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1. Introduction

There are many open problems of group theory that arise in studying problems in natural sciences, such
as physics, mechanics, coding theory, biology, and so on. For instance, a configuration of a physical system
on trees can be regarded as a function defined on the set of vertices of a Cayley tree (see, e.g., [1]-[3]).

There are several main directions in the theory of Gibbs measure, such as splitting Gibbs measures,
Euclidean Gibbs measures, gradient Gibbs measures, and so on. For instance, by Kolmogorov’s extension
theorem, we define a special family of Gibbs measures for Hamiltonians—the splitting Gibbs measures (see,
e.g., [4]). Also, a Gibbs measure that satisfies the DLR equilibrium equations is called a Euclidean Gibbs
measure (see, e.g., [5], [6]). It is known that the set of periodic and weakly periodic Gibbs measures is
a subset of the set of splitting Gibbs measures, and this paper is devoted to such measures.

On the set of configurations of a model, one defines a Gibbs measure. The theory of periodic and
weakly periodic Gibbs measures is one of the main directions in the theory of splitting Gibbs measures.
To give a definition of periodic and weakly periodic Gibbs measures on Cayley trees, one needs subgroups of
the group representation of the trees (see [7], [3]). As usual, by using the invariance property of subgroups
of the group representation of Cayley trees, the description of the set of periodic or weakly periodic Gibbs
measures for Hamiltonians with finite spin values on Cayley trees can be reduced to solving a system of
algebraic equations (see [3]). Also, the description of the set of periodic or weakly periodic Gibbs measures
for Hamiltonians with infinite spin values on Cayley trees reduces to solving a system of algebraic equations
(see, e.g., [8]-[10]). If the invariance property holds, then it allows finding periodic and weakly periodic
Gibbs measures corresponding to an arbitrary finite-index subgroup of the group representation of the
Cayley tree. Also, for any normal finite-index subgroup of the group representation of a Cayley tree,
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the invariance property holds. For this reason, the theory of periodic and weakly periodic Gibbs measures
corresponding to normal subgroups is well developed (see, e.g., [11], [3]). On the other hand, for any
(not normal) subgroup of the group representation of the Cayley tree, the invariance property does not
hold in general (see [12]).

In this paper, we give a full description of all (normal and not normal) index-4 subgroups of the group
representation of the Cayley tree (see Theorem 2). In Theorem 4, we give new weakly periodic Gibbs
measures of the Ising model with nearest-neighbor interaction corresponding to the (not normal) index-4
subgroups of the group representation of the Cayley tree.

2. Index-4 subgroups for the group representation of a Cayley tree

Cayley tree. A Cayley tree (Bethe lattice) I'* of order k > 1 is an infinite homogeneous tree, i.e.,
a graph without cycles, such that exactly k + 1 edges originate from each vertex. Let I'* = (V, L), where
V is the set of vertices and L is the set of edges. Two vertices x and y are called nearest neighbors if there
exists an edge | € L connecting them. We use the notation I = (x,y). A collection of nearest-neighbor
pairs (x,z1), {(x1,22),...,{xq—1,y) is called a path from z to y. The distance d(z;y) on the Cayley tree is
the number of edges of the shortest path from z to y.

Group representation of the Cayley tree. Let Gj be the free product of k+1 cyclic groups of the
order 2 with respective generators aj, as, ..., ax4+1. It is known that there exists a one-to-one correspondence
between the set of vertices V' of the Cayley tree of order k£ > 1 and elements of the group Gi. To give
this correspondence, we fix an arbitrary element z¢g € V' and let it correspond to the unit element e of Gy.
Using aq,aq, ..., ai+1, we label the nearest-neighbors of e, moving in the positive direction. We next label
the nearest neighbors of each a;, i = 1,2,...,k + 1, by a;a;, j = 1,2,...,k + 1. Because all a; have
eas a the common neighbor, we assign a;a; = af = e to it. Other neighbors are labeled starting from
a;a; in the positive direction. We label the set of all nearest neighbors of each a;a; by words a;ajaq,
g =1,2,...,k + 1, starting from a;a;a; = a; in the positive direction. Iterating this argument yields
a one-to-one correspondence between the set of vertices V of the Cayley tree I'* and the group Gy (see,
e.g., [13]).

In [11], [13], a full description of normal index-4 subgroups for the group representation of the Cayley
tree is given. Also, all index-3 subgroups were constructed in [12]. In this section, we continue these
investigations and give all forms of (not normal) index-4 subgroups of the group representation of the
Cayley tree.

Normal finite-index subgroups of the group Gi. Any (minimally represented) element z € Gy,
has the form ¢ = a;, a4, ...a;,, where 1 <i,, < k+1,m=1,2,...,n. The number n is called the length of
the word x and is denoted by I(x). The number of letters a;, i = 1,2,..., k+1, that enter a noncontractible
representation of a word x is denoted by w, (a;).

Definition 1. Let My, M, ..., My, be some sets and M; # M; for i # j. We say that the intersection
Niv, M; is contractible if there exists ig (1 < ig < m) such that

m i0—1 m
- ()0 1 )
Let N, ={1,2,...,k+1}. We set

HAZ{CCEGk

> walas) is even}. (2.1)

i€A
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The following theorem [3], [13] describes several normal subgroups of Gy.

Theorem 1. For any A, @ # A C Ng, the set Hy C Gy, satisfies the following properties:

e H, is a normal subgroup and |Gy, : Ha| = 2;

Hy # Hp for all A # B C Ny;

let Ay, As, ..., Ay C Ny; if (io, Ha, is noncontractible, then it is a normal subgroup of index 2™;

e any normal index-4 subgroup has the form Hy N Hp, i.e.,

(H||Gy:H| =4} = {HaNHp | A, B C Ny, A+ B);

the group Gy, does not have normal subgroups of an odd index (# 1);

the group Gy has normal subgroups of an arbitrary even index.

By Theorem 1, we can conclude that any subgroup of an odd index (# 1) of the group Gy is not
a normal subgroup. In addition, all normal index-4 subgroups of G are described. We now prove that
there exists (not normal) index-4 subgroups of G and give a full description of such subgroups.

Let Ag C Ni, 0 < |Ao| < k—2. Let also (A1, A2, A3) be a partition of the set N\ Ag and m; be the
minimal element of A;, j = 1,2, 3. Then we consider the homomorphism wa, a,4,: G = {€, @m,, Gmy, Gmy }

given by
e, if x = a,, iENk\(AlLJAQUAg),
Uay A, 45(T) = . . ) (2.2)
am,;, if v=a;, i€A; j=1,2,3,
Fori € {1,2,...,8}, we define the maps v;: (@m,, Gmss Gmg) — {€; Amys Amsy s Gms } by the following formulas:

€, T = €,
aml b) X 6 {amgann 9 a’mz amg }7

71(®) = § am,, & € {am, Umy s Gy Gmy ) (2.3)
Amg), HAS {am1am2aam2am1}v

Y1(@iy iy - iy _ov1(@i,_104,)), T = Q3G 0, (x)>2,

e, r=e,
Amy T € {AmsUmy s Cmy@m, }s

Y2(%) = < & € {m, Gmy s Gy Gm, } (2.4)
Qg T € {Amy Gy s CmyGmg }

Yol iy - i, _,v2(ai, _ai,), ©=apa;,...aq;, l(x)>2

€, T =€,
Amy 5 T e {amsam1aam2am1}v

v3(x) = 4 Ay, x € {@m, Umy s GmyAms, (2.5)
a’m37 X 6 {amlamgaamzamg}7

Ya(@iy @iy - i, _,v3(ai,_,ai,)), T=ajai,...a;,, (z)>2,
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€, Tr=e,

Gy s T € {@msUmy s GmgAms, }
’\/4(‘,'6) = amzv x e {amlam2;am3am1}a (26)
amS? S {amlamgaamgam1}7

Va(@iy iy - -y _yya(@i, 105,)), T =aiai,...0;,, (x)>2,

€, Tr =€,
a’ml ) S {amgamq ) a’mg aml }7

’\/5(‘,'6) = amzv x e {amlam2)am3a7nQ}7 (27)
Qs Z € {@my Umy s GmyQmy

V5 (@iy iy - - - Qi _5Y5(@i,_105,)), T = Qi G0y ... 0, (x)>2,

e, T =ce,
Amy YIS {am2am3aamsam1}v

Y6(%) = G, x € {@myUmy s CmgQms, } (2.8)
Qg s x € {@m, Amy s Gmym,

Yo (@i i - - - Qi _2Y6(ip 100, )y T = Q3 Qi -G, U(T) > 2,

€, T =€,
Gy s 2 € {Amsmy s GmgAms,

77(3:) = am27 HAS {amlam2aam3am1}v (29)
amS? HAS {amlamgaamzamg}7

V(@iy iy - iy oy7(@i, 10i,)), T =aiai,...0;,, (x)>2,

e, T =e,
Gy T € {AmyUmsg s GmsOms }

Y8(%) = § @m,, x € {@m,Umy s GmyAm, } (2.10)
Amy T € {@my Uy s Qmy iy |

V8(@iy iy - iy 5y8(@i, 105,)), T = Q3G ... 0, (x)>2,

where I(z) is the length of z and is € {m1,ma, ms} for s € {1,2,...,n}.
We set
%‘AlAgAg(Gk) = {IEEGk |'yj(uA1A2A3(x)) ze}, 7=12,...,8. (2.11)

Proposition 1. Let Ay C Nk, 0 < |Ao| < k — 2, and (A1, As, A3) be a partition of the set N\ Ap.
Then 9{41,42,43 (G) is a subgroup of the group Gjy.

Proof. It is known that %£1A2A3(Gk) is a subgroup if and only if zy € %Q1A2A3(Gk) and
Yyt € S a4, (Gr) for all w,y € $ 4 4. (Gr). For any j =1,2,...,8, we consider two elements
T =i,y i, € Y 0,0, (Gr) and y = ag,a, - s, €S 4,4, (Gr)- TE

u(x) = aj, a4, ... aj,, s<mn, j;€{mi,me,ms}t, i€{l,2...,s},

NN

u(y) = ay, ae, - . . ay,., r<m, t;€{my,ma,ms}, 1€{1,2...,7}
then wee have v;(aj, a5, ... a;5,) = e and yj(as, as, ... az,.) = e.
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We first prove that y = € &% 4, 4. (Gx). Indeed,
viuly) =e <<= aya,... atT%fAlAQAS (Gk) = %{41A2A3 (G).
We multiply both sides of the last equality by a¢, from the left to obtain
ay - an, S 4,0, (Gr) = a, Sy 4,4, (Gr).
Multiplying both sides of the last equality by a;, gives
Qg - - - atr%ixlA2A3(Gk) = atzat1%QIA2A3(Gk).
After continuing this process  — 2 times, we have
@ty -0 Sy a0, (Gr) = Sha,a,(Gr) =y €S 4,4, (Gr).
We now show that v;(zy) = e. The proof of this is equivalent to showing the equality
a:yi‘si‘lAzAS(Gk) =Q;,aj, ... Gj, Oy Oty - - - atT%fAlAQAS (Gi) = g{41A2A3 (G). (2.12)
From the foregoing, we have
Aty Gy - - - atT%£1A2A3(Gk) =, Gj,_, - ajlc\‘silAMs(Gk).
We multiply both sides of the last equality by a;, from the left and obtain
A, Ot Oy - - - atr%ﬁnAzAs(Gk) = Gjp_y - aJdginAzAg(Gk)'
After continuing this process k — 1 times (multiplying by aj, ,,...,a;, ), we obtain equality (2.12).
Theorem 2. For the group Gy, the following equality holds:
{K | K is a subgroup of Gy, of index 4} =

8
= ({44, (Gi) | (A1, A3, A3) is a partition of Ni\Ao}.
j=1

Proof. Let K be a subgroup of the group Gy, with |Gy : K| = 4. Then it is easy to verify that there
exist ap, aq, ar € Gy, such that the cosets K, a,K, a,K, and a,K are disjoint. We set

Aoz{iENk|ai€K}, Alz{iENk|ai€apK},
AQZ{iENk|CLi€aqK}, Agz{iENﬂaiEarK}.

Then we can conclude that (A, A2, As) is a partition of Ni\Ag. Let m; be the minimal element of A;,
1 =1,2,3. By Proposition 1, we obtain that gilAzAs(Gk)v j=1,2,...,8is a subgroup of Gj.

Let am;am, K € {K,am, K, } for any j € {1,2,3} and s # j. Then it is easy to verify that |Gy : K| < 4.
If apm, @, K = ap, K and apy, @y K = ap, K, then

Uy Oy K = Ay s K = ampa K = anm, K = |G K| < 4.
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Now, we consider the case Gm,@m, K = am, K and am;m, @my, K = am, K. In this case, we obtain
Uy Oy K = Gy, K = amp K = am, K = |G : K| < 4.
Hence, only two cases remain:
Uy O, K = a, K Oy Oms K = ap, K

and
Oy Oy K = iy K, Omy Oms K = am K.

CASE 1. Let ap, @m, K = apm, K and am, am, K = apmg, K. If we consider the coset ay,,am, K, it can be
equal to either a,, K or am K. If apm,am, K = am, K, then am,am, K = an K, ie., we have the kernels
of the respective functions v; and vg. In the case am,am, K = amy K, the coset ap,am, K can be equal to
Gm, K or a,, K. Namely, we obtain the kernel of the respective functions v and ~s.

CASE 2. If amam, K = am, K and apm,am; K = am, K, then am,am, K € {am, K, am,K}. If
Oy Oms K = am, K, then apm,am, K = am, K, i.e., we have the kernel of the respective function v4 and ~s.
Also, for the case Gy, ms K = am, K, we have only one subcase G, @m, K = amy K and @y, Gm, K = am, K.
It gives the kernels of the respective functions v and .

Remark. Let A = {my,mz2} and B = {my, m3z}. Then
8%, 4,45 (Gr) = {z € Gr | 18(wa, a,45(2)) = ¢} = HaN Hp.

Namely, S%, 4,.4,(Gr) is a normal subgroup of Gy. For any j = 1,2,...,7, the subgroup 9‘?41,42,43 (G) is
not a normal subgroup of G.

3. Weakly periodic Gibbs measures for the Ising model on Cayley
trees

In this section, we give new weakly periodic Gibbs measures for the Ising model corresponding to
index-4 subgroups of the group Gy.

We consider models where spin takes values in the set ® := {—1,1}, and is assigned to the vertices of
the Cayley tree. For A C V, a configuration o4 on A is an arbitrary function g4: A — ®. The set of all
configurations on A is denoted by Q4 = ®4.

The (formal) Hamiltonian of the Ising model is

Ho)=-J Y. ol@)oly), (3.1)

(z,y)EL

where J € R\{0} is a coupling constant and {z, y) stands for nearest-neighbor vertices. For a fixed 2° € V,
called the root, we set

W, ={zeV|da"z)=n}, Vi= ] Wn. (3.2)
Let S(x) be direct successors of z, i.e.,
S(z) = {y € G | d(y,2") = d(z,2°) +1}.

For any x € G, the set {y € Gy | (z,y)}\S(z) has a single element, which is denoted by z;.
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We define a finite-dimensional distribution of a probability measure p in the volume V,, as

pn(on) = Z1 exp{—ﬁHn(an) + Z hzcrn(x)}, (3.3)
xeW,
where 3 = 1/T, T > 0 is the temperature and Z,, ! is the normalization factor.
Let {h, € R,z € V} be a collection of real numbers and

Hy(op) =—J Y on(@)on(y).

(z,y)EL

We say that probability distributions (3.3) are compatible if for all n > 1 and o,,_; € ®V»—1,

Z Mn(anfl \ wn) = anl(o'nfl) (34)

wp EPWn

Here, 0,,—1 Vw,, is the concatenation of configurations. In this case, according to the Kolmogorov extension
theorem (see [14]), there exists a unique measure p on ®"»,

p{olv, = on}) = pnlon).

Such a measure is called the splitting Gibbs measure corresponding to Hamiltonian (3.1) and the function
hy, © € V. The following statement [15], [16] describes conditions on h, guaranteeing the compatibility
of pn(on)-

Theorem 3. The probability distributions p,(cy), n=1,2,..., in (3.3) are compatible if and only if
the following equation holds for any x € V:

hy = Z f(hy,0), where 6 =tanh(JB), f(h,8)= artanh(dtanhh). (3.5)
y€eS(x)

Definition 2. Let K be a subgroup of Gi, k > 1. We say that a function h = {h, € R: x € G} is
K-periodic if hy, = hy for all x € G and y € K. A Gj-periodic function is called translation invariant.
A Gibbs measure p is called K-periodic if it corresponds to a K-periodic function h.

Let G : K = {K1,Ks,...,K,} be a family of cosets and K a subgroup of index r € N.

Definition 3. A set of quantities h = {hy, © € G;} is said to be K-weakly periodic if h, = h;;, for
any z € K;, ) € K;. A Gibbs measure p is said to be K-weakly periodic if it corresponds to a K-weakly
periodic set of h.

We note that the weakly periodic set of h coincides with an ordinary periodic one (see Definition 2) if
hg is independent of z;.

The K-weakly periodic Gibbs measure of some models were mainly studied only in the case where K
is a normal subgroup of Gy. We consider K-weakly periodic Gibbs measures of the Ising model on the
Cayley tree in the case where K is not a normal index-4 subgroup of G.

Let Ag = {4,5,...,k + 1}, As = {s}, where s € {1,2,3}, i.e., m; = i for ¢ € {1,2,3}. We con-
sider the functions ugiy(2)q3y: {a1,a2,...,ax11} — {e,a1,a2,a3} (defined in (2.2)) and v : (a1,a2,a3) —
{e,a1,az2,a3} (defined in (2.3)):

e, x=a; i=Np\{1,2,3},
ug1y (2,3} () = Y
{}{}{} ai? x:aiie{17273}7
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and

€, T =e,
ai, x € {asay,azas},

71 (7) = { as, x € {a1as3,azas}, (3.7)
as, x € {a1a2,a2a1 },
yi(ai, @iy - ay,_yy1(ai, ja;)), *=a;a;,...a;,, l(x)>2.

Let K := S%l}{z}{g}(Gk) (defined in (2.11)), i.e.,
Kj ={z € Gi | n1(uqiyay433(2)) = €}
By Theorem 2, we have that K is an index-4 subgroup of the group G. We set
Ga/ K = {Kq, KT, K3, K3},
where

Ki ={z € G2 | v(uq1}{23(3y(¥)) = an },
K3 ={z € G2 | v(uf1y2y(3) (2)) = a2},
K3 ={z € G2 | y(ug1yq2y(3)(2)) = as}.

Then we have

@ (KS) == {ar,a2,...,a541} N K| = {aa, a5, ..., aps1} =k — 2,
q(Kg) == {a1,a2,...,ap41} N K| = {a1}[ =1,
a2(Kg) == [{a1,a2,...,ap1} N K3| = {a2}[ =1,
a3(Kg) == [{a1,a2,. .., ap41} N K3| = [{as}[ =1

and
Q(KG) = (90(Ky), 1 (Kg), ¢2(Ky), g3(Kg)) = (kK —2,1,1,1).

We assume that = € K7 (the cases z € K3 and € K3 are similar), i.e., v(uf1y1233}(2)) = a1. Then it is
easy to verify that

{r(ugy 2y (@ar)), y(ugry g2y g3y (vaz)), Y(ugiy g2y 3y (zas)) } = {e, a2, a3}

In addition, we have y(ug1y42y13y(®ai)) = a1,i € {4,5,...,k + 1}. Consequently,

qo(z) = {za1,xaq,...,zap1 } NKG| =1,
q(z) = {zay, zaz,...,vap 1 } N K| =k — 2,
q2(z) = {za1,xag,...,zap1 } N K| =1,
q3(x) := {za1,zag, ..., zap1 } N K3 = 1.

Hence, Q(z) = (1,k—2,1,1). Clearly (see the details in [3], [12]), for any x € G, there exists a permutation
7, of the coordinates of the vector Q(Ky) such that m,Q(Kyp) = Q(x).
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Let h = (hl,hg,...,hlg) € R2 and W = ( /17
Wy: R2 - RI12 a5

By = £ (hr,6) + f(
by = £ (hr,0) + £
ORI LS (OB
e = £ (hs,0) + f(
hy = f(12,6) +

/11:f(h379)+f(h950)5 /12:f

by...,hl5) € R2. Then we define the operator

h1o,0), 5 = f(h4,0)
hy,0), 4= f(hs,0)
hi1,9), hs = f(h1,0)
hi2,0), s = f(h2,0)
hs,0), 10 = f(hs,0)

(h3,0)

We note that K is an index-4 subgroup of the group Gj and the set h = {h,,x € Gy} is called
Kg-weakly periodic if h, = hy; for any z € K}, x| € KJ, i,j € {0,1,2,3}. We use the operator W
to study Kg-weakly periodic Gibbs measures for Ising models on the Cayley tree of order two. Because
Q(z) = (1,0,1,1), the cases hy = h;;, @ € {0,1,2,3}, do not occur. Then a Kj-weakly periodic set of h

has the form

ho,1 = h1,
ho2 == ha,
ho,3 == hs,
hio = hy,
hi,2 := hs,
by — hi3 = he,
hao == hr,
ho.1 := hsg,
ha3 = hg,
h3z0 == hio,
h3,1 = hi1,
hs2 := hia,

r e K,z € K7,
re Ki,zy € K3,
re Ki,z) € K3,
re K,z € Kj,
re K{,z, € K3,
re Kf,z) € K3,
re K5,z € Kj,
re K5,z € K7,
re K5,z € K3,
re K3,z € Kj,
re K3,z € K7,
re K3,z € K3,

where h = (hy, ha, ..., h12), in view of (3.5), satisfies the equations

Wh =

h.

(3.9)

Finding all solutions of Eq. (3.9) is not easy. That is why we solve the equation on invariant sets on

the Cayley tree of order two. It is easy to verify that the following sets are invariant with respect to the

operator W:

Ii={h €R™ | hy=hy=hg=ha=hs = he = hy = hg = hg = hao = ha1 = hn2},
I ={h € R | hy = hy = h11 = h1a, hy = hg = h7 = hg, h3 = h1o, hs = hs},
Iy ={h € R | hy = hg = hg = hg, h4 = hs = hig = h12, ha = hy, he = h11},
Iy ={h €R¥ | hy = h3 = hs = hg, hy = hg = h1g = h11, h1 = ha, hg = hia},
Is ={h € R" | hy = hs = hy, hy = hy = hg, h3 = he = hg, hig = h11 = hi2},
Is ={h € R | hy = hg = h11, ha = hg = h1o, h3 = hr = h12, hy = hs = hg},
Iz = {h € R | hy = hg = h1o, ha = hs = h12, h3 = ha = h11, hr = hg = hg},
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Is ={h € R | hy = ho = h3, ha = h7 = h1o, he = hs = h12, hs = hg = h11},
Ig={h € R | hy = hy = hy = hs = hy = hs, hg = he = hg, hio = h11 = h12},
Lo ={h € R | hy = h12, ha = h11, hs = hio, ha = hg, hs = hs, he = hr}.

We consider Eq. (3.9) on the invariant sets I, I3, and I4. On I3, this equation can be written as

hl :f(h379)+f(h479)7 h3:2f(h479)7

(3.10)
h4:f(h1,0)—|—f(h5,0), h5=2f(h1,0)
Also, on the set I3 Eq. (3.9) is equivalent to
hl :f(h279)+f(h479)7 h2:2f(h479)7 (311)

ha = f(h1,0) + f(he,0),  he =2f(h1,0).

If we change variables in (3.10), then we can obtain (3.11), i.e., hy — h1, hqy — ha, hs — hg, and hg — ho.
on the set Iy, Eq. (3.9) is equivalent to

hi :2f(h7;0); ho = f(h1,0)+f(h7,9),

(3.12)
hz = f(h2,0) + f(he,0), hg = 2f(h2,0).

If we change variables in (3.10), then we can obtain (3.12), i.e., hy — hz, hs — hg, hy — ha, and hs — hy.
Hence, it is sufficient to solve Eq. (3.9) on I5 (the cases Is and I are similar).
We consider Eq. (3.9) on the invariant sets I;, j = 5,6,7,8. On I5, this equation can be written as

hi = f(h1,8) + f(hio,0), ha = f(h2,8) + f(hio,0),

(3.13)
h3 = f(h179)+f(h279)7 th :2f(h379)
Also, on the set Ig, Eq. (3.9) is equivalent to
hl:f(h279)+f(h350)a hQZf(h250)+f(h479)7 (3 14)

hs = f(hs3,0) + f(ha,0), ha =2f(h1,0).

If we change variables in (3.13), then we can obtain (3.14), i.e., hy — ha, ha — hs, hs — h1, h1g — hq.
On the set I7, Eq. (3.9) is equivalent to

hi = f(h1,0) + f(hz,0, he = f(h1,0) + f(hs,0),

(3.15)
hs = f(hs,0) + f(hz,0), h7 =2f(h2,0).

In this case, we change the variables as hy — hy, ho — hs, h3 — ho, and hig — h7. Similarly, on the set I3
Eq. (3.9) is equivalent to

hy = 2f(ha,0), ha = f(hs,0) + f(he,0),

(3.16)
hs = f(h1,0) + f(hs,0),  he = f(h1,0) + f(he,0).

The correspondence between (3.13) and (3.16) is given by hy — hg, ha — hs, hs — hy, and hig — h;.
Thus, we can conclude that it is sufficient to solve Eq. (3.9) on I5 (other cases are similar).
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Theorem 4. For the Ising model on I'?, the following assertions hold:
1. All K§-weakly periodic Gibbs measures on the invariant sets I, Iy, and I are translation invariant.

2. Let ace ~ 1.69562077, then for § € [—oo0, —3) U (%;Z;,oo), there exists a Kj-weakly periodic (not

translation-invariant) Gibbs measure on the invariant sets I, I3, and I4.

Proof. 1. It is known that solutions of the system of equations (3.9) on the invariant set I; are
translation invariant. Translation-invariant Gibbs measures for the Ising model are well studied (see [3]).
We consider Kj-weakly periodic Gibbs measures on the invariant set Ig. Then the system of equations (3.9)
can be written as

hy = f(h1,0) + f(h1o,0), hs =2f(hy,0), hio = 2f(hs,0). (3.17)

Using the fact that f(h,0) is monotonically increasing over h, we solve system (3.17).  Let
maX{hl,hg,hlo} = hl, then

hs =2f(h1,0) = f(h1,0) + f(h10,0) =h1 = h1 = hs.
Consequently, hg = 2f(hy,0) = 2f(hs,0) = hig, i.e., h1 = hg = hig. If max{hy, hs, h10} = h3, and we have
hio =2f(hs3,0) = 2f(h1,0) =hs = hio = hs.
Thus, we have
2f(h1,0) = hg = h1o = 2f(h3,0) = hi=hy == hi1=hz="hpo.
Finally, let max{h1, hs, h10} = h1o, then we obtain
2f(h3,0) = hio = hg =2f(h1,0) = h3 > h,

whence
f(h1,0) = f(h10,0) = h1 > hio.

Namely, we obtain hy = hs = hig.
We now consider Kj-weakly periodic Gibbs measures on the invariant set ;9. Then the system of
equations (3.9) can be written as

hi = f(h3,0) + f(he,0), ha = f(hs,0) + f(ha,0), hz= f(ha,0)+ f(hs,0),
ha = f(hs,0) + f(h2,0), hs = f(h1,0) + f(h2,0), he= f(h1,0)+ f(hs,0).

(3.18)
It suffices to consider the case h; = max{hy, ho, h3, hy, hs, he}, other cases are proved similarly:
f(h3,9)+f(h6,0):h1 >h2:f(h379)+f(h450) = h6>h4-
Similarly, we obtain that
hi>hs = hs>h, f(h1,8) = f(hs,0) = hs > hg.
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From f(hs,0) + f(he,0) = h1 = hs = f(h1,0) + f(hs,0), we deduce that
f(h2,0) < min{f(hs,0), f(he,0)} = ha < hs, ha < he.

Because f(h3,0) + f(he,0) = h1 = he = f(h1,0) + f(hs,0), we have hs < hs, hs < hg, and hy < hs,
and hence hs < hg. Finally, from hg > hs and consequently hy < hy, we can conclude that

hi > he = hg > hs > hy > ho.
From the last inequality,
hQ Zf(h3,0)+f(h4,9) = f(h5,9)+f(h2,0) =h4 - h2 =h4

and hs > hg, whence hs = hz. We thus obtain hy = hy and hs = hg whence h; = hg. As a result, it is easy
to verify that
hi=hs = hg = hgy = hs = hg.

2. We consider Eq. (3.9) on the invariant set I5 (it follows from the foregoing that the cases I3 and I
are similar). On the invariant set I, Eq. (3.9) can be written as

hl :f(h379)+f(h479)7 h3:2f(h479)7

(3.19)
hy = f(h1,0) + f(hs,0),  hs =2f(h1,0).
Using the fact that
1, (1460)e*+1-96
= 1
F0) =9I 1 prean 4149
and setting z; = €2, i = {1,2,...,9}, and
o 1-6 (2) = z+4+a
T1v0 T T a
we obtain the following system of equations instead: of (3.10):
21 =g(23)9(za),  zm=9"(za), z=g(2)9(z), 2 =9(21)
This system can be rewritten in the form
21 = gl9(9°(24)) - 9(2a)] - 9l9*(9(9% (24)) - 9(24))]. (3-20)

Let z4 := x, then after simple calculations we can rewrite (3.20) as

(a+1)(z—1)(z+1)((a®> —a+1)2® + (a® — 2a* + 3a)z + a® —a + 1) x
x (a®2® + (a* = 2a+ 1)z + a®)Q(z) = 0,

where

Q(z) := (a® + 3a* + 4a® — a + 1)2* + (6a° + 20a® + 6a)z® +
+ (205 — 2a° + 24a* + 22a® + 2a)z? +
+ (6a° 4 204 + 6a)z + a® + 3a* + 4a® —a + 1.
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If x = 1, then we have 21 = z3 = 24 = 25 = 1, i.e., a translation-invariant solution. If x = —1, then
z1 =24 = —1 and z3 = z5 = 1, i.e., a periodic solution.
It is easy to verify that if a € (—oo; —1] U [2; 00), then the equation

(a®* —a+1)2* + (a® — 2a* + 3a)z +a®* —a+1=0

has at least one solution, i.e., a weakly periodic solution.
Leta € [-1 —+/2; -1+ \/2], then the equation

a’z? + (a® —2a+ 1)z +a*> =0
has at least one solution, i.e., a weakly periodic solution. We set z + 1/x = t, then
Q(x) = (a® + 3a™ + 4a® — a + 1)t? + (6a° + 204> + 6a)t + 2a° — 4a® + 18a* + 14a* 4 4a — 2 = 0.

For a € (=1 + v/2,a.,), after simple calculations, we obtain that the polynomial Q(z) has at least one
solution, i.e., weakly a periodic solution. Hence, for

1 1- cr
a € (—o0jae) U [2;00) <— 06[—00,—3>U< @ ,oo),

there exists a Kj-weakly periodic (not translation-invariant) Gibbs measure on Is.
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