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APPLICATION OF THE TRIGONAL CURVE
TO A HIERARCHY OF GENERALIZED TODA LATTICES
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Starting from the zero-curvature equation and Lenard recurrence relations, we derive a hierarchy of gen-
eralized Toda lattices. The trigonal curve is introduced through the Lax pair characteristic polynomial
for the discrete hierarchy, from which a Dubrovin-type equation is established. Then the asymptotic
behavior of the Baker—Akhiezer function and the meromorphic function is analyzed, and the divisors of
the two functions are also discussed. Moreover, the Abel map is defined and the corresponding flows are
straightened out on the Jacobian variety, such that the final algebro-geometric solutions of the hierarchy

are calculated in terms of the Riemann theta function.
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1. Introduction

The Toda lattice [1], [2]

0%y

gz = P —y) —exply—y'),  y=ylni), (nt)EZxR, (1.1)

is an absolutely integrable equation with exponential interaction that was discovered in the course of seeking
a system with rigorous periodic solutions; its exponential interaction was used to explain the nonergodic
character of the famous Fermi-Pasta—Ulam problem [3]. It has abundant mathematical structures and is
regarded as a model of physical phenomena, with the well-known equations such as the nonlinear Schrodinger
(NLS) and Korteweg—de Vries equations being closely related to it or deduced from it by appropriate limit
procedures [4], [5]. In addition, it can describe the motion of a chain of particles with nearest-neighbor
interaction in constructing different mathematical models; the Toda lattice model of DNA is also a typical
representative in biology [6].

It is worth mentioning that by the variable transformation @ = —exp(y — y™) and x = g, the Toda
lattice can be rewritten in the form

wy = w(x —zt), Tr=w—w . (1.2)
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With the increase in scholars’ attention to the Toda lattice, a variety of important methods were
applied to it and numerous results have been achieved since it was proposed [7]-[12]. As one of the most
effective research tools, the algebro-geometric methods were extensively applied to the Toda lattices. With
the development of the finite-gap integration method in the works of Novikov, Matveev, Its, and others, the
mathematical theory of the algebro-geometric method has been systematically developed since the early
1970s [13], [14]. The solutions can not only describe the integrability properties of the equations but also
reveal the internal structure of the solutions for soliton equations [15]-[18].

The algebro-geometric solutions for numerous soliton equations related to a 2 x 2 matrix spectral
problem have been obtained using the theta functions of hyperelliptic curves in a series of studies [19]—[21].
However, the studies of algebro-geometric solutions of 3rd-order soliton equations are very few. In the
course of studying the algebro-geometric solutions of the 3rd-order soliton equations, the most classical
findings originates in the Boussinesq equation, whose 3rd-order differential operators were studied in terms
of the reduction theory of Riemann theta functions [22]; finite-gap solutions of the NLS equation were also
confirmed smoothly by means of a special algorithm [23]. In 1999, based on the algebro-geometric method,
Dickson, Gesztesy, and Unterkofler proposed a unified framework that yields all algebro-geometric solutions
of the entire Boussinesq hierarchy related to a 3rd-order differential operator [24]. Based on the framework
proposed previously, a systematic method for introducing a trigonal curve was developed with the help of
the characteristic polynomial of the Lax matrix associated with the higher-order matrix spectral problem,
from which the algebro-geometric method was successfully generalized to yield algebro-geometric solutions
of the continuous hierarchies related to 3 x 3 matrices [25], [26]. Then the algebro-geometric method was
further extended to 3rd-order discrete hierarchies [27], [28].

In this paper, we introduce the trigonal curve to define the Baker—Akhiezer function Z and the corre-
sponding meromorphic function ©. The soliton equations can then be separated into solvable Dubrovin-type
ordinary differential equations. Based on the above step, the characteristics of the functions can be fur-
ther analyzed. With the systematic algebro-geometric theory as support, we discuss the application of the
algebro-geometric methods to the discrete hierarchy of a 3rd-order generalized Toda lattice

+ +

__ _  sTq S S _
G=2rq ¢ —" °, rm=_ —  +2qt—q),
s S S (1.3)
qs _
St = —qsv — s, ve=__ —2rv+2v,
s

which becomes is the Toda lattice mentioned above (1.2) if ¢ = 0, r = w™', z = s/s7, and v = 0. The
Hamiltonian system for (1.3) was constructed in [29].

The paper is organized as follows. In Sec. 2, the difference operators K,, and J, are deduced in
accordance with the Lenard recurrence relations and hierarchy (1.3) is then derived from the zero-curvature
equation. In Sec. 3, the trigonal curve K;_; is defined for the characteristic polynomial of the Lax pair
for hierarchy (1.3), whence the functions = and O can be defined. In Sec. 4, in the stationary case, we
analyze the characteristics of the functions and introduce the Abel differentials; the potentials of the Lax
pair are then expressed in terms of the Riemann theta function. In Sec. 5, we apply the analysis in last
two sections to the time-dependent case and separate hierarchy (1.3) into solvable Dubrovin-type ordinary
differential equations. Then we straighten out the flows and obtain the Riemann theta representation. On
the whole, the algebro-geometric solutions of hierarchy (1.3) are obtained and we rewrite the Riemann theta
representation of the potentials for low genera. We summarize and conclude in Sec. 6.

2. The hierarchy of a generalized Toda lattice

We suppose that g, 7, s, and v satisfy the following conditions: in the stationary case,
q(na . )7 r(n, . )7 S(”a : )7 ’U(TL, : ) € Cl (R)7
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and in the time-dependent case,
q(',t),T(',t),S(',t),U(',t)E(CZ, tGR,

where C? is the set of all complex-valued functions of a variable in Z.
On the complex-valued sequence h = {h(n)}necz, we define the shift operators E* as

(Eh)(n) = h(n £ 1), n ez,

and write h* = E*h with h € CZ.
We consider the discrete 3 x 3 matrix spectral problem [29]

El 1 q 0
E=Z=UZ, E=[Z|, U=|v x+r s|, (2.1)
53 0 —1/8 0

where ¢, r, s, and v are potentials and A is a constant. The Lenard recurrence relations are

KnN': nd;j ) g; = 6'76'7~’7 'Ta
9j gj+1 g; = (a5, b5,¢5,d;) (2.2)

Kngj = Jngivt, G = (a;,05,¢,d;)"
We then introduce the starting points

go=(1,0,—1,00T, g0 =(~1,0,2,0)7, (2.3)

and define two difference operators J, and K, as

0 E 0 0
0 0 E-1 0
In = 0 0 0 B
~E-1) -'E 0 0
q q
1
—qF Ko q Eqs’E
1 v s 1
K. —|—e& (E-1) v—qb E —r(E-1) s— Es’E
n — q q S bl
—5 vsE —sE —s K3y
K41 K42 —vFE —SE_l’UE
where 1
Kio=1+ FEsE-—rFE, K3y = vquE — 7‘82E,
s
1 s(E~t—1
Kyu=(r—E) (E-1)+ ( o )—|—v, (2.4)
q §7q
E-WwE
K42:_E’U+’I"’UE_S vk
q9 9 $Tq
Hence, §; and g; can be found using the operators K, and J,; the first two members are given by
i B 1\T ) - 3\T
g1 = 17_2q 707 _ ) g1 = 173(] 715_ _ . (25)
s S



To deduce the hierarchy related to spectral problem (2.1), we introduce the stationary zero-curvature
equation
Iy T INE
(ET)U —UT =0, I'=(Tij)axz = | Tar Ta Pos ; (2.6)
I3 Ts2 —T'ip—Tao

which is equivalent to

ET11 +vET12 —T'11 —ql'o1 =0,
1
gET11 + (r+ A)ET 2 — SEF13 —T'12 —ql'22 =0,

sET12 —T'13 — ql'23 = 0,
ET'51 +vET9 — vl — (’I" + )\)le —sl's; =0,

1
qET91 + (r+ A\)ETg — SEF23 —l'e — (r+ Ay — s’ =0,

(2.7)
SET 99 —vl'13 — (7‘ + )\)P23 + S(Pll + Fgg) =0,
1
ET'3; +vET32 + SF21 =0,
1 1
qET31 + (r 4+ A\)El'3p + SE(FM +T2) + SF22 =0,
1
SEFgQ + Fgg =0.
s
where each element I';; = T';;(a, b, ¢, d) is a Laurent expansion in A,
' =a, I'o=b, Ti3=sEb+qs’Ed,
1
Iy = (E—1)a+ ' Eb, Top=c, Doy =—s2Ed, (2.8)
q q
E-1-1 E~WwE
Fglz( o )a— 7’U7 b—E_lvEd, Fggzd, —Fll—FH:—a—c,
s q s q

with

a=>Y a]Xd, b= bAT, =3 AT, d=) daT. (2.9)

Jj=z0 =0 Jj=z0 =0

We can show by direct calculation that Egs. (2.6) and (2.7) imply the Lenard equation
K.G = \,G, G = (a,b,c,d)?’. (2.10)

We substitute (2.8) in (2.9) and compare the powers of A to deduce the recurrence relations
KnGj = AoGis1, JuGo=0,  j>0, (2.11)
where G; = (aj,bj,c;j,d;)T. Tt is evident that ker .J,, = {aogo + Bogo | a0, o € R} and G; has the expansion
Gj = aog; + Bog; + -+ ajgo + Bigo,  j =0, (2.12)

where a; and 3; are constants.
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Assuming that Z satisfies the discrete matrix spectral problem (2.1), we have

. U N TR AR
g, =Img, pm) — (T )sxs = E%’ln; E%;n; . Fgg%)/\( i (2.13)
oy Ty T -y
where I'{") = T;;(a™, 50 &(m) d0™)) and
atm = "a i, b =y A,
=0 =0 (2.14)
el =N "eama A =N dpam
=0 =0
Similarly, the elements a;, l;j, ¢, and ch can be determined as
Gj = Godj + ogs + -+ &5do + Bigo,  § >0, (2.15)

where éj are also solutions of (2.10). We note, importantly, that &;, Bj and «j, §; in (2.12) are absolute of
each other. The zero-curvature equation Uy, = (ET™)U —UT™ is generated by the compatibility condition
of Egs. (2.1) and (2.12), which is equivalent to discrete hierarchy (1.3),

)'=Tn,  m>0, (2.16)

(qtm I rtm, ? Stm ? /Utafn

and the vector can be represented as

~

ij - K’n,éj - JnGj+1; ij :I(quvsvvvd(j)vﬁ(j))a

where aV) = (bo,..., G ), and B(J) = (BO, . ,Bj) for j > 0.
The first nontrivial member of hierarchy (2.16) is given by as

Ty = KnGo = Kn(ado + Bogo),
whence, with ag = 1 and By = 0, we have
at, = —2q, Ty =0, Sty = S, vy, = 20. (2.17)

Similarly, for j = 2 and fl = K, (g1 + @190 + Bog1 + B1go) with ag = 1, Bp = 1, and ty = ¢, we obtain
the hierarchy that we study in what follows:

. _ st s st _
g=2r¢ g =" 1 =" =7 Lot —gv),
s 58 S (2.18)
St = —qsv — 1S, vy = q_ —2rv+2v-.
s

Ifq=0,r=w", 2 =5/s, and v = 0, Egs. (2.18) become the Toda lattice (1.2).
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3. The stationary meromorphic function

We consider hierarchy (1.3) in the stationary case Z, = Z(q,r, s, v; al), B(p)) =0, a® = (ag. ap),
and () = (Bo - .. Bp). It is then equivalent to the stationary zero-curvature equation
(EX®HU —UT® =0,  T® = (W), = ()53, (3.1)
with Fg’) =T (a®, 6@ c®) ),
(3.2)

P P P P
a® = Z aj AP, pP = Z b AP, P = Z AP, d® — Z djNPI.
§=0 j=0 j=0 j=0

Direct calculation indicates that the characteristic polynomial f (), f) = det(fI —T'®)) of I'®) also satisfies

zero-curvature equation (3.1) and is a constant independent of n. It has the expansion

det(f1 —TW) = f2 = F2Xi(N) + fYi(N) — Zi(N), (3.3)
where X;()\),Y;(\) and Z;(\) are constant-coefficient polynomials in A,
Xi(\) = 6T® =1 4+ 1) + (-1 —T4) =0,
) = F? rég) + F?{; <F>§g) w|+ r%’;i <F>ég) w)| =
ry Ty - v ey —ri -1y
= (—af + aofo —3BHNP + -+, (3.4)
)y
ZN) =detTP =0 1) 1 | =
) 1) ey
= (0o — 320 Bo” + 280" )N + - -
Then the trigonal curve F (), f) = 0 whose degree is | = 3p for apBy # 0 can be introduced as
(3.5)

Kiov: Fi f) = 2= F2X) + ) = Zu(X) = 0.

Under the condition I = 3p, it is obvious that the trigonal curve K;_; can be compactified by adding
different infinite points uss and uc~ based on (3.2) and (3.4), where we choose u as a double branch

point. We still use K;—1 to denote the compactified curve. The discriminant of (3.5) is

AN = 2727 — 18X,8,Z, + 4Y)° — X)*Y)* + 4X,°Z). (3.6)

By the Riemann—Hurwitz formula, we can obtain that the arithmetic genus of K;_; is [ — 1. Therefore,

K;—1 turns into a three-sheet Riemann surface of genus [ — 1 if the curve is irreducible and

£0

7 (X £)=(Xo,fo)

AN af

for any uo = (Ao, fo) € Ki—1.

500



We introduce the stationary Baker—Akhiezer function = as

EZ(u,n,n0) = U(g(n),r(n),s(n),v(n); M(u))=(u, n,ngp),
T'® (g(n),r(n), s(n),v(n); Nu)ZE(u, n,no) = f(u)E(u,n,no),
=1 (u, TLQ,TL()) =1, u = (/\7 f) € /Cl,l\{uoo/,uoon}, n,ng € 7.

Based on the function =, the meromorphic function © on K;_; is defined as

O(u,n) = ig(u,n,no)’ u€kKi_1, nez,
E1(u,n,ng)
whence we have
n—1
[T @ +amen)), n=ne+1,
n’=ng
El(u7n7n0) = 1, n = no,
n—1
IT @ +ame@,n)™, n<ng—1.
n’=ng

The meromorphic function ©(u,n) obtained in accordance with (3.7) and (3.8) is

@(u n) _ yrég) + Al(/\an) _ El—l()\, n) _
’ frgg) + Bl()‘a TL) fQF%) - fAl(/\, TL) + Cl(/\, TL)

2 — B\, n) + Di(\, )
.F[,]_ (A7 TL) ’
where
A =THTE Wy, B =ryPry —rHrY,
O =T EHTY —rHTE) -8 @HTE + (TH)? +rEHTE),

Dy =TT - T T+ T )

11+ 22
By = (05T + THTE rf) + 1) — (04)°ri,
Foy = (T)°T8) + 1T @r) + 1Y) — (0118,

1

Moreover, we introduce two other elements

Gy =TT T 1)
H =TT -+ T T

Obviously, we can find various relations among polynomials (3.11), (3.12) and X, Y}, Z

of them:
Foa=THG -1%B,
BE_; = (TR Z + AC,  AF_; =TW)Z + BD,

P B = THC - (08— Ah TR =T B - ()i - B2

By =—-F, Gi=Ar, H =C.

(3.7)

(3.10)

(3.11)

(3.12)

. We list some

(3.13)
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Using (3.1), (3.2), (3.11), and (3.13), we find that F;_; and Ej_; are polynomials of degree [ — 1 and
can therefore be represented as

-1
F_1(\n)=F_1p H(/\ — pj(n)),
i:i_l (3.14)
El_l(/\,n) = —E—l,O H()\ - /Lj_(n))
On the trigonal curve K;—1, we define {f;(n)},_, , , and {ﬂ;_(”)}j:ud as
i) = (s ) = (i =)
~+n = +Tl “,"n = +n — Al()\’n) '
5 ) = 00,0005 ) = (o0 o )

For convenience, we let u, ©v*, and u** denote points on each of the three different sheets of the Riemann
surface K;_1 and suppose that f;(A\) (i = 1,2,3) are three roots of f (A, f) = 0:

(f=AN)(f= )= fsN) =P =X+ fYi—Zi= P+ fYi—Z =0 (3.16)

Then the three points (A, fi(A)), (A, f2(A)), and (A, f3(A)) are also on the Riemann surface K;_;. Let
{u, w*, u*} = {(\, fi(N\), i = 1,2,3} be any one of the three points. From (3.16), the following system can
easily be obtained:

i+ fotfzs =X =0, fifo+ fafs + fasfi =Y, fifafs =27,
R+f+fi=-2Y, f[+RE+E=32, [E+RE+ERE=XE
(fr+ f2) f3 + (f2+ f3) [T + (fr + fs) 3 = =321
The function ©(u,n) then satisfies the relations
_Elfl(/\,n)
F_1(\n)’
3D,(\,n) — 2 DY;(N)
- Fio1(\n) ’
Lo 3G - 2T (A, n)Yi(A)
O(u,n)  O(u*,n) O(u**,n) E_1(\n)

O(u,n)O(u*,n)O(u**,n) =

O(u, n) + O(u*,n) + O(u**, n) (3.17)

4. Algebro-geometric solutions of the stationary hierarchy

We analyze the asymptotic behavior of the functions ©(u,n) and Z(u,n), and then introduce the Abel
differential and the Riemann theta function. As a result, we obtain algebro-geometric solutions in the
stationary case, whereby the potentials ¢, r, s, and v can be expressed as in terms of the Riemann theta

function.
First, it follows by direct calculation that ©(u,n) satisfies the Riccati-type equation
_ n _ _ s(n) _
g (n)g(n)©7 (u,n)O(u,n)0 (u,n) = | v(n)qg" (n) — 5= (n) O~ (u,n) +

+ A +7(n)O(u,n) — 01 (u,n) +v(n) + (A+7(n))g” (n)O (u,n)O(u,n) —
—q(n)O(u,n)0" (u,n) — ¢~ (n)O (u,n)O" (u,n). (4.1)
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Introducing the local coordinate ¢ = A™! near u.s and comparing the powers of ¢, we have the formula
o0
@:Z(Sjcj, U — Uso
j=1

with s
01 = —v, do=v" — v 4o,
s (4.2)
Ss=v(r+rT+l—qu+r)+or2+r—qu—2¢ v —rT) -0t

2

As at the preceding step, we introduce the local coordinate A = ™= near u.,» and compare the powers

of 1, which yields

o0
O = E K1, U —> Usol
Jj=0

with
S
ko=1,  K1=-¢ —uv, R2=1—T+q*2+q*v+q*q"+s,- (4.3)

The divisors [16] of the meromorphic function are
O, m) =Dy it i () = Do ity iy (1), (4.4)

whence it follows that ©(u,n) has [ zeros, uoor, fif (n),..., ;" (n), and I poles usor, fi1(n), ..., u—1(n).
Besides, according to (3.8), (4.2) and (4.3), we have

=Z1(u,n,ng) = T(n,no)s" " (1+ 0(s)), U= Usor, S =N, (4.5)
where
n—1
H —v(n'), n>=ng+1,
n’=ng
Y(n,ng) = 1, n = no,
no—1
I (v )™t n<ne—1,
n’=ng
and
=1 (u,m,ng) o n" "1+ 0O(n)), U= Usgry, 1= A2, (4.6)

The divisors of the Baker—Akhiezer function =1 (u,n,ng) are

(E1(w;n,m0)) = Dy (n),sfis_1(n) — Diia (n0)seesfis 1 (no) + (0 —=10) (D, = D). (4.7)

The Riemann surface K;—; has a canonical basis of cycles wy,...,w;_; and 01, ...,0;_1 whose inter-
section numbers are

wjo0, =0, wWjow,=0, 0j00,=0, jyo=1,...,1—1. (4.8)

On K;_1, we define
1 MNe=tdx,  1<h<2p—1,

w u = =
n(v) 3f2+Y, fAP2 0 o <R 1,
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and set

@ij:/ Wi, Pij:/ Wi,
W (o J]

J J

where the matrices @ and P are invertible. Now, we introduce new matrices Q and 7 such that Q = Q!
and 7 = O7'P. It is easy to see that 7 is symmetric (7;; = 7j;) and its imaginary part is positive definite
(Im7 > 0).

Transforming @y, into the new basis wj,

-1
wi =Y Quin,  j=1,...,01—1, (4.10)
h=1

we have
-1 -1
/ wj = g th/ Wp = E QjnPro = Vjos
Wo h=1 Wi h=1
-1 -1
/ wj = E th/ W = E QjrPho = Tjo-
Oc h=1 Oi h=1

We define the third kind holomorphic differential on K;—1\{Q’, Q"} as w$y) 5. It has poles at Qi with
the residues (—1)**!, k = 1,2. In particular,

Q'
3 3 . .
/ w(Q/),Q” = 0, / w(Q/),Q// = 2771/,, Wy, ] = 1, ‘e ,l — 1.
W Oj

(3)
For wy, u__ ./, we have

W) =, (W 4 0() d, W e, = AL

(3) ' -1 ) _1/2 (4.11)
Waliuen (_7] +UJ80 n +O(7I)) dna U =7 Usorry, 1= A s

oo " n—0

whence N
/ w’ELB)/’LL " o 1H§+€1(Qo)+w8°/§+0(§2), U —> Uso/
oo’ o0 g
. (4.12)

/ w® ., 50 —Inn + £2(Qo) —|—w3°”77 +0(n?), U = Uoor,
0

where Qg is a variable base point on K;_1{ucor, oo }, and £1(Qo), £2(Qo), wg°', and wé’o” are constants.
Let 7;_1 be the period lattice {z € C'"'|z = F + H7, F,H € Z'='}. On K;_1, we regard Jj_; =
(Cl’l/'ﬁ,l as the Jacobian variety. We can then introduce the Abel map A: K;—1 — J;—1,

U

wl_1> (mod T;—1).

Alw) = (A1 (), .., A () = (/uwl/

0

We define the divisors group Div(K;_1) and continue the above equation to it by linearity:

A<Z hgug) = heAlu,).
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We consider the nonspecial divisor Dy () = Zf::ll fir(n) and define

-1 -1 -1 fio (1)
o) = A( S eln)) = S Aty =3 [ (113)

where p = (p1(n),...,p—1(n)) and w = (w1,...,w;—1). We define the Riemann theta function 6(z)

on K;_1 as
0(z) = Z exp{2mi(F,z) + wi(F,F1)}, z2=(z1,...,21-1) € C71,
Fezt-1
-1 -1 (4.14)
(Foz)=> Fizj, (F.Fr)= Y 7jeF;Fs
j=1 jo=1
We then introduce the function
0(z(u, fi(n))) = 0(A — A(u) + p(n)),
(2(u, fi(n))) = 6( (u) + p(n)) (4.15)

wekimy,  filn) ={f(n),...,fu-1(n)} € o' 'K,

where o!1/C;_1 is the (I — 1)th symmetric power of K;_1, and the expression of the vector A depending on
the base point Qg is

1 " .
Aj:2(1+7_jj)_z/wawo/owj’ i=1,...,0—-1
Theorem 1. Let u = (X, f) € Ki—1\{toor, oo}, (n,n0) € Z?, and Dy, be a nonspecial divisor.

Then
i(n))) (n))) u
O(u,n) = ox qu:s),u o 7
e 0(z(toorr, 1™ (n)))0(2(u, u(n))) p</0 o’ st 2(620))

X (4.16)

i
x exp((n — no) ( /Qu wl® - eQ(QO)» .

The divisor Dy can be linearized as follows under the Abel map:
p(n) = pl(no) + (n — n0) (Alttoer) — Alti). (4.17)
Proof. Using the Abel theorem, we can obtain (4.17) from (4.7) and deduce the equations by (4.10),

eXp</u wfil,,uoo,, - Ez(Qo)) So sexp(£1(Qo) — £2(Qo) + O(<2))7 e
0 (4.18)

eXp(/ wé";l/,um,,—@@o)) = 17 o), "
Qo n—0

Letting ¢ denote the right-hand side of (4.16), we find that ¢ and © have the same zeros and poles.
According to the Riemann—Roch theorem and Egs. (4.3) and (4.18), we have

¢ _ (1+0m)n~+0(1)

O n—0 77*1 + 0(1) =1+ 0(77), U —> Uso! -

Hence, the Riemann theta representation of ©(u,n) can be proved and the representation of Zq(u,n,no)
can also be proved by (3.8) and the representation of ©.
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Theorem 2. Let n € Z, Dy(,) be a nonspecial divisor. Then the potentials q, r, s, and v can be

expressed in terms of the Riemann theta function as

v | 0 0o, i ()
q(n) = —wg® — ;<3ﬁo@j,l—1 + aofo @j,2p—1> 0. In G(z(uoo/,ﬂ+(n))) -

exp(£1(Qo) — £2(Qo)),

T(n) =—wy + 2(3040@” 1— QJ 2p— 1) 5 In 9( (Uoo ,u(n)))
)
)

) _ e A2 0 | 0l ()
e Y L TEE LR Pty kiintis

, (4.19)

(2 (uoor, p(n)))B(2(ucer, 1 (n)))
0(z(ucor, ii(n)))?

Proof. According to the Abel theorem and (4.6), we have

exp(£1(Qo) — £2(Qo))-

pF(n) + Aluner) = pln) + Aluser),
SO
0(:(tocrr, i () = O(=(ttoer, ().

whence using f = l"(p) + l"(p) :(Lg)/@*1 we have

s ao —an? + O], u = s, =AY
7772;071[50 - 51772 + 0(773)]7 U= Uoor, M= A2,

s—0,
n—0

Using (4.9) and (4.10), we deduce the equality

-1 2p—1 h—1 -1 h—2p—2
AP FAPTPT2dA .
— iop, = " i , =1,...,1—1.
SR R S R S

The expression of w; can then be obtained by direct calculation:

1
le 1— 2@j,2p—1 + O(g)dg, U —7 Uoo
wj; = aq
0,
3;;)0 QJl 1=

1
3ﬁ /o
With the Riemann theta representation of O(u,n) in (4.16), we have

Qj2p—1+0(M)dn, u— Usor.

0(=(u, i () _ O(A = A(w) + pF () _ (A = Alune />+p+<n + it w)

0(z(u, i(n))) — O(A—A®w) +p(n)) 0N — Alusr) + p(n) + [ w) <

0( s Ay — A (uor) + P (n) = (32, Qju1 — aoz@j,zp_ng +0(s? ) »

S0 0(-+ Ay — Aj(uoer) + pj(n) — (30, Qit-1 = 402 Qj2p-1)s +O(s?),..) ¢
O oo ) = 02 (52 Qim1 = o2 Qiizp1) 52, MO (eer im))s + O(s?)

S0 0(2(uoer i) = S5 (520 Qi1 = 422 Qiizp1) o2, MO((oor, ¥ ()5 + O(c?) =0

0

c—0

0’ =t 2 1 1o} ‘9,
+
= 1-— E il—1— i.2p— In + O
So o ( : 1(3 OQg,l 1 02Q3,2p 1) SZ]‘ o C (C ))

’

where u — o and 0 = 0(z(uoer, (1)), 0, = 0(2(user, i (n))).

506



Similarly to the previous steps, we obtain

"

o=t (m) 6L (& 0 &
o=, fi(n)) 67 (1‘;( 35,0001~ oy Qi) 00 ).

where n — 0, 0" = 0(z(ucor, 1(n))), and 91 = 0(2(uso, i (n))). Hence, we have the following formulas as
n—0and ¢ — 0:

’ 0/
(+ (o = 202 (52, Qiam1 = W2 Qizp1) 2, n 57 )62+ O(%))
9//0/
on) = 4 Copo PE(Qo) = (o)), S )
’ s—0, _ 9”
n—0 | N 1 + wg® +ZJ 1(350le 1+ aoﬁg(@j 2p— 1)821- In 977 + O(n),
U — Upp! -

In addition, in accordance with (4.2) and (4.3), we have

—vs + (v+ — Ty rv) 24+ 0(s%), u— U,
O(u,n) = s
s—0

n—)d 77_1 —q +’U+O(77), U — Usp! -

Formulas (4.19) are thus proved.

We let the o-periods of w&il,,um,, be denoted as

211

AB = (A® ARy A® = 1./ W . o=10-1. (4.20)

Combining (4.11), (4.17), (4.19), and (4.20) shows that the Riemann theta representation for ¢(n), r(n),
s(n), and v(n) has a remarkable linearity in n € Z x R. As a matter of fact, Egs. (4.19) can be rewritten as

-1
" n o 0B + A®n) 0By + ABn)o(B, + AB)n)
= —w + SR 2 — 0 2 ¢ — ¢ ,
q(n) = — w3 g 190, ™ 0B 4 ADn) (B, + AVmB(E. 4 AP ) TP@) ~ 2(Q0)
j=1
-1
d . 0B, +A®n)
=+ YK T
r(n) w, ; 700, " g8, + A®In)’
-1
s(n) _ () O OBy +APn)
s™(n) — 0 ;Kj70 0z, DH(B + A®p)’
0By + AP n)o(B, + A% n)
U(?’L)— 9(80+A(3)n)2 exp(él(QO)_KZ(QO))'
where

By=S—-A®,  Byi=8-A® = B =5+A49,
B,=8+A%, B,=8+24%,  B,=8+ 2A<3>

oo’ 2 1 o’ 1
K;O = 3060@1'71*1 T2 Qj,2p—1 ]K;O ) = 5 Qj1-1— Oﬁo(@jﬂpfla
S = A Ofus) 4 plno) - APnmg, & = A~ Ofunsr) + (o) — APm.
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5. Algebro-geometric solutions of the hierarchy
in the time-dependent case

In this section, we discuss the algebro-geometric solutions of (1.3) in the time-dependent case. We first
define the time-dependent Baker—Akhiezer function

E=Z(u,n,n0,tm, tom) = U(g(n, tm), r(n, tm), s(n, tm), v(n, tm); Mw))E(w, 1y o,y by tom ),
Etm(ua n,no, tm, tOm) = fmU(Q(na tm)a ’I"(?’L, tm)v S(Tl, tm)v ’U(Tl, tm)a /\(u))E(u, n, no, tmv tOm)v
1"(1)) (q(n7 tm)a T(TL, tm)a S(”a tm)a U(”a tm)v )\(U))E(U7 n,no, tma tOm) = f(U)E(U, n,no, tma tOm)a (51)

El(ua no, 1o, tO’ma tOm) = 17

u e Kl,l\{uoo/,uoon}, (TL, tm), (no,tom) € Z x R.

From the compatibility condition for Egs. (5.1), we have

U, — (ET™U +UT™ =0, (Er®)yUu—ur® =o, TP —[@™ 1®]=0. (5.2)

m

Direct calculation shows that f (), f) = det(fI —T'(®)) satisfies the stationary zero-curvature equation.

The Lax pair I'® characteristic polynomial is a constant independent of n and ¢,,, and we have
det(f1-T®) = f2 = f2Xi(N) + fYi(A) = Zi().
Then the trigonal curve IC;_; is naturally defined in the time-dependent case as
Kioi: i) f) = £ = F2X0(N) + fYi(N) = Zi().
The meromorphic function ©(u,n, t,,) on K;_; is defined as

2(”7 n,no, tma tOm)

O(u,n,tm) = = , €K1, (n,tm)€Z xR, 5.3
(u " m) = (U7n;n05tmat0m) “ -t (n m) ( )
whence we have
n—1
H (1+q(n,tm)O(u,n’, ty)), n>=ngp+1,
n’=ng
E1(u, n, no, to, tom) = 1, n = no,
n—1
IT @+ atntm)O(un 1)), n<ng— 1.
n’=ng

From (5.3), we have

JTOE (N nyt) + Ar(A n, t)
O bn) = “erm (3 0 t0) 4 Bi(An, tn)
_ Ei_1(A\n,ty) _
TR Ny tm) — FAIN N ) + O A nytn)
_ 2T\ ny ) — FBI(A 1y t) + Di(A n, t) (5.4)
E_l(/\,n,tm) ’ '
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where u = (A, f) and the elements such as A;(\,n,t,,) are defined the same as in the stationary case.

Similarly,
-1

F_i(Antn)=F_1p H(/\ — 1i(n,tm)),
j=1
-1
El—l(A,TL, tM) = _E—l,O H()\ - :uj('n”tm))

j=1
We give the expressions for {fi;(n,t,)}j=1,...—1 C K;—1 and {ﬂj(natM)}jzl,...,l—l C Ki—1 in the form

ﬂj (7’1,, tm) = (:uj (TL, tm)a f(:aj (TL, tm))) =

_ . _ Bl(Mj(natm),n,tm)
- <“ 31 tm) F%(w(n,tm),n,tm))’

B (s tn) = (1 (s ), £ (1, 6n)) =

A j m )y 1t tm
= () = st b 3 ) ez
1—‘32 (ﬂj (n7 tm)a n, tm)

From (5.4), the divisor of ©(u,n,t,,) can be expressed as

(©(u,n,tm)) = Duoo/7,11+(n7tm)7...,ﬁltl(n,tm)(“) - Dum,,,ﬁj(n,tm),...ﬂltl(mtm)(“)a (5.6)

and hence ©(u,n,t,,) still has [ zeros, uoo/,ﬁf(n,tm),...,[thl(n,tm), and [ poles uoor, 11 (N, tm), - - -,

,&/l— 1 (n) Z‘:’m. ) .
By the same calculation, it is clear that ©(u,n,t,,) satisfies the Riccati-type equation

q (0, ) q(n, 1) O T (1,1, 1) O (U, My 1 ) O™ (U, My ) =

s(n,tm)

= (v(n,tm)q(n,tm) — 5~ (n, tm)>@(u, N, tm) +
+ A+ 7(n,tm))O(u, ny t) — OF (u,n, thn) +v(n, ) +
+ A+ r(ntm)g (n,tm)O~ (u,n, tm)O(u,n, ty) —
—q(n,tm)O(u,n, t)OT (uynyt) — ¢~ (0, t)O ™ (U, n, )OO T (u, ny ). (5.7)
Also similarly to the preceding subsection, it can be shown that the function ©(u, n, t,,) satisfies the system

of equations

* *3k Elfl(/\7n7tm)
tm ) 7tm ) 7tm = - ’
O(u,ny b)) O (W™, n, ty)O (W™, n, ty) Fit O, tn)
3Di(A,nytm) — 2T (A, ny ) Yi(A 1, t)
] tm) + OW*, n,ty) + O™, n,ty) = , 5.8
(1,7, ) + O™, ) + O™ 1 1) . (58)
1 n 1 n 1 301 (A n, ) = 20T (A st ) (A, tn ) YA, 1, E)
O(u,n,tm)  O(u*,n,tm)  O(w™ n,ty) E_1(\n,ty) '
Differentiating the meromorphic function with respect to ¢,,, we have
= =, B BB, = /2. Ei,
(—)tm f— - f— —0 = _ — — — f—
E1 /s, =5 E1\ Ef =
= N N ~ 1
=oAL :@A< m +r;g@+rqu@_),
=1
whence o ) )
u, n, tm t ) e e
" =A(THn,ty) T\ n,t,)0 + T (N, n, ty, , 5.9
o — A (Bt 4 FB O )0+ T Ot o L) 69

where A is the difference operator and A = E — 1.
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The dynamics of 1t;(n, t,) of Fi_1(A,n,tm) can be described by Dubrovin-type equations in accordance
with the following lemma.

Lemma 1. Let (n,tn) € Z x R. The zeros {p;(n,tm)},—;;y of Fi-1(A,n,ty) satisty the equations

Pt (s ) = [T (1 (st )y 1 b )T (11 (1 ) 0 ) —

Dy (s s s b D g )] B (1 Em)) 4 Yi0 ()

1 , (5.10)
E—l,O Ho‘:l, (:uj (TL, tm) - :U’O'(nv tm))
o#]
where 1 <5 <1 —1.
Proof. From (3.10), (3.11), and (5.2), we have
Fiove, (W tw) = (0908 + THTH (T - 1) - CF)°T), =
=371 Fioy +3(003 A - f?@G» — 2T~ THTE)Yi =
= Bf’fin 1+ 3f (r@’)Gl B By) - 3T (T B, — TH G +
With (3.12) and (5.5), we then have
B Gi _
(p) = (p) = _f(:uj(na tm)),
D1 D=py i) Thg =g (nitn)
whence
LTS Gr = T8 B a0y = (s (0 b DI a0
LY B = D Gy (.t = 8y (0, ) )EBT S Iacis )
(T73B1 = TG ampy () = —F (g (0 ) ) (TT —F?@ﬂp) )| N
Therefore,
-1
Frt O 1 tn) gy () = =it (Mot Fron0 [ ] (1 (0 tim) = o (ntim)) =
o=1,
oF]
= (3£ (it (n tm)) + Vil (n, ) (CBTE = TBTEN] e
and Eq. (5.10) is thus proved.
Moreover, in accordance with (5.1), we have
tm ~ ~ ~ ].
= m m m ’
E1(u,n,ng, tm, tom) = exp(/tOm (I‘ll()\,n,tm) + I\ n,t,)0 —|—1"13(/\,n,tm)®_(u - )>dt> X
n—1
[T @ +amtm)O.n t),  n=ne+1,
n’=ng
x 1, n = ng, (5.11)
’I’Lofl
[T @+ a(n tm)O(u, 0/ ) n<ng — 1,
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and
= (U7 N, M0, b, tOm) = El(ua N, N0, tm, tm)El (u, N9, N0, tm, tOm); (512)

where u = (A, f) € Ki—1\{toor, Uoor }, and (n, tp,), (no, tom) € Z x R. Using the function in (5.11), we define
1L, (u,n, t,,) as

Am Am Am 1
IL, (u,n, tm) =T (A nytn) + DT (A, ny b )O(u, n, b)) + Fl?’@—(u notn)’
whence
m, m, m, 1
T (u, m, ) = D (O 1, ) + TV (O 1y £0)O (1, 1, ) + T ’“>97(u ) (5.13)
where _
(m 1) ~(m,2)
L = Thlagmrpimo L0 = Thlagmr,im0r
and &, ="'=@m=B1="'=Bm=0- Hence,
I, (u, n, tp Zam hH (u,n, tm) + Zﬁm—hﬁf)(uan,tm)' (5.14)
h=0

Lemma 2. Let (n,t,,) € ZxR, and let ¢ = A\~! and n = A/? be local coordinates near oo and tsor.
Then

—(m+1)
~ S +0(), U= Usr,
116 (u, 1, tn) S0 ) Zn= D Z O(), u = e
n—0 n n) 00’y
_ (5.15)
—bm (N, tm) — bm+1(n tm)d 1 (ntm) + O(5), u— User,
I (u,n, t,) = b1 (o )
0, m ’ d+ 0] s — Uso!’ -
3710 b;il(n;tm) 3 m+1( ) + (77) u u
Proof. We set @™ =a&™|. . » .. From (5.1) and (5.13), we then have
&o=1,B0=0

(/\nt)

o) . _ pm1) F(m 1) . . INEY
D (u, 1, t) = DV (A, 1y ) + (A, 7yt )O(u, i,y t )+ O (u,n, 1)
+

~m 1 z
=a"+ (@(u, n,tm) + S(n’tm)EG)—(u, n,tm)>b

1

+q(n,tm)s(n,tm)2Ech@_(u nat)’

Using (4.2) and (4.3), we have the following result as m = 0:

—1
~ ¢ 4+ 0(q), U — Uoo/
H(()l)(u,n,tm) _ 1 (<) 00
% L —0m), u = ueor,
We now suppose that
~ —(m+1) 5. J ,
Hs_é) (u,n,tm) = N + ZJZO 0; (1, T )<, ‘ U —> Uoo’
S0 | = g it = e,
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where the coefficients of {d;(n,t)}jeq, and {x;(n,tm)} cq, can be determined. In accordance with (5.9)
and (5.13), we obtain
O(u, 1yt e, = O(u, n, b ) AT (u, n, L),

Comparing the coefficients of ¢ and 7, we have

5j,tm = (SlAQj,l + 62A9j72 4+ 5jA907

Kjtm = KoAX; + ke Axj -1+ -+ + Kj—1Ax1, j=0,

m

whence

Axo =0, Ax1 = K1, = Abyi1,
@1t V¢ ~
A — sbm — m — 2a ,
Qo 0, m+1

v
e N i
*Aoo = ACms1 + (B = 1) Yamar).

1
Agy = _
0 =g O2tn = g

It then follows that

Xo(n,tm) =0, X1 (1 tm) = bng1 (1, tm),
Qo(natm) 2(E - 1)71dm+1(n7tm)7
Ql(n; tm) = _Em+l(n; tm) + (E - 1)71am+1(n; tm)

Therefore, in view of AA™! = A7!'A = 1, the following results can be deduced:

~(1) _ [a —2 1
Hm+1(u, N, tm) = Hgn) (u,m,tm)s =+ (@(u, N, tm) + SnE@—(u,n, tm))bmﬂ +
i} - 1
a1 (1) £ 40 )3 (0, 60) Bt gy =

= ¢ D 4 ¢ 0g — 211 (1, ) + 01 + Emi1 (N te) —
— (B =1 am1(n,ty) =

— —(m+1) 0(s), U — Usors
(D _ 1o —2 1 ~
I (u, n, ) o I (uymy b )~ + (@(u, Nytm) + 5("vtm)E@,(u’ n,tm)>bm+1 +
- ~ 1
+ amt1(n, tm) —|—q(n,tm)s(n,tm)2Edm+1 O (u, n, 1) =

=0~ 7o — X1+ b (ny ) =

= —ﬁi(erl) — 0(77), U — Uso! -

We have proved (5.15) for ﬁifjil for k = 1; the proof for k = 2 is similar.

Let wfilk 5 J =2, be the normalized differential of the second kind that is holomorphic on K;—1\{teok }
and has a jth-order pole at usr (k = 1,2),

() , — 1

Yard = (c77 4+ 0(1)) ds, U= Usor, S =1,

W) ;= 0y, u— e, = A2,
n—0

”
U »J
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and has the w-periods [, w ) —0,0=1,...,1— 1. Let

Uook ]

3@ = Zam n(h+1) f),)th2+Zﬁm n(2h+ D08 . (5.16)

Integrating (5.16), we obtain

uA(z) _ - —h—1  $(2) ,

[, 5% Sy Lm0 100w
u6(2) = — Am_ 72h71+é(2) + 0O s — Uoso!’ -

Lo =, > o 2(Qo)+0().  u—u

We next find the explicit Riemann theta function representations for the functions ©(u,n,t,,) and
El (u, n,no, tm, t()m).

Theorem 3. Let u = (A, f) € Ki—1\{toor, User}, (0,10, tm, tom) € Z% X R%. If Dy, 4,.) is nonspecial
and (n,t,) € Z x R, then O(u,n,t,,) and =1 (u,n, o, tm, tom) can be represented as

+

Bl G )
06w) = g, st oy "V e =B@), 010

and

= (u.n.n _ 9(2(’“’00”7ﬂ(nO,tOm)))a(Z(u,ﬂ+(n’tm))) N . w ) B
E1(u, 1,10, tm, tom) = 0(= (oo, i (11, £ ) )02 (1, im0, tom))) © p<( 0)</0 W, 42(Q0)>> -

+ o~ ton) Qe — [ B (5.18)

Proof. For to,, = tm, Z1(u,n,no, tm, tm) has the form

= (u.m.n _ 0(z(toor , f1(N0, tom )0z (u, B (N, tm,))) . “ o )
E1(u, 1y 10, Ly tin) B(z (oo, it (1, tm))0(2 (s 1110, tom))) p(( 0)(/0 W, eQ(QO)».

We also need to verify that

tnl
Z1(u, no, 10, tm, tom) = exp(/ Hm(u,no,t')dt'>.

tom

We let Wi (u, ng, no, tm, tm) denote the right-hand side of (5.18). Then

o O B o O 0 t))) (e
Wilusmostos s ) = o 2 e i fon ) © p<“m t“’”)<£2 @[ ))

Next, we prove that

Z1(u, n0, Mo,y tmsy tom) = Wi(u, no, no, tm, tom)-
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First, we use (3.12), (5.4), and (5.13) to obtain the formula

L, (7, fn) = D7 (A 10, ) 4 DY (A, 1y £ ) O (1, 1y ) + L o

S szg’;) —fBi+ A

o fQF(:D) fGl +Hl
=T+ 19 - =

i Fi
_ 1
Fi_

“(uyn,tm)

1 Am Am 2 Am Am
(310 + EBrE - Fpr) (724 301 ) - - TpG0 ) =

Mt (Retm) _ o ,
= AL () +0(1) =0, In(A — pj(n,t)) +O(1), A= pi(n,tn),
where O(1) # 0. Consequently,
= A— i (nO;tm) o
E1(u, noy 1oy by tom) = exp</ Oy In(A — pj(ng,t') dt’ )) X — 115(nos tom) o(1) =
()\—Mj(no,tm))O(l), U%ﬂj(noﬂt ) 7& N'(no,tom),
= 0(1)7 u — /'LJ (n07 ) ﬂ (n07t0m)7

(A = (10, tom))~TO(1),  u = fi5(no, tom) 7# fij (10, tm)-

Hence, =1 (u,no, 1o, tm, tom) and Wi (u, ng, no, tm, tom) have the same poles and zeros on K;_;. In addi-

tion, we can find that K;_1, E1(u,ng, no, tm, tom) and Wi (u, ng, no, tm, tom) have the identical essential

singularities. Because of Dj(,¢,,) is nonspecial, Egs. (5.17) and (5.18) have been proved.

We let the o-periods of 653) be denoted as

~(2)

Theorem 4 (straightening out of the flows). The following equality holds:

p(n,tm) = p(no, tom) + AP (n — ng) + .2(72) (tm — tom)-

Proof. Introducing the meromorphic differential

0 ln(El(u7 n,no, t’ma tOm)) d)\,

U(?’L, N, tm, tOm) = EN

we use (5.18) to obtain

(2 (2
A = (AP, AP, 53)0227”/ 5O, =1,

g1 (5.19)

(5.20)

U(n7n07tm7t0m) (n B Tl()) (3)/ sUoo ! o (tm B tOm 2) + Zwlh ’I’L tm,) Hj n07t07n + Zé wj,

where / € C, j =1,...,1—1. On K;_1, any of the w-periods and o-periods is an integer multiple of 27i

because E1(u, n, ng, tm, tom) is single-valued, and hence

271'2130 = U(n,no,tm,tom) = / ijwj = Zg, g = ]., .

Wo Wo =1
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where B, € Z. Similarly, for C, € Z (c = 1,...,1 — 1), we have

27miCy :/ G(n, no, tm, tom) =
o,

=<n—no>/ w®, . ,,—<tm—t0m>/ 52 +
o o

o o

+Z/ Wi (nytm )it (10, tom) +/ Zf w; =

= 2mi(n — ng) AP — 27i(t, — tom) / oW+

o

A (notm) -1
+27TZZ/ wg+27riZBj/ wj =

122 n07t0m,) j=1 Ogs

= 2ri(n — no)AS) — 27i(ty, — tom) AP, +
-1

-1 i (n, m) (no,tom)
+ ZWi(Z/NJ t Z/MJ e U) + ZﬂiZBjTj,Ua
j=

—17/Qo j=1

whence
-1

g (n,tm) fij(no,tom)
C = (n—110)A® — (t — tom) AL + Z/ w— Z/ w + Br, (5.21)

0 j=1 0
where C = (Cy,...,C_1) € Z'"Y and B = (By,...,B;_1) € Z'7'. Therefore, we have proved (5.20)
because (5.21) is equivalent to (5.20).

From Theorem 4, we have

~2)

0(2(toor fi(n, 1)) = O(By + A®n + A, tr),
O(=(tor, it (1, t))) = OB, + AP + A2,

O(=(toer, i (0, 0))) = 0By + APn + A4, -
0(= (oo, j(n, t))) = OBy + A®n + A4, 02
8(=(uoer, 1 (1, 1)) = OB, + A®n + A4,.),

0(2(ttoorr, 11 (1)) = OBy + A®n + A1),

where
By=8-A®,  By=8-A®, B =8+49,
B =8 +A®,  B,=8+24®, B,=38 +24®),
S=A— O(too) + p(no, tom) — A(?’)no — Agz)t()m,

A
3\/ =A—- @(uoo//) + ,O(Tl(), t()m) - A(B)Tl() - Ag)t()m.
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Theorem 5. Let (n,t,,) € Z x R and let the divisor Dj;(,,.) be nonspecial. Then

| 1 9 0(2(uoor, 1T (nytm)))

g(n,tm) = —wi - ]Z_;<3ﬁo@j’l_l oo @j’2p‘1> 0 ™ 0= (toers i (s 1))

0z (uocr, i1, tm)))0 (2 (toer, 1 (1, tm))
(2 (oo, (1, )02 (e, 1 (, )))expwl@o)—ﬂz(@o)),

o0’y stm
r(n,ty) = — wi® +Z< Qji-1— 2@j’2p 1) uum/ﬂu(;ntm)ii),

S_(Tl,tm 8zJ- o(z(uoo/uu(natm))) ’

02 (e, (12, tm)))0 (2 (thoor, u* (1, Em)))
0(z(toor, u(n, tm)))?

-1 ~4
s(n,tm) / < 2 1 > 0 0(2(toor, 1 (M5 )
= w — Sy 1 — ; _ 1 -
) Wy jg_l 30[0 @jJ 1 a2 Qj72p 1 n

v(n,tm) = — exp(£1(Qo) — £2(Qo)).

Combining (5.20) and (5.23) shows that the Riemann theta representation for g(n,t,),

(5.23)

r(n,tm),

s(n,tm) and v(n,t,) has a remarkable linearity in (n,t,) € Z x R. Expressions (5.23) can then be

rewritten as

(o 0,0 By + A®n + At
q(n tm) = —OJO +Z ) (AQ ~2) ) -
ZJ 0(61 + A®n 4 A )
~ ~(2)
0B, + A®n + A2t,)0(By + AP n + Amt
(Bo+ A% Ay 1) ™) exp(t1(Qo) — 2(Q)),
0(By + A + A, t,,)0(B, + A®n +A tm)
-1 ) (3)
) = — +ZK§?5)38 1n9( 4 A®n 4 Ay m).
= % (B, +A<3>n+A tm)
) -1 , (3)
i(n,tm) e —ZKE-O(?) 0 1n0( + A Tl—|— m)
S (natm) J=1 ’ aZj ( A(B m)
~ A(2)
0(By+ A% n + A, B +A<3 + A%,
o t) = B0 AT E At 0I5 ) exp(4(@Q0) — £2(Qu))

0By + ADn + A, t,,)?

(5.24)

Hence, formulas (5.23) and (5.24). give algebro-geometric solutions of the discrete hierarchy of the gener-

alized Toda lattice (1.3).

To clarify the algebro-geometric solutions, we consider a simpler example of the Riemann theta rep-

resentation under the condition p = 1. The genus of K9 is therefore equal to 2, and we can obtain the

following results by direct calculation:

l"%) =gy + By + a1 — b1, 1"(1) = (36p — 2a0)q ", 1"%) = —sq,
F%) = (380 — 2a0)v, 22 = B0 — a1+ 2ﬁ1, Fé? = (360 — ao)s,
-
= ao—3g) " TR = (0-38) L —TH T = a0 -

The trigonal curve F 3(A, f) = 0, whose degree is [ = 3 (/o # 0), can then be defined as

Ka: Fa(\ f) = 2 = £2X3(\) + fY3(\) — Z3(\) =0,
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where

Y3(A) = (—ao? + apBo — 380°)A2 + X — (a2’ + azca + 2?),
Z3(\) = (@02 Bo — 3080 + 2B80° )X + 1202 + 13\ — (as?ca + azcs?),

and 11, 19, and 13 are arbitrary constants. Therefore, the polynomials of F» and E5 can be reexpressed as

Fy(A,n,tm) = (380 — o) (A = pa(n)) (A — p2(n)),
Ey(X,n,tm) = (a0 — 30)(A — 1 (n)) (A = 3 (n)).
The Riemann theta representations of the potentials in the case of genus is 2 can therefore be rewritten as

2 ey @ 0(Be+ A0+ A, t)

q(n,tm):—wgo//—i— K In . -
; P00 By + AP0+ APyt

0(Bo + AP n + A2, t,)0(Bs + A n + AD,t,)
0B + A+ A2y t)0(By + A n + A t,,)
B, + AP+ AP,
r(n,tm) = —wg® g

’ Z 70 34 0(By +A<3>n+A2> tm)

s(n,tm) oo (') O (81 + A23)n + ./4(2) otm)

ym j=1 2 (BQ+A TL—I—.A )
0By + A + Ao t,)0(By + AP n + Afj otm)

Jtm) = — PO ’ 12 —/ ,
U(?’L ) G(BO—I—AgB)TL—FA\(Q) t ) eXp( 1(@0) Z(QO))

exp(fl (Qo) — (QO))ﬂ

where
0(z) = Z exp{2miF1z + miT1 Fi},
Fiez
Bo=8-AY, By=8-AY, B =8+AY,
Bi=8+AY, B=8+240, B;=8+240
g = Ay — @Q(UOO/) + pz(no, t()m) — AgB)Tl() — A\(Q)Zt()m,

S = Ay — Oa(ueor) + p2(no, tom) — Aé3)no -Z(z)tmm
oo’ 2 1 0o 1
K'Y = 3y D11~ 42 Qo Ki5 ' =, B Qi1 =, g Qizp-t.
These formulas define algebro-geometric solutions of the discrete hierarchy of the generalized Toda lat-

tice (1.3) in the case of genus 2.
6. Conclusions and Remarks

We have found algebro-geometric solutions of the hierarchy of generalized Toda lattices. The hierarchy
was generated using the zero-curvature equation, and the functions Z and © were introduced on the trigonal
curve. Based on the Abel differential, the Riemann theta representations of the potentials were constructed
in the stationary and time-dependent cases, and solutions of the hierarchy were obtained. Currently,
increasingly many researchers focus on trigonal curves and the application of these methods is gaining in
popularity. Discussing the algebro-geometric solutions of the 4th-order soliton equations is also interesting,
and we plan to address this problem in the future. Equally important is the study of soliton solutions
beyond the algebro-geometric solutions, such as the lump—soliton and breather solutions.
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