) = p2(2) = p3(z) = 0. In this case, there is no jump across the contour X in the RHP, allowing the
solution q(z,t) to be found from a closed algebraic system (3.17).

Theorem 4.1. In the case of a reflectionless potential, the solution q(z,t) of the femKdV equa-
tion (1.1) with NZBCs (1.2) can be expressed as

1 det G?ug aug qk+ YT
= G = =1,2 4.1
alz,t) det G <det Ggug> ’ k B, G’ K T (4.1)

with the (Nl -l—./\fg) X (Nl —l—/\/g) matrix G =1+4+F, By = (Bkl7 .. '7Bk(N1+N2))T7 Y = (Yl, .. '7Y(N1+N2))T
and

1Ky, n=1,...,MV,
Y, = (4.2)
iln_n,, n=N1+1,..., N1+ N>,
T+ M 1qr+ K7,
=1,...,.M
9 +Zm:1 k:n(kn_k:n)’ n ) ) 1,
% P Ly, 4+ 15— Dy, — 1)

n=N +1,...,N] +N,
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M KL K;
M (ki — k) (K, — k)
gL, TN KonLi-n
Lion (B 4+ 1-nn) = (R — k) (R — Lioan)
n=1,....M, j=MNM-+1,.... M1+ N,
Fuj= {5 - LnK; ’ (4.4)
(lnf/\h + 0 = ln-ny — l:n)(ljn - kj)
n=N+1,... N\i+MNa, j=1,...,M,
Ly Li_n,
(lnf/\h + Z;kn - an/\h - l:%)(l;% - lj*/\fl) 7
n,j=N1+1,...,N1+ Ny,

2

nv.jzla"'lev

N
Zmil

where k = 3 — k.

Next, we focus on the soliton solutions corresponding to the six different types of discrete eigenvalues
and explore their properties.

4.1. Type-I solitons. In the case Ny = 1 and No = N3 = Ny = N5 = Ng = 0, in general, we take
the discrete eigenvalue and the proportionality constant in the form

& =iZ, ay =TT 750, £€R, m=0,1.

Substituting these quantities in the general formula (4.1) yields the explicit one-soliton solution

cosh x + (—1)™ sech(In(Z/qp)) cosh(21In(Z/qp))

ale.t) = coshx + (—1)m sech(In(Z/qo)) Ras (45)

where

a5 a 2 3
X:_23t+ <Z— Z)(3q0t—x)+Z t+¢&.

The solutions are completely determined by m and the vector qy. Some examples of such one-soliton

solutions describing the dark—dark and bright—bright solitons are shown in Figs. 1 and 2. The soliton
classification in this case is given in detail in Sec. 4.7.

4.2. Type-II solitons. In the case Ny = 1 and N = N3 = Ny = N5 = Ng = 0, in general, we take

the soliton parameters in the form

w1 =2Ze", by =eTB Z > qo, 96<O,g)u(g,7r), a, B €R.

From (4.1), we can obtain the breather—breather solutions of the fcmKdV equation. An example of such
a solution is plotted in Fig. 3.

4.3. Type-I1I solitons. In the case N3 =1 and Ny = Ny = Ny = N5 = Ng = 0, in general, we take
the discrete eigenvalue and proportionality constant in the form

nm =14, c3= entilm=Hm 7~ q, neR, m=0,1.
Substituting these parameters in the general formula (4.1) generates the one-soliton solution

Z\Z2+ q3 Z2+q Z\Z2+ ¢
% +q0>q+—(—1)m\/ Z+qosech(x+ln v +q0) + (4.6)

q(z,t) = —tanh(x +In 72— g8 72— @2 e
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where

a5 % 2
X = th—i— Z(qut—x)+n.

The solutions are also completely determined by m and q4. Some examples of such solitons describing
the kink-bright-dark and kink-dark-bright solitons are given in Figs. 4 and 5. In this paper, the pair
of a kink-bright soliton for the component ¢;(x,t) and a kink-dark soliton for the component go(x,t) is
simply referred to as the kink—bright—dark soliton, and so on. The soliton classification is given in detail in
Sec. 4.7.

4.4. Type-1IV solitons. In the case Ny =1 and N; = Ny = N3 = N5 = Ng = 0, in general, we take
the soliton parameters in the form

zn=2e", di=etP Z>¢qy, 0Oc <O, 72T> U (g ,7T>, a, B eR.
From (4.1), we can obtain the W (type)-S (type) or the breather—breather solutions for the femKdV
equation. Examples of such solutions are shown in Figs. 6 and 7.

4.5. Type-V solitons. In the case Ny =1 and N; = No = N3 = Ny = Ng = 0, in general, we take
the discrete eigenvalue and proportionality constant in the form

v =iZ, e =e’tim-m Z>q, veER, m=0,1.

Substituting these quantities in (4.1) yields the explicit one-soliton solution

72 1 o2
q(z,t) = —tanh(x—!—ln + (—l)m\/ q+q0 sech(x—l—ln
0

z )q z )
V2 ag) V2 + b

where
X =2+ Z(3¢3t —x) +v.

The type-V solitons are similar to those of type-I1I, and are also determined by m and q4. Some examples
of such soliton solutions describing the kink—dark—-dark and kink—bright-bright solitons are plotted in Figs. 8
and 9. The soliton classification is given in Sec. 4.7.

4.6. Type-VI solitons. In the case N¢ =1 and N3 = Ny = N3 = Ny = N5 = 0, in general, we take
the soliton parameters in the form

G=2e", fr=eP 7> q, 9€<0,72T>U(g,7r>, a, B eR.
From (4.1), we can obtain the breather—breather solution for the fcmKdV equation. An example of such
a solution is shown in Fig. 10.

4.7. Discussions. First, the results for the soliton solutions admit the asymptotic phase difference,
that is, only when N3 4+ N5 is odd, there are kink solitons. The soliton classification of type-I, ITI, and V
discrete eigenvalues in terms of m and q4 is summarized in respective Tables 1, 2, and 3. In addition, the
similarities between type-IIT and V solitons can be traced to their expressions in (4.6) and (4.7): their bright-
soliton part always follows an orthogonal polarization to that of the dark-soliton part. And their solutions
are any combinations of kink—dark or kink-bright solitons, where kink—dark solitons have rich complex
soliton dynamics in Bose—Einstein condensates [38], [39] and nano-optical fibers [40]. Thus, we expect that
our results could be beneficial to the development of the one-dimensional two-component Bose—Einstein
condensate systems. Finally, type-II, IV, and VI solutions all have breather—breather solutions.
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Fig. 1. One dark—dark soliton of the fcmKdV equation with NZBCs obtained by taking m = 1,
Z = 3/2a 5 =1In2 q4 = (\/3/27 1/2)T7 and go = 1.

q1

1.00 1.00

q1 0.96
0.92

0.96

0.92

0.88

q2
0.58

0.56
0.54
0.52

0.50

Fig. 2. One bright-bright soliton of the fcmKdV equation with NZBCs obtained by taking m = 0,
Z=3/2, =2, q+ = (v3/2,1/2)", and ¢o = 1.
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Fig. 3. One breather—breather solution of the fcmKdV equation with NZBCs obtained by taking
w1 =2+i/2, a=0,8="7/4, qr = (v/2/2,v/2/2)T, and qo = 1.

Fig. 4. One kink-bright—dark soliton of the fcmKdV equation with NZBCs obtained by taking m =1,
Z=3/2,n=m3, qr = (v/2/2,v2/2)", and ¢o = 1.
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t=2

Fig. 5. One kink—dark—bright soliton of the fcmKdV equation with NZBCs obtained by taking m = 0,
Z=3/2,n=m3, q+ = (v/2/2,v/2/2)", and o = 1.

Fig. 6. One W (type)-S (type) soliton of the fcmKdV equation with NZBCs obtained by taking
21 =2+2i,a=8=0,q =(1,0)T, and g0 = 1.
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Fig. 7. One breather—breather solution of the fcmKdV equation with NZBCs obtained by taking
zn1=1+i/2,a=8=0,q+ = (1,007, and g = 1.

Fig. 8. One kink-dark—dark soliton of the fcmKdV equation with NZBCs obtained by taking m =1,
Z=3/2,v=In2, g+ = (—v3/2,1/2)", and qo = 1.
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Fig. 9. One kink-bright—bright soliton of the fcmKdV equation with NZBCs obtained by taking
m=0,Z=3/2,v=Im2 qi = (—v/3/2,1/2)T, and qo = 1.

—8
—4
0 1.1
X
0.9 q1
4 0.7

8_8—4 Ot 4 8

Fig. 10. One breather—breather solution of the fcmKdV equation with NZBCs obtained by taking
Gi=3/2+i/4, a=F=0,q+ = (v3/2,1/2)", and ¢o = 1.
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Table 1. Soliton classification of type I
g1+ >0 g+ >0 g+ <0 g+ <0
g2+ >0 g+ <0 g2+ >0 g+ <0
m=1 dark—dark dark-bright bright-dark bright-bright
m =0 bright-bright bright-dark dark-bright dark—dark

Table 2. Soliton classification of type III
Q1+ >0 Q1+ >0 Q1+ <0 Q1+ <0
g2+ >0 g2+ <0 g2+ >0 g2+ <0

m =1 kink-bright-dark  kink-dark-dark  kink-bright-bright kink-dark-bright
m =0 kink-dark-bright kink-bright-bright kink-dark-dark  kink-bright—dark

Table 3. Soliton classification of type V
Q1+ >0 g1+ >0 Q1+ <0 @+ <0
g2+ >0 g2+ <0 g2+ >0 @2+ <0
m =1 kink—-dark—bright kink-bright-bright kink-dark—dark  kink—bright-dark
m =0 kink-bright—-dark  kink—dark—-dark kink—bright-bright kink—dark—bright

Of course, (4.1) allows us to easily generate the multisoliton solutions by including any combinations of
any number of the six types of solitons. For example, Fig. 11 shows the interaction between two dark—dark
solitons, Fig. 12 shows the interaction between two bright—bright solitons, Fig. 13 shows the interaction
between kink-dark-bright and W (type)-S (type) solitons, and Fig. 14 describes the interaction between
kink—dark-bright and breather—breather solutions.

5. Conclusions

In this paper, we applied the IST to the fcmKdV equation with NZBCs. This problem has three
symmetries, resulting in six different types of discrete eigenvalues. Thus, six types of soliton solutions
are obtained. Furthermore, the soliton classification for the types I, III, and V are constructed. Several
two-soliton solutions having interesting structures are displayed.

We note that this paper is more involved than the defocusing counterpart in [19] due to the four
fundamental domains of analyticity instead of two. Specifically, four new auxiliary eigenfunctions and a more
complex RHP including four jump relations had to be formulated. In addition, although they both have
three symmetries, the focusing case has more discrete eigenvalues, which leads to more diverse solutions.
Within the framework of the IST method with NZBCs, we also note that the differences between the
focusing Manakov system [41] and the fcmKdV equation are mainly manifested in four aspects: 1) the Jost
eigenfunctions of the fcmKdV equation have three symmetries, with a total of 4N; 4+ 8Ny + 4 N3 + 8N4 +
4 N5+ 8Ng discrete eigenvalues; 2) the femKdV equation has a simpler asymptotic phase difference, which is
direct information to characterize solitons; 3) the potential of the fcmKdV equation is real, and the formula
of its exact solutions is more compact; 4) the fcmKdV equation has richer soliton solutions and breathers,
including dark—dark, bright—bright, W (type)-S (type), kink solitons, and breather—breather solutions.
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Fig. 11. One two-dark—dark soliton of the fcmKdV equation with NZBCs obtained by taking Ni = 2,
N2 = NB = N4 = N5 = N6 = 07 51 = 32/25 52 = 47'/37 ay = 25 az = _37 q+ = (\/3/271/2)T5 and

q0:1.

Fig. 12. One two-bright-bright soliton of the fcmKdV equation with NZBCs obtained by taking
N1 =2, No=N3=Ny=Ns=Ns =0, & =3i/2 & =4i/3, a1 = =2, a2 = 3, q+ = (v/3/2,1/2)7,

and ¢qo = 1.
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Fig. 13. One kink-dark-bright, W (type)-S (type) soliton of the fcmKdV equation with NZBCs
obtained by taking N3 = N4 =1, N1 = No =N5s =N =0, m1 =2i,c1 = -1, 21 =1+2i,d1 =1,
q+ = (\/2/27 \/2/2)T7 and go = 1.

Fig. 14. One kink-dark-bright, breather—breather soliton of the fcmKdV equation with NZBCs
obtained by taking Ns = Ng =1, Ny = No = N3 = Ns =0, 11 = 37:/2, e1r=1¢ = 3/2 +1, fr =1,
q+ = (\/2/27 \/2/2)T7 and go = 1.
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Appendix A

A.1. The RHP solution. The coefficients k,,, K,,, and l,,, L,, appearing in Theorem 3.1 are defined
as follows:

for

for

for

for

for

for

for

for

for

for

for

for

lel,...,Nl
kn:fn, Kn:Ana
n=N1+1,...,2N;

: a3
ky = _§;_N17 K, =- « 2 :L—NN
( 'n,—Nl)
n=2N1+1,...,2N1 + Ny
kn = Wn—2N;, Kn = Bn—2N1;
n=2N1+No+1,...,2N1 4+ 2N,
2
A~k qO *
kn:_wn—N—Na Ky =— * n—2N;—Na2>
A (Wh—ony—Ny)? A
TL=2N1—|—2N2+1,,2N1+3N2
kn = _w;—2N1—2N27 KTL = _B;—2N1—2N2’
Tl:2N1—|—3N2—|—1,...,N1
q2
kn :an—2N1—3N27 Kn = 2 0 Bn—2N1—3N27

Wh—2N; —3N,

n = ]., ey N3
ln = _ﬁna Ln = _z Cn7
do
TLZN3—|—1,...,N3—|—N4
ln - _2n—N3; Ln - _Z DTL—Ns)
do
TLZN3—|—N4—|—1,...,N3—|—2N4
- il
lﬂ = zTL—Ns—N47 Ln = % n—Nz—Ny>

n—=Ns+2Ny+1,...,Ng+2Ns + Ny

ln = Vn—Ns—2N,, Ly, = En—N;—2n,,
n—=Ns+2Ny+Ns+1,...,Ns+2N; + Ns + Ne
ln = Gn—Ns—2N,— N3 Ly, = Fy—Ns—2N,—Ns,

n=DN3+2N;+ N5+ Ng+1,..., N

_ * _ *
ln - _CH—N3—2N4—N5—N67 Ln - _Fn—N3—2N4—N5—N6'

(A.1a)

(A.1b)

(A.1lc)

(A.1d)

(A.le)

(A.1f)

(A.2a)

(A.2b)

(A.2¢)

(A.2d)

(A.2e)

(A.2f)

A.2. Trace formula. The scattering coefficients asz(z) and baa(z) has a jump across R. We recall

that ag2(z) is analytic in C_ and has simple zeros

(g, =52,

{z;a_znv_érzvén}r]yila {V;';v_ﬁ:;}gilv {C;v—Cn,—C:Zan}gib

while baa(2) is analytic in C4 and has simple zeros
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We therefore define

R AT i chio et
TERBIOOECE e o
) | Do) | f e e B
g\ f )| fats ot st ST IS

It is easy to find that 5(2) — 1 as z — oo and has no poles. Combining the fact that G4(z)8-(z) =
a22(2)ba2(2) with the 2,2 element of the identity B(z)A(z) = I, we obtain that

InfBi(z) +InpB_(2) = —Jo(z), z €R, (A4)
where
Bx(z,t,2) = zhig Bz, t, %), z € R, (A.5a)
2eCy
B =12 @)+ (-] (A5D)

Then applying the Plemelj formula to (A.4) yields

B(z)zexp{— L /JO(O dc], 2 Cs. (A.6)

211 ]RC_Z

The first half of the proof is completed by substituting (A.6) in (A.3a).

We recall that a11(2), b11(2), bss(z), and ass3(z) are respectively analytic in Dy, Ds, D3, and Dj.
For this reason, we can solve the problem by establishing a RHP as in Sec. 3.1. Based on the jump
conditions, we see from the identity B(z)A(z) = I that

Jaiz(z) Jags(z) + bsz(2)ass(z) =1,
bi1(z)a11(2) + bia(2)asi (2) + bis(2)asi(z) =1,
) z) — az1(z)a13(2),
Z) —-bgl(z)blg(z).
It is worth noting that bes(z) and a22(z) are involved in the last two relations. Thus, the a;11(z) trace

formula is related to the type-III and IV discrete eigenvalues.
Recalling the definition of the oriented contour X, we define

3y — g (o) T =6 +60) T (2= wi) (= +wn) (2 +8u)(z = B2) T =+
e =en@ I M0 e i vune+ o —om) L 244 %
Ny ~ ~ N5 6
(z+ 23)(z = 20) T7 2= v 77 (2= G2z +Ga)
Uevae-pll e e <™ .
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(z 4+ w)(z +05)(z — &y) ﬁ

( 3 ) )
o (2 =&) (2 + én) nel (z —wi)(z +wn)(z+ Wn)(z — ) 11
Ny . N
(= + 20) (= = 23) T1 2= vn T (2= G2+ G1)
QLR | G | GRS

1 V(54 £ No 2 — w2z 4wz + )z — & N.
5(2) = dbaale) [ S+ 60 T (2 =)l + )+ @0 -0) 1

IR (= &)+ &) 12 (2 —wn)(z + W) (2 + &) (2 — W)

Ny N5 ~ Ng N 2
(z+23)(z —2) T 2+ 00 77 G+ G)(2 = G)

> o Ds,

anl(z+zn)(z z;)li[lzwz,g(wq)(z—gn) e

N2

Cx z—wp)(z+w)z+0")(z — 0, Ns
3(2):56133(2)1_[ (Z—fn)(2+fn) H( )( + n)( + n)( )H M

Ny N5 ~ Ng 2 2
(z4+z)(z—23) 72+ 00 17 G+ G —G) D
anl(z"_'z;)(z_zn)H2+ﬁ”111;[1(z+én)(z_é;)’ seh

Thus, 3(z) — 1 as z — oo and has no poles. Also, the following jump conditions hold:

npBi(z)+Inp_(2)=J(z), zeX,

where the jump matrices J;(z) = J(2)|.cx, are

M =-wlit L mEn-) 4 mEn-a] zem
B = / P dg i1 - a2l zess,
M= -mlLs "j( O + @3] zem
5@ == o [P d it a2 TN

Applying the Plemelj formula to (A.8), we obtain the solutions of the RHP in the form

B(z):eXPL;/ECJ(_Oz d<:|7 z € D1 UDs.

Substituting the above result in (A.7a) yields Eq. (3.19a).

n=1

(A.7b)

(A.7c)

(A.7d)

(A.8)

(A.9a)
(A.9Db)
(A.9¢)

(A.9d)

(A.10)
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