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RELATIVISTIC LINEAR OSCILLATOR UNDER THE ACTION
OF A CONSTANT EXTERNAL FORCE. WAVE FUNCTIONS
AND DYNAMICAL SYMMETRY GROUP

Sh. N. Nagiyev* and R. M. Mir-Kasimov*

An exactly solvable relativistic model of a linear oscillator is considered in detail in the presence of a con-
stant external force in both the momentum representation and the relativistic configuration representation.
It is found that in contrast to the nonrelativistic case, depending on the magnitude of the force, both dis-
crete and continuous energy spectra are possible. It is shown that in the case of a discrete spectrum, the
wave functions in the momentum representation are expressed in terms of the Laguerre polynomials, and in
the relativistic configuration representation, in terms of the Meixner—Pollaczek polynomials. Integral and
differential-difference formulas are found connecting the Laguerre and Meixner—Pollaczek polynomials.

A dynamical symmetry group is constructed.
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1. Introduction

The harmonic oscillator model played a fundamental role in the emergence and development of nonrel-
ativistic quantum mechanics. This is one of the few exactly solvable quantum mechanical problems. The
harmonic oscillator potential is important for applications in nonrelativistic quantum mechanics. It finds
wide application in atomic and molecular physics, statistical mechanics, quantum chemistry, nuclear the-
ory, quantum electrodynamics, hadronic physics, etc. (see, e.g., [1]-[3]). The emergence of quark models for
describing the properties and structures of hadrons has increased the interest of physicists in the harmonic
potential. The development of quark models led to the need to construct relativistic wave functions of com-
posite particles and, in particular, relativistic models of a harmonic oscillator. The wave function contains
all the information about a quantum system. Knowledge of the relativistic wave functions, for example,
allows calculating the form factors of elastic scattering, the probability and width of meson decays, and the
structure functions of hadrons.

The problem of generalizing the quantum nonrelativistic harmonic oscillator to the relativistic case has
been discussed for a long time in the literature, but there is still no unambiguous definition of a relativistic
harmonic oscillator. In other words, in contrast to the theory of the nonrelativistic harmonic oscillator, the
theory of the relativistic harmonic oscillator is still far from completion.

This problem is usually formulated within the framework of various approaches using equations such
as Klein—Gordon, Dirac, Salpeter, finite-difference equations in relativistic configuration space, etc. The
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first models of a relativistic harmonic oscillator used in elementary particle physics appeared in the 1950s
in [4], [5]. These were followed by the work by Feynman et al. [6]. The impetus for the study of relativistic
oscillatory models was the desire to solve the problem of the mass spectrum of elementary particles. These
four-dimensional oscillatory models were described by relativistic equations of the Klein—-Gordon type,

2 of the nonrelativistic harmonic oscillator

in which the direct relativistic generalization z#z, = 2% — x
potential was used. Such equations have spurious solutions associated with oscillations along the time axis
(see also reviews [7], [8]). In this regard, we especially note paper [6], where the authors used a four-
dimensional relativistic oscillator model to describe the spectrum and decays of hadrons and faced the
problem of nonphysical degrees of freedom. These nonphysical degrees of freedom primarily occur because
the four-dimensional oscillator includes timelike states with a negative norm. Excluding these states from
consideration leads, in particular, to violating the unitarity condition of the theory, because the complete
set of states is then not used. Subsequently, a four-dimensional oscillatory model was developed in [9]—-[11]
(see also [12]). In [13], a special relativistic harmonic oscillator was proposed, modeled by the Klein-Gordon
theory in the anti-de Sitter space (also see [14]).

In [15], by replacing the momentum in the Dirac equation p with p —i8mwr, where 3 is the standard
Dirac matrix, m is the particle mass, and w is the oscillator frequency, a new exactly solvable potential of
the relativistic harmonic oscillator was obtained. The relativistic oscillator obtained in this way is called
the Dirac oscillator and describes a particle with spin 1/2. In the nonrelativistic limit, it transforms into
a three-dimensional isotropic harmonic oscillator with spin—orbit coupling. The Dirac oscillator has found
wide application in the physics of the nucleus and elementary particles (see, e.g., works [16]-]20]).

Relativistic harmonic oscillators described by the spinless Salpeter equation [21], [22] are considered
n [22], [23]. We recall that in the case of one quantum particle, the Hamiltonian of the spinless Salpeter
equation with a static interaction potential V(') has the form H = \/f)2 +m2+4+V (&), ie., it is a simple and
straightforward generalization of the corresponding Schrédinger Hamiltonian. For [ = 0, wave functions in
the momentum representation are found as infinite series in [22], and exactly, in [23].

On the other hand, the concept of a relativistic configuration r-representation introduced in [24], [25]
provided the basis for constructing a finite-difference version of relativistic quantum mechanics, which has
many important features of nonrelativistic quantum mechanics. The main difference between this version
of the theory and quantum mechanics is that the wave function in it satisfies a finite-difference equation
with a step equal to the Compton wavelength of a particle X = fi/mec. We emphasize that the momentum
space canonically conjugate to the r-space is the Lobachevsky space, realized on the upper sheet of the

2 =m?2c%, pg > 0.

particle mass shell p3 — p

In [26]-[37], various finite-difference equations were investigated, giving a generalization of the harmonic
oscillator problem to the relativistic case. In [26], [29], [33] relativistic models of a three-dimensional
harmonic oscillator were studied in the relativistic configuration r-representation. We note that these
three-dimensional relativistic oscillator models are free from the disadvantages inherent in four-dimensional
relativistic oscillators [4]-[8]. For example, their wave functions are normalized and allow a probabilistic
interpretation.

In [27], [28], an exactly solvable linear oscillator model in the relativistic configuration z-representation
was considered in detail. Preprint [30] is devoted to the study of this model in the presence of a uniform
external field V,(z) = gx, which corresponds to a constant external force F(x) = —V,V,(x) = —g, where
V. = 0,. It is shown that in contrast to the corresponding nonrelativistic case, depending on the magnitude
of the force |g|, both a discrete spectrum and a continuous energy spectrum are possible.

The purpose of this paper is to present the results of the unpublished preprint [30]. This preprint has
been referenced in a number of papers (see, e.g., [34]-[37]), i.e., its results are of physical and mathematical
interest and have not lost their relevance to this day. For the model under consideration, generalized coherent
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states were constructed in [34] and Wigner functions for stationary states, as well as for thermodynamic
equilibrium states, were constructed in [36].

It was shown in preprint [30] that in the presence of a constant external force, the wave functions of
the relativistic oscillator belonging to the discrete spectrum in the relativistic configuration x-space are
expressed in terms of the Meixner—Pollaczek polynomials. The dynamical symmetry group and coherent
states were found, as was a new finite-difference analogue of the Rodrigues formula for the Meixner—Pollaczek
polynomials. A bilinear generating function for the Meixner—Pollaczek polynomials was obtained, with the
help of which the Green’s function was calculated. In this work, we present only part of these results.

The paper is structured as follows. Section 2 is devoted to a brief description of the nonrelativistic
linear oscillator in an external uniform field. Section 3 details the relativistic model of a linear oscillator in
an external uniform field. In Sec. 4, a dynamical symmetry group is constructed. The results are discussed
in Sec. 5. The appendix contains the proof of a limit formula for the Meixner—Pollaczek polynomials.

2. Nonrelativistic linear oscillator in an external uniform field

Of the many different properties of a harmonic oscillator, we note the following two. A harmonic
oscillator has 1) an infinite set of bound states, whose corresponding energy levels are equidistant; 2) a class
of solutions in the form of coherent states (CS). CSs minimize the product of the coordinate and momentum
uncertainty by Gaussian wave packets, whose shape is preserved over time. In nonrelativistic quantum
mechanics, the Hamiltonian of a linear oscillator in a uniform external field

H ——h2 V2+1mw2x2+ x (1)
NT Tom e g g
has the eigenfunctions [1]
1/)Nn($) = CnnH, <($ + 3}0)\/7);;]>6(mw/2h)(1+w0)2, (2)
where g = g/mw?, n=0,1,2,... and H,(z) are Hermite polynomials. Wave functions (2) correspond to
the energy levels
2 1
Byn =B — 5 a5, Bgi= hw(n + 2) (3)
and satisfy the orthonormality condition
| k@)oo (e) do = b (1)

From this condition for the normalization constant, we obtain

o CNQ o mw 1/4
Cnn = Jannl’ Cno = (7771) .

The wave functions ¥n,(z) in (2) in the z-representation can be obtained from the wave functions 1#1(\%3(30)
of a nonrelativistic linear oscillator without a field (¢ = 0) by a simple shift,

Unvn (@) = Uniion (@) = i) (@ + @), (5)
using the shift operator
Uy = e@0P/h = ¢@oVe, (6)
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In momentum representation, this shift reduces to multiplication by a simple phase factor:
; 0
Sxn(p) = P R (p). (7)
As is well known, if we introduce the bosonic creation and annihilation operators

bt = Una* Uyt = o + b0 . [t =1, (8)
V2
where a* = (£ F V¢)/V2 and € = z/mw/h, & = z0\/mw/h, then we can find eigenfunctions (2) and

eigenvalues (3) of Hamiltonian (1) in a purely algebraic way. However, here we give only two formulas:
a formula for the Hamiltonian in Eq. (1) expressed in terms of b and b~ (or a™ and a™),

1 1 _ & _ 1
Hy — + _ 2,2 _ + +
N hw<bb —|—2) o T L hwla®a +\/2(a —I—a)—|—2 (9)
and a formula for normalized eigenfunctions (2),
1
Ynn () = (0) " ¥no(z). (10)
Vn!

The action of the operators b~ and b on eigenfunctions (10) is given by the relations
b N = VYN -1, b N =V + LN nst. (11)

3. Relativistic linear oscillator in a uniform external field

We consider a finite-difference equation describing a relativistic linear oscillator in the presence of
a constant external force F'(z) = —g [30]:

H(z)(x) = me?|cosh(ixV,) + mwzx(x +iX)erVe 4 gz |y(x) = Ey(x). (12)
It is known that solutions of this equation, in principle, can contain arbitrary functions of the variable x with
the period iX (so-called iX-periodic constants, which appear in solutions due to the finite-difference nature
of Hamiltonian (12)), i.e., if ¥(x) is a solution of Eq. (12), then C(x)¥(z) is a solution of this equation, with
C(z+1iX) = C(z) (see also [38]-[41]). These iX-periodic constants can affect the asymptotic behavior of the
wave function. Based on this property of the finite-difference equation, an interesting explanation for quark
confinement was given in [42]. We fix the form of iX-of periodic constants based on the condition that the
relativistic wave function have the correct nonrelativistic limit. Thus, we consider the wave function ¥ (x)
in the domain C§°(—o00,4+00)—in the space of infinitely differentiable functions with a compact support
contained in the interval (—oo, +00). This means that as |z| — oo, ¥(z) and all its derivatives of any order
tend to zero faster than any power of |x|~1.
The Hamiltonian H (z) of Eq. (12) is a Hermitian operator with respect to the inner product

(V1,1h2) = /_00 Ui (z)a(x) d.

From the Hermiticity condition for the Hamiltonian, H* (x) = H(x), it follows that the parameter g (force)
is real. To solve Eq. (12), we pass to the p-representation. In our case, the momentum space p is the

1268



one-dimensional Lobachevsky space, realized on the mass-shell hyperbola p3 — p?> = m2c?, pg > 0. The

transition to the z-representation

v = / Zfap,x)wp), po = v/m2e? 4 p2, (13)

and the inverse transition to the p-representation

1 *
= / £ (p, 2))(x) da (14)

are carried out using the expansion of the wave functions in terms of a complete orthogonal system of
functions [24], [25], [27]

. —ixz/X ) +
g(p’ {E) _ (pO p) _ ezrx/kj Y = In Po p (15)
mc mc

They make up a basis of an irreducible unitary representation of the group of motions of the one-dimensional
Lobachevsky space and satisfy the completeness and orthogonality conditions

d
ot | o € D@ =0 =), -
pop [ €W D = 5=

We note that the Hamiltonian of Eq. (12) and relativistic plane waves (15) have the correct nonrela-
tivistic limit:

lim [H (z) — mc?] = Hx(x), lim &(p, z) = e/,

c—00 c—00

In the momentum representation, Eq. (12) takes the form of a second-order differential equation

HOW(C) = | (V2 4+ ipcVe + ¢+ () = Bo(0).
4 wOC (17)
C:2c(p£w+p):506x, 0<C< oo p:mgcw’ WOZZL:?’

with the boundary conditions (~/2%(¢)|¢=o = 0 and 1)(00) = 0. Hence, the functions () are defined in
the space of square-integrable functions with weight (~! on the interval (0, +00). Setting (17)

_ v (ip—8)C/ _ B L 1 1 1
U(Q) = eI, =1 ‘2+\/4+w3’ (18)
we arrive at an equation for ¢(¢),
G0 + (0 =80+ (o, —78)l0) =0 (19)

with the boundary condition ¢({) < oo. This is the confluent hypergeometric equation [43]. Because the
parameter v > 1 takes noninteger values, the general solution of Eq. (19) has the form [1], [43]

_ _E g1, F o o,
QO(C)_Cl(I)<V hw6721/75<)+02< q)(l v M572 2”754-)7
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where ®(a, ¢;x) is the confluent hypergeometric function. Now taking the boundary condition ¢(¢) < oo
into account, we find that Co = 0. From this, we obtain an explicit form of the wave function in the
momentum p-representation for the considered relativistic linear oscillator in an external field:

Y(¢) = C'¢relir=9/2p (1/ — nf 5,2;/; 5g) . (20)

In this case, in contrast to the nonrelativistic case, the requirement ¢ (co0) = 0 (boundary condition) for
wave function (20) imposes the constraint |g| < mew (i.e., |p| < 1, 0 < d < 1) on the value of the parameter
g (force) and leads to the energy quantization condition v — E/fwd = —n, n = 0,1,2,... . Therefore, the
energy levels of the system are equidistant and equal to

E, = hwé(n +v), n=20,1,2,.... (21)

It is clear that this expression for ¢ — 0o also has the correct nonrelativistic limit, i.e., matches expres-
sion (3). Wave functions (20) corresponding to energy levels (21) in the p-representation

_ v (ip—8)¢/2 7201 ;e n!
Yn(¢) = C¢"e'"” LZ'=(6¢), C,=0 \/mcI‘(n o) (22)

can be expressed in terms of the Laguerre polynomials [44]

@ ="""" a0, @=

By virtue of the orthogonality condition for the Laguerre polynomials [45]

/ et L@ @de = T as o, (23)
0 n:
functions (22) satisfy the normalization condition
o0 . d
me [ 008n(0) = b (24)
0

Because 62 + p? =1 and 0 < § < 1, we can set p = cos ¢ and & = sin ¢, with ¢ € (0, 7).
Using integral formula [43]

o0
L. . i
/ e temetlcosBrisind) gy — ()™, c>0, |8< 5’ Rea > 0,
0
we now easily find wave functions (22) in the relativistic configuration a-representation:

P (z) = C’nwéw/xI‘(u + iz X)el@/ N e=m/2) pv <§\, (p) , (25)

n!

— s v —i(n+v)p :
Ch = (2i0)" \/ 2mAT (n + 2v)

Here, the functions
2W)n . iy
P! (z;¢) = ( U') eMPF(—n, v +ix;2v; 1 — e~ %) (26)
n!
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are the Meixner—Pollaczek polynomials [44], [45]. The orthonormality of wave functions (25),
| wi@m @) ds = o,

follows from the formula [45]

(2v)n

ol Onms (27)

/ P (a3 0) P (2 9)p®) () dr —

where the weight function has the form

(26)21/

(v) — - N2 ,x(2¢p—T)
P0) = g\ 1ty L i) P2

Formula (27) also follows from (23).

It can be proved that as ¢ — oo, wave functions (22) and (25) in respective p- and z-representations
transform into wave functions of the nonrelativistic linear oscillator in an external uniform field. For the
proof, we start from the following limit formulas for the Laguerre and Meixner—Pollaczek polynomials:

—1)n
lim v~ "2~ (2u 4 22\/v) = ( ') H,(x), (28)
c—00 n:
lim v~"2PY ( z\/v; arccos o) _ 1 H,(x + zo). (29)
c—00 " ' Vv n!

The first formula is given in [45], and the proof of the second formula is given in the appendix.
Using relativistic Fourier transformations (13) and (14) and formulas (22) and (25), we obtain the
integral relations between the Laguerre and Meixner—Pollaczek polynomials

/ ef(lficot <p)t/2t1/+iw71L1211/71 (t) dt = (2 sin SO)I/Jriw6(71'/2790)(1'1/7@]_—\(V + ix)efingaP;lz ({E; S0)7 (30)
0

/ t72 0 (v + ix) e P PY (2 0) do = 2reineeile—m/2)v gite' tV L2 (2t sin ), (31)

where t > 0, v > 0. Using the equalities (itV;)"t~" = 2"t~ and e~ ""Veti® = "7 we can rewrite
formulas (30) and (31) in a “local” form
L2~ (e Ve ) (25in ) e~ DD (v 4 ix) = (25in ) TP DD (v + iz)e T P (x; ), (32)
P! (itVy; go)t”eitew = treite’? e L2 =1 (2t sin ). (33)

To conclude this section, we note that the Hamiltonian in the p-representation
H(¢) = hwlac(o, 0’)a2r(0, o)+ c(o,0")] (34)
can be factored in four ways using the operators

wclone) = Joveve zov/e s &7 D)

VC
(2v — 1)0'}

0.0 = | -2veTer e+ T
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Here, 0 = +1, ¢/ = +1, Z, = 06 —ip, and c(0,0') = —ad((1 — 0’)/2 + va').
In the z-representation, operators (35) take the form

. / ; —iXVy /2 iAV /2 /
a (0',0')—\/2 O{Z (& +w0€ (o V—2 — s

36
comr= b {zesn (o= D) 4 o) 0
We also write the Hamiltonian in factored form in the z-representation:
H(z) = hwlaz(o,0")a} (o,0") + c(a,0)]. (37)
We note that as ¢ — oo, operators (35) and (36) have the asymptotic form
ac ) ! (V,,—i— 77 z§0> \/ (c+0a'),
V2 2 hw (38)
al %\/2< v, + 7 n+z§0) \/m (o4 0")
and
ay ) ' ( 7" V — ) \/ (c+0o
2 ¢ =& % o T ", .
a+(00)%\/2( 7 V5+5+§0) \/hw (0 +0"),

whence it follows that they have the correct nonrelativistic limit only for o + ¢’ =0, i.e., for 0 — ¢/ = £2,
where n = p/ Vmhw and € = x\/ mw/h. We also present the asymptotic form of the number ¢(o, ¢’), which

is independent of o and o':

1 1
c(o,0") = 27%.)— 2mw2x3+m02.

4. Dynamic symmetry group

To construct the dynamical symmetry group of the system described by Eq. (12), we consider the cases
lg| < mew and |g| > mcw separately.

A. Let |p| = |g|/mecw < 1, ie, 0 < § <1 (discrete spectrum). We introduce the following Hermitian
operators in the p-representation:

H(¢)

KOEFO(C): hwaa

1 1 )
Ki=Ta() = 06 ~To(Q), Kz=T(() = ,o¢+iCVe. (40)
They satisfy the commutation relations for the Lie algebra of the group SU(1,1):
[Ty, Ty] = iT, [T,Ty] =ily, [Ty, T] = —ily. (41)

The Casimir operator Cy = ['2—T'3—T2 = s(s+1)I, where I is the unit operator, has the value Cy = v(r—1),
ie, s=v—1or s = —v. The value s = —r < 0 corresponds to the unitary irreducible representation
D*(—v) of the SU(1,1) group [46]-[48], in which the eigenvalues of the compact generator I'y are equal to
—s+n=n+v,n=0,1,2,.... Thus, we obtain the correct spectrum (21) for the operator H = wdl'g. Its
eigenfunctions (22) and (25) form a basis of the irreducible representation DT (—v).
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We also present the form of operators (40) in the a-representation:

H(x) 0 _ixv T P _—iav
T = T = Ve T T(x) = Ve, 42
o() hws a() wo© o(z), (x) 5T wo© (42)
B. We now let |p| > 1 (continuous spectrum). In the case |p| > 1, the generators of the Lie algebra of

the dynamical group SU(1,1) are related to generators (40) (or (42)) as
Ih=—ily, TI},=ily, T'=-T, 66=if, & =+p>—1 (43)

Because the spectrum of the noncompact generator I") is continuous and equal to A € R [46], we conclude
that for |p| > 1, the spectrum of H = hwd'T" is also continuous.
In the case where |p| = 1, we can introduce the operators

0 = 4 —iwve O =ine 10 =-o( 36 -T500). (44)

which form the same closed algebra (41), where we still have C¥ = v(v — 1). In the a-representation, they
can be written as

H(z) x x 1 v
R O (R O X C R (e () (45)
Therefore, H = hw(I'y +I'}). As is known [46], this operator has a continuous and positive spectrum.
Thus, the dynamical symmetry group of the system under consideration is the group SU(1,1).

5. Conclusion

In this paper, we considered the model of a relativistic linear oscillator in the presence of a constant
external force in detail both in the Lobachevsky momentum space and in the relativistic configuration space.
Some physical and mathematical results have been obtained. It is interesting to note that in this case, in
contrast to the corresponding nonrelativistic problem, bound states are possible only in a finite region of
the magnitude of the force, namely, for |g| < mcw, while only the continuous energy spectrum exists for
lg| > mew. The discrete-spectrum energy levels are equidistant. We showed that the wave functions in the
x-representation are expressed in terms of the Meixner—Pollaczek polynomials and constructed a dynamical
algebra, using which, as in the nonrelativistic case, allows finding the energy spectrum in a purely algebraic
way and constructing the wave functions. Knowing the raising and lowering operators, it is possible to
construct the coherent states of the system. We established limit relation (29) connecting the Meixner—
Pollaczek and Hermite polynomials.

The connection we noticed between the Laguerre and Meixner—Pollaczek polynomials (formulas (30)—
(33)) can be used to find a bilinear generating function for the Meixner—Pollaczek polynomials. We also
note that Hamiltonian (12) is an example of a difference operator, and Hamiltonian (17) is an example of
a differential operator, whose spectra cannot be found within the perturbation theory in the vicinity of the
respective points |g| = mew and |p| = 1.

Appendix

Here, we prove formula (29). We proceed from the recursion relations for the Meixner—Pollaczek and
Hermite polynomials [39]

Pl @) = An P (2;0) + B Py (2590), (A.1)
H,11(2) = 22H,(2) — 2nH,_1(2), (A.2)



where

Let

An:2[(71—1—V)COS(p—i—ocsingo]7 Bn:_n—1—|—2u7 n=0123. ...
n+1 n+1
Qn =nlv"/2pY <x\/u; arccos 30 ), Q) = lim Q,. (A.3)
v V—00

From (A.1), we then obtain the recursion relation for the polynomials Q,,

Qni1 = A,Qn + B, Qn-1, (A.4)

where A = (n+1)A,,/+/v and B], = n(n+1)B,,/v. Because lim,_, o A/, = 2(z+x) and lim,_,~ B, = —2n,
passing to the limit v — oo in (A.4) yields the equality

Q1 = 2(z 4 20)Q;, — 2nQ;, 4, (A.5)

which coincides with recursion relation (A.2) for the Hermite polynomials for z = z + 2. Hence, Q, =

H,(z + x0). This completes the proof.
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