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INVERSE SCATTERING TRANSFORM FOR A NONLOCAL
DERIVATIVE NONLINEAR SCHRODINGER EQUATION

Xinxin Ma* and Yonghui Kuang?

We give a detailed discussion of a nonlocal derivative nonlinear Schrédinger (NL-DNLS) equation with
zero boundary conditions at infinity in terms of the inverse scattering transform. The direct scattering
problem involves discussions of the analyticity, symmetries, and asymptotic behavior of the Jost solu-
tions and scattering coefficients, and the distribution of the discrete spectrum points. Because of the
symmetries of the NL-DNLS equation, the discrete spectrum is different from those for DNLS-type equa-
tions. The inverse scattering problem is solved by the method of a matrix Riemann—Hilbert problem.
The reconstruction formula, the trace formula, and explicit solutions are presented. The soliton solutions
with special parameters for the NL-DNLS equation with a reflectionless potential are obtained, which may

have singularities.

Keywords: nonlocal derivative nonlinear Schrodinger equation, zero boundary conditions, symmetry
properties, matrix Riemann—Hilbert problem, singularity

DOI: 10.1134/S0040577922010032

1. Introduction

Most of the studies of integrable nonlinear evolution equations focus on local-type equations [1]-[3].
A classic example is provided by the nonlinear Schrédinger (NLS) equation, which has been thoroughly
discussed from different standpoints [4]-[6]. The NLS equation describes the evolution of the complex
envelope of weakly nonlinear dispersive wave trains [7]. In [8], a nonlocal nonlinear Schrédinger (NL-NLS)
equation with infinitely many conservation laws was presented and its explicit solutions were derived by
the inverse scattering transform (IST) method. After that, many nonlocal integrable equations have been
introduced and broadly discussed [9]-[11]. Many of such nonlocal integrable equations can be turned into
local equations by some variable transformations [12].

The IST is a powerful tool to deal with the initial-value problems for local or nonlocal equations [1],
[13]-[24]. The inverse scattering problem is related to the Gel'fand-Levitan-Marchenko integral equa-
tions [25], which are difficult to handle in general. As a new version of the IST, the Riemann—Hilbert
approach has recently become popular in studying soliton solutions and long-time asymptotics of integrable
systems [16], [18], [19], [26]-[30].
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The derivative nonlinear Schrédinger (DNLS) equation
iqe(2,t) = Qoo (,t) +ie(q* (2, 1)q" (2, 1))z, e==1 (1.1)

has important applications in plasma physics [31]. Here, the subscripts denote derivatives with respect to

the corresponding variables and the star denotes complex conjugation. The IST for the DNLS equation with

zero boundary conditions (ZBCs) and nonzero boundary conditions (NZBCs) was studied in [16], [32]-[36].
In this paper, we consider the NL-DNLS equation

iqe(z,t) = Qua(z,t) + a(qz(x,t)q*(—x,t))m, €= =1, (1.2)
with ZBCs at infinity:
zgrﬂrzlooq(a:, t) =0. (1.3)

The NL-DNLS equation was introduced and studied recently via the Darboux transformations in [37]. The
NL-DNLS equation can be made into the DNLS equation by the transformations x — —iz and t — —¢ [12].

This paper is organized as follows. In Sec. 2, we discuss the direct scattering problem with ZBCs at
infinity in detail. The Jost solutions and the scattering matrix are introduced and their analytic properties
are discussed. The key symmetries for the modified Jost solutions and scattering coefficients are found
using the uniqueness of solutions of ordinary differential equations. For constructing the inverse scattering
problems, we also analyze the asymptotic behavior of the modified Jost solutions and the scattering matrix.
To solve the inverse scattering problem, we derive the discrete spectrum, which has two completely different
sets, and give the corresponding residue conditions. In Sec. 3, the matrix Riemann—Hilbert problem for
the inverse scattering problem is established. Subsequently, we present a reconstruction formula for the
potential and a trace formula. The explicit general solutions corresponding to reflectionless potential are
obtained. In Sec. 4, we give examples of the soliton solutions in two different cases with special parameters.

2. Direct Scattering Problem

2.1. Jost solutions and analyticity. The NL-DNLS equation (1.2) is a nonlinear integrable equa-
tion, and the associated Lax pair has the form [37]

where
Uz, t,\) = N2o3 + AP, (2.2)
V(x,t,\) = —2iXog — 2iX3P + iA203 P2 +iA(P® — 03 P,) '
where

(1 0 3 0 q(z,1)
78 = (0 —1) ’ P= (—6q*(—x,t) 0 ) '

Comparing with the case of the DNLS equation, we see that their Lax representations are different, which
leads to the completely different spectral properties.

Solutions @4 (z,t, A) of the asymptotic spectral problem for Lax pair (2.1) with ZBCs (1.3) can be
represented as

@i,r(xat)\) = U:‘:(p:‘:(xat)\)a ‘Pﬂ:,t($7ta A) = Vj:(pj:(ﬁli,t, A)v (23)

where
Uy = Nos, Vi = —2i\2U,.
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For simplicity, we take the basic solutions @i (z,t,A) = e?@tNos  where O(x,t,\) = A\ (x — 2i\%t).
We assume that the matrix solutions of spectral problem (2.1) are Jost solutions ¢4 (z,t,\) satisfying
the boundary conditions

bi (2,1, \) — f@tNos T — +o0, Aex, (2.4)

where ¥ := {\ € C | (Re)\)? — (Im \)? = 0}.
To eliminate the asymptotic exponential oscillations, we introduce the modified Jost solutions
s (x,t, \) defined by

s (x,t, ) = o (w1, N)e 0 @ENI3, (2.5)
and then
i g (2,8,0) = 1, (2.6)

where I denotes the 2 x 2 identity matrix. We use a shorthand notation e~%72(M) = e=973 Mef73  where
M is an arbitrary 2 x 2 matrix.
We thus obtain an equivalent Lax pair

Pt oo + A2 [pa, 03] = APy, (2.7a)
o — 2iN g, 03] = Vipy, (2.7b)

which can be rewritten in the total-derivative form
d(e_e(m’t’k)&s,ui) = e_e(r’t’k)&s[()\P do + Vi dt)puy]. (2.8)

Here, |-, -] denotes the matrix commutator and Vi = —2iX3P +iX203P? +i\(P3 — 03 P,). We can formally
integrate formula (2.7a) for pui(xz,¢,A) to obtain the Volterra integral equations along two special paths:
(—o0,t) = (z,t) and (4o00,t) — (z,t)

polat ) =T+ A [ NP (.t V)] dy, (2.92)

2
6)\ (

00

—+oo

po(x, b, A) =1 — /\/ N (@=v)5s [P(y, t)pu+(y,t,N)] dy. (2.9b)

x

Using these integral equations, we can prove that the modified Jost solutions p4 (x, ¢, ) are unique solutions
of the above equations and their columns have different analyticity domains in the complex XA plane [18].
For convenience, we set

Dt ={\eC|(ReN)? - (Im))? > 0}, D™ ={AeC|(ReN)? - (Im))? < 0},
and let p;(z,t, \) denote the jth column of the matrix py(z,t, ).

Proposition 1. Let the potentials belong to the absolutely integrable space, i.e., q(x,t),q(—z,t) €
LY(R). Then the modified Jost solutions p(x,t, ) have the following properties:

o Volterra integral equations (2.9) have unique solutions with boundary conditions (2.6).

e The column vectors p_1(z,t, \) and piy2(x,t, ) can be analytically extended to DT and continuously
extended to DT U X.

e The column vectors piy1(x,t, ) and p_o(x,t,\) can be analytically extended to D~ and continuously
extended to D~ U X.
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2.2. Scattering matrix. Evidently, the matrices U and V are traceless. Using Abel’s theorem,
we conclude that the det ¢4 (x,t, \) are independent of x and ¢. Hence,

det ¢4 (z,t,\) = mgrjrzloo det o4 (z,t,\) = wglinoo det py(z,t,\) = 1. (2.10)

That is, the Jost solutions ¢_1(x,t,\) and ¢_o(x,t, \) of scattering problem (2.1) with boundary conditions
(1.3) are linearly independent for all A € . Similar arguments hold for the Jost solutions ¢41(x,t,\)
and ¢12(z,t, \). Because scattering problem (2.1) is a 2 x 2 linear system, the pairs {¢_1 (2, ¢, \), d—_2(x,t, \)}
and {¢41(z,t, A), p12(x,t, A)} are linearly dependent, and we can express one basis set in terms of the other;
they are two fundamental matrix solutions for the Lax pair (2.1). Therefore, there exists a 2 x 2 matrix
S(A) (independent of x and t) such that

d_(z,t,\) = dp(z,t,N)S(N), x,t € R, Ae X, (2.11)
called the scattering matrix. After expanding formula (2.11) we arrive at

d-1(A) = 511 (M) P41 (A) + 521 (N) P42 (A),

(2.12)
P—2(A) = 512(N) P11 (A) + s22(A)P42(A),
where the s;;(\) are called the scattering coefficients. Moreover, Egs. (2.10) and (2.11) imply
det S(A) =1, AeX. (2.13)

Proposition 2. If ¢(x,t),q(—z,t) € L*(R), then the scattering coefficients s11()\) can be analytically
extended to DV and continuously extended to DT U Y., while so2()\) can be analytically extended to D™
and continuously extended to D~ UX. However, the rest of the scattering coefficients are nowhere analytic
and are only continuous in .

Proof. It follows from (2.12) that the s;;(\) have the Wronskian representation

511()‘) = Wr[¢,1(x, t, /\)7 ¢+2 (SE, t, )‘)]7 512(/\) = Wl“[(b,g(x, t, )‘)a ¢+2 (va L, /\)]7
s21(A) = Wr[¢+l (z,t, ), -1 (2, t, )‘)]7 s22(A) = Wr[(bJrl (x,t,A), p—2(z,t, /\)]

Combining with the analytic properties of the modified Jost solutions u+(x,t, \) in Proposition 1, we prove

(2.14)

the proposition.

The following reflection coefficients are needed in the inverse problem in what follows:

o 821()\) - o 812()\)
o 811()\)7 P /\ o 822()\)7

2.3. Symmetry conditions.

A€, (2.15)

Proposition 3. Jost solutions ¢4 (x,t, \) satisty two symmetry relations

¢i($,t, _)\) = U3¢:|:(x7ta A)U:ﬂv
Oh(—a,t,—\*) = Koo (x, t, ) K1,

K:G j;).

¢i1($, ta _)\) = U3¢:ﬁ:1($7 tv )\)a QS:‘:Q(ZE, ta _)\) = _U3¢i2($7 ta A)v (216)
Gy (—a,t, = N) = K 'Gua(a,1,0),  ¢hy(—2,t,—A*) = K (z,t, ). (2.17)

where

For individual columns,
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Proof. For the first symmetry relation, for all A € 3, the matrices U(\) and V() satisfy the symmetry
U(—/\) = 0'3U(/\)(73, V(—/\) = 0'3V()\)0’3.

It is easy to see that ¢4 (z, ¢, —A) and o3¢ (z,t, \)os satisfy the same spectral problem and have the same
asymptotic form as ¢4 (z,t, ) (we let ¢+ denote any of these function for convenience):

ai(g{gi (2,1, ) = U(=N)dx (@, 1, \),
aat(éi(x’t’m = V(=Néx (2.1, ), (2.18)

b (x,t,\) — @t A)os T — £00, A€

Hence, we obtain the desired result by the uniqueness of Jost solutions. Similar arguments hold for the
second symmetry condition because

—U*(—x,t,=\*) = KU (z,t, ) K1, V*(—x,t,=\) = KV (2, t, ) K.

Corollary 1. The scattering matrix S(\) has two symmetries

S(A) = 035(—MN)os, S*(=\*) = KST'NK !, (2.19)
or in component form,
811(/\) = 511(—/\), 812()\) = —812(—/\),
521(A) = —s21(=A),  s22(\) = s22(=N), (2.20)

s11(A) = s11(=A7),  s22(A) = s22(=AT), s12(d) = esa (ZA).

Proof can be directly obtained from Proposition 3 and the scattering relation in (2.11).

2.4. Asymptotic behavior. As A — oo, the asymptotic behavior of the modified Jost solutions
pt(z,t, A) and the scattering matrix S(A) can be derived from (2.7a) by the Wentzel-Kramers-Brillouin
expansion.

Proposition 4. The large-\ asymptotic form of the modified Jost solutions p(x,t, \) is

pa (2,8, 0) = €778 1 pa (;” Don?), Ao (2.21)
where the off-diagonal part of u[il] (z,t) is given by
pli (. t) = ;P@e”i"ﬂ (2.22)
and .
vaet) ==, [ alena-60de (223
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Proof. We suppose that the ug (z,t,\) have the following expansions as A — oo:

pel(wt) | pa)

ps (2,8, N) = pld (2, 1) + +O0N?),  A— .

A A2

Substituting these relations in (2.7a), we find
[0] u[i] N[ﬁ] 2 [0] M[f N[ﬁ] [0] N[i] M[i]

From the second-order terms in A, we obtain

[:U“[:E] ) 03] = 07
which implies that u[ﬁ] (x,t) is a diagonal matrix. For convenience, we let a;;(x,t) and b;;(x,t) respectively
denote u[ﬁ] (x,t) and u[il] (x,t). Similarly to the foregoing, from the coefficients of the first-order terms in A,
we obtain 2 b (2.1) bualir. 1)

21\, 12(,
t)=— t) = -2 .
mEO= ey 20T

And terms of the zeroth order in A yield
ar1z(2,t) = q(z,t)ba (2, 1), a224(7,t) = —€q*(—x,t)b1a(z, 1).
Hence, using boundary conditions (2.6), we deduce that

a11(x,t) = "+, age(x,t) = e V*,

q(fl’,t) e*l/i Eq*(_x7t) eui.

bio(z,t) = — 9 ) 9

bgl(ZIJ, t) = —
We have thus established asymptotic behavior (2.21).

Proposition 5. The asymptotic behavior of the scattering matrix is

S(\) = e + O\, A — o0, (2.24)
where
e [To°
Y= _2/ o(2, 0)g" (2, ) da. (2.25)

Proof. Substituting the asymptotic forms of the modified Jost solutions p4 (z, ¢, A) given by (2.21) in
the Wronskian representations (2.14) of the scattering coefficients, we derive the asymptotic behavior for
the scattering matrix S(\) by simple computation.

2.5. Discrete spectrum and residue conditions. For the NL-DNLS equation, the discrete spec-
trum for the scattering problem is the set of all values A € C\X such that eigenfunctions exist in L?(R).
We show that these values are the zeros of s11()\) in D* and the zeros of s22()\) in D™

We suppose that s11(\) has a finite number Nj of simple zeros ki,...,kn,, in DT N {\ € C |
ReA >0, Im A > 0}. That is, let s11(k,) = 0 and s/, (k) # 0, with k, € D*, Rek,, > 0 and Im k,, > 0 for
n=1,..., N1, where the prime denotes differentiation with respect to A. Owing to the symmetries (2.20),

we have

s11(kn) = s11(=kn) = s11(k}) = s11(=k3,) = 0.
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Similarly, if ¢, is a simple zero of so2(A), so are —(,, ¢, —C*, with ¢, € D~, Re(, > 0, and Im(,, > 0
forn =1,..., Ny. That is,

522(Cn) = 822(—Cn) = 832((,) = 832(—¢;,) = 0.

Notably, the eigenvalues k,, and (, are not related, which is different from the case of the DNLS
equation. Thus, the discrete spectrum is the set

A = {hn, £ U{EC, £ (2.26)

Next, we focus on the residue conditions, which are needed for the inverse problem. Recalling the
Wronskian representation of s11(\), the Jost solutions ¢_1(z,t,\) and ¢ 2(x,t,\) with A = k, must be
linearly dependent,

d-1(x,t, kn) = bpdi2(z,t, kn), (2.27)

where b,, is nonzero and independent of z, ¢, and A. Similar arguments hold for the scattering coefhi-
cient s22()), and hence

b—a(,t, () = dndr1(2,t,Gn), (2.28)

where d,, admits same properties as b,. We can rewrite (2.27) and (2.28) equivalently as

w1z, t ky) = bne_ze(z’t’k")u+2(a:, t,kn), (2.29)
p2(2,t,Go) = dne® @0 (2, Go). (2.30)

For the NL-DNLS equation, we show that the eigenvalues k,, and (,, cannot lie on the coordinate axis
simultaneously. First, let the eigenvalues k,, be real, i.e., k, = k; it then follows from (2.29) and the first
equation in (2.17) that

elbn|* = 1. (2.31)
Similarly, supposing that the scattering coefficient s22(\) has an imaginary simple zero (, = —(;, we can
show that

—eld,)? = 1. (2.32)

We return to the discussion of residue conditions. We now conclude that

— Copira(o, k), Cn(a) = 00 ek, (2.33)

Res ,U_l(,fli,t,A) .
511 (kn)

A=kn, 811(/\)

To obtain the remaining three points of the eigenvalue quartet in DT, we apply the symmetry properties
of the Jost solutions and scattering coeflicient s11(\), with the result

por(z,t,A)
ABSEH Sll(A) - OnCTg,UJ,.Q(ZIJ,t, kn),
M*l(xﬂtv)‘) _ -1, % ([
)E%S; Sll(A) - CnUSK M+2( $,t, kn)7
,U_l(ﬂf,t,)\) -1, % 1
Res =-C,K —x,t, ky), C,= .
% sy ot sta (k)"
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Similarly, we have

i Ni:(;) Y = Dunte G

A2, uz(: (’Ati Y - Duospia(et.G) Du@) =, j&n)ewm%
3 M;(:(At) Y = Dogut (ot

e “_52(:(;3 YDt G) D [5'22(14“)]*'

3. Inverse Problem

3.1. Riemann—Hilbert problem. As usual, we introduce the sectionally meromorphic matrices

_1(x,t, A
N* (a1, 3) = (“ 1(36(33 ), u+2(x,t,>\)>,
S11
(3.1)
_ /L,Q(ﬁ, ta A) >
N (z,t,\) = z,t,\), .
(@t = (e, 200
From scattering relations (2.11), we obtain the jump condition
Nt (2, t,\) = N~ (z,t, \)(I — J(z,t,\)), AEX, (3.2)
where the jump matrix is
BN BNt
_ O(z,t,\)o —0(z,t,\)os __
J(g:, t, )\) =€ 3J0()\)6 ¥ = (_p(A)e—Qe(r,t,A) 0 : (3'3)

To complete the Riemann—Hilbert problem, normalization conditions must be established. Given the asymp-
totic behavior of the modified Jost functions py (z,t, A) and scattering coefficients, it is easy to see that

NE(z,t,\) = e”+7% + O\ 1), A — 0. (3.4)

Equations (3.1)—(3.4) define a matrix Riemann—Hilbert problem.
To solve the Riemann—Hilbert problem, we need to subtract the asymptotic behavior and the pole
contributions. Hence, we rewrite the jump condition as

N*t(z,t,\) —e"t% — A= N"(z,t,\) —e"t% — A — N~ (z,t,\)J(z,t,\), A€, (3.5)
where we introduce the pole part

A Z Res;.C NJr Res_anJr+Resk;N++Res_k;N+
At kn A—kx Atk

+Z Res<n - Res,an*+Res<2N*+Res,<2N*

We introduce the projection operators

Palfi = o [

where the notation A £ i0 indicates that when A € X, the limit is taken from the left/right of it. Applying
the projection operators to (3.5) leads to

RCARIICARI)
A

P d¢,  AeC\X. (3.7)

1 [N
N(z. £ \) = "+ + A —
(.8, A) = ™7 + 2m'/E
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3.2. Reconstruction formula. Our last task is to reconstruct the potential for the NL-DNLS equa-
tion with ZBCs from the scattering data. We have

q(z,t) = —2e"+ Alim (A )12(z, t, N). (3.8)
—00

We compare the element 1,2 in expression (3.7) with (3.8). The reconstruction formula for the potential is
then given by

aE 1
q(z,t) = —2el’+{ Z 2D, 11 (2, t, Cn) + 26Dy 101 (=, t, Co)] + o /E[N_({)J(f)]lg df}. (3.9)

To close the system, we need to obtain expressions for the eigenfunctions appearing in (3.9). They are
given by

et 1 o
pa(z,t, w) = < 0 ) +Z{< _ w+3k )Cnﬂ+2($,t,kn)+

J(€
A

5( 3 (3.10)
u+2(a:,t,tb)=< 0 )+ 3 K Loy o )Dnml(ﬂ:,t,én)—

ev+ I\ =G WG
1
(ol gt Proskiia(n )
L[V
- 271'2'/2 N3 (3.11)

where w = +(;, £¢; and w = £k, £k7.

3.3. Trace formula. We recall that s11()\) is analytic in DT and it has simple zeros at the points
{dky, £k} while s92()) is analytic in D~ with has simple zeros at the points {#(,, £¢5}Y2 . We set

n=1»

LIE2 O =GO+ GIA =G+ G)
T2 O = B+ k) (A = k(A + k)

JLZ =)+ kA = k(A + k)

T O - GOAHGOA -G

It follows that 8% (\) is analytic in D*, has no zeros, and f*(\) — 1 as A — co. Moreover, we have the
relation

1
BrNB~(N) = o 3.12
WD =1 e (312)
Taking the logarithms and applying the Cauchy projectors to (3.12), we have
L[ In(1—p(£)p(8)) +
In BE(\) = d A€ D*. 1
wpE ) =7y, [T e e (3.13)
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Substituting 1 (A) in s11(A), we obtain the trace formula in terms of the discrete spectrum and the reflection

coefficients,

IS O = RO+ RN = EA+E)) 1 [ In(1— p(&)5(6)

L2 A=A+ G A=A+

where A € D, In the same way, substituting 87 ()\) in s22()), we obtain
LIGE =GO+ A= +6) L[ (1= p(&)A(€)) )

\) = v J J J J J d

)= o ()\—k-)()\+kj)(/\—k*f)(/\+k’f)exp<2m/z e-x %)

Jj=1 J J

where A\ € D~

3.4. Reflectionless potential. For simplicity, we now restrict ourself to the important case where
the reflection coefficient p(\) vanishes identically and N3 = No = N. From Volterra integral equation (2.9),
it then follows that uy (z,¢,0) = 1.

We note that formula (3.9) is implicit because it involves e’+. We need to find its explicit form.
For this, we substitute A = 0 in (3.10) to obtain

1
et =1+2 Z |: ,u+12(x t, kn ) . CnﬂiQQ(—ﬂi, t, kn):| . (314)

n

Using reconstruction formula (3.9) with a reflectionless potential, we rewrite Egs. (3.10) and (3.11) as

N
§ o%, ok .
fyrn (2,8, G) = et + Z |:<2 Cn(x)uHQ(x,t, k,) + 2 — 22 Cnu+22(—x,t,kn)},
] n
N
. 2 o ) 2¢;
o (=2, t,¢5) = Z L*g e Cr (=) oo (2.t k) + ¢ - 50 nh+12(7, 1, kn)]
n=1

where j =1,..., N, and

N
2k, 2kn, «
prna(eth) = 32 Dy .6.G) o eD )],
j n J n J

J=1

* v al 2C 2C* *
/’L+22(_x7t7 kn) _+Z|: <2‘D M+11(x t C ) k*Q <*2 ( x)M+21(—x,t,Cj):| )
Jj=1

wheren=1,..., N.
For the vanishing reflection coefficient, the trace formula becomes

Sy A=K+ k)N =B+ kD) N
811 =e€ Fl_[l )\-l-C)( C)(/\+CJ*)’ AeDT, (315)
N * *
s22(\ I[ A G =G+ XeD. (3.16)

DO E)A—EDA+ k)

j:l
From the reconstruction formula given by (3.9), we then have the following proposition.
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Proposition 6. The explicit solution of the NL-DNLS equation with ZBCs can be written as

det G, detZ <o YT

_ _ —I4+F 1
A0 =210q det @’ B G)’ G=1+F, (3.17)

where B = (By,...,Bans1)T, YY = (Y1,...,Yan11) and Gy denotes the matrix G with the first column
replaced by the vector B. Elements of the matrices B, Y, and F are defined as
0, i=1,...,2N+1,
B; = Yi=<2D; on_1(z), i=2N+2,....3N+1,
0, i=2,.. AN +1; 2nv-1()
2eD;_3n_1, i=3N+2,...,4N +1;

—ev-, t=N+2,....2N+1, j=1,
-1, t=2N+2,....,3N+1, j=1,
2
_k ijl(x), i=1, j=2,...,N+1,

j—1

2 ) .
— Ci_n-1, i=1, j=N+2,...,2N+1,
ki N1

2k; 1

R 1= an 1Dj72N71(x)’
1— J— —

i=2,. . N+1, j=2N+2,...3N+1,
2k;_1

k2 eDj 3n-1,
i-1 7 6 3N-1

i=2...,N+1, j=3N+2,....4N +1,

2¢j—2N-1 D
T2 _¢2 j—oN-1
i-N—1 " Gj_an—1

i=N+2,...,2N+1, j=2N+2,...,3N+1,

F;; = 2C; _3n-1 *
J ! Dj73N71(_x)7

i=N+2...,2N+1, j=3N+2,...,4N +1,

T2 *2
kifol - Cj73N71

2]6]‘,1

— Ci_1(z),
Grawr — K O

i=2N+2,....3N+1, j=2,...,N+1,

*
2kj—N—1 .
_CQ _ 2 J—N-1,
i—2N—1 j—N—-1

i=2N+2,....3N+1, j=N+2,....2N+1,

*

_ 2<i73N71 *

*2 _ Jj—1
CGlan—1 — ki,

i=3N+2,...,4N+1, j=2,...,N+1,
. 2@731\771 * (—x)
C;EBN—l_k;EN—l gt ’

i=3N4+2,...,4N+1, j=N+2,...,2N+1,

0 otherwise.

41



4. Examples

We will give examples of soliton solutions with some special fixed parameters in two cases and present
them graphically.

CASE 1: € = 1. In this case, in accordance with Eq. (2.31), we first take k, = k) for the discrete
spectrum. Trace formula (3.15) then becomes

which is a contradiction. Hence, there is no solution for NL-DNLS equation (1.2).

We next take k,, # k. At N = 1, the explicit solution is extremely complicated, and we give a two-
bright-soliton solution of the NL-DNLS equation (1.2) with ZBCs for the parameters b; = e!*?, d; = et
ky =e™/6 ¢ =e™/3. So q(x,t) = g;gig, where

Q1(z,t) = {[3 cosh(2z — 2i)€74\/3t+2 +(—V3+ 1)6*8\/3”4 T
+ e V32 6in(2v/32) — i — V3] x
x [(—3i — \/3)676\/3t+2it+3(ei717\/3im + i67i+w+\/3im) +
+ (3i _ \/3)672\/3t+2it+1(6i7w+\/3iw o iefiﬂf\/&m)]}’

Qa(z,t) = [ — Bcosh(2x — 2i)e V32 4 (/3 4 i)e 831 4
+ 6—4\/3t+2 Sln(2\/3x) —i + \/3]2

The two-bright-soliton solution is illustrated in Fig. 1.
CASE 2: € = —1. On the one hand, we can take ¢, = —(*. Trace formula (3.15) then yields

which is valid. But the derived solution is not a soliton solution because of the appearance of the singular-
ities.
On the other hand, if ¢, # —(;, the two-soliton solution of NL-DNLS (1.2) with ZBCs is made of

wi/6 mi/3

two breathers. Choosing the parameters by = 1, dy = 1, k1 = e , we then have

q(z,t) = gigig with

,and (1 = e

Qs(x,t) = —2iv/3{[e~*V3 (—2i sinh(2v/3iz) — 6 cosh(2z)) +
20 +V3) + 23V (V/3 — 1)) x
% [(\/3 _ Z-)EQit—ﬁx/Bt(e—z—i\/Bz - iez+i\/3m) n
+ (\/3 + i)eZit—Q\/St(e—r+i\/31 + iez—i\/Bz)]L

Qalx,t) = [674\/375(—27; sinh(2v/3ix) + 6 cosh(2z)) + 2(i — V3) — 2678\/3t(i +V3)2
The two-breather soliton solution is illustrated in Fig. 2.
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Fig. 1. A two-bright-soliton solution for the NL-DNLS equation (1.2) with N =1, ¢ = 1, by = '™,

di = et k= e™/% and ¢ = e™/3: (a) the three-dimensional profile, (b) wave propagation along x

fort=0,1,2.
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Fig. 2. A two-breather soliton solution of the NL-DNLS equation with N = 1, e = —1, by = 1,
di =1, k1 = e™/%, and ¢, = e™/3: (a) the three-dimensional profile, (b) wave propagation along x
fort=0,1,2.
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