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RIEMANN-HILBERT APPROACH AND N-SOLITON SOLUTIONS
OF THE GENERALIZED MIXED NONLINEAR SCHRODINGER
EQUATION
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We apply the Riemann—Hilbert method to the generalized mixed nonlinear Schrédinger equation and
obtain a new formula for an explicit N-soliton solution, which is expressed as a ratio of (N 4+ 1) x (N +1)
and N x N determinants. Using asymptotic analysis and the property of the Cauchy determinant, we derive

simple elastic interactions of N-solitons.
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1. Introduction

Propagations of ultrashort light pulses in optical fibers have attracted considerable attention because of
their extensive applications to telecommunication and ultrafast signal-routing systems. In 1973, Hasegawa
and Tappert [1], [2] theoretically proposed an accurate model describing propagation of soliton-type optical
pulses in a monomode fibers without the inclusion of higher-order nonlinear effects in the picosecond regime,
i.e., the well-known nonlinear Schrédinger (NLS) equation [3], [4]. Due to experimental achievements in
soliton-type pulse propagation in optical fibers [5], it is increasingly believed that the next generation of
optical communication will be revolutionized by optical solitons.

The realization of picosecond pulse propagation through a single-mode nonlinear optical fiber in accor-
dance with the NLS equation depends on the delicate balance between group velocity dispersion and self-
phase modulation. self-phase modulation is the dominant nonlinear effect in silica fibers due to the Kerr
effect. Nevertheless, as the advances in the area of laser technology and the demand to have the large
channel handing capacity and the high speed, one always has to transmit solitary waves at a high bit rate
of ultrashort pulses. For example, the current technology can generate few-cycle pulses at the attosecond
scale [6], [7]. In this case, the standard NLS equation is inadequate to accurately model the propagation of
ultrashort pulses [8]. Thus, it is our task to derive new models or a generalized NLS equation to describe
ultrashort pulses, including other effects such as self-steepening, the self-frequency shift, and a quintic
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non-Kerr nonlinearity. By considering the higher-order nonlinear effects, a variety of generalized nonlin-
ear Schrodinger equations were proposed to describe the propagation of ultrashort light pulses in optical
fibers [9]-[15].

In this paper, we focus on the integrable generalized mixed nonlinear Schrodinger (GMNLS) equation

i + qoo — blg|*q — ia(|q|?q)x + B(4B — a)lq*q + 4iB(|a*)za =0,  a,b,BER, (1)

which was derived by Kundu in studying gauge transformations for NLS-type equations [16]. With suitable
choices of the parameters a, b, and 3, it was shown in [16] that the GMNLS equation can reduce to a series
of nonlinear evolution equations that are important in mathematical physics; among them, there are four
celebrated equations: the three kinds of derivative nonlinear Schrodinger equations [17]-[19] and the Kundu-—
Eckhaus equation [16], [20]. It has been noted that the GMNLS equation may be the simplest integrable
extension of the nonlinear Schrédinger equation containing both the quintic and self-steepening terms and
is a reduction of certain cubic—quintic extended nonlinear Schrodinger equations [14], [15]. In physics, the
last three terms in Eq. (1) respectively represent the self-steepening effect, the quintic nonlinearity, and
the self-frequency shift effect. The GMNLS equation can also be viewed as a degeneration of the Johnson
equation [21]. Many interesting and exciting results have been obtained for the GMNLS equation. Its
Lax pair was given by Kundu [16] and its Painlevé property was tested by Clarkson and Cosgrove [22].
It admits both multi-soliton solutions and rogue-wave solutions, which were obtained by the Hirota bilinear
method and the Darboux transformation method [23]—[26]. In [27], the authors calculated infinitely many
conservation laws for it.

Based on the original inverse scattering transformation [28]-[30], Novikov et al. [31] developed the
Riemann—Hilbert method, which is a simple version of the dressing method and allows avoiding the com-
plicated Gel’fand—Levitan—Marchenko integral equations. In recent years, many researchers have been
interested in applying the Riemann—Hilbert method to numerous integrable soliton equations with initial
boundary values [32]-[40].

In this paper, we apply the Riemann—Hilbert method to GMNLS equation (1), being motivated by the
following three problems.

1. The N-soliton formula for the GMNLS equation was constructed by virtue of the Darboux transfor-
mation very recently [24]. Tt can be seen that the N-soliton solution constructed there is the ratio of
2N x 2N determinants, which may not be convenient for practical purposes. Moreover, the formula for
N-soliton solutions obtained in [24] relies on an extra variable p,,, which satisfies a rather complicated
system of two differential equations. Thus, it is an interesting question to apply the Riemann—Hilbert
method to the GMNLS equation to obtain a more compact and explicit formula for the IN-soliton
solutions of the GMNLS equation.

2. It was shown in [16] that there exists a simple gauge transformation ¢ = uexp(—2if [* |u|* dz) con-
necting a solution g of the GMNLS equation and a solution u of the mixed nonlinear Schrédinger
equation, and the transformation implies that |g| = |u|. However, it is difficult to apply this trans-
formation to express an N-soliton solution of the GMNLS equation given a solution of the mixed
nonlinear Schrodinger equation. In this paper, we show that in using the Riemann—Hilbert method
to obtain an explicit expression for the N-soliton solution, a key question is how to solve the explicit
expression for Jy (it is given in Sec. 2).

3. As we know, a remarkable character of the interactions between N solitons is that the profile and
velocity of N solitons are preserved, while each soliton merely suffers a phase shift. Recently, an elastic
collision of two solitons for the GMNLS equation was discussed in [24]. Naturally, it is worth verifying
the elastic collision property of the soliton solutions of the GMNLS equation in the general situation.
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The structure of this paper is as follows. In Sec. 2, based on the Jost solutions of the Lax pair
for (1), we formulate the Riemann-Hilbert problem. In Sec. 3, we discuss the solution of the nonregular
Riemann—Hilbert problem by applying the Plemelj formula. The expression for Jy (a key factor to construct
an explicit solution) and the determinant expressions for N-soliton solutions are obtained. Based on the
formula for N-soliton solutions, the explicit one-soliton solution is constructed and the evolution of two- and
three-soliton solutions is plotted. Furthermore, the detailed asymptotic behavior of the N-soliton solution
is analyzed. Finally, conclusions are given in Sec. 4.

2. Constructing the Riemann—Hilbert problem

GMNLS equation (1) can be obtained as the compatibility condition for two linear spectral prob-
lems [16]
P, =U, (2a)
b, =V, (2b)
with
ib

U =iaos\? — alQ + ifQ%03 + .

g3,
V = —2ia%03\* + 2a*X\3Q + \?(—2ibos — ia’Q%03) +
+ X(a® = 2aB)Q? + iQ 030 + bQ) —

- H(QQ - QQa) ~ ') (a - 89)Qos — 05,

[0 ¢ (1 0
(58} obh)

Here, ®(x,t, \) is an eigenfunction, A is the spectral parameter, and the asterisk denotes complex conjuga-
tion. In what follows, we restrict our discussion to the zero boundary condition

q(z,t) — 0, T — 00. (3)

ﬁ:exp{i<a)\2+ b > (a:—Z(a)\2+ b )t>03:|
2a 2a

is a plane wave solution of linear spectral problems (2a) and (2b) as x — co. By setting ® = JH, the spectral

We observe that

problems are transformed to

J — i(aAZ + Qba) [03,J] =UJ, (4a)
b\? -~
Jy +2i <a/\2 + ) [o3,J] =V J. (4b)
2a
with
U = —a)Q +i8Q%03,
V =2a2X3Q — ia®Q%3 A% + A((a® — 2a8)Q® + iQu03a + bQ) —
B0 - QQ.) — (30— 88)Q10.

2
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Under the boundary conditions
Jyr — 1, T — Fo00,

the Jost solutions of spectral problem (4a) can be written as

Ji=1+ /w exp [z <a)\2 + 2ba>03(x - y)} U(y)Jx exp [—i(a)\z + 2ba>03(x - y)} dy. (5)

+oo

In what follows, we restrict ourself to the case a < 0. Let [J1 ], denote the kth column vector of Ji. It can
be proved that [J_]1,[J4]2 are analytic for A € Dy and continuous for A € Dy UR U4R, and [J4]1, [J-]2
are analytic for A € D_ and continuous for A € D_ UR U iR, where

T 3 T 3
D+—{)\ argAe(O,Z)U(W, 2)}, D—{)\ argx\e<2,7r)u<2,27r)}.

We set .
H =exp |:Z <a/\2 + >03x} .
2a

Then J_H and JyH are two different solutions of linear problems (2a), and they are therefore linearly

related by a scattering matrix S(A) = (si5)2x2:
J_H =JLHS(\), AeRUIR. (6)

Because the trace of @ is zero, Abel’s identity shows that the determinants of Ji are constants for all x.
Then considering system (2) with the boundary conditions, we obtain

det Jx = 1.

Based on (6), we have det S(\) = 1. Furthermore, from the analyticity of J_ and Jy, we infer that s1; can
be analytically continued to D4, and ss2 can be analytically continued to D_.
To discuss the behavior of the Jost solution for very large A, we need to consider the expansion

Ji Ja J3

_ —4
J—Jo+)\+/\2+)\3+0()\ ). (7)

Substituting this expression in spectral problem (4a) and comparing the coefficients at powers of A yields
[03, Jo] =0, ilog, Ji] — QJo =0, (8)

and

Jox + ;<a — 28)Q%03.Jy = 0. 9)

Similarly, substituting (7) in (4b), after a straightforward analysis we obtain a differential equation satisfied
by J()Z

1@ =28)((30 — 88)Q0s — 2i(Q2Q — Q) Jo. (10)

We note that the compatibility of (9) and (10) is ensured by the identity

(Jo)t =

(@) = (~5 30 85)0" +i(Q.Q - Q@)

which is a conservation law for the GMNLS equation. Equations (9) and (10) lead to (Jo)22 = (Jo)17"-
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Next, we define a matrix

Py = Jy H([J-]1, [T+ ]a), (11)
which is analytic for A € D, and has the following asymptotic behavior at very large A:
P+—>I, )\ED+—>OO (12)
To obtain an analytic function in D_, denoted by P_, we first consider the adjoint scattering equation
of (4a):
b ~
Km—i(a/\z—l—Qa)[crg,K]:—KU. (13)

It can be inferred that JI' solve adjoint equation (13) and satisfy the boundary conditions JI' — I as
x — £00. By a similar procedure, letting [J} 1]”C denote the kth row vector of J ! for convenience, we can

[
5

see that the matrix function < ) is also analytic in A € D_, and tends to J; ' as A — —oo. We can

_ [J:l]l
"= ([J;112> o .

which is analytic in D_ and has the asymptotic behavior

then define a matrix function

P =1, A€ D_ — oo. (15)

Thus, we have obtained two matrix functions Py (z,A) that are respectively analytic for A € Dy. With
these two functions, we can formulate the Riemann—Hilbert problem

1 —S12

P_P, =G(z,\) =H (m X

)H—l, A€ RUIR. (16)

In the remainder of this section, we discuss the time evolution of the scattering matrix S(X). Because
J_ solves scattering problem (4b), substituting J_ = J, HSH ! in (4b), letting z — 400, and considering
the boundary condition for J, together with the fact that V' — 0 as z — 400, we can obtain

2
Sy = —2i <a/\2 + Qba) (03, S]. (17)

The above matrix equation implies

2 2
s12 = $12(0, A) exp {—41' <a/\2 + 2ba) t] , S21 = $21(0, A) exp [41' <a/\2 + 2ba) t]. (18)

We have already calculated the time evolution of scattering data. In what follows, we discuss the non-
regular Riemann—Hilbert problem involving these scattering data. Moreover, we solve the inverse problem,
and the solution @ is then recovered from the solution of the nonregular Riemann—Hilbert problem.
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3. Solution of the Riemann—Hilbert problem

To study nonregular Riemann—Hilbert problem (16), i.e., the problem where det P = 0 for some A,
we consider the symmetry properties of these zero points, which are determined by s11(A) = 0.

We note that s1; and ss are time-independent, and so are the roots of s;; and sgs. Furthermore,
owing to the symmetries 03Qo3 = —@Q and Qf = —Q, we have

J(x,t, =) = a3 J(x,t,\oz,  JH(z,\*) =T (2, ), A € RUIR, (19)
where f represents the operation of transposition and complex conjugation. We now use the above relations

to obtain the symmetries of the scattering coefficients. Recalling scattering relation (6) and applying these
two reduction conditions, we have

S(—=\) =035S(Nos,  STA)=S71)), AeRUIR. (20)
It follows from these equations that s1; is an even function, and hence for each zero A of s11(\) there is
another zero —\g. Here, we only consider the case where all zeroes are simple, i.e., the kernels of P (\g)
and P_ () respectively contain only a single vector |vg) and (vg|:

PrOwle) =0, (ulP-(A1) =0, k=1,2,...,N, (21)

Here |vg) = (vi|f. Taking the z- and t-derivatives of the first equation in (21) and recalling (4), we obtain

P+()\k)<|vk>z - i(a)\i + 2l;>ag|vk>> =0,
2 22
P+()\k)<|vk>t + 2i <aAi + 21;) O’3|1}k>> =0. >

b b
|vg) = exp {z (a)\i + 2a> <x — 2(@)\% + 2a>t) 03} Vk,0- (23)

Based on the above discussions, we arrive at the following theorem for the solution of nonregular
Riemann—Hilbert problem (16).

Then

Theorem 1 (see [39]). The solution of nonregular Riemann—Hilbert problem (16) with simple zeroes
A, ..., An fordet Py and A}, ..., Ay for det P_, under the canonical normalization condition (12) and (15),
is

Py(N) = PFNT(),  P-(N) =T ()P~ (M), (24)

where
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lw;) is a column vector defined by |w;) = Tj_1(N\;)---T1(\j)|v;), and P* is the unique solution of the
regular Riemann—Hilbert problem

P~(NPTN) =TWGNT (N,  A€RUIR, (25)

where P* are respectively analytic in D+, and P* — I as A\ — oo.

Using (8), we can obtain the potential from the asymptotic expansion of Jost solutions as A — oo.
For this, we first rewrite the expression for T'(A). Due to the identity Ti(\) = o3Tk(—A)os, T(A) and
T~1(\) can be represented as

N N T T
A O'gA‘O'g _ Al 0'3A40'3
TN =1 = T'\) =1 o= 26
< +Z(A—Xf A+Xf)’ ) +Z A=X A+N ) (26)
j=1 J J 7j=1
where A; = |z;)(y;|. We consider the algebraic equations
N
A O'3A‘O'3 .
I+ ( Too= *>]|y4>20, j=1,2,...,N. (27)
[ ; Aj = A A AL ’
Solving them, we obtain
lz1)1 ly1)1 |21)2 y1)2
|22)1 | 2k [22)2 | — || lv2)2
=M s =M .| (28)
l2n )1 lynh |z )2 lyn)2

where the symbols |R); and |R)2 respectively denote the first and second components of a vector |R).
The entries of the matrices M and M are given by

= (wlosly;) - (unly;) My — B N S
NN A - NN A -

The Plemelj formula shows that the solution of Riemann—Hilbert problem (25) can be expressed as

- -1 +(£)) 1
271m' /F e G(g)f)z_” A(g)(P ©) dg, A€ Dy. (29)

where I' = [0, +00) U [0, —00) U (+i00, 0] U (—ico, 0]. Thus, as A — oo,

(P =1+

PO Ty [ 1O - GO Or©) e (30)
TN\ Jr

From (26), we see that as A — oo,

2

TO) = T+ | S (o)l — 3128 (sl (31)
k=1

Hence, J; in (7) can be expressed as

N 1
5= (Ll nl = onladtmlon) + o1 [ TOU - G@OTHOPO) de) (32

211
k=1
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To obtain the N-soliton solutions of the GMNLS equation, we set G = I, i.e., s12 = s21 = 0, which is called
the reflectionless case. From (8) and (32), the formula for the N-soliton solution is

N
@ =ifoa, o (12| = ol o) 57 (33)
k=1
whence
N
0= 402 S L)1 (el (34)
k=1

The remaining problem to obtain the explicit expression for the INV-soliton solution is to solve for Jy explicitly.
We therefore analyze the expression for J in the reflectionless case. From (29) and (25), it is easy to deduce
that J is equal to JoT'(\) or T(A\)~*J .

It follows from (4) that

(Jo(x,t,0))11 = iB(Q%03)11 (Jo (2, t,0))11, (35a)
(et 0 = (~5(QQ Q@) ~ ) (Ba = 89)Q's ) (J1(art. 0 (351)
11
Combining this with (9) and (10) yields
(Jo)u1 = (Ju(w,1,0)) =@/ = [JoT(0)] 1} =
_ ) (el \ |7 (36)
= {(Jo)u <1 - kZ::l v )] )
whence
_ SO
(o = |(1- DR o (37)

Next, we rewrite solution (34) in a compact determinant form. For this, we need the following two
identities. If B is a N x N matrix and ¢ and ¢ are 1 x N column vectors, then

B

B yf
-6 1
|B|

oB~ Yt = 1+ ¢B Wyl =

Bl

Based on these two identities, we obtain the following theorem for the N-soliton solution of the GMNLS
equation.

Theorem 2. The explicit N-soliton solution of the GMNLS equation is given by

_;det My (det My (45—2a)/a 55)
7= det M \ det M ’
where
My ... Min |y1>1 My Min |y1>1
M e ’ . . M — :
' Mpyn1 ... Myn |yN>1 ’ 2 M, Mnn |yN>1
2(y11 2(yn|
il - (ynl2 0 1
¥ Ay
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Remark 1. We note that the GMNLS equation reduces to the Kundu equation when the parameter
b = 0. The N-soliton solution of the Kundu equation constructed by the Riemann—Hilbert method was
given in Ref. [41] (see Eq. (4.23) there). The expression for the solution of the Kundu equation in Ref. [41]
involves a complicated integral. In this sense, our formula here is more convenient for obtaining the explicit
N-soliton solution of the Kundu equation.

Applying the formula for the N-soliton solution, Eq. (38), we calculate some solutions of the GMNLS
equation and then consider the interactions of N-solitons.

Let N =1,
G—ia)\2+b x—2 a)\2+b t
k= kT 9q kT 9q

and vgo = (1,1)T in (38). Then the first-order soliton solution of the GMNLS equation is

21()\% _ )‘T2)e2i91’1 |:)\1()\16291*R + )\’{6291~R):| (48—2a)/a (39)

q= Nie20ir 4 \je=200r | \¥(Afe201r 4 \je=201R)

where the subscripts R and I denote the real and imaginary parts. The real and imaginary parts of 6, are
9 9 2b
91,R = _20)\1,R)\1,I T + 40)\1 I— 40)\1 R — tl,
. . a

—1
01,1

1= o0 [((2aA7 1 — 2a°AT g — b)® — 164" AT R AT 1)t + a(2a®AT | — 2a°AT i — b)a].

If

2b
x+ (4a/\%’1 — 4a/\iR ~ . )t =0,

the one-soliton solution reaches the amplitude |[4A; ;|. The profile of the one-soliton solution with the
parameter A; = (1/2) 4 7 is shown in Fig. 1.

4 ]
] i
Pl ——= =1
3 l‘l ...... t=0
|
i ||l — t=1
-
2_.-: L
qroan
o1
3 )
N Y A
B s\

-8 —6-4 -2 0 2 4 6 8 <

Fig. 1. One-soliton solution with the parameters 8 =1, a =1, b=1/4, \i,; = 1, and A;,r = 1/2.
(a) Two-dimensional plots at ¢ = —1,0, 1. (b) Three-dimensional plot.

We next discuss the two-soliton solution. Let N = 2 and vgo = (1,1)T in (38). We can obtain
two kinds of soliton solutions depending on the parameters. In the first case, there is a bound state
under the conditions A\f g — A\{; = A3z — A3;. In the second case, collision occurs under the condition
Mg — A1 # A3 R — A31 The profiles of two-soliton solutions are shown in Fig. 2. Specifically, in Fig. 2,
we can see that in the first case, the two constituent solitons stay together and form a bound state;
in the second case, two solitons interact with each other and separate while preserving their amplitude and
velocity and experiencing a constant shift.
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Fig. 2. Evolution of two-soliton solutions with the parameters § =1, a =1, and b = 1/4. (a) Bound
state with the parameters \y = 14 i and A2 = 2+ 2i. (b) Collision with the parameters \; = 1+ 4
and Ao = —1 + 2:.

Fig. 3. Evolution of three-soliton solutions with the parameters 8 = 1, a = 1, and b = 1/4 at
(a) At = 142, Ay =2+ 3i/2, and A3 = 5/2+5i/2, (b) A1 = 1 +2i, Ao = L +14, and As = 3/2 + 3i/2,
and (¢) A1 =1/2+1/2, Ao =144, and A3 = 3/2 4 3i/2.
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To discuss the three-soliton solution, we let N = 3 and vgo = (1,1)" in (38). The corresponding plots
are shown in Fig. 3. We see from Fig. 3a that the three solitons interact with each other and then separate,
experiencing only three constant shifts. Figure 3b shows that two solitons form a bound state and interact
with the third soliton. Figure 3c shows three solitons that stay together and form a bound state.

Below, we give a detailed analysis of solution interactions in the N-soliton solution as the positions
and amplitudes vary under some assumptions. First, we give a theorem on the interaction of N solitons.

Theorem 3. Let vy = (1,1)T and

m(aAi 4+ b/2a) <0, k=1,2,...,N,
Re(a)% +b/2a) > --- > Re(a)3 + b/2a) > Re(ard + b/2a).

Then N-soliton (38) has the simple asymptotic behavior

21(/\i _ /\22)82i0k’1$i arg(ak Br) <pj: (N]?Z)* > (48—2a)/a (40)

N
@~
P )\ZeQGk,R:Fhl |ak Bl + /\ke*29k,niln |ak B N]it

as t — oo, where

N]g: — ,\k)\]’;e—zek,Rilanﬁk\ + A]’;ZEQGk,R:FlnM‘kﬂk"

22 N A2
M= 5, 1<k<N, M, B 1<k<N,
P+ = ! /\j p = ! /\j
1, k=1, 1, k=N,
A2 — \x2 A2 )2
k-1 "k J N k J
L , 1<k<N, o sy 1<E<N,
o = ijl )\z _ /\? ﬁk _ ijkJrl /\i _ )‘j2
17 kzla 1; k:N

The proof is given in the Appendix.
4. Conclusion and discussion

We have used the Riemann—Hilbert method to construct solutions of the GMNLS equation. The
following interesting results can be noted.

1. We observed that although the expressions for two sectional analytic functions Py are different from
those obtained previously because they involve an unknown matrix-valued function Jy, the product
P_ P, magically satisfies a Riemann—Hilbert problem (16) for the GMNLS equation, which does not
contain Jg.

2. The proposed strategy to obtain the explicit expression for Jy in the N-soliton solution (34) is highly
nontrivial. By virtue of the exact expression for (Jp)11, we have successfully constructed the explicit
N-soliton formula (38) for the GMNLS equation, which improves the result in [41] corresponding to
N-soliton solutions of the Kundu equation.

3. Using formula (38), we obtained a one-soliton solution of the GMNLS equation and discussed the
dynamical evolution of two- and three-soliton solutions. Moreover, the asymptotic behavior of the
N-soliton solution was rigorously analyzed by employing the property of the Cauchy determinant,
and the elastic collisions of N solitons were observed from the formulas.
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In this paper, we restricted our discussion to the case where all poles of reflection coefficient are simple.
We note that the Riemann—Hilbert problem with double poles was successfully solved for the Gerdjikov—
Ivanov equation in [42]. However, as shown in the conclusion of [42], it remains a big challenge to apply
the dressing method to obtain the explicit form of higher-order solitons of the Gerdjikov—Ivanov equation.
We expect to construct higher-order soliton solutions of the GMNLS equation in the near future.

Appendix: Proof of Theorem 3

Because Im(aX? + b/2a) < 0, k = 1,2,...,N, the asymptotic behavior of e’ is determined by
x — 4Re(a)? + b/2a)t. We let Q, denote a neighborhood of x = 4 Re(a)? +b/2a)t. In the limit as ¢ — +oo0,
these neighborhoods are separated from each other. In €2, we have

b
_4<Re<aAJ2 + 2a)>t =4a(Re A} —Re\)), t— +oo, <Kk,

b
_4<Re<m§ + 2a)>t =4a(ReAf —Re)}), t——o0, j>k,

e % 50, j<k e -0, j>k
Then, in Qp,
—2A7 —2X5_1 —2Xj, 0 0
>‘§7>‘1€2 A§7A22—1 )\%7}\22
—2X7 —2X\p_, —2X} 0 0
Ai 17>‘12 o >‘2 >‘22 1 AiflfAz; o o
—2)7 72>\ —2XF =20, e 296720k _on, 20k —2ALe 2%k
det M ~ L ’11 k . "* ke, X
)\i7>\12 AZ—Xx2 AZ X2 i A2 >‘k3-1 A2V
0 0 72)\]64_1672979 72)\k+1 72)\k+1
Ai+17>‘22 >‘12c+17)‘23-1 )‘i+17>‘?\12
0 0 722\1\[6_2292 272>\N2 cee ;2AN2
A2 —A% A3 —Ar2 A2, — A%
k N
* * _
xepr:(oﬁej) 3 (0J+9J)] _
Jj=1 Jj=k+1
—2);@67297“ 20 2);967297‘ —2);@67297‘
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k
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Similarly, in Q, we have

22, Pt 2, 0
AZ—AT AZ—Ax2 AZ—A
—2X7 —2A;_4 —2X\} 0
Ai 17>‘T2 Ai 1 >‘*21 Ai 17>‘22 .
—2A7 —2A;_q —QAZ_QAkG_29k—29k —2x,e 2%
det My ~ | M2 AZ_xr2 A a2 A2-Xr2
0 0 —2X\pgre 2% —2X\k41
Ai-%—l_)‘f Ai+1—A’,;3_1
—2ne 2% N
O 0 )\2N6A*2 )\2 )‘153-1
0 O e_Qek 1
k N
* * _
Xexp[g (0; +67) — E (9]-4—6‘].)}_
Jj=1 j=k+1
—2hppre” 2% —2\
—2A7 —2X;_q A2k+iA* 22 7,6;*12
A2—A’1‘2 )\2_AZ2 ]. k+1 k+1 k+1
=:( 1)N7k+1 . : :
X . —2ye”2? —2
—2XA7 —2X, 1 A2§ER*2 A2 AQQ
A2 —)\*2 A2 _)\*2 1 N k k+1
1 k x e—20%
&
k N
X exp[ E (0; +67) — E 0; + 9*)}
Jj=1 j=k+1
k— )\2 N N yx2 )\22
J
H —2%)) H > 1T 20 T 3o x
J= J j=k+1 j=k+1 "7 k
k N
—207 2
Xexp{ E 0; +67) — E (@-—i—ﬁ;‘)}e kC'(AY,
j=1 j=k+1

where C(\%,.. .,
Similarly, in Q, we have

—2X* —2X}_,
NI NN,
—2X* —2X}_,
>‘£717>‘I2 /\iq*)\ﬁl
—2\% —2X,_, —2X7
2 *2 e 2 *2
det My ~ | MM Ak
0 0
0 0
2 2
Al Akt
k
X exp[ E (0; +65)
J=1

A7) denotes the determinant of the Cauchy matrix (1/(\?

72)\k6729k
%2

A1

—2Ak+1

2 32
k417 k41

0 1
0 1
—2);@672919 1
222 %
—2Ap41 0
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—2A\N
AZ -3
1 0
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1 1
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= N )kxks gl =1,2,...,
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—2A2 —2A2 —2)2
Eiae e . . d 0 0
()‘%_)‘12))‘1 ()‘2 )‘ 2 1)A k—1 ()‘%_)‘k2))‘k
—22%_, —22% —22%_, 0 0
(Aiilf)\fz))\f (/\Lr/\Z )AZ 1 (Ai717)‘22))‘2
—2)7 +
_ —2X} —2X} (A2=22)A; —2Ape" 2% —2Xe "%k |
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O O —2Agp1e” Tk —2Xg41 —2Ag41
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A2, —Ar2 A —NE A2 232
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A2 —Az2 A=A, A2, -2
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L _9)\2 N
J 2 2 2\ —20,—20}
S0 GRETINETN) | (IR RS R
j=1 J j=k
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A 1ok J k+1>-: AN
j=1 "1J j=k+1
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The recursive property of the Cauchy determinant gives rise to the two identities
N
COL AR NN
2 H 2 *2 H 2 *2 )2 *2
C(/\kH,... e k+1)\ /\ i /\ — A2 — A
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In Q4, based on above results, we have
4,det M, 2i(\2 — \;?)
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We set

k—1 42 *2 N 2 2
A — A A2 — )2
— J — k J
ak—H A2 )22 Bk_ H A2 \r2° (Al)
j=1 "k 7 j=k+1 "k 7
We then have the simple form
4,det ]\41 21(/\% _ /\22)€2i0’“*17i arg ap—iarg B . A9
! det M ~ Ape~ 20k rtInfarBil AZQQGk,R—IU\akﬁH ’ oo (A-2)
Similarly, as t — 400, the asymptotic behavior of det M3/ det M is
det My k-1 )\? Ak)\]’;e—zek,l%"rln lowBr] 4 /\ie%k,}z—ln |k Bl ; N (A 3)
det M ~ 31;[1 /\;2 )\k/\ze—%k,]?#rln\akﬁk\ + )\22629k,1?,*1ﬂ|0¢k3k\ ! — oo :
A similar analysis shows that
4det ]\41 22()\% _ )\ZZ)EQin‘I-H arg ap+1iarg Bk ; Al
! det M ~ )\ke—29k,R—1n|akﬁk| + AZ@Qek,RJrln‘O‘kﬁk' ’ 7% ( ’ )
and
det Mo ﬂ A3 <AkAze—29kYR—lnlakﬂk + A3 20k, mtIn ok x| ) P (A5)
~Y ) _OO .
det M Pkl /\;2 )\k/\ze—QGk,R—ln\akﬁﬂ + A22629k,R+1n|0¢k5k‘

We note that the above discussions related to the asymptotic behavior of the kth soliton requires
1 < k < N. The asymptotic behavior of the first and Nth solitons can be derived similarly: if k = 1,
we just need to set
k—1 )\?

a =1, HW:L

j=1"17

and in the case k = NN set
N )\2_
pv=1 ] \h=1

j=k+1"J
We thus conclude that ¢ has the asymptotic behavior shown in (40) on the whole plane.
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