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THE GENERAL FIFTH-ORDER NONLINEAR SCHRODINGER
EQUATION WITH NONZERO BOUNDARY CONDITIONS: INVERSE
SCATTERING TRANSFORM AND MULTISOLITON SOLUTIONS

Xiu-Bin Wang* and Bo Han*

We study the inverse scattering transform of the general fifth-order nonlinear Schrédinger (NLS) equation
with nonzero boundary conditions (NZBCs), which can be reduced to several integrable equations. First,
a matrix Riemann—Hilbert problem (RHP) for the fifth-order NLS equation with NZBCs at infinity is
systematically investigated. Moreover, the inverse problems are solved by studying a matrix RHP. We
construct the general solutions for reflectionless potentials. The trace formulas and theta conditions are
also presented. In particular, we analyze the simple-pole and double-pole solutions for the fifth-order NLS
equation with NZBCs. Finally, we discuss the dynamics of the obtained solutions in terms of their plots.
The results in this work should be helpful in explaining and enriching the nonlinear wave phenomena in

nonlinear fields.
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1. Introduction

The fundamental nonlinear Schrédinger (NLS) equation
iqs + que +2/al?¢ = 0 (1.1)

is famous as a key integrable model in the field of mathematical physics. There are many physical contexts
where the NLS equation arises. For instance, the NLS equation describes weakly nonlinear surface waves
in deep water. More importantly, the NLS equation models the soliton propagation in optical fibers where
only the group velocity dispersion and self-phase modulation effects are taken into account. However, for
ultrashort pulses in optical fibers, the effects of higher-order dispersion, self-steepening, and stimulated
Raman scattering should be considered. Besides, the higher-order dispersion terms and non-Kerr nonlin-
earity effects have found interesting applications in optics [1]-[3]. Thus, continued research of higher-order
NLS equations is inevitable and worthwhile. Due to these effects, the propagation of subpicosecond and
femtosecond pulses can be described by the general integrable four-parameter (ag, as, ay, as) fifth-order
NLS (GFONLS) equation [4]-[6]

ithy + a2 Ko () — iazK3(Y) + aaKy(v) — ias K5(y) = 0, (1.2)
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where

Ko = thay + 2191 — 93¢,

K3 = Y0 + 6[9] %),

K4 = Yuaza + 8|0 Vra + 6(|00[* — 0)1 + 4|tha[*¢ + 697 + 20797,
K5 = Yoazas + 1010 Vg + 10([1h2]*)z + 200 g thue + 30[00[*1)s.

Recently, considerable attention has been given to the inverse scattering transform (IST) to study

(1.3)

integrable nonlinear wave equations with NZBCs using solutions of the related RHP. The approach has
been extended to the focusing and defocusing NLS equation, the focusing and defocusing Hirota equations,
the nonlocal modified KdV equation, the derivative NLS equation, and other equations [7]-[20]; many types
of nonlinear waves have been discussed. In this paper, motivated by the work of Ablowitz [8], we extend
the IST to study GFONLS equation (1.2) with the NZBCs at infinity

ILm Y(x,t) = Pa, (1.4)

where |91 | = 1o # 0. Equation (1.2) includes numerous important nonlinear wave equations as its special
cases [21]-[32]. Here, we list some crucial cases.

Case 1. If ag = a4y = a5 = 0, ag = 1, Eq. (1.2) can be reduced to the fundamental NLS equation (1.1)
with NZBCs:

i + Yao + 21917 — ¥5)Y = 0. (1.5)
Case 2. If oy = a5 = 0, Eq. (1.2) can be reduced to the Hirota equation with NZBCs [21]:
W + 02 (e + 21017 = 95)¥ + iz (VYoaa + 60 Pa) = 0. (1.6)

Case 3. If ag =1, as = a4 = a5 = 0, Eq. (1.2) can be reduced to the complex modified Korteweg—de
Vries (mKdV) equation [22], [23]

To the best of our knowledge, although many mathematical physicist have studied the particular cases
of Eq. (1.2), the IST for Eq. (1.2) with NZBCs has not been reported. The GFONLS equation (1.2) is
completely integrable, its Lax pair is given by [6]
¢I:U¢a U:ik03+Q, (1 8)
¢y =Vo, V = asAnws + a3Ankav + a4 Arpp + asAroq + 3i0y03, '

where the eigenfunction ¢ = ¢(x,t, \) is a 2 X 2 matrix function, o3 = diag{1, —1}, and the matrices @, Vj,
L, M, and N are

Anws = —2kU +io3(Qs — Q% — 17),
Amkav = —2k(Anis + 10503) — [Q, Qu] — Qua + 2Q°, (1.9)
Avpp = 2k[—(4ik® + k*Q + kVp) + Lo + Mo, Aroq = —2kArpp + Ny,

_ 0 ¢ _ 1 _Z.|¢|2 _wr o [m —n§
@_<_W O>, v0_2<¢; Z_W), NO_<M _)
LO - ] 2, /% * * ) MO - ’

Z( T + 2|¢| ¢ ) ¢ djw - w’@[]w mz —Mm
my = —i[(Pea)” — [ ? 310", ma =l + 6|9,
2 = i} 400 + 20" Pra + AU + 60057 + 8lYI*Y, + 6[Y] ),

where *(x,t) is the complex conjugate of ¥(z,t) and k is a constant spectral parameter.

with

(1.10)



It is well known that the IST is a powerful method to construct soliton solutions [15], [33]—-[49]. However,
the research described in this paper, within our knowledge, has not been reported before. The main purpose
of this paper is to use the IST to derive multisoliton solutions of GFONLS equation (1.2) with NZBCs (1.4).
In addition, some figures are presented to discuss the behavior of solitons of GFONLS equation (1.2).

The main results in this paper are stated in the following theorems.

Theorem 1.1. The reflectionless potential with simple poles for GFONLS equation (1.2) with
NZBCs (1.4) can be represented as
G v
det

1.11
det G ’ (1.11)

Y, t) =P +i
where w = (wj)anx1, V= (Uj)zgxl, G =(gsj)2nxan, and y= (yn)szl =G v with w;=A_ [Ej]ezie(m’t’gj),
v; = —iq_/&j, gsj = w; /(s — &) + vs0sj5, and yp = p_11(z,¢,&n).

Theorem 1.2. The reflectionless potential with double poles for GFONLS equation (1.2) with
NZBCs (1.4) can be written as
H v
det

1.12
det H ’ ( )

o, t) = +i

where

. , i ~ 1 i
H=(H®)g5, HE = (S )yn 0N, h,§;1>:cn(5k)<Dn+ )— U G

fk — én gk
12 _ A (21) Cn 2 i
h n Cn(gk)a h n ~ (gk) (Dn + ~ ) - 6kn7
’ Gt & -6/ &
22) _ Cn(&) | -1 ) £ 1 2i0(6.)
h = + Okn, wy ) =A_[&]e ) D,
et og ™ ]
W = A[£]eF0E) ) _‘é’—, o® = _‘é’z—,

The outline of this paper is as follows. In Sec. 2, we analyze the direct scattering problem for the
GFONLS equation (1.2) with NZBCs (1.4) starting from its Lax pairs. In Sec. 3, we discuss the GFONLS
equation (1.2) with NZBCs (1.4) and obtain its simple-pole solution by solving an RHP with reflectionless
potentials. Similarly, in Sec. 4 we analyze the GFONLS equation (1.2) with NZBCs (1.4) and derive its
double-pole solutions by solving a matrix RHP. Finally, conclusions and a discussion are presented in Sec. 5.

2. Direct scattering problem

We first discuss the first expression in (1.8) as the scattering problem of Eq. (1.4). As z — oo,
the scattering problem yields

¢r = UL, Uyl = zgriloo U =ikos+ Qx, (2.1)
and
e o= ( %, %) »
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Consequently, the standard matrix solutions of Eq. (2.1) are defined by

Bl (k)eie(m,t,k)cm, k 4 +ito,
d)l{g(xatvk) = = 9 3 4 5 ) 0 (23)
I+ [z — 2(ak + 3asyp§ + 6auivyg + as(—8vy — TY)t|Ux, k= Lity,
where [ is the 2 x 2 unit matrix and
1 1)+
Foay— | k4
k+ A (2.4)
0(z,t, k) = Ak){z + [as(—16k* + 8% — 612) +
+ g (8k3 — 4kap?) + az(4k? — 202) — 200k]t},
with
N = k2 s (2.5)

To further study the analyticity of the Jost solutions of (1.8), we must consider the regions Im A(k) > 0
(< 0) for the function 0(x,t, k) [9]. Taking 1o # 0, i.e., assuming NZBCs, the function A(k) satisfying (2.5)
on the complex plane is a doubly branched function of & with two branch points k # i1 and the branch
cut given by the segment itg[—1,1]. We take k & ityg = roe@=+2mem (1 > 0, 04 € [-7/2,37/2],
my € Z). Two single-valued analytic branches of the complex k-plane are expressed by sheet I, A\j(k) =

rer—el@++0-)/2 and sheet 11, Ar(k) = —Ar(k). We introduce a uniformization variable z given by the
conformal map z = k 4+ A, the inverse map being
IR _ 1, B
k(z) = 5 (z s ), Az) = 5 (z—i— . ) (2.6)

In particular, if g = 0, the NZBCs reduce to zero boundary conditions.
We take A = itpo[—1, 1] with Cy = {z € C: |z| =4}, and (see Fig.1)

DI ={zeC: (2P =42 Imz>0}, DI ={zeC:(|]z]>—¢2)Imz < 0}. (2.7)

The continuous spectrum of Uy = lim, ,4 U is the set of all values of z satisfying A(z) € R, i.e.,
z € ¥/ = RU Cy, which are the jump contours. As mentioned in [9], it follows from [Ux, V4] = 0 that the
Jost solutions ¢4 (z,t, z) of both equations in (1.8) satisfy the boundary conditions

b (x,t,2) = EL(2)e? @78 L O(1), zex - +oo. (2.8)

In view of ¢, = Urop + AQ+¢d, AQ+(z,t) = Q(z,t) — Q1 with Q1 = lim, 1 @, the modified Jost
solutions
pa(x,t, 2) = dx(x,t, z)eiie(w’t’z)‘”’ — Ei(z), T — £00, (2.9)

take the final form

Ei(z){1+ /: e (B () TLAQL(y, ) (v, 1, 2)] dy},
z # Liy, Y —1py € LY(RY),

. (2.10)
BL(2)+ / T+ (@ — 4)(Qx F $00s)|AQu (y, jus (3.1, 2) dy,

+oo
z=Fio,  (1+[z)( —ys) € L'(RF),

Ht =

where €73 A := €93 Ae 3.

11



Imk Im 2z
g e Zn
o g
ok,
0 Rek 0 Rez
okl %
_11/)0 —i’l,ZJO . z:
a b

Fig. 1. The grey (white) region for ImA > 0 and Im A < 0 in different spectral planes of the Lax
pair with NZBCs. (a) the first sheet of the Riemann surface, showing the discrete spectrum; (b) the
complex z plane showing the discrete spectrum (zeros of s11(z) in the grey region and zeros of s22(z)

in the white region), and the orientation of the jump contours for the related RHP.

Let zgj = SN\ {Fivo}, pa(,t,2) = (e, pe2) and ¢y (z,t,2) = (ps1,d12). Because expres-
sion (2.10) contains e**(*~¥)  the following proposition follows from the properties of these functions in the
different domains and the definition (2.10) of pi(x,t,2) as well as from relation (2.9) between p4(z,t, z)
and ¢(z,t,2) (also see [9]).

Proposition 2.1. If 1) — ¢4 € L'(R¥), then the modified expressions ji+s(x,t,2) and the Jost func-
tions ¢1o given by (2.9) and (2.10) admit unique solutions in Eg. In addition, pyi(x,t,2), p—o(x,t, z),
¢+1(z,t,2), and ¢p_o(z,t,2) can be continuously extended to D_]:_ U E{; and analytically extended to D_]:_,
while p_1(x,t, 2), pya(x,t,2), ¢_1(z,t,2), and ¢42(z,t,2) can be continuously extended to Dl U E{; and
analytically extended to D’

Because trU(x,t,2z) = tr V(x,t,2) = 0, we have (det ¢+), = (det ¢1); = 0. Besides, from Liouville’s
formula, we can find

2
det ¢4 = mglfoo p+ = det Ei(z) =v¢(2) =1+ fg #0, z # Eihy (2.11)

because both ¢4 (z,t,2) are primary matrix solutions of spectral problem (1.8). We thus find a constant
matrix S(z) such that
d4(z,t,2) = p_(x,t,2)S(2), z € E(J;, (2.12)

where S(2) = (s;5(%))2x2 are scattering coefficients. In accordance with (2.12), we have

811(2) = 7;1(Z)|¢+1($,t,Z),(]b_Q(ZE,t, Z)|7
512(2) = "/f_l(Z)|¢+1(x,t7Z),(b+2($7t,z)|7 (213)
521(2) = 7;2(2)|¢+1($,t, Z), ¢_2($,t, Z)|7
SQQ(Z) = "/f_l(z)|¢+1(x,t,z),¢+1(x,t,z)|,

and det S(z) = 1.
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Form Proposition 2.1, it is not difficult to see that the coefficients s11(z) and s22(%) in z € Eg can be
continuously extended to D{r U Eg and DY U E{; , and analytically extended to D{r and D7 .
To discuss the matrix RHP in Sec. 3, we assume that si1(2)sa2(2) # 0 for z € ¥/, and S(z) is
continuous for z = i1)g. We can then obtain the so-called reflection coefficients
5921 (Z) 5921 (Z)

z) = s11(z)’ p(z) = s22(2)" zexnt (2.14)

3. Inverse scattering problem: simple pole

In this section, to construct the residue conditions and discrete spectrum, we introduce the symme-
tries of the scattering matrix S(k). From the results in [9], we have k(z) = k*(2*), k(2) = k(—v3/2),
A(z) = A(2%), and A(2) = —\(—12/z), and hence the symmetries of U, V, and 6 are

2
U(zx,t,z) = o2U*(,t,2%)02, U(zx,t,z) = U<x,t, —i()),

2
Viots) =Vt o Vi) =V (an-"), (3.)
O(x,t,2z) = 0" (x,t, 2%), O(x,t,z) = —0| z,t,— L)

where o9 = (? *6).

In view of these symmetries, Egs. (1.8) and (2.9) yield

; 2
¢i($, ta Z) = UQth(x? tv Z*)027 Qbi(ﬂ:, t? Z) = i¢i (33, tv _io ) U3Qﬂ:a
. 2 (3.2)
pa(et,2) = oot Vo, pa(et2) = s <x,t,— ;)ag@i.
It follows from Egs. (3.2) and (2.12) that
w2
S(:) = 8" (o 5(:) = (03015 (= " )oue, (3.3

which leads to the symmetries between p(z) and p(z) in the form

* 2
o) =) o= p(=70). (3.4

z

The discrete spectrum is the set of all z € C\ ¥/ such that they admit eigenfunctions in L?(R). According
to [9], they satisfy s11(2) = 0 for z € Di and s95(z) = 0 for z € DY, and hence the corresponding
eigenfunctions are in L?(R) in accordance with (2.13) and expression for ¢4 in (2.9).

In what follows, we require that s11(z) admit N simple zeros in

DI Nn{z€C:|z| > 1, Imz > 0}

given by z,, n = 1,2,..., N, i.e., s11(2n) = 0 and s{1(z) # 0, n = 1,2,...,N. If 511(2,) = 0, we have
s22(27) = s22(—¥3/2n) = s11(—12/2:) = 0. Thus, the discrete spectrum is the set

2 2\ N
zf = {zn,—wo z _‘/’0} , s11(2n) = 0,

- (3.5)

zneDiﬂ{zGC: |z| > 1o, Im2z > 0}.

13



Because s11(z0) = 0 and s}, (z) # 0 are taken for zy € Z¥ N D_{_, according to the first expression in (2.13),
the normalization constant by (zg) is given by

b+1 (xvtaZO) = b+(20)¢72(x7t720)' (3'6)
The residue condition for ¢ 1(z,t,2)/s11(2) in 20 € Zf N Df: yields

3 ¢+1($,t, Z) _ ¢+1($,t, zO) _ b+(20) 2.1 2
Reb{ et ]_ - ba(2,t, 20). (3.7)

== s11(20) s11(20)

Similarly, from sap(z%) = 0 and shy(z5) # 0 for 2z € Z/ N DY and the second expression in (2.13), we also
see that the normalization constant b_(z) is

d_o(m,t,28) = b_(25)p—1(, t, 23). (3.8)
The residue condition ¢ o(z,t,2)/s22(2) in 2 € 2 N DY leads to

Res |:¢+2($,t,2):| _ ¢+2($7ta ZS) — b_(ZS) ¢—1($,t723)- (39)
822(2) 0

z=z5 892(20) $99(20)

For simplicity, we rewrite Egs. (3.7) and (3.9) as

_¢+1(3},t,2’)_
=A _
zP;ez?) i 811(2) | +[ZO]¢ 2(3:,2‘:,2'()),
Ay lz0] = bf(zO) . =2ez'nDi,
811(20) (3 10)
Res -¢+1($,t,z)- A [Z*](b 2(x t Z*) '
e T I
bi(25) f
Aylzy] = , ziezfnbDl.
LIRS IR *
It follows from (3.10) that
[ 23 i f f
A+[ZQ] = —A_[ZO], A+[ZQ] = 1/)2 A_|— P , 20€ 272N .D+, (311)
in terms of symmetries (3.2) and (3.3), which leads directly to
R W3 Z |03
Aylzn) = —A%[2)] = 2 A_ [—ZO} = —g2 A [— S], 2y € 25 ﬂD{r. (3.12)
We rewrite the relation ¢4 (z,t, 2) = ¢_(x,t,2)5(z) as
z,t, 2
P02 (t2) + ()60t 2),
s1(2) (3.13)
atv ~ .
¢+2($ Z) :p(2)¢_1($,t, Z)+¢_2($,t, Z)a
822(2)

14



whence

d-1(z,t, 2), ¢+2(9€,t,z)} _ {¢+1(x,t,z)

822(2) 811(2)

N
J°‘<p<z> e ﬁ(2)>'

Similarly to [9], the asymptotics for the modified Jost solutions and scattering data satisfy

1
I+O< ), z — 00, I+O<1), z — 00,
+(z,t, 2) . ‘ 5(z) = ‘

u =
+
iUBQi'FO(l), z2— 0, 77[LI—I—O(z), z— 0.

7‘$—2(xvtaz)][l‘_ Jb(xvth)L

with

Given the modified Jost functions, we introduce the sectionally meromorphic matrix

- /L+1(x7t72) z.t.2) ) =
M*(x,t,z)—( s11(2) p—2(z,t, ))
_ <<¢+1(x,t,z)
811(2)

t
M (ot,) = (a2, 400 )
522

boalant, z>)e—i9<w>0$, el
M(z,t,z) =

t )
— <¢_1($, t, Z), ¢+2 (:3, 72))6—10(r,t,z)03’ = Di
22

Summarizing the above results, we have the following proposition.

Proposition 3.1. The matrix function M (x,t, z) has the following matrix RHP.

o Analyticity: M (x,t, z) is analytic in (Dfr uD )\ z7;

(3.14)

(3.15)

(3.16)

(3.17)

e Jump condition: M~ (z,t,z) = M T (x,t,2)(I — J(z,t,2)), z € & with J(z,t,z) = @427 ]

e Asymptotic behavior: M*(z,t,2) = I + (1/2) for z — oo. In addition, M* = (i/2)03Q_ + O(1)

for z — 0.
To conveniently deal with the above RHP (i.e., in Proposition 3.1), we set
Zn, n=12...,N,

gn = _ d%

Zn—N

., n=N+1,N+2,...,2N,

(3.18)

and &, = —2/En. Then Z7 = {&,,6,)2N, with &, € Dfr and &, € DY. Subtracting the simple pole

contributions and the asymptotics, i.e.,

)

<l [Resz_gn M™*(x,t,z) N Res _e M~ (x,t,2)

)
Mgy (x,t,z) =14+ o03Q_ + .
p( ) ; 3Q g, s

n=1

from both sides of the above jump condition M~ = M+ (I — J) leads to

M~ (z,t,2) — Mgp(x,t,2) = Mt (2,t,2) — Msp(x,t,2) — M (x,t,2) ] (z,t, 2).

(3.19)

(3.20)
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Here, M~ (x,t,2) — M,,(2,t,z) are analytic in D{. Furthermore, the asymptotics are both O(1/z)
as z = oo and O(1) as z — 0, and J(x,t,2) is O(1/z) as z — oo and O(z) as z — 0. Thus, the Cauchy
projectors

P = o [ T (321

(where z 440 is the limit taken from the left/right of z) and Plemelj’s formulas used to solve (3.20) give

1 M (x,t,¢)J(x,t,C)

M(z,t,2) = Mgp(z,t, .
(z,t,2) p(z,t,2) + omi Jrs J

d¢, zeC\ Y%/, (3.22)

where fz ; represents the integral along the oriented contours shown in Fig. 1.
We see from (3.17) that only its first (second) column has a simple pole at z = &, (z = &,). Therefore,
by using (2.9) and (3.10), we can express the residue part in (3.19) as

ResZ:fn M+ (ZII, ta Z) + ReSZ:én Mﬁ(xa ta Z)

zZ— gn zZ — én
ALlE, —2i0(z,t,&,) A An 2i0(z,t,€n) R
_ < +1§ ]:_5 pa(z,t, &), [fz]e—é u_l(a:,t7§n)>- (3.23)

For z=¢,,s=1,2,...,2N, it follows from the second column of M (z,t, z) given by (3.22) and (3.23)
that

i 2N é 210(r t,€) R
M*2(x7t758) = é-s + Z Nfl(%taﬁn) +
1 & —én
1 (M+J)2(x7t’<)
d =1,2,...,2N. .24
N LT SHPES (3.24)
From (3.2), we find
i —~
p_o(x,t, &) = 2[] p—1(x,t, &), s=1,2,...,2N. (3.25)
Substituting (3.25) in (3.2), we have
ZN ( A 210(w t,€n) “b ) A 7/@[],
B sn Mfl(xahgn) + 65 +
n=1 5 fn 55 1
1 (M+J)2($at7<)
= =1,2,...,2N 2
i L ac—0 smnaow, (3.26)
where
1, s=mn,
5311 =
0, s#n.

System (3.26) includes 2N equations for 2N unknowns i (z,t,&,), whence the solutions for u,l(x,t,gs)
allows finding p_2(x, ¢, &) from (3.26). As a consequence, substituting p—1(z,t,&s) and p_o(x, ¢, &) in (3.23)
and then substituting (3.23) in (3.22), we express M (z,t, z) in terms of the scattering data.
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In view of (3.23) and (3.22), the asymptotic behavior of M (x,t, ) is

(1)
M(x,t,z):[—i—M (2, )—1—0( > Z — 00, (3.27)
z
where
2N R X R
MO (2, t) = iosQ + Y _[Ay[€ale 208 A€, 12008y (2,¢,6,)] —
n=1
- M*(,t,¢)J (x,t,¢) dC, (3.28)
2mi Jsr

with pi_1(z,t,&) and p_s(z,t, &) given by (3.25) and (3.26).

From (3.17), we find that M (x,t,2)e?(®*2)s satisfies (1.8). Substituting M (,t, z)e? (@275 given
by (3.27) in the z-part of Lax pair (1.8) and taking the coefficients of 2z°, we arrive at the statement of
following proposition for ¥ (x,t).

Proposition 3.2. The potential with simple poles of the GFONLS equation (1.2) with NZBCs (1.4)
has the form

2N . .
Y(z,t) =1 — z‘;Af[én]ewmn)ufu(x,m) + ;ﬂ /E (M Do, t, ) e (3.29)

where &, = zn, énen = —V3/25 Ny, n=1,2,...,N, [ —3 /&, and u,ll(x,t,én) are determined by
the system of equations

2N A 210(w t,€n) Zw_ . “/)—
( dsn ,u—ll(xatafn)
n=1 fn 53 ) 58
1 (M+J)12(337t,0 _ _
+27Ti/2f C—¢. d¢ =0, s=1,2,...,2N, (3.30)

which can be obtained from (3.26).

We note that s11(z) and s22(%) are respectively analytic in Di and DY, and the discrete-spectrum
points &, and &, are respective simple zeros of s11(z) and s3(z). Following [9], we write the trace formulas
for the GFONLS equation (1.2) with NZBCs as

s11(2) = €@ so(2) for ze Di,

592(2) = Z_OZ:)) for ze D', (331
where N
o) = _271m_ /Ef In[1 +£(_C)Zp €N e, 7[[1 j - z” iizzﬁn; (3.32)
We refer the reader to [9] for a detailed derivation.
Taking the limit z — 0 of s11(z) in (3.32) and (3.16), we obtain the theta condition
arg<¢+> =4 i arg zp + / In[1 4 p(C)p™(C")] d¢, z—0. (3.33)
(U 1 =f 2m¢
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In particular, in the case of a reflectionless potential, i.e., p(z) = p(z) = 0, we have J = (0)2x2. As a result,

Egs. (3.30) become

2N 3 i0(2,t,En) i A ;
Z<A—[5Z]€2 : A “é’— 5sn>u_n(:c,t,£n) = Z?‘, s=1,2,...,2N, (3.34)
n=1 s Sn s s

which can be solved for p_11(2,t, én) by using Cramer’s rule. Summarizing the above analysis, we see that
Theorem 1.1 holds for the potential ¥(z,t) in the case of a simple pole.
In the case of a reflectionless potential, p(z) = p(z) = 0, the trace formulas and the theta condition

become N
_ 17 (5 @)z + 5/ 2) f
Ul | i S .
N 3.35
N
_ 11 B @)(E 5/ ) !
e f:[ (e tudfz) O PSP
and v
arg<z+> =arg(yy) —arg(y_) =4 Z arg(zn). (3.36)
- n=1

Cask I. For N = 1 and z; = 1.5¢ in Theorem 1.1, Eq. (3.36) shows that the asymptotic phase difference
is 2. As can be seen from Fig.2, the solution can represent the Kuznetzov—-Ma (KM) breather that is
spatially localized and temporally breathing. From Figs.2a—c, we see that as 1_ becomes smaller, the
periodic behavior of the breather wave only appears in its top part, and the maximal amplitude under
the background gradually decreases. In particular, as seen in Fig.2d, as ¥»_ — 0, the breather wave of
the GFONLS equation (1.2) with NZBCs yields a bright soliton of the GFONLS equation (1.2) with zero
boundary conditions.

Wl

Fig. 2. Breathers as solutions (1.11) with the parameters N = 1, z1 = 1.54, az3 = a4 = as = 0.01,
Ailz] =1 with (a) - =1, (b) - = 0.6, and (c) - = 0.3; (d) a bright-soliton solution with ¢ — 0.
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CASE II. For N = 1 and z; = ae™* in Theorem 1.1, the asymptotic phase difference is 7. The GFONLS
equation (1.2) with NZBCs has nonstationary solitons. The plot in Fig. 3 is for nonstationary solitons for
the GFONLS equation (1.2) with NZBCs; the solitons are localized both in time and space and thus reveal
the usual Akhmediev breather wave features.

Fig. 3. Breathers as solutions (1.11) with the parameters N =1, Ay[z1] = 1, as = au = a5 = 0.01,
Y- =1, and (a) 21 = ™4, (b) z1 = 0.8¢™/4.

CASE III. For N = 2 in Theorem 1.1, we have interactions of breather—breather solutions of the
GFONLS equation (1.2) with NZBCs. As we can see from Fig. 4, the interaction is strong. In particular,
as ¥_ — 0, we have strongly interacting bright—bright solitons of the GFONLS equation (1.2) with zero
boundary conditions. However, as shown Fig. 5, if we take two appropriate eigenvalues, then the breather—
breather solutions of the GFONLS equation (1.2) with NZBCs interact weakly. Likewise, as ¢ — 0,
we have weak interactions of the simple-pole bright-bright solitons of the GFONLS equation (1.2) with
zero boundary conditions (see Figs. 5a-5d).

CASE IV. One interesting example of the breather—breather waves is shown in Fig. 6a, where the two
breather waves have different modulation frequencies. In particular, for z; = 25, they become a first-order
Akhmediev breather (see Fig. 6b). In Fig. 6¢, for 21 = —z9 = 0.1 = 1.5¢, we can see interaction of simple-pole
breather—breather solutions of the GFONLS equation (1.2) with NZBCs.

CASE V. For N =2 in Theorem 1.1, we give another interesting example of breather—breather waves.
In Fig. 7, the result is a simply periodic solution. Specifically, as 1»_ — 0, we have simple-pole bright—bright
solitons of the GFONLS equation (1.2) with NZBCs. To our surprise, the bright-bright soliton is also
a simply periodic solution (see Fig. 7d).

4. The GFONLS equation with NZBCs: double poles

In what follows, we suppose that the discrete-spectrum points Z/ are double zeros of the scattering
coefficients s11(2) and s22(2), (s11(20) = si1(20) # 0 for all 2 € Z7 N D_]:_), and sg22(20) = s55(20) = 0,
sy (20) # 0 for all zg € Zf N DY . For convenience, we recall a simple proposition from [10]: if f(z) and
g(z) are analytic in some complex domain Q, and zp € Q is a double zero of g(z) and f(zo) # 0, then the
function f(z)/g(z) has a double pole at z = zg, and the coefficient P_[f/g] of (2 — 29)~2 and its residue
Res[f/g] in the Laurent series are given by

pall =iy 2l G0 - ) “

According to [10], for s11(20) = s}1(20) = 0, s4;(20) # 0 for all z9 € Z7 N D{;. Equation (3.6) still hold.
The first equation in (2.13) then yields

Z=Z0

s11(2)7vf(2) = |b+41(2, 1, 2), p—2(w, 1, 2)], (4.2)
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20

|¥]

Fig. 4. Breathers as solution (1.11) with the parameters N =2, 21 = 0.2+ 2i, 220 = 1 414, az = a4 =
as = 0.01, AL[z1] = Ay[z2] = 1: (a) breather—breather solutions with 1_ = 1; (b) breather—breather
solutions with _ = 0.6; (c) breather—breather solutions with ¥~ = 0.3; (d) bright-bright solitons
with ¥_ — 0.

Fig. 5. Breathers as solution (1.11) with the parameters N = 2, z; = 0.1 + 1.54, 20 = —0.1 + 1.5¢,
az =1, as = as = a5 = 0.01, Ay[z1] = Ai[z2] = 1: (a) breather—breather solutions with ¢¥_ = 1;
(b) breather—breather solutions with ¢_ = 0.6; (c) breather—breather solutions with ¥_ = 0.3;
(d) bright-bright solitons with ¢¥_ — 0.



vl

Fig. 6. Breathers as solution (1.11) with parameters N = 2, az = 1, a3 = 0.01, au = a5 = 0.001,
A4lz1] = Ag[z2] = 1: (a) breather—breather solutions with z1 = 0.54, z2 = 1.5¢; (b) breather solutions
with z1 = 1.54, 22 = 1.54; (¢) breather—breather solutions with z1 = 0.1 + 1.5¢, 22 = —0.1 — 1.5.

Fig. 7. Breathers as solution (1.11) with the parameters N = 2, z; = 1/65+1.05¢, zo = —1/65 + 1.054,
az =1, as = as = a5 = 0.01, Ay[z1] = Ai[z2] = 1: (a) breather—breather solutions with ¢¥_ = 1;
(b) breather-breather solutions with ¢_ =0.6; (c) breather-breather solutions with _ =0.3;
(d) bright—bright solitons with ¢¥— — 0.
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where the first-order partial derivative with respect to z is

[811(2’)’”(2)]/ = |¢i|-1(x7 t, Z), ¢—2(ma t, Z)| + |¢+1 (Q?, i, Z)v (b/—Q(xv t, Z)| (43)

Taking 2z = zo € Zf N Df: in (4.3) and using s11(20) = s}1(20) = 0 and (3.6) leads to

|¢I+1 (Q?, tv ZO) - b+(20)¢l—2(x7 ta ZO)v ¢—2(xa tv ZO)| = Oa (44)

which indicates that there is another constant cy (zp) such that

¢y (2,8, 20) = 4 (20)P—2(2,t, 20) + by (20) 0o (2, L, 20). (4.5)

From (3.8), (4.1), and (4.5), we find

P,

zZ=Zz0

|:¢+($,t,2):| _ 2¢+1($,t,20) — 2b+(2’0)

s11(2) s11(z0) s11(%0)
= A+ [20]¢72($, ta ZO)7

|:¢+1 (fa t, Z):| _ 2¢£}-1(x7 t, zO) - 2¢+1($, t, ZO)SIﬁ (ZO)
s11(2) s11(20) 3(s11(20))?

= Ay [20][0" 5(x,t, 20) + By[20]p—2(x, 1, 20)]-

¢,2($, ta ZO) =

Res

Z=Z0

Similarly, for sop(2) = sho(z5) = 0 and sy (25) # 0 for all 25 € Z/ N DY, Eq. (3.8) holds. It follows from
the second equation in (2.13) and formula (3.8) that

(;5;2(!%, t, 23) =C- (23)¢*1 (CE, t, ZS) +b- (ZS)(ZSLI (SE, t, 23) (47)

for c_(z3).
From (3.8), (4.1), and (4.7), we obtain

T, t, 2 2 T, t, 28 2b_(z4 " N N
- [¢+2( ):| - ¢+%/( * 0) = ( S)(b—l(xatvzo) —A_[ZO](b_l(a?,t,Zo),
2=z% 522(2) S5 (%) s55(25) (4.8)
z,t,2 * . * * '
Res | 7420552 — A )00 o25) + B[l (ot )
z=zg 822(2)
We therefore have
2b.¢ [20] ctlz0]  s11(z0) f
A,z = , By lz] = — . z20eZ'nD’,
o= e P ] T s ; )
2b4-[25] crlzg]  si(=g) f '
A [zE] = ., Bilz] = . ztezlnD!,
= e PR T s
whence we obtain the relations
Al =~z = 504 [-40]
z —A* [z _ |- ,
. O gy 20
2 ) (4.10)
B[z = B [2] = gB[— 0]+ , 20 €2zfnDl,
Z0 Z0 20
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which in turn lead to

4, % 2
Aplzn] = A 2] = ™ A {—wo], €25 n D_]:_,

T e : (4.11)
B+[zn]:3i[z;]:¢331[—¢f] + 7, ziezinDl.
z2 zk Zn
As a result, we have
z,t, 2 —2i0(x
-P77£2M1+($7t7 Z) = P,2 |:‘u+811(1(2’) ):| = A[gn]e 2i0( ’t’En)uf2($7t7€n)7
_ l’,t,Z F i0(x,t,E
Py My (x,t,2) =P2[M+52( (2) )] = Aféa]e® )y (2,1, 6,),
- 22
Res M, (x,t,2) = Res [uﬂ(x,t,z)] = (4.12)
z=€n z=fn s11(2) '

= Al&,)e 2O0@EE ) (2,8, &) + [Bl€n] — 200 (2,8, &) pu—2 (7,1, 0) ),
B B pea(,t,2) | _
Res M (1.1.2) = Res )=

= A& e (L (2,1, 60) + [BIEn] + 200 (2,1, &)1 (2,1, 60) .

The RHP in Proposition 3.1 still holds in the case of double poles. To solve this RHP, we have to

subtract the asymptotic values as z — oo and z — 0 and the singularity contributions:

2N

7
Mdp(xvta Z) =1+ ZUBQ_ + Z MZilpv
n=1
(4.13)
Pool,_, Mt Pl _¢ M™  Res,_,, M+ Res_g MT
M(;Z — n + /\n + n + nA .
P (z —&n)? (z — &n)2 2 —&n z—&y

From the jump condition M~ = M (I — J), we then obtain
M~ (x,t,2) — Map(x,t,2) = Mt (2,t,2) — Map(,t,2) — M (x,t,2)J, (4.14)

where M*(xz,t,2) — Mg,(x,t, z) are analytic in D). Besides, their asymptotics are both O(1/z) as z — oo
and O(1) as z — 0, and J(x,t,2) is O(1/2) as z — oo and O(z) as z — 0. As a result, the Cauchy projectors
and Plemelj’s formulas can be used to solve (4.14), with the result

1 M (x,t,0)J(x,t,¢)

»f 41
omi Jys C—2 dg, zeC\ ¥/, (4.15)

M(z,t,z) = Mgy(x,t, 2) +

where [y, stands for the integral along the oriented contours shown in Fig. 1b.
Now, using (4.12), we can rewrite the parts corresponding to P_o(-) and Res(-) in (4.15) as

Mp, = <Cn(z) [Ml_z(fn) + (Dn T, _1 &)“‘2(5")] ’ (4.16)

C@fua@+ (par |, Y]

n
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where

Cn(z) = f*_ [Z] e M0E Dy = Byg,] - 20 (&), (4.17)
Ch(z) = [2"] e2i0(En), Dy = B_(£,) + 20 (€,). (4.18)
Z—Gn

We next find ' 5(&,), p—2(&n), ' 1(&n), and p_1(&,) in (4.16) for z = &, s = 1,2,...,2N. From the
second column of M (x,¢,A) in (4.15) and (4.16), we obtain

hoa(z) = (w% )+ZC [u () + (ﬁn+ ! )u 1(én)]+
1
.

(240
i /Ef ‘- dc, (4.19)

whose first-order derivative with respect to z is given by

W) = (ﬂ ) 3 G s+ (Dot Junati] +

1 n—1%_ én Z— fn
1 (M*J)2(C)
o /Ef (€ — 2)? dg. (4.20)
Furthermore, it follows from (3.1) that
. 2 <2 2
o) = =" (T0) + O (- 10) (a.21)

Substituting (4.21) in (4.26) and (4.27), we then have

ian(és)u’_l(fnﬂ [ﬁn(ék)<ﬁn+ 15 ) - Sn]ul(gn):

s Sn fs
b W B OVa NS
—(55)_2“@ (-5 ©
3 Y- (&s) 2 " (4.22)
l 0 ~ B i A -
n—l( T o >” 6 [E §n< e, —én> & S”}“l(g") N

w,
- M*tJ
0 s 2mi(C — &)
whence we find ,u_(x,t,én) and uLl(x,t,én), n = 1,2,...,2N, and hence also find p_s(z,t,&,) and
woo(x,t,8,), n = 1,2,...,2N, from (4.21). Substituting these in (4.24) and then substituting (4.24)
in (4.15) gives M (z,t, ) in terms of the scattering data.

We see from (4.15) and (4.24) that the asymptotic form of M (z,t, z) is still given by (3.27). But we
must replace M) (z,t) with

MWD (z,t) = io3Q_ — 1_/Zf(M+J)(C)dC+

21

2N
+ ) (A [Enle ) (1 5 (€n) + Dnpi—a(€n)),
A€ E) (4 y(€n) + Dupimr (60)))- (4.23)
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Summarizing the above results, we arrive at the following proposition for the potential u(z,t) in the

case of double poles.

Proposition 4.1. The potential with double poles of the GFONLS equation (1.2) with NZBCs is

expressed by

Y(x,t) = —_ZZA €nle? ) (Wl 1 (6n) +

1

+ Dnufll(én)) + o

/ (M T)1(C) dC,
.

where

Cn(2) = ZA F’élem@), D, = B[] +2it/ (&),

and p_11(&,) and 1y (€,) are given by (4.22).

Similarly to the case of simple poles, the trace formulas in the case of double poles are

s11(2) = eFsg(z) for z e Dﬂcr,

—s(z)
822(2’) = € for =z S D{,

s0(z)

where

211

_ L[ [ p(Qpt(¢7)) = T )Pz
s(z) = /Ef dc, o(z) = H (Z_Z;)z(z+¢(2)/zn)2'

(—=z

From the limit z — 0 of s11(2) in (4.25), the following theta condition can be obtained:

N * *
arg(:iJr) :8Zarg(2”)+/2f In[1 +é)(_<)zp (€] dc,
- n=1

In particular, in the reflectionless case p(z) = p(z) = 0, Theorem 1.2 holds.
Thus, the trace formulas and the theta condition become

N 2 —2n)2(2 2/2%)?
)= Ul Ez - znizgz I 3%232 e DL
N
VNI - SR L R Ve
Gt | SR

and

arg(ZJr) =arg(yy) —arg(y_) =8 Z arg(zy ).

(4.24)

(4.25)

(4.26)

(4.27)

(4.28)

(4.29)

(4.30)

The double-pole breather—breather solutions of the GFONLS equation (1.2) with NZBCs are shown

in Figs.8-10, which are useful for understanding the propagation properties of nonlinear waves.

More

importantly, as ¥_ — 0, we have double-pole bright—bright soliton solutions of the GFONLS equation (1.2)

(see Figs.9d and 10d).

25



26

30

20
10
t 0
-10
-20
-30
—-20 —-10 © 10 20 —-20 —-10 O 10 20
x x
d e
30
20
10
t 0
—10
—-20
-30
-20 —-10 © 10 20
x
f
Fig. 8. Breather waves as solution (4.21) with the parameters N = 1, - = 1, ap = 1, a3 =
oy = as = 0.01, Ai[z1] = B4[z1] = 1, and (a,d) 21 = —0.08 + 1.5¢; (b,e) z1 = —0.08 + 1.5;

(c,f) z1 = —0.06 + 1.50.
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Fig. 9. Breather waves as solution (4.21) with the parameters N = 1, 21 = 1.5¢, as = 1, a3 = au =
as = 0.01, A [z1] = By|z1] = 1: (a) breather—breather solutions with 1— = 1; (b) breather—breather
solutions with 1_ = 0.5; (c) breather—breather solutions with ¥~ = 0.3; (d) bright-bright solitons
with ¥_ — 0.

Fig. 10. Contour plots corresponding to Figs. 9a—9d.
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5. Conclusion and discussion

In this paper, we systematically investigated the GFONLS equation (1.2) with NZBCs, which reduces
to some classical integrable equations including the NLS equation with NZBCs (1.5), mKdV equation (1.7),
and Hirota equation with NZBCs (1.6). We have discussed the IST and soliton solutions of the GFONLS
equation (1.2) with NZBCs. Its simple- and double-pole solutions were found by solving a matrix RHP with
reflectionless potentials. Some representative solitons were constructed. Moreover, to better understand
the solutions, in Figs. 2-9 we show breather-wave, bright-soliton, breather—breather wave, and bright—bright
solitons, plotted with appropriate parameters chosen. The GFONLS equation (1.2) studied in this paper
is much more general because it involves four real constant as, ag, a4, and as. The celebrated NLS
equation (1.5) with NZBCs, an important model in fiber optics, is its special case. Another important
reduction of (1.2) is the complex mKdV equation (1.7). Multisoliton solutions of the NLS equation (1.5)
with NZBCs, mKdV equation (1.7), and Hirota equation (1.6) with NZBCs can be derived by reducing the
multisoliton solutions of (1.2). We think that the proposed effective method can be helpful in understanding
the diversity and integrability of nonlinear wave equations, and can be useful in studying other models in
mathematical physics.
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